This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 
to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 
to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 
are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  marginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 
publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  have  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 

We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attribution  The  Google  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 


at|http  :  //books  .  google  .  com/ 


Hosted  by  Google 


■^ 


Hosted  by  Google 


"       V-;  ^  „ 


MathemM 

^  A 
3  7    . 


Hosted  by 


Google 


Hosted  by  Google 


Hosted  by  Google 


Hosted  by  Google 


COURSE 

OF 

MATHEMATICS, 

FOB  THE 

USE  OF  ACADEMIES, 


AS  WEJLL  AS 

PRIVATE  TUITION. 


IN   TWO   VOLUMES, 


By 


CHARLES  PUTTON,  LLD  F.R.S. 

Late  Professor  of  Mathematics  in  the  Royal  Military  Academy. 


THE   THIRD   AMERICAN   EDITION: 

From  the  Fifth,  Sixth,  and  Seventh  London  Editions. 


REVISED,  CORRECTED,  AND  IMPROVED. 

TO  WHICH  IS  ADDED 

An  Elementury  Essay  on  Descriptive  Geometry, 
Br  ROBERT  ADRAIN,  LL.  D.  F.  A.  P.S.  F.A.A.S.  &c. 

And  Professor  of  Mathematics  and  Natural  Philosophy,  in  Columbia 
College,  New- York. 


VOL.  II. 


JVJEir-TORK: 

P¥BU.SHED  BY  SAMUEL  CAMPBELL  &  SON,   EVERT  DUYCKINCE,  T.  &  J.  SWORJJS, 

JR.  M*J)ERMU.T,  T.  A.  RONALDS,  COLLINS  &  HANNAT,  AND  eEOROK  LON^. 

Otorgs  Longy  Printer,  JVo.  71,  Pearl-Stfeei, 

1822, 


'   t  .•  < 


Hosted  by  Google 


,,igf*-fc>j>^i-ij4?»  L.'^ 


«^A  ,^n  ,^,-^-T.   ,«-"^~ 


<  •ZZ    " 


Hosted  by  Google 


CONTENTS 

OF  VOLUME  U, 


^ 
^ 


S^ 


PLAJ^E  TRIGOJVOMETRY  considered  analyticatly 

Spherical  Trigonometry    .        .        .        .        ... 

On  Geodesic  Operations,  and  the  Figure  of  the  Earth        .        .        , 
Principles  of  Polygonmneiry    .        .        .        .        .        .        . 

Of  Motion,  Forces    .        .        .        .        .        .        . 

Gemr&l  Lafws  of  Motion  .        .        .        ,        .        .       ... 

Collision  of  Bodies ,        . 

Laws  of  Gravity— Descent  of  htavy  bodies — Motion  of  Projectiles  in 

free  space       .        .        . 

Practical  Gunnery 

Descent  of  bodies  on  inclined  planes  and  curve  surfaces— Motion  of 


The  Mechanical  Powers    .....        .        ,        ,        . 

Ventre  of  Gravity  ' , 

Strength  and  stress  of  beams,  8fc,      .        . 

Centre  of  Percussion         .        ,        .        .        *        . 

Centre  of  Oscillation         .        .        .        .        .        .        «        . 

Centre  of  Gyration 

Of  Hydrostatics       .        .        .        .        .         .        .        .        .        , 

Of  Hydraulics 

Of  Pneumatics 

Of  the  Syphon  .        . 

Of  the  Air-Pump     .        . . 

Diving-bell  and  condensing  machine 

Barometer         .        .        .        .        .        .        ^        .        .        .        . 

Thermometer    ..." 

On  the  resistance  of  Fluids,  and  with  their  forces  and  actions  an  bodies 
Practical  Exercises  concerning  Specific  Gravity        .        .        . 

Of  the  Piling  of  Balls  and  Shells 

Of  Distances  by  the  velocity  of  Sound       ...... 

Practical  Exercises  in  Mechanics,  Statics,  Hydraulics,  Sound,  Motion, 
Gravity,  Projectiles,  and  other  branches  of  JSTatural  Philosophy    . 


5 

59 

98 

109 

111 
121 

128 
140 

144 
154 
169 
181 
193 
196 
199 
201 
212 
217 


230 

232 
233 
236 
239 

245 
247 

248 

On 


Hosted  by  Google 


IT' 


CONTENm 


'  On  ihe  MOara  arid  Solution  of  Eq&atims  in  general       .        .        .  258 
%i  (he  JVkture  and  Prop&rties  of  Curves^  and  {He  ConUructhnofGeo- 

Tnetrical  Problems         .       .       *       '       *       *       '        '       *-  ^t^- 

THE  DOCTRINE  OF  FLUXIONS. 

Definitims  and  PrindpUs        .       .        •        •        •        •        •        •  ^04 

Direct  Method  of  Fluxions      .        .        .        .        .        •  308 

Of  second^  third,  Sfc,  Fluxions          .        .        .        •        •        •        •  3^4 

l%e  Inverse  Method,  or  The  Finding  of  Fluents       .        .        .        .  319 

Of  Fluxions  and  Fluents         ........  333 

Of  Mamiima  and  Minima 352 

TThe  Method  of  TangenU          ........  35« 

Of  RectificatioTis,  or,  tofnd  the  lengths  of  Curve  Lines  .        .        .  359 

Of^adrafures       .        .        .        .        •       •        •        •        v  ^^^ 

Tofnd  the  Surfaces  of  Solids  .        .        .        .        •        •        •        »  363 

Tofnd  the  Contents  of  Solids  ,       .       .       .        •       •        -       »  365 

To  find  Logarithms         . 365 

Tofind  the  points  of  Inflection         .        .        •        •        •        •        .  367 

Tofindtheradiusof  curvature  of  Curves        ,        .        .        *        .  369 

Of  Involute  and  Evolute  Curves       .        .        .        .        •        .        v  371 

Tofind  the  Centre  of  Gravity  .        .        .        .       ....  373 

Practical  Questions  .        .        ......       .        ,376 

Pratiical  Exercises  concerning  Ferqes      .       .        .        .        .        .  378 . 

On  the  Motion  of  Bodies  in  Fluids  .        .        .        .        .        .        .402 

On  the  Motion  of  Machiries,  and  their  Maximum  effects    .        .        .  416 
Pressure  of  Earth  and  Fluids  against  walls  arid  Fortificatiqm— 

Theory  of  Magazine,  Sfc.     .        .        .        .        .        .        .        .  432 

Theory  and  Practice  of  Gunnery     .        .        ...        -        .444 

Pr&miscumis  Problems  and  Exercises  i^  Mechanics,  Statics,  Dynam- 
ics, Hydrostatics,  Hydraulics,  Projectiles,  ^c.  S^c.         .        .        .  ^  480 

Additions         .        .        .        •        •        •        •        •        •        •        •  ^^^ 

Descriptive  Geometry       .        .        .        .        .        •        •        .        .  561 

TaJbks^  Logarithms,  SineSi  and  Tangents     .       ^       •       •        .625 


Hosted  by  Google 


COURSE 


OF 


M  AT  H  EM  AT  I G  S,  &c. 


PLANE  TRIGONOMETRY  CONSroERED  ANALYTIGALjLt, 
Art.  1. 

X  HERE  are  two  methods  which  are  adopted  by  matheniati- 
ciaos  in  investigating  the  theory  of  Trigonometrj:  the  one 
Geometrical,  the  other  Algebraical.  In  the  former,  the  vari- 
ous relations  of  the  sines,  cosines^  tangents,  &c.  of  single  or 
multiple  arcs  or  angles,  and  those  of  the  sides  and  angles  of 
triangles,  are  deduced  immediately  from  the  figures  to  which 
the  several  enquiries  are  referred  ;  each  individual  case  re^ 
quiring  its  own  particular  methodj  and  resting  on  evidence 
peculiar  to  itself.  In  the  latter,  the  nature  and  properties  of 
the  linear-angular  quantities  (sines,  tangents,  &c.)  heing  first 
defined,  some  general  relation  of  these  quantities,  or  of  them 
in  connection  with  a  triangle,  is  expressed  by  one  or  more  ?il- 
gebraical  equations;  and  then  e^ery  other  theorem  or /re- 
cept,  of  use  ip  this  branch  of  science,  is  developed  by  the 
^mple  reduction  and  transformation  of  ihe  primitive  equatipiic 
Thus,  the  rules  fbrthethree^ fundamental  cases  in  ElaoeTri^ 
gonometry,  which  are  deduced  by  three  independent  geome= 
tncal  investigations,  in  the  first  volume  of  this  Coursu  of  Ma^^ 
thematics,  are  obtained  algebraicallvj  by  forming,  between  the 
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three  data  and  the  three  unknown  quantities,  threB  equations, 
and  obtaining,  in  expressions  of  known  terms,  the  value  of 
each  of  the  unknown  quantities,  the  others  being  exterminat- 
ed by  the  usual  processes.  Each  of  these  general  methods  has 
its  peculiar  advantages.  The  geometrical  method  carries  con- 
viction at  every  step ;  and  by  keeping  the  objects  of  enquiry 
constantly  before  the  eye  of  the  student,  serves  admirably  to 
guard  him  against  the  admission  of  error  :  the  algebraical  me*^ 
thod,  on  the  contrary,  requiring  little  aid  from  first  principleSy 
but  merely  at  the  commencement  of  its  career,  is  more  pro- 
perly mechanical  than  mental,  and  requires  frequent  checks 
to  prevent  any  deviation  from  truth.  The  geometrical  me- 
^od  is  direct,  and  rapid  in  producing  the  requisite  conclusions 
at  the  outset  of  trigonometrical  science  ;  but  slow  and  cir- 
cuitous in  arriving  at  those  results  which  the  modern  state  of 
the  science  requires  :  while  the  algebraical  method j  though 
sometimes  circuitous  in  the  developement  pf  the  mere  ele- 
mentary theorems,  is  very  rapid  and  fertile  in  producing  thoser; 
curious  and  interesting  formulae,  which  are  wanted  in  the 
highef  branches  of  pure  analysis,  and  in  mixed  mathematics, 
especially  in  Physical  Astronomy.  This  mode  of  developing 
Ihe  theory  of  Trigonometry  is,  consequently,  well  suited  for 
the  use  of  the  more  advanced  student ;  and  is  therefore  in- 
troduced here  with  as  much  brevity  as  is  consistent  with  its 
nature  and  utility. 

2.  To  save  the  trouble  of  turning  very  frequently  to  the 
Ist  volume,  a  few  of  the  principal  definitions,  there  given,  are 
here  repeated,  as  ibltows : 

The  SINE  of  an  arc  is  the  perpendicular  let  fall  from  one^ 
of  its  extremities  upon  the  diameter  of  the  circle  which  passies 
through  the  other  extremity. 

The  COSINE  of  an  arc,  is  the  sine  of  the  complement  of 
that  arc,  and  is  equal  to  the  part  of  thfe  radius  comprised  be- 
tweeii  the  centre  of  the  circle  and  the  foot  of  the  sine. 

The  TANGENT  of  au  arc,  is  a  line  which  touches  the  circle 
in  one  extremity  of  that  arc v  and  is  continued  from  thence  till 
it  meets  a  line  drawn  from  or  through  the  centre  and  through 
the  other  extremity  of  the  arc. 

The  SECANT  of  an  arc,  is  the  radius  drawn  through  one  of 
the  extremities  of  that  arc  and  prolonged  till  it  meets  the  tan- 
gent drawn  from  the  other  extremity. 

The  VERSED  SINE  of  an  arc,  is  that  part  of  the  diameter  of 
the  circle  vphich  lies  between  the  beginning  of  the  arc  and  the 
foot  of  'he  sine. 

Tbe  ooTAi^GENT,  COSECANT,  and  covERSED  SINE  of  an  arc, 
are  th^  tangent,  secant,  and  versed  sine,  of  the  complement 
of  such  arc.  3.  Since 
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S.  Since  arcs  are  proper  and  adequate  measures  of  plane 
•angles,  (the  ratio  of  any  two  plane  angles  being  constantly 
-equal  to  the  ratio  of  the  tWo  arcs  of  any  circle  whose  centre 
is  the  angular  point,  and  which  are  intercepted  by  the  lines 
whose  inclinations  form  the  angle),  it  is  usqal,  and  it  is  per- 
fectly safe,  to  apply  the  above  names  without  circumlocution 
as  though  they  referred  to  the  angles  themselves  ;  thus,  when 
we  speak  of  the  sine,  tangent,  or  secant,  of  an  angle,  we  mean 
the  sine,  tangent,  or  secant,  of  the  arc  which  measures  that 
angle ;  the  radius  of  the  circle  employed  being  known. 

4.  It  has  been  shown  in  the  1st  vol.  (pa.  382),  that  the  tan- 
gent is  a  fourth  proportional  to  the  cosine,  sine,  and  radius  ; 
the  secant,  a  third  proportional  to  the  cosine  and  radius  ;  the 
cotangent,  a  fourth  proportional  to  the  sine,  cosine,  and  ra- 
dius ;  and  the  cosecant  a  third  proportional  to  the  sine  and 
radius.  Hence,  making  use  of  the  obvious  abbreviations,  and 
converting  the  analogies  into  equations,  we  have 

.  rad.Xsine       ^        rad  Xcos.  rad. 

tan.  = ,  cot.  = z ,  sec.  = ,,  cosec.  = 

cos.  sme  cos. 

rad^ . 

^ — .     Or,  assuming  unity  for  the  rad.  of  the  circle,  these 
«me  *'  ' 

•11  1  X  sin.  ,        cos.  1 

will  become  tan.  = .  .  .  cot.  = .  ,  ,  sec.  =  — —  .  .  . 

cos.  sin,  COS. 

1 

cosec.  i=  -: . 

sm. 

These  preliminaries  being  borne  in  mind,  the  student  may 
pursue  his  investigations. 

5.  Let  ABC  be  any  plane  triangle,  of  C. 
which  the  side  bc  opposite  the  angle  a  /\\ 

is  denoted  by  the  small  letter  a,  the  side  b/  \  \^ 

AC  opposite  the  angle  b  by  the  small  /  j)j     \ 

letter  6,  and  the  side  ab  opposite  the  A       C       B 

angle  c  by  the  small  letter  c,  and  co  perpendicular  to  ab  ; 
then  is,  c=a  .  cos.  B+b  .  cos.  a. 

For,  since  ac=6,'ad  is  the  cosine  of  a  to  that  radius  ;  con^ 
sequently,  supposing  radius  to  be  unity,  we  have  ai)==J,  cos. 
A.  in  like  manner  it  is  Bp==a  .  cosi  b.  Therefore,  ad+bd 
=AB?=c=a  .  COS.  B+6  .  COS.  A.  By  pursuing  similar  reason- 
ing with  respect  to  the  other  two  sides  of  the  triangle  exactly 
analogous  results  will  be  obtained.  Placed  together,  they  will 
ie  as  below: 


3.  Now, 


a=-  b  ,  cos. 

C  +  C  .  COS. 

B. 

b  =  a  .  cos. 

C  4-  C  .  COS. 

A. 

c  =^  a  .  cos. 

B  +  ^  •  COS. 

A. 

/  ^  - . 
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$.  Now,  if  from  these  leqtfations  it  were  required  to  find 
expressions  for  the  angles  of  a  plane  triangle,  wheii  the  sides 
aie  giyeii ;  we  hare  only  to  multiply  the  first  of  these  equa- 
tions hy  a,  the  second  iy  by  the  third  by  c,  and  tp  subtract 
each  of  the  equations  thus  obtained  from  the  sum  of  the  other 
two.     For  thus  we  shall  have 

j2  j-c  ^a^  =i2bc  .  cos.  a,  whence  cos,  a  = —,— — 

ft2-|-c2^62==2aC.COS.  B,.    .    .    •   COS.B,  ~ — — —     K^^*) 

a+ 6«— c2=2ao.cos.  c,>  .  .  .  cos.  c,  = — -      , 

7.  More  convenient  expressions  than  these  will  be  deduc- 
ed hereafter:  but  even  these  will  often  be  found  very  con- 
venient, when  the  sides  of  triangles  are  expressed  in  integers, 
and  tables  of  sines  and  tangents,  as  well  as  a  table  of  squares, 
(like  that  in  our  first  vol.)  are  at  band. 

Suppose,  for  example,  the  sides  of  the  triangle  are  a=^320, 
h  =  662,  c  ==-  800,  being  the  nunnbers  given  in  prop.  4,  pa, 
161,  of  the  Introduction  to  the  Matheinatical  Tables :  then 
we  have 

^2-}.c3— ^2  ==  853444  .  .  .  .  .  log.  =  5*9311751 
2hc  .  .  =899200  .  .  .  .  >  log.  =±  5-9538080 
The  remainder  being  log.  cos.  a,  or  of  18^20'  =  9-9773671 
Again,  a3-fc2— 52  =  426556  .  .  .  log.  =  5*6299760 
2i«c  ...  ==512000  .  .  .  log.  =  5-709270Q 
Theremainder  being  log.  cos.  B,  or  of  33<>35'  =  9-9207060 

Then  180«-(18*>  SO'+SS*"  35')=128*>  5' =  c  ;  where  all 
the  three  triangles  are  determined  in  7  lines. 

8.  If  it  were  wished  to  get  expressions  for  the  sines,  in- 
stead  of  the  cosines,  of  the  angles  ;  it  would  merely  be  ne- 
cessary to  introduce  into  the  preceding  equations  (marked  II), 
instead  of  cos.  a,  cos.  b,  &c.  their  iBquivalents  cos.  a  =  ^^ 
(l — sin2 .  a),  cos.  B=^  (l—sins .  b),  &c.  For  then,  after  a 
little  reduction,  there  would  result, 

sin.  A  =  ^^2a^b^+2an^+2b^c^---'{a^-\'b/^+f)[) 
sin.  ?  =  ^^2a^b^+2a^c^+2bH^-^{a^+b^+c^) 
sin.  c  =  s^a/ 2^262  +2a2 c^  +2b^ c^  —  (a^  +b^  +c*h 
Or,  resolving  the  expression  under  the  radical  into  its  four 
constituent  factors,  substituting  s  for  a+^+c,  and  reducing, 
the  equations  will  become 

sin» 
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m.  B==|^yMts-^)(ls-^)as-p}y^   (III.) 

sin.  c=£^^Kis ^a)  (is^^J  (is -^)  > 

These  equations  are  moderately  well  suited  for  computa- 
tion in  their  latter  form  ;  they  are  ?ilso  perfectly  symmetrical ; 
and  as  indeed  tfee  quantities  under  the  radical  are  identical, 
apdare  coiastituted  of  known  terms,  tbey  may  be  represented 
by  the  same  character  ;  suppose  k  :  theja  shall  we  have 

2k  .  tK  .  2k  >...^ 

sin.  A  =='r-  .  .  .  $m.  B  =3E^ —  .  .  .  sm.  c  ==■—  .  .  ,  (tit.) 

be  ac  ab         >      ^       _- 

Hence  we  msiy  immediately  ded -ice  a  very  important  theo- 
rem: for.j  the  first  of  these  equations,  divided  by  the  second 

gives  .   '     =-,  and  the  first  divideii  by  the  third  gives  4-~— 
sin.  BO  sm,  e 

.==-:  whence  we  have 

sin.  A  :  sin.  B  .  sin.  c  ex.  a  i  b  i  c  .  .  .  (IV.) 

{t)r,  in  words,  «^f?c?e5^  ;5 toe  triangles  are  proportional  to 
the  sines  of  their  opposite  angles,     (See  th.  1 ,  Trig.  vol.  i). 

9.  Beibre  the  remainder  of  ihe  theorems,  necessary  in  the 
solution  of  plane  triangles,  are  investigated,  the  fundamental 
proposition  in  the  theory  of  sines,  &c.  must  be  deduced,  and 
the  method  explained  by  which  Tables  of  these  qiiantities, 
confined  within  the  limits  of  the  quadVant,  are  made  to  ex- 
tend to  the  whole  circle,  or  to  any  number  of  quadrants  what- 
ever. In  order  to  this,  expressions  must  be  first  obtained  for 
the  sines,  cosine,  &c.  of  the  sums  and  differences  of  any  two 
arcs  or  angles.     Now,  it  has  been  found  (I)  that  a  =  6  .  coSc 

oA-c  .  cos.  B.     And  the  equations  (IV)  give  6==a  .  -7—^  .  . ,  „ 
'  ^    ■    °  sin.  A 

e=ct.    .  /  ."  .     Substituting  these  values  of  b  and  c  for  them 

■    sin.--A  .V"       "'■■■■,' 

sin.  A 


in  the  preceding  equation,  and  multiplying  the  whole  by 

it  will  become 

sin.  A=  &4n,  b  .  cos.  c+  sin.  c  .  cos.  b. 
But,  in  every  plane  triangle,  the  sum  of  the  three  angles 
is  two  right  angles  ;  therefore  b  and  c  are  equal  to  the  sup- 
plement of  a:  and,  consequently,  since  an  angle  and  its  sup- 
plement have  the  same  sine  (cor.  1,  pa.  370,  vol.  i),  we  have 
sin,  (b+c)  =  sin.  b  .cos.  c+  sin,  c.  cos  .  b.. 

10.  If; 
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10.  If,  in.  the  last  equation,  c  become  subtractive,  then 
would  sin.  c  manifestly  become  subtractive  also,  while  the 
cosine  of  c  would  not  change  its  sign,  since  it  would  still  con- 
tinue to  be  estimated  on  the  ^ame  radius  in  the  same  direction. 
Hence  the  preceding  equation  would  become. 

sin.  (b— c)  =  sin.  b  .  cos.  c—  sin.  c  .  cos.  b. 

11.  Let^'  be  the  complement  of  c,  and  iQ  ^^  ^^^  quarter 
©f  the  circumference :  then  will  c'=^0  '^^'  sin.  c'==  cos.  c, 
and  cos.  c'=  sin.  c.  But  (art.  10),  sin.  (b  —  c')  =  sin,  b, 
COS.  c  — sin.  c' cos.  B.  Therefore,  substituting  fo^  sin.  c\ 
cos.  c',  their  values,  there  will  result  sin.  (b—c')  =  sin.  b  . 
sin.  G.—  cos.  b  .  cos.  c.  but  because  c  ~  }  Q  -^c,  we  have 
sin.  (b~c)  ==  sin.  (b+c— iO)  ~  sin.  [{b  +  c)  —  iO]  =  — 
sin.  [AQ  —  (b+c)]  =  -  cos.  (b+c).  Substituting  this  value 
of  sin.  (b  — «')  in  the  equation  above,  it  becpmes  cos.  (b+c) 
==  cos.  b  .  cos.  €.— sinV  B  .  sin.  c. 

12.  In  this  latter  equation,  if  c  be  made  subtractive,  sin.  c 
will  become  ^  sin.  c,  while  cos.  c  will  not  change  ;  conse- 
quently the  equation  will  be  transforn^ed  to  the  following, 
viz.  COS.  (b-c)  =•  cos,  b  .  COS.  c  +  sin.  b.  sin.  c. 

If,  instead  of  the  angles  B  and  c,  the  angles  had  been  a  and* 
B  ;  or^  if  A  and  b  represented  the  arc^  which  measure  those 
angles,  the  results  would  evidently  be  similar:  Ihey  may 
therefore  be  expressed  generally  iiy  the  two  following  equa- 
tions, for  the  ^ines  and  cosines  of  the  sums  or  dififerences  of 
any  two  arcs  or  angles : 

sin*  {a±b)  =  sin.  A  .cos.  b.  ±  sin.  iB.  cps^  a.  )      ^\ 
cos.  (Ad-B^  ==  cos.  A  .COS.  u.  -p  siu.  A.  sin.  b.  y       V    v 

13.  We  are  now  in  a  state  to  trace  completely  the  muta- 
tions of  the  sines,  cosines,  &c.  as  they  relate  to  arcs  in  the 
various  parts  of  a  circle  ;  and  thence  to  perceive  that  tables 
which  apparently  are  included  within  a  quadrant,  are,  in  fact, 
applicable  to  the  whoje  circle. 

Imagine  that  the  radius  mc  of  the  circle,  in  the  marginal 
figure,  coinciding  at  first  with  a c,  turns  about  the  point  c  (in 
the  same  manner  as  a  rod  would  turn  on  a  pivot),  and  thus 
forming  successively  with  AC  all 
possible  angles :  the  point  m  at 
its  extremity  passing  over  all 
the  points  of  the  circumference 
.  aba'b  A,  or  describing  the  whole 
circle.  Tracing  this  motion  at- 
tentively, it  will  appear,  that  at 
the  point  a,  where  the  arc  is 
nothing,  the  sine  is  nothing  also, 
while  the  cosine  does  not  differ 

frXj]BE5i 
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itom  the  radius.  As  the  radius  mc  recedes  from  ac,  the  sine 
pM  keeps  increasing,  and  the  cosine  cp  decreasing,  till  the 
describing  point  m  has  passed  over  a  quadrant,  and  arrived  at 
B :  in  that  case  pm  becomes  equal  to  es  the  radius,  and  the 
cosine  cp  vanishes.  The  point  m  continuing  its  motion  he- 
yond  B,  the  sine  pV  will  diminish^  while  the  cosine  ep^,  which 
now  falls  on  the  contrary  side  of  the  centre  c  will'  increase. 
In  the  figure,  p'  m'  and  cp'  are  respectively  the  sine  and  cosine 
of  the  arc  a'm'  or  the  sine  and  cosine  of  a?m',  which  is  the 
supplement  of  am'  to  iQ  half  the  circumference  :  whence  it 
follows  that  an  obtuse  angle  (measured  by  an  arc  greater  than 
a  quadrant)  has  the  same  sine  and  cosine  ais  its  supplement ;  the 
cosine  however,  being  reckoned  sub  tractive  or  negative,  be- 
cause it  is  situated  contrariwise  with  regard  to  the  centre  c. 

When  the  describing  point  m  has  passed  over  IQ*  or  half 
the  circumference,  and  has  arrived  at  a',  the  sine  p'm'  vanishes, 
or  becomes  nothing,  as  at  the  point  a,  and  the  cosine  is  again 
equdl  to  the  radius  of  the  ciicle.  Here  the  angle  acm  has 
attained  its  maximum  limit  4  J>ut  the  radius  cm  may  still  be 
supposed  to  continue  its  motion,  and  pass  helqw  the  diameter 
aa'.  The  sine,  which  will  then  be  p"m",  will  consequently 
fall  below  the  draineter,  and  will  augment  as  m  moves  along 
the  third  quadrant,  vi^hile  on  the  contrary  cp'^^  the  cosine,  will 
diminish.  In  this  quadrant  too,  both  sine  and  cosine  must  be 
considered  as  negative  :  the  former  being  on  a  contrary  side 
of  the  diameter,  the  latter  a  contrary  side  of  the  cenire,  to 
what  each  was  respectively  in  the  first  quadrant.  At  the  point 
b',  where  the  arc  is  three-fourths  of  the  circumference,  or 
^Q,  the  sine  p"  m'^  becomes  eqiial  to  the  radius  cb,  and  the 
cosine  cp^  vanishes.  Finally,  in  the  fourth  quadrant,  from  b^ 
to  A,  the  sine  p'VV  always  6eZotiy  aa',  diminishes  in  its  pro- 
gress, while  the  cosine  cp'",  which  is  then  found  on  the  same 
aide  of  the  centre  as  it  was  in  the  first  quadrant,  auguments 
till  it  becomes  equal  to  the  radius  ca.  Hence,  the  sine  in  this 
quadrant  is  to  be  considered  as  negative  or  subtractive,  the 
cosine  as  positive.  If  the  motion  of  m  were  continued  through 
the  circumference  again,  the  circumstances  would  be  exactly 
the  sanae  in  the  fifth  quadrant  as  in  the  first,  in  the  sixth  as  in 
the  second,  in  the  seventh  as  in  the  third,  in  the  eighth  as  in 
the  fourth  :  and  the  like  would  be  the  ease  in  any  subsequent 
revolutions. 

14;  if  the  mutations  of  the  tangent  \>e  traced  in  like  man- 
ner, it  will  be  seen  that  its  magnitude  passes  from  nothing  to 
infinity  in  the  first  quadrant  ;beeomes  negative,  and  decreases 
from  infinity  to  nothing  in  the  second ;  bqcbraes  pbsiti?^ 
again,  and  increases  from  nothing  to  infinity  in  the  third  qtiad- 

rant ; 
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rant ;  and  lastly,  becomes  negative  again,  and  decreases  fro^ 
infinity  to  nothing,  in  the  fourth  quadrant. 

15.  These  conclusions  admit  of  a  ready  confirmation;  and 
others  may  be  deduced,  by  means  of  tbe,anajytical  expres- 
sions in  arts.  4  and  12.  Th\is,  if  a  be  supposed  equal  to^Q^ 
in  equa.  V,  it  will  becpme. 

COS.  (iO^  b)  =  cos.  i  O   COS.  B  q:  sin.  ^Q  .  sin.  r, 
sin.  (JO  —  ^)  =  sin.  J  Q.  cos.  b  ±  sin.  b  .  cos.  |  Q- 

But  sin.  i  O  ==  ^^^-  ^  ^  5  ^^^  cos*  i  O  ==  ^  ^ 

so  that  the  above  equations  will  become 
cos.  (J  O  ~  ^)  =^  H^  sin.  b. 
sin.  (I  O  ^  »)  =  COS.  b. - 
J^rom  which  it  is  obvious,  that  if  the  sine  and  cosine  of  an 
arc,  less  than  a  quadrant,  be  regarded  as  positive,  the  cosine 
of  an  arc  greater  than  IQ  ^^^  less  than  |  O  w»ll  he  negative, 
but  its  sine  positive.     If  b  also  be  made  ==  J  Q  J  ^^^  shajl 
we  have  cos.^  O  =  —  1  ;  sin.  i  O  =  Q- 

Suppose  next,  that  in  the  equa.  v,  -^  ==  ^  O  >  ^^^^  shall  we 
obtain. 

COS.  UQ  ±  B  =  —COS.  B. 

sin.  (I  G  ±  B  =  ±^'  ^y 
which  indicates,  that  every  arc  comprised  between  JO  and 
|0»  or  that  terminates  in.  the  third  quadrant,  will  have  its 
sine  and  its  cosine  both  negative.  In  this  case  too,  when 
B==i-  O »  or  the  arc  terminates  at  the  (snd  of  the  third  quad- 
rant^ we  shall  have  COS.  I  O  =  P>  sin.  |  O  7=  "~  ?• 

Lastly  the  case  remains  to  be  considered  in  which  a=|  O 
or  in  which  the  arc  terminates  in  the  fourth  quadrant.  Herfe 
the  primitive  equations  (V)  give 

cos.  (f  O  =t  b)  =  *  sin.  B.  / 

sin.  (f  O  ±  b)  —^cos.b; 
so  that  in  all  arcs  between  |0  and  Q*  t^^  cosines  are  posi- 
tive arid  the  sines  negative. 

16.  The  changes  of  the  tangents,  with  regard  to  positive 
and  negative,  may  be  traced  by  the  application  of  the  pre- 
ceding results  to  the  algebraic  expression  for  the  tangent ;  viz. 

tan.  ^  — -.     For  it  is  hence  manifest;  that  when  the  sine  and 

cos. 
cosine  are  either  both  positive  or  both  negatiye,  the  tangent 
will  be  positive  ;  which  will  be  the  case  in  the  first  and  third 
quadrants.  But  when  the  sine  and  cosine  have  diflferent  signs, 
the  tangents  will  be  negative,  as  in  the  second  and  fourth 
quadrants.     The  algebraiciBxpression  for  the  cotangent,  viz. 

<;ot  ==  -~>  will  produce  exa<itly  the  same  results. 

The 
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The  expressions  for  the  secants  and  cosecants,  viz.  sec.  =: 

— ,  cosec.  =3^  show,  that  the  signs  of  the  secants  are  the 

same  as  those  of  the  cosines  ;  and  those  of  the  cosecants  the 
sanje  as  those  of  the  sines. 

The  magnmde  of  the  tangent  at  the  end  of  the  first  and 
third  quadrants  will  he  infinite  ;  because  in  those  places  the 
sine  IS  equal  to  radius,  the  cosine  equal  to  zero,  and  therefore 

sm.  

—  —  CO  (infinity).     Of  these,  however,  the  former  will  be 

reckoned  positive,  the  latter  negative. 

17.  The.  magnitudes  of  the  cotangents,  secants,  and  cose- 
T^u  ^\^^  *^^^®^  ^n  ^^^  manner  ;  and  the  results  of  the 
13th,  14th,  and  15th  articles,  recapitulated  and  tabulated  as 
below. 

0«^     90«  180^  !270<>  860^  ^ 

Sin.      Or  0  ~r  0 

Tan.     0         oD  0  -  co  0 

Spc.      R         CO  ^K  _co  R      I      (VI.) 

Cos.  .  R         0  -R  0  R 

Cot.      CO        0  _co  0  CO 

Cosec.co       R,  •.oo  — R  CO   J 

The  changes  of  signs  are  these. 

-»  J.     f^-i         r^.l      -„,  sin.  COS.  tan.  cot. sec. cosec, 

1st.  6th.     9th.  13th.  ^  co         -f  .4.  4.  -l  J.  4.V 

2d.    6th.  10th.  14th.  fl         +_1Z.14./ 

3d.    7th.  nth.  16th.  ^'S +  +  .«  Z>     (^^10 

4th.  8th.   12th.  16th.)  I         -.  +  _l  +  _) 

We  have  been  thus  particular  in  tracing  the  mutations,  both 
with  regard  to  the  value  and  algebraic  signs,  of  the  principal 
trigonometrical  quantities,  because  a  knowledge  of  them  is 
absolutely  necessary  in  the  application  of  trigonometry  to  the 
solution  of  equations,  and  to  various  astronomical  and  physi- 
cal problems.       .  -  ^  '^ 

13.  We  may  now  proceed  to  the  investigation  of  other  ex- 
pressions relating  to  the  sums,  differences,  multiples,  &c.  of 
arcs  ;  and  in  order  that  these  expressions  may  have  the  more 
generality,  give  to  the  radius  any  value  r  instead  of  confining 
It  to  unity.  This  indeed  may  always  be  done  in  an  expres-^ 
sion,  however  complex,  by  merely  rendering  all  the  terms 
Homogeneous  ;  that  is,  by  multiplying  each  term  by  such  a 
potver  of  R  as  shall  male  it  of  the  same  dimension,  as  the  terms 
in  the  equation  which  has  the  highest  dimension.  Thus  the  ex- 
pression for  a  triple  arc. 
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sin.  3a  =  3  sin.  a-j4  sin  ^.a  ^radiiis  =1) 
becomes  when  radius  is  assumed  ==:  k, 
r3  sin.  3a.  =  R^  3  sin.  a-4  sin^.  a    ^ 

3r3  sin.  A— 4  sin?  .  a 
or  sin.  3a=;= -^ — '■ • 

Hence  then,  if  consistently  with  this  precept,  r  be  placed 
for  a  denominator  of  the  second  member  of  each  equation  v 
(art.  12),  and  if  a  be  supposed  equal  to  b,  we  shall  hare 
,    ,    ,      sin.  A.  cos.  A  +  sin,  a  cos,  a' 
sm.  (a+a)  = -^       =  • 


That  is,  sin.  2a= 


2  sin.  A  .  cos.  A 


And,  in  like  manner;  by  supposing  b  to  become  successively 
equal  to  2a,  3a,  4a,  &.c.  there  will  arise 

sin.  A  •  COS.  2a+  cos.  a  .  sin.  2a.  ^ 
sin.  3a  = —g ]  j 

sin.  A  .  COS.  3a-J-  cos.  a  .  sin.  3a. 
sm.  4a  =  '- ^^ — :: ' ^  }   (,viii.; 


sin.  5a 


_  sin.  A  .  cos.  4a+  cos,  a  .  sin.  4a. 


And,  by  similar  processes,  the  second  of  the  equations  just 
referred  to,  namely,  that  for  cos,<a+b)  ,  will  give  successively, 

cos2  ,  A—  sin^  .  A 

cos.  2a  =— r*^^ 


cos.  3a  = 


cos.  A 


.  COS.  2a—  sifi.  A  .sin.  2a 


cos.  4a  = 


^os.  A  .  COS.  3a—  sin.  a  .  sin.  3a 


COS.  5a 


COS.  A  .  COS.  4a—  sin.  a  .  sin.  4a 


(IX.) 


19.  If,  in  the  expressions  for  the  successive  multiples  of 
the  sines,  the  values  of  the  several  cosines  in  terms  of  the 
sines  were  substituted  for  them  ;'  and  a  like  process  were 
adopted  with  regard  to  the  multiples  of  the  cosines,  other 
expressions  would  be  obtained,  in  which  the  multiple  sines 
would  be  expressed  in  terms  of  the  radius  and  sine,  and  the 
multiple  cosines  in  terms  of  the  radius  and  cosines. 


As  sin.  A  •=  s 


^ 


sin.  2a  =  2s-v/r2-s2 

sin.  3a  =  3s-- 4s 3      

sin,  4a=C4s-8s3)^r«-s2 

sin.  5a  =  5s-20s3  +  16ss         .    . 

sin.  6A=(6s-32s3+32s5)yR2-.s2   &c. 


}      (X.) 


Cos. 
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(XI.) 


Cos.     A  =        C  - 

COS.  2a  =    2c2  —    1 
COS.  3a  =    4c3 —   3c  - 
COS.  4a  =    8c4  —    8c2  +    1 
COS.  5a  =  16cs — 20c»  +    5c 
COS.  6a  =  32ce — 48c4  -(-  i8G2-.l 
&c.  &c*. 

Other  very  convenient  expressions  for  multiple  arcs  may 
be  obtained  thus  : 

Add  together  the  expanded  expressions  for  sin.  (b  +  a), 
sin.  (b— a),  that  is, 

add  -  -  sin.  f  b+a^  =  sin.  b  .  cos.  a  +  cos.  b  .  sin.  a, 
to  r  -  sin.  (b — a;  =  sin.  b  .  cos.  a  —  cos.  b  .  sin.  a; 
there  results  sin.  (b+a)  +siB.  (b— a)  =  2  cos.  a  .  sin.  b: 
whence,  -.  sin.  (b+a)  ==  2  cos.  a  .  sin.  b — sin.  («  —  a). 
Thus  again,  by  adding  together  the  expressions  for  cos.'  (b+a) 
and  cos.  (b-^a),  we  have 

COS.  (b  +  a)  +  cos.  (b^  a)  s=  2  COS.  A  .  cos.  b  ; 
'    whence,  cos.  (b  +a)  ==  2  cos.  a  .cos.  b  — cos.  (b  — a). 
Substituting  in  these  expressions  for  the  sine  and  cosine,  of 
b+a,  the  successive  values  a,  2a,  3a,  &c.  instead  of  b  ;  the 
following  series  wiH  be  produced., 
sin.  2a  =  2  cos.  a  .  sin.    a. 

sin.  2a  —  sin.  a.  \      r    \ 

sin.  3a  —  sin.  2a.  f      v^'v 

sin.  {n — 1)  A— sin.(?i-2)A. 

cos.     A COS.  0(=1). 

cos.  2a  —  COS.  A.  \    r   -^ 

COS.  3a  —  COS.  2a.  f     ^^^'J 

COS.  (n — 1)  A— cos.(«— 2)a.^ 
Several  other  expressions  for  the  sines  and  cosines  of  mul- 
tiple arcs,  might  readily  be  found;  but  the  above  are  the 
most,  useful  and  commodious. 

n/%    n        ii      '       ,.        .     «        2  sin  A  .  cos  A   .       .,,  , 
20.  From  the  equation  sm.  2a  = ,  it  will  be 

easy,  when  the  sine  of  an  arc  is  known,  to  find  that  of  its 
half.  For,  substituting  for  cos.  a  its  value  ^(rs  — sin^A), 
there  will  arise  sin.   2a  =  ^'^i"- A^Cn^-sip^  a)^     ^j^j^ 

R 

squared  gives  r^  sin^  2a=4r2  sin^  a— 4  sin*  a. 
Here  taking  sin,  a  for  the  unknown  quantity,  we  have  a  quad- 


*  Here  we  have  omitted  the  powers  of  r  that  were  necessary  to  render  all  the 
tenns  homcdogous,  merely  that  the  expressions  might  fee  brought  in  upoa  the  pagej 
but  they  may  easily  be  supplied,  when  needed,  by  the  rule  in  art.  13. 

ratio 


sin. 

3a  =  2  COS. 

A 

sm. 

4a  -=  2  COS. 

A 

sm. 

WA  =  2  COS. 

A 

cos. 

2a  =  2  cos. 

A 

cos. 

3a  =  2  cos. 

A 

cos. 

4a  =  2  co>^  -A 

cos* 

nx=^%  cos. 

A 
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ratic  equation,  which  solved  after  the  usual  manner,  gives 

sin.  A  =  ±  ^iB^  ±  |R  ^R^  -sin2  «a 
If  we  make  2a  =  a',  then  will  a  =  ^a"  and  consequently,  the 
last  equation  becomes 

sin.  iA  =  ±  v^|R^,±iRv/-R^^Sin^  A- }      ,xil.) 
or  sin.  |a  =  ±  J-v/^R*  di  gR  cos,  a^  ) 

by  putting  cos.  a'  for  its  value  ^r^  —  siri^;  a'  multiplying  the 
quaatities  under  the  radical  by  4,  and  dividing  the  whole  se- 
cond number  by  2.  Both  these  expressions  for  the  sine  of 
half  an  arc  or  angle  will  lie  of  use  to  us  as  we  proceed. 

21.  If  the  values  of  sin.  (a+b)  and  sine  (a— b),  given  by 
equa.  v,  be  added  together,  there  will  result 

,     ,    ,    s    ,     .      /         \       2  sin.  A  ,  cos.  b        , 

.  sm.  (a+b)  +  sm.  (a— b)  = ;  whence, 

R 

^  sin.  A  .  cos.  b=|r  sin.  (a+b)+|^r  sin.  (a— b)  .  (XIII.) 

Also,  taking  sin.  (a— b)  from  sin.  (a+b)  gives 

,      ,    .    s         .      /         \       2  sin.  B  .  cos.  A 
sm.  (a+b)  — sm.  (a— b)  = — j  whence, 

sin.  B  .  COS.  a=Jr  sin  (a+b)— JR  .  sin  (a  — b)  .  .  (XIV.) 
When  a=:b  both  equa.  xiii  and  xiv,  become 

COS.  A  .  sin.  A=jR  sin.  2a  .  .  (XV.) 
2£.  In  like  manner,  by  adding  together  the  primitive  ex- 
pressions for  COS.  (a+b)^  cos.  (a— b),  there  will  arise 

^     ,     V  ',  /  V  __2C03.  A  .  COS.  b  , 

COS.  (a+b)  +  COS.  (a— B).=i ;  whence, 

COS.  A  .  COS.  B=jR  .  COS.  {x+b)+IK  .  COS.  (a — b)  (XVI.) 

And  here,  when  a=b,  recollecting  that  when  the  arc  is  no- 
thing the  cosine  is  equal  to  radius,  we  shall  have 

COS«   A=iR  .  cos.  2A+iR3   .  .  .  (XVII.) 

23.  Deducting  cos.  (a  +  b.)  from  cos.  .  (a—b),  there  will 

remain. 

,    ,    .       2  sin.  A  .  sin.  b 
cos.  (a— b)  —  COS.  (a+b)  = ;  whence, 

sin,  a  .  sin.  b=^r  .  cos.  (a—b)— ^r  .  cos.  (a+b)(XVIII.) 
When  A=B,  this  formula  becomes 

sin2  A=jR*~iR  .  cos.  2a  .  .  .  (XIX.) 

24.  Multiplying  together  the  expressions  for  sin.  (a  +  b) 
and  sin.  (a-  -b),  equa.  v,  and  reducing,  there  results 

sin.  (a+b)  .  sin.  (a— B)=sin2  a  — sin^  b. 
And,  in  like  manner,  multiplying  together  the  values  of  cos. 
(a^b)  and  cos.  (a— b),  there  is  produced 

COS.  (a+b).^  cos.  (a~b)  =^  C0S2  A— cos2  b. 
Here,  since  sin^  a— sin^  b,  is  equal  to  (sin.  A+sin.  B)X(sin. 

A  — 
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4— sin.  b)^  that  k,^  to  the  rectaingle  of  the  sum  and  differo 

ence  of  the  siiies  ;  it  follows,  that  the  first  of  these  equations 

converted  into:  an  analogy,  heeoines 

sin^(A  — b)  :  sin.  a  -  sin.  b  :  :  sin.  a  +  sin.  b  :  sin.  (a  -f-  b) 

(Xa.)     That  is  to  SB.y,the  sine  of  the  difference  of  any  two 

arcs  or  angles;  is  to  the  difference  of  their  sines,  as  the  mm  of 

those  sines  is  to  the  sine  of  their  sum. 

.    If  A  arid  B  be  to  each  other  as  »-+-l  to  w,  then  the  preeed- 

ing  proportion  will  he  converted  into  sin.  a  :  si^.  (n-fl)  a— 

sin/»A  :  :  sin.  («+ 1)  A-f-  sin.  nk  :  sin.  (2/i4- 1)  a  ....  (XXI.) 

These  two  proportions  are  highly  useful  in  computing  a 
table  of  sines  ;  as  will  be  shown  in  the  practical  examples  at 
the  end  of  this  chapter,  ^ 

25.  Let  us  suppose  A+B= A  ,  and  a--b=b'  ;  then  the  h^lf 
sum  and  the  half  differepce  of  these  equsrtions  wiUgive  re- 
fPMtively  A=4(ArhB'),  and  b=|(a Vb').  Putting  these  va- 
lues of  a  and  b,  in  the  expressions  of  sin.  A.  COS.  B,  sin.  B  . 
tips.  A,  cos.  A  .cos,  b,  sin.  A  .  sin.  b,  obtained  in  arts.  ^1,  22 
23>  there  would  arise  the  following  fb^^ 

iSin.  i  (a'+b')  .  cos  i(A'-,BO=  :i  ft  (^in.  a'+  siuv  b^I 


Dividing  the  second  of  these  formulae  by  the  first ^there  will 
_  be.had' 

sin.  |(a^-~b:)     cos.  Ka^-^FbQ  ^  sin.  x(a^^bO     cos.  x(A'HhB^) 
sin.^||A^f  bO  ^cosvKA— b')      ;  cOs.i(;a'— bQ  '  sin..  |-(P$b^ 
,    sin.  a/ -r  sin.  b'      r»-      .        sin,       tan.        ,  cos.         r 
=^- — ,  ,     .       /»     But  smce  — =  - — ,  and  -—.-  =  J--    it 

sin.A'-l-sm.B  CG^.        R  '     -^  sin.        tan.' 

foUoTO  that  the  two  factors  of  the  first  member  of  this  equa- 
tiodyare 

ian.  i(A'~B7      J  R 

—^^^'—'^^^[^^-^(^  so  that  the 

equation  mauifestiy  becomes  ^^^ilK-^JI^  ==  sin. /-sin,  b^ 
>YY,T  \  ^^"*  i(^'+«0   '    sin.  A'+sin.  b' 

This  eqiiation  is  readily  converted  into  a  very  useful  pro- 
portion, viz.  Tlie  Slim  of  the  sines  of  tTSio  arcs  or  angles ,  is  to 
their  difference,  as  the  tangent  of  half  the  sum  of  those  arcs  or 
angles,  is  to  the  tangent  of  half  their  diferenci, 

26.  Operating  with  the  third  and  fourth  fbrmul»  of  the 
preGeding  article,  as  we  have  already  done  with  the  first  and 
seeond,  we  shall  obtaJn 

tan. 
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\  ,  tap,  ^(a^+b^  .  tan.  ^(aVV)  _  cos,  b^^  cog,  a' 

.    R^  "^  COS.  a'4-  COS.  b' 

In  like  manner,  we  have  by  division, 

sin.  a'+ sin.  b'     sin.  ^(Ia'+bO                  ,      .     sin.  A'+sin.  b' 
^ j= )  .  ■ — 7.  =  tan.  ^f A  -j-B  )  ' '-. -. 

cos.  a'+COS.  B'       cos.  ^(a  +b')  '  '^  -"  COS.  b'-C05.  A 

^.,      ,.    sin.  A^- sin.  b'     .     .,,  ,      ^      sin.A^— sin.  b' 
=  cot.i(A'— b'); r-, i=tan;i(A'— B^. . '. -, — -, 

^^  ^'  COS.A+COS.b'  2^  ^       COS.B— cos.a' 

=  cot.  i  (a'+b').  ,  , 

COS.  a'+  cos.  b'  _  cot.  ^  (a^^  b^)  ' 

cos.  b'—  COS.  a'      tan.  ^  (a'—  b')* 
Making  b=0,  in  one, or  other  of  these  expressions,  there  re- 
sults,. 

,  sin.  A'  ,       ,  ,  1  ^ 

■  =  tan.  iA'=  — 7—-—  1 


1+C6S.  A^  ^  cot*  iA' 

sin.  a'  X   ,  /  1  1 

•z ,  ^  cot.  iA  =  7 --7  }      (xxii) 

1— COS.  a'  '^        tan.  Ja  '      ^****>y 

1+cos.  a'       cot.  ^a'         ,„  ,  v  1    ' 

~,J. =  : r rs:  cot^  ~A  = 

1— COS.  a'      tan.  ^a"  ^  tan^  ^a'. 

These  theorems  will  find  their  application  in  some  of  the 
investigations  of  spherical  trigonometry. 

27.  Once  more,  dividing  the  expression  for  sin.  (A±Byby 
that  for  COS.  (AitB),  there  results 

sin.  (a±b) sin.  a  .  cos.  b  db  sin.  b  ^  cos.  a 

COS.  (a±b)     cos.  a  .  cos.  B  :f  sin.  a  .  isin.  b  ' 
then  dividing  both  numerator  and  denominator  of  the  second 

fraction  by  cos:  a  .  cos.  b,  and  reeollectine  that  — ~  ^  — -. 

COS.  R 

we  shall  thus  obtain 

tan.  (a  ±  b)  _  r  (tan.  a  ±:  tan.  b) 
R  r2  ^  tan.  A  .  tan.  b)  ' 

or,  lastly,  tan.  (a  ±  b)  =  '^^  (Jfn- a  ±  tan.  b) 

'         -^  ^  ^        r3  -H  tan.  A  .  tan.  b         ^^         ^ 

R2 

Also,  since  cot  =  - — ,  we  shall  have 

tan.  ^ 

,    ,    ,    V  R^  r2  -4-  tan.  A  .  tan.  b 

cot.  (a±b)  ==  7 .     \  -r  =  —7 p-7 ; 

"^         ^       tan.  (a  ±:  b)  tan.  a  ±  tan.  b      ' 

which,  after  a  little  reduction,  becomes 

.  cot.  A  .  cot.  B  +  r3  >    /WITT  n 

cot.  (a±:b)  = — -r- — .  .  .,:  (XXIV.) 

^  ^  cot.  B±  cot.  A  ^  ^ 

28.  We  might  now  proceed  to  deduce  expressions  for  the 
tangents,  cotangents,  secants,  &c.  of  multiple  arcs,  as  well  as 
some  of  the  usual  formulae  of  verification  in  the  construction 
of  tables,  such  as  sin. 
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sin.  (54<?+A)+sm.  (64«>-A)""sin.  (18o+A)"~sin.(18««.A)  = 
stn.(90*»—A)  ;  sin,A+sin.  (36o^A)+sin.(72*>+A)=sin.  (36<> 
+A)rf-sm.(72<'-A).     &c.  &c. 

But,  as  these  enquiries  would  extend  this  chapter  to  too 
great  a  length,  we  shall  pass  them  by  ;  and  merely  investigate 
a  few  properties  where  more  than  two  arcs  or  angles  are  con- 
cerned, and  which  may  be  of  use  in  some  subsequent  part  of 
this  volume. 

29..  Let  A,  B,  c,  be  in  any  three  arcs  or  angles,  and  suppose 

radius  to  be  unity  ;  then 

,    ,    .      sin.  A  .  sin.  c  +  sin.  b  .  sin  f  a+b+c) 

;  sm.  (b+c)  = -, — ,    ,   \ — ^^' — ^-^. 

^         ^  ,  sm.  (a+b) 

For,  by  equa.  v,  sin.  (A+B+c)=sin.  a  .  cos.  (b+c)+cos.  a  . 
sin.  (b+cj),  which,  (putting  cos.  b  .  cos.  c— sin.  b  .  sin.  c  for 
cos.  (b+c)),  is  =  sin.  A  .  cos.  b  .  cos.  c  — sin.  a  .  sin.  b  .  sin. 
c  +  cos.  A  .sin.  (b+c)  ;  and,  multiplying  by  sin.  b,*  and  add- 
ing sin.  A  .  sin.  c,  there  results  sin.  a  .sin.  c  +sin.  b  .  sin. 
(a+b+c)  =  sin.  A  .  cos.  b  -.  cos.  c  .  sini  b  +  sin.  a  .  sin.  c  . 
cos2  B+cos.  A  .  sin,  b  .  sin.  (B+c)=sin.  a  .  cos.  b  ,  (sin.  fe  . 
cos.  c+cos.  B  .  sin.  c)+€0s.  a  .  sin.  b  .  sin.  (b+c) = (sin.  a  . 
COS.  B+cos.  A  .  sin.  B)Xsin.  (B+c)=sin.  (a+b)  .  sin.  (b+c). 
Consequei^tly,  by  dividing  by  sin.  (a+b),  we  obtain  the  ei:- 
pression  above  given. 

In  a  similar  manner  it  may  be  shown,  that 

.  sin.  A  .sin.c— sin.  b.  sin.  (a—b+c) 

sm.  (b  — c)  = -. — r   ,  ^    - — L- ^. 

^         '  sm.  (a— e) 

30.  If  A,  b,  c,  D,  represent  four  arcs  or  angles,  then  writ- 
ing c+D  for  c  in  the  preceding  investigation^  there  will  result, 

.      ,    ,      ,     ^     sinA.sin(c+D+sinB.sin(A+B+c+D) 

sm.  (b+c+d)= ^ : f     ^     \        —  \ 

.  ^  '  sm.  (a+b) 

A  like  process  for  five  arcs  or  angles  will  give 

c.\r.    /,:  t  -  I  -  t  ,^_s^"^A.sm.(c>^D■fE)-^■sm.B.sia.(A-^B^fc4B■^E) 

sm.  ^B-t-c-fr-D-t-E;—  -      si„,  (^^B^ . 

And  for  any  number,  a,  b,  c,  &c.  to  l, 

sinrB+C+       i^>>~sin.  A.sin.  (c+D  +  ..L)  +  sm.  B.sin.(A4;B-|-c-f...L) 
^     "^   T^»»«*   ;  gjjj_  (a+b) 

,   31.  Taking  again  the  three  a,  b,  c,  we  have 
sin.  (b— c)  =  sin.  b  .  cos.  c-— sin.  c  .  cos.  b, 
^in.  (c — a)  =sin.  c  .  cos.  a — sin.  a  .  cos.  c, 
sin.  (a— b)  =  sin.  a  .  cos.  b — sin.  b  .  cos.  a. 
Multiplying  the  first  of  these  equations  by  sin.  a,  the  second 
by  sin.  b,  the  third  by  sin.  c  ;  then  adding  together  the  equa- 
tions thus  transformed,  -and  reducing ;,  there  will  result, 
sin.  A.sin.  (b  — c)+sin.B.sin.(c  — A)+sin.  c  .  sin.  (a  — b)=0. 
'     '         '  '  *     '         ^  •  •     (a-.b)===0. 


cos.  a.  sin.  (b  — c)+cos.B.sin.(c  — a)+cos.  c  .  sin. 


These 
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These  two  equations  obtaining  for  any  three  angles  what- 
ever, apply  evidently  to  the  three  angles  of  any  triangle. 

32.  Let  the  series  of  arcs  or  angles  a,  b,  c,  d  .  .  .  .  l,  be 
cohterpplated,  then  we  have  (art.  24), 

sin,  (a+b)  .  sin.  (a— b)  =  sin^  a — sin^  b, 

'  sin.  (b+c)  .  sin.  (b  — c)  =  sin^  b — sin^  c, 

sin.  (c+d)  •  sin.  (c— d)  =  sin^  c — sin^  d, 

&c.  &c.  &c. 
sin.  (l+a)  .  sin.  (l—a)  =  sin^  L-^sin^  a. 
\f  all  these  equations  be  added  together,  the  second  member 
of  the  equation  will  vanish,  and  of  consequence  "we  shall  have 
sin.  (a+b)  .  sin.  (a— B)+sin.  (b+c)  .  sin.  (b— c)+&c.  .  . 
.,...+  sin.  (L+A)+sin.  (l— a)=0. 
Proceeding  in  a  similar  manner  with  sin.  (a  — b),  cos^  (a+b), 
sin.  (b— c),  cos.  (b+c),  &c.  there  will  at  length  be  obtained 
cos.  (a+b)  .  sin.  (a— b)+cos.  (b+c)  .  sin.  (b  — c)+&c.  • . 
+  COS.  (l+a) '.  sin.  (l— a)=0. 

33.  If  the  arcs,  a,  b,  c,  &c l  form  an  arithmetical 

progression,  of  which  the  first  term  is  0,  the  common  differ- 
ence b',  and  the  last  term  x  any  number  n  of  circumferences  ; 
then  will  b^a=d^  c— b=d',  &c.  a+b=d',  b+c=3d',  &c.  ; 
and  dividing  the  whole  by  sin.  d,  the  preceding  equations  will 
become 

sin.  D'  +  sin.  3d'  +  sin.  6d'  +  &c.==  0,  h     (XXV.  ^ 
COS.  d'  +  cos.  3b'  +  COS.  5d'  +  &c.'=  0.  J      ^         *-' 
If  e'  were  equal  Sn',  these  equations  would  become 
sin.  D'+sin.  (d +E')+6in.  (n'+gEO+sin.  (d'+3e')+&c.=0, 
cos,D'+cos.  (d'+e')+cos.  (d'+2e')+cos.  (d'+3e')+&c.=0. 

34.  The  last  equation,  however,  only  shows  the  sums  of 
sines  and  cosines  of  arcs  or  angles  in  arithmetical  progres- 
sion, whea  the  common  difference  is  to  the  firsf  term  in  the 
ration  of  2  to  1.  To  investigate  a  general  expression  for  an 
infinite  series  of  this  kind,  let 

s  +  sin.  A  +  sin.  (a+b)  +  sin.  (a+2b)  sin.  (a+3b)  +  &c. 
Then,  since  this  series  is  a  recurring  series,  whose  scale  of 
relation  is  2  cos.  b—  1,  it  will  arise  from  the  developement  of 
a  fraction  whose  denominator  is  1^2^  .  cos.  b  +  2?^,  making 

NTw'thisfraction  willbe="i^+^^^"t-^">-  "f";* '  '°'-'\ 

1— 2z  .  cos.  B+2r2 

Therefore,  when  2r=l,  we  have 

sin.  A-fsin,  (a+b)  — 2  sin.  a  .  CQS.  b         ,  ^v.     1. 

s  = . r-i i .^- ;  and  this,  because 

2—2  cos.  B.       ^ 

2  sin.  A,  COS.  B=sin.  (A+B)+sin.  (a— b)  (art  21),  it  is  equal 

to 
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to  —  >,.,   ^'— ^ — ^.     But,  Since  SID.  a  —  sin.  b'  =  2  cos. 

2(1— COS.  b) 

i(A'+B').  sin  |(a'— b'),  by  art.  25,  it  follows,  that  sin  a  —  sin 
(a—b)  =  2  cos  (a  -^  ^b)  sin  |b  ;  besides  which  we  have  1  — 
COS  B  =  2  sin2  ^B.  Consequently  the  preceding  expression 
becomes  5=  sin  a+  sin  (a+b)  +  sin  (A-f  2b)  +  sin  (a-|-3b.) 

4  &c.  aJ%kt^«m^^^  ^^"^1  .  .  ,  (XXVL) 
2  sm  iB  V  ^ 

36.  To  find  the  sum  of  w+l  terms  of  this  series,  we  have 
simply  to  consider  that  the  sum  of  the  terms  pastthe  (ti-I^  1)  th, 
that  is,  the  sum  of  sin.  [a4-(>^+  l)B]-^sih.  [A-f•(rt+2)B]-;|- 
3in.  [a  r|-  {n>  4-  3)b]  +  &c.  adiiifiTVvtumy  is,  by  the  preceding 

theorem,  ==        o  v    ,     ■:    .Redacting  this,  therefore,  frorn 

the  former  expression,  there  will  renaain,  sin.  a+  sinV(A+B) 
4-  sin.  (a  +  2b)  -f  ^in.  (a  +  3b)  +  .  .  .  ;  sin^  (a  4-  ns)  = 
cos  (a— ;|b)  —  cos|A+(yi-f4)iB]  _^  sin.  (A4-|wB)8in.  |(«4-1)b 

2  sin.  1b  '^  ""  "~"sin.4B 

(XXVIL)  V^ 

By  like  means  it  will  be  found,  that  the  sums  of  the  cosines 
of  arcs  or  angles  in  arithmetical  progression  will  be  cos,  a+ 
4:0s.  (a+b)  -P  cos.  (a  +  2b)  +  co^.  (a  4-  3b)  +  &c.  ad  infin 

.  sin,     (a  — ^b)  /WTTTi-T    N 

mtuin  =  —         \     /  r, .  .  .  .  (XXVin.) 
^  sm.  -g^ 
.     •   •^.  ■    \  :'■        Also,^'..  ,^-        .  ■.  -    , .-,  , 
cos  A+  cos  (a+b)  +  cos  (a  4-22)  +  cos  (a  4-  3b)  +  .... 

. ...  (COS  ^r^^''^^-^-^^^±^^. .  (XXIX;) 
^  /  sm  ^B  ^  ' 

36.  With  regard^ to  thfe  tangents  of  more  than  two  arcs, 
the  following  property  (the  only  one  we  shall  here  deduce) 
is  a  very  curious  one,  which  has  not  yet  been  inserted  in  works 
of  Trigonometry,  though  it  has  been  long  known  to  mathe- 
maticians. Let  the  three  arcs  A,  b,  Cj  together  make  up 
the  whole  circumferenGe,   Q  :  then   since  tan  (a  4"  b)  =f 

R2(tan  a4- tan  b).;  .         ,  , 

>  •  /  -^(by  equa.  xxiii),  we  have  r^  X  (tan  a 4- tan  b 

R*— .  tan  A  .  tan  b^  ^ 

+  tan  g)  =  r2  X  [tan  a4-  tail  b  —  tan  (a4-b)]  =  R^  X  (tan  a4- 

R2(tanA4- tauB).  ,  ix    ,-    x- 

tan  B  —  -~^-— -——4)=  by  actual  multiplication  and  re- 

r2 -.^an  A  .  tan  B^        Z'  ■ 

duction,  to  tan  a  .  tan  b  .  tan  c,  since  tan  c=  tan  [O"^  (a  4" 

M  X      /         \         R2(tanA4^  taoB)      ■      ,    ^  _ 

BjJ=  —  tan  (a— b)=— — ^^-; — -^— ^,  by  what  has  pre- 

^  R2_tanA.tanB'    -^  ^ 

ceded  in  this  article.     The  result  therefore  is,  that  the  sum 

Vol.  IL  4  of 
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of  Hie  tangents  of  any  thfxe  arcs 'which  together  comtitaie  cf  ciV- 
efe,  multiplied  hy  the  square  of  the  radz^s^is  equaJrto  the  pro- 
diJ^  (fj^sei  tamgfi^         :,  .  (XXX.)  : 

Since  both  arcs  in  the  second  and  fourth  quadrantjs  have 
their  tangents  considered  negative,  the  above  property  will 
apply  to  arcs  any  way  trisecting  a  semicircle  ;  and  it  will 
therefore  apply  to  the  angles  of  a  plane  triangle,  which  are, 
together,  measured  by  arcs  constituting  a  senaicirde.  So 
that  if  radius  be  considered  as  unity,  we  shall  find  that,  t/ie 
sum  pf  tangents  of  the  three  angles  of  any :  plane  triangle,  is 
equal  to  the  ,c6ntihued  product  of  those  tangents,  (^^ 

37.  Having  thu|  given  the  chief  properties  of  the  sines^, 
tangents,  &C4  of  arcs,  their  sines,  prddticts,  and  powers,  we 
shall  merely  subjoin  investigations  of  theorems  for  the  2d  and 
M  cases  in  the  solutions  of  plane  triangles.  Thus,  with  re* 
spect  to  the  second  case ,  where  two  sides  and  their  included 
angle  are  given  :       . 

By  equa.  iv^  a  :  J  :  :  siu  A  :  sin  B* 

Sd'diSjl^^  sin  aH:  sin^  :  sin  A-  sin  B^^ 

^Utj  eq.  xxii, i:ani(A  +  b)  :  tan  J  (a  —  b)  ;  :  sin  A  -j-  sin  b  : 
sin  A —sin  b  ;  whence,  ex  equal  a-{-6  :  a  —  6  :  :  tan  ^  (a  -{^  b)  : 
tail  i(A-B).  .  .  .  (XXXH.)         '  ::    :  ^ 

Agreeing  with  the  result  of  the  geometrical  investigation, 
at  pa.  386,  vol.  i. 

38.  If,  instead  of  having  the  two  sides  a,  5.  given,  we  know 
their  ?ogan^^m5,  as  frequently  happens  in  geodesic  opera- 
tions, tan  J^(a  —  b)  maybe  readily  determined  without  first 
finding  the  number  corresponding  t©  the  logs  of «  and  7>.  For 
if  a  and  A  were  considered  tis' the  sides  <jf  a  right-angled  tri- 
angle, in  v^hich  f  denotes  the  angle,  opposite  the  side  a,  then 

would  tan  <^  =  ~.     Now,  since  a  is  supposed  greater  than  6, 

this  angle  will  be  greater  than  half  a  right  angle,  or  it  will  be 
measured  by  an  arc  greater  than  ^^  of  the  circumference,  or 

thaniO •     Then,  because  tan  (4>^  iQ)  =  t^— :— r^  ^^ 

"  '^^      l-ftan<?>tan|0 

because  tan  ^0=  R  =  I,  we  have 

And,  frdmthe  preceding  article, 

a-6    tan  i(A— b)     tan4(A— b)  ;  ", 

— T-7— X      w    I    (=        .  V —   '  conseqiiently,     r 
ja+h    tani(A4-B)        cotic  ^        *'' 

tani(A-B)=c^tie..t^ft-iG)  •  -•  (XXXlti.) 

From 
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From  this  equatioa  we  have  the  following  practical  rule. 
Subtract  the  less  from  the  greater  of  the  given  logs,  the  re- 
mainder  will  be  the  log  tan  of  an  angle  :  from  this  angle  take 
45  degrees,  and  to  the  log  tan  of  the  remainder  add  the  log 
cotan  of  half  the  given  angle  ;  the  sum  will  be  the  log  tan  of 
half  the  diference  of  the  other  two  angles  of  the  plane  tri- 
angle. 

39.  The  renaaining  case  is  that  in  which  the  three  sides  of 
the  trianglte  are  known,  and  for  which  indeed  we  have  alread j 
obtained  expiressions  for  the  angles  in  arts.  ^  and  8.  Bat,  as 
neither  of  these  is  best  suited  for  logarithipic  computation, 
(however  well  fitted  they  are  for  ihstruments, of  investigation), 
another  m%r  be  deduced  thus  :  in  the  equation  ibr  cos^  a, 

(given  equatiOEi  ii),  viZv  cos.  a  =^  ^   "       ,  if  we  substi- 

tute,  instead  of  cos.  a,  its  value,  1— gsins  |a,  change  the 
signs  of  all  the  terms,  transpose  the  1,  and  divide  by  2,  we 
shall  have  sin^  x^  =  ^^fHl^lf!^ 

Here,  the  numerator  of  the  second  member  being  the  pro- 
duct of  the  two  iactors  (a-f  i— -c)  and  (a— 6  4.  c),  the  equa- 
iim  will  become  siri^  |a  ^i(^-^^-^)    1(^-^4- c);  ^^ 

Abe  ■  -■■■    V  ^  ^  -■? 

since  i(a+6 -c)=J(a+6+c)-c,  and|(awfe+c)==:i(a4-6+c) 
—h  ;  if  we  put  s  ==  a  -f-  6  +  c,  and  extract  the  square  root, 
there  will  result, 

'    1  .  (is-.6)  .  (is-c)       > 

^^.^^^  ;    ,   : 

Inlike^   .    ;  (Xg—aV.  fis—c) 

manner  \  «*«  *«  =  V  ^'        ^^^\        -      }   (XXXI V.) 

sm  Xo  =  ^  -^ — — L^M— — I,       ^ 
ab  J 

These  expressions,  besides  their  convenience  for  logarith- 
mic computation,  have  the  further  advantage  of  being  perfect- 
ly free  frona  ambiguity,  because  the  half  of  any  angle  of  a 
plane  triangle  will  always  be  his  than  a  right  angle. 

40.  The  student  will  find  it  advantageous  tocolleGt  into 
one  place  all  those  formulae  which  relate  to  the  eomputatiori 
of  sines,  tangents,  Jfec.^f  and,  in  another  place,  those  which 


*  What  is  here  given  being  only  a  brief  sketch  of  an  inexhaustible  subject; 

^^^T?^^  ^^°  mshes  to  pursue  it  further  is  referred  to  the  copious  introduction 

to  wir  Mathematical  Tabres,  and  the  comprehensive  treatises  on  Trigonometiy, 

by  Emerson  ^d  many  other  modem  writers  on  the  eame  subject,  where  he  will 

fmd  his  curiosity  richly  gratified. 


are 
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are  of  use  in  the  solutions  of  plane  triangles  :  the  former  of 
these  are  equations  V,  vlii,  ix/x,  xi,  x,  xi,  xii,  xin,  xiv,  xv, 
xvi;  xvii,  xviii^  XIX,  XX,  XXII,  xxiiy  XXIII,  XXIV,  XXVII ;  the 
latter  are  ^qua.  ii,  in,  iv,  vii,  xxxii,  xxxiii,  xxxiv. 

To  exemplify  the  use  of  some  of  these  formulae,  the  follow- 
ing exercise's  are  subjoined. 

EXERCISES 

Ex,  J.  Find  the  sines  and  tangents  of  15«»,  30^,  4S<>,  60<', 
and  76°  :  and  show  how  from  thence  to  find  the  sines  and  tan- 
gents of  several  of  their  submultiples. 
.  First,  with  regard  to  the  arc  of  A6^',  the  sine  and  cosine  are 
manifestly  equal ;  or  they  form  the  perpendicular  and  base 
of  a  right-angled  triangle  whose  hypothenuse  is  equal  to  the 
assumed  radius.  Thus,  if  radius  be  r,  the  sine  and  cosine  of 
46<>,  will  each  be  =  -v/^R^  =R-v/i=iRv'^-  ^^  ^  ^e  equal  to 
1,  as  is  the  case  with  the  tables  in  use,  then 

sin  45*'  =  cos  46*>  =  Jv^2=-7071068.      . 

sin  *         cos 

tan  45?  =  —  =1=-:—=  cotangent  45*^. 
cos  sm 

Secondly,  for  the  sines  of  60°  and  of  30°  :  since  each  angle 
in  an  equilateral  triangle  contains  ^60*^,  if  a  perpendicular  be 
demitted  from  any  one  angle  of  such  a  triangle  oti  the  oppo- 
site side,  considered  as  a  base,  that  perpendicular  will  be  the 
sine  of  ao<>,  and  the  hjalf  base  the  sine  of  30«^,  the  side  of  the 
triangle  being  the  assumed  radius.  Thus,  if  it  be  R,.we  shall 
have  iR  for  the  sine  of  30°,  and  ^R^ -^i^^  =iRy/S,  for  the 
sine  of- 60^     When  R=  1 ,  these  becpme    - 

sin  30°  =?  -5 sin  60^  =  cos  30°=  -8660254. 

Hence,  tan  30°  =  -^  =  J-  =  i  ^  3  =  -5773503, 

tan  60°  =  %^  =  v^3  = .     1.7320508. 

Consequently,  tan  60^° =3  tan  30°. 

Thirdly,  for  the  sines  of  15°  and  75°,  the  former  arc  is  the 
half  of  30°,  and  the  latter  is  the  compliment  of  that  half  arc. 
Hence,  substituting  1  for  r  and  1^/3,  for  cos  a,  in  the  expres- 
sion sin  ^A=±x^^Rg  ±2r  cos  a  .  .  .  (equa.  xii),  it  becomes 

sin  15°=i^2-.^3^  -2588190^ 

Hence,  sin  75°=  cos  15°  =  -^1-^(2—^^3)  =  W^+\/^  = 

^^t^^^  =  >9659258. 
4 

..^      sin        -2588190       „^««,«^ 
Consequently,  tan  16'  =_  =  :^^^^^T  -2679492. 

'9659258 
And,  tan  750=  —3^^=  -3.7320508.  ^^^^ 
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Now,  from  the  sine  of  30^^,  those  of  6%  2,  and  1^,  may 
leasilj  be  found.  For,  if  5a=30® ,  we  shall  have,  from  equa- 
tion X,  sin  5a=6  sin  a— 20  sin^  a-|-16  sin^  a  :  or,  if  sin  a=x, 
this  will  become  16x5  — .20a;3+5a;=*5.  This  equation  solved 
by  any  of  the  approximating  rules  for  such  equations,  will 
give  a?=' 1046286,  which  is  the  sine  of  6®. 

Next,  to  find  the  sine  of  2**,  we  have  again,  from  equation 
X,  sin  3a  ==  3  sin  a-- 4  sin ^  a  :  that  is,  if  a;  be  piit  for  sin  2«^, 
3a;-.  4x3==  •1046286.  This  cubic  solved,  gives  x  =  •034iB995 
,  =  sin2<>i-'. 

Then,  if  s  =?=  sin  1*^,  we  shall,  from  the  second  of  the  equa- 
tions marked  ?:,  have  2s  ^  l-^s^  ==  ■0348996  ;  whence  s  is 
found  =  •0174624==  sin  l^ 

Had  the  expression  for  the  slniss  of  bisected  arcs  been  ap- 
plied successively  from  sin  16**,  to  sin  7°30',  sin  3^45V  sin 
1®62A'  sin  66^',  &c.  a  different  series  of  values  might  have 
been  obtained:  or,  if  we  had  proceeded  fromthe  quinqui- 
section  of  46<^,  to  the  trisectlon  of  9°,  the  bisedtion  of  S**,  and 
so  on,  a  different  series  still  would  have  been  found.  But 
what  has  been  done  above,  is  sufficient  to  illustrate  this  method. 
The  dext  example  will  exhibit  a  very  simple  and  compendious 
way  of  ascending  from  the  sines  of  smaller  to  those  of  larger 
arcs>;.  '   '  ■  '- '    ^   "        "'•'■ 

Ex.  2.  Given  the  sine  of  1<^,  to  find  the  sine  of  ^«?,  and 
then  the  sines  of  3^,  4*>,  6%  6^,  7«,  8^  9**,  and  10%  each  by 
a  single  proportion, 

Here,  taking  first  the  expression  for  the  sine  of  a  double 
arc,  equa.  x,  we  have  sin  2^  =  2  sin  l<'^r-'Sin2T^=*034895. 

Then  it  follows  from  the  rule  in  equa.  xx,  that 
sin  1*>  :  sin  2*'— sin  1^  :  :  sin  2«>+sin  1«>  :  sin  3°=-0623360 
sin  2o  :  §in  S^'—sin  1"  :  ;  sin  3«'+sin  1^  '  sin  4°=0G97565 
sin  8<>  :  sin  4°— sin  1*^  :  :  sin  4*'+sin  1*"  •  sin  6°=0871557 
sin  4«>  :  sin  6°— sin  1**  :  :  sin  6*'-i-sin  I*'  :  sin  6<>=- 1045285 
sin  6«*  :  sin  6^^sih  1*>  :  :  sin  G^'+sin  1^  :  sin  7'^=- 1218693 
sin  6^  :  sin  7°— sin  1^  :  :  sin  7o+sin  1*>  :  sin  8^=*  1391731 
sin  7°  :  sin  S^— sin  1«  ;  :  sin  8«-f-sin  !<>  :  sin  9«'=*1564375 
sin  8*^  :  sin  9«>— sin  1°  :  :  sin  9^4-sin  l**:  sin  10^=- 1736482 

To  check  and  verify  operations  Hke  these,  the  proportions 
should  be  changed  at  certain  stages.     Thus, 

sin  1<>  :  sin  3®-~sin  2*^  :  :  sin  3^  +  sin  2^  :  sin    6**, 

sin  l**  :  sin  4«>— sin  3^  :  ;  sin  4°  +  sin  3«>  ;  sin   7«, 

sin  4?  :  sin  7*'— sin  3*^  :  :  sin  7®  -f  sin  3^  :  sin  10^. 

The  coincidence  of  the  results  of  these  operations  with  the 

analogous  results  in  the  preceding,  will  manifestly  establish 

the  correctness  of  both. 

Cor. 
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Cor,  By  the  same  method,  knowing  th^  sines  of  d^  lO"", 
and  150,  the  sines  of  20^,  26?,  35^  55^,  65^,  &c.  may  be 
found,  each  by  a  single  proportion.  And  the  sines  of  1**,  9*^, 
and  10^,  will  lead  to  those  of  19«,  29*>,  39<>,  &c.;  So  that  the 
sines  may  be  computed  to  any  arc  :  and  the  tangents  and  other 
trigonometrical  lin^s,  by  means  of  the  expressions  in  art.  4,  &c. 

Ex.  3.  Find  the  sum  of  all  the  natursd  sines  to  every  mi- 
nute in  the  quadrant,  radius  =  J. 

In  this  problem  the  actual  addition  of  all  the  terms  would 
be  a  most  tiresome  labour:  but  the  solution  by  means  of 
equation  xxvii,  is  rendered  very  easy.  Applying  that  theo- 
rem to  the  present  case,  we  have  sin  (a  +  |»b)  =  sin  45°, 
sin  i(7i+l)  B=sin  45°0'30",  and  sin  J  p=sin  30".     Therefore 

smJ5o  X  sin  45^  0^-  ^  3438>2467465  the   same  sum  re- 

sin  30'' 
quired,  . 

From  another  method,  the  investigation  of  which  is  omitted 
here,  it  appears  that  the  same  sum  is  equal  to  J  (cot  30"  +  l). 

Ex.  4.  Explain  the  method  of  finding  the  logQ.Hihmc,  sines, 
cosines,  tangents,  secants,  &c.  the  natural  sines,  cosines,  &c. 
being  known.  .  . 

Th6  natural  sines  and  cosines  being  computed  to  the  radius 
unity,  are  all  proper  fractions,  or  quantities  less  than  unity, 
so  tbat  theii;  logarithms  would  be  negative.  To  avoid  this, 
the  tables  of  logarithmic  sines,  cosines,  &c.  are  computed  to 
a  radius  of  10000000000,  or  10^ «  :  in  which  case  the  loga- 
rithm of  the  radius  is  10  times  the  log  of  10,  that  is,  it  is  10. 

Hencfe,  if  s  represent  any  sine  to  radius  1,  then  10  ^ «  Xs= 
sine  of  the  same  arc  or  angle  to  rad  10^ ".  And  this,  in  logs 
is,  log.  10105=  10  log.  10  +  log.  s  =  10  +  log.  s. 

The  log  cosines  are  found  by  the  same  process,  since  the 
cosines  are  the  sines  of  the  complements. 

The  logarithmic  expressions  for  the  tangents,  &c.  are  de- 
duced thus ;     . 

Tan  =  rad  ~.     Theref.  log  tan  =  log  rad  +  log  sin  —  log 
cos 
cos  =•  10  +  log  sin  — log  COS. 

Cot=— -.  Therflog.eot=21ograd-logtan=20-Iogtan. 
tan 
rad^ 
Sec  =  —— .  Therf.  log  sec=2  log  rad  -log  cos=20-  log  cos. 

COS 

Cosec?==^.  Therf.  1 .  cosec?=2lograd--logsin=20— logsin. 

cf  n 


sm 


Versed 
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Versed siue  =  f^°!?!  =  (Ssipiarc)^  _  2  x  sin^.  ^  arc 

Therefore,  log  vers  sin  :=  log  3  +  2iog  sin  I  arc— 1 0. 

^£x.  6.  Given  the  sum  of  the  natural  tangents  of, the  an, 
gles  AandB_  of  apl^ne  triangle^  3-1601988,  the  sum  of  the 
tangents  of  the  angles  a  a&d  c  =- 3 1  •8765577,  and  the  conti- 
nued product,  tan  A.  tan  B  ,  tan  c  =  s-304r057  :  to  find  the 
angles  A,  B,  and  c. 

I^  has  been  demonstrated  in  art.  36,  that  when  radius  is 
unity,  the  product  Of  the  natufal  tangents  of  the  three  angles 
of  a  plane  triangle  is^qual  to  their  continued  product.  Hence 
the  process  IS  this  :  ^cui-e 

Prdm  tan  A  +  tan  fi  4- tan  G  ==  6-3047067 
Take  tan  A  4- tan  B  .  .  .  .  =3-1601988 

,    Retoairis  tan  c  ,  ,  .  .  ,,  ,  .  s=:  2- 1445069=  tan  65" 

.From  tan  A  4- tan  B  4- tan  c==  6-^ 

Take  tan  b  4-  tan  c    .... .  =  3-8765577 , 

Reaaains  tan  A  ,  .  .  .  .  .  .  =ll.;4g81480  =tan  5&<' 

Consequently,  the  three  angles  are  SSVeoOjand  660 

£0;.  6.  There  ip  a  plane  triangle,  whose  sides  are  three 
consecutive  terms  in  the  natural  series  of  integer  numbed 
and  whose  largest  angle  is  just  double  the  smallest.  ReS 
ed  the  sides  and  angles  of  that  triangle  ?  ■ 

.If  A,  B,  c,^be  three  angles  of  a  plane  triangle,  «,  h,  c,  the 
sides  respectively  opposite  to  a,  b,  c  ;  and  s=a+J+c.  Then 
irom  equa.  HI  and  xxxiv,  we  have        , 

''"  *  ==  ^^^'  t*"-")  •  C|s-6)  .  (is-c).  ' 

^        /^  ab 

Let  the  three  sides  of  the  required  triangle  be  represented 

cL"^'  fu  h  ^-  ^t^  5  *^  ""g'^^  ''^•"g  supposed  oppo- 
site to  the  side  x,  and  c  opposite  to  the  side  x4-2  :  then  the 
preceding  expressions  will  become 

sin  A= -A- yt±B    f±2     ^+1     a=- 1 

(a;+l).(i4-2)^/     2      •     2     ■-T'-f- 
4a(a:-i-l)       ' 

o,!!.ri!!l*''f  ^1'^°-''^'':'''''°°^  •''1"'''  *"  each  other,  as  they 
ought  to  be  by  the  question  ;  there  results,  after  a  little  re- 
duction, Vj^^^^g^,  or  3.r(.-  1)=(.4-2)S  an  equation 

whose 
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wliose  ix)0t  is  4,  Or  —f.    Hetice  4,  5,  and  6,  are  the  sides  of 
the  triangle.  / 

sm.  B=y^V7;  smc=y%v^7;  sin  ic=v'24:f.5=^v^7. 
The  angles  are,  a  ==  419-409603  =^  41<^24'  34''  34'^ 
B  =  55^-771 191  =  65  46    16    is/ 
c  ==  Sg^'-aiOSOe^  82  49     9      8. 

Sprw^ioTi  ^0  <^e  same  6y  R.  Adrain. 

Let  ABC  be  the  triangle,  having  the  angle 
ABC  double  the  angle  a,  produce  ab  to  D,iri3:- 
ing  BD  =  Bc,  and  join  CD  ;  and  the  triangles 
CBD,  ACD  are  evidently  isosceles  and  equian- 
gular ;  therefore  bd  or  b  c  is  to  en  or  ag  as 
AC  to  AD.  Now  let  AB=a;,  Bc=rK  — 1,  AC=a;+l5  then  ad== 
2a;—  1,  and  the  preceding  stating  becomes  1  :  jr-fl  *•  -  x+ 
1  :  2a;— Ij  which  by  naultiplying  extremes  and  means  gives 
2rc2  -3a;+l=a;2  4.2a;+l,  and  by  subtraction  a;2===  5a;,  or  di- 
vidingby  x,  simply  x=6i  hence  the  sides  are  4,  5,  6. 

The  same  conclusion  is  also  readily  obtained  without  the 
use  of  algebra. 

Ex.  7.  Demonstrate  that  sin  18^==  cos  72«>  is==iR  (—  1+ 
^6),  and  sin  64«  ==±=  cos  36«>  is  ==iR  (14-^5). 

Ex.  8.  Demonstrate  that  the  sum  of  the  sines  of  two  arcs 
which  together  makie  60^,  is  equal  to  the  sine  of  an  ate  which 
is  greater  than  60**,  by  either  of  the  two  arcs:  Ex.  gr.  sin 
3'-f  sin  69^  57'==  sin  60^  3';  and  thus  that  the  tables  may 
be  continued  by  addition  only. 

Ex.  9.  Show  the  truth  of  the  following  proportion :  As 
the  sine  of  half  the  difference  of  two  arcs,  which  together 
make  60<>,  or  90<^,  respectively,  is  to  the  difference  of  their 
sines  ;  so  is  1  to  ^2,  or  y'S,  respectively. 

Ex.  10.  Demonstrate  that  the  sum  of  the  square  of  the 
sine  and  versed  sine  of  an  arc,  is  equal  to  the  square  of  dou- 
ble the  sine  of  half  the  arc. 

Ex.  11.  Demonstrate  that  the  sine  of  an  arc  is  a  mean  pro- 
portional between  half  the  radius  and  the  versed  sine  of  dou- 
ble the  arc. 

Ex.  12.  Show  that  the  secant  of  an  arc  is  equal  to  the 
sum  of  its  tangent  and  the  tangent  of  half  its  complement. 

JBa;.  13.  Prove  that,  in  any  plane  triangle,  the  base  is  to 
the  difference  of  the  other  two  sides,  as  the  sine  of  half  the 
sum  of  the  angles  at  the  base,*  to  the  sine  of  half  their  diffe- 
r etice :  also ,  that  the  base  is  to  the  sum  of  the  other  two  sides 

as 
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as  the  cosine  of  half  the  sum  of  the  angles  at  the  base,  to  the 
cosine  of  half  their  difference. 

Ex.  14.  How  must  three  trees,  A,  is,  c,  be  planted,  so  that 
the  angle  at  a  may  be  double  the  angle  at  b,  the  angle  at  b  dou- 
ble that  at  c  ;  and  so  that  a  line  of  400  yards  may  just  go 
round  them? 

Ex.  15.  In  a  certain  triangle,  the  sines  of  the  three  angles 
are  as  the  numbers  17,  16,  and  8,  and  the  perimeter  is  160. 
What  are  the  sides  and  angles  ? 

Ex.  16.  The  logarithms  of  tiyo  sides  of  a  triangle  are 
2-2407293  and  ^'53^SX9i,  and  the  includ ed  angle,  is  37^  20'. 
it  is  required  to  determine  the  other  angles,  without  first  find- 
ing any  of  the  sides  ?- 

&.  17i  The  sides  of  a  triangle  are  to  each  other  as  the 
fractions  jvii  i  '*  what  are  the  angles  ? 

Ex.  IS-  Show  that  the  secarit  of  60*^,  is  double  the  tan- 
gent of  45*^,  aiid  that  the  secant  of  45°  is  a  mean  proportional 
betweeti  the  tangent  of  45°  and  the  secant  of  60*^. 

Ex.  ld»  Demonstrate  that  4  tinaes  the  rectangle  of  the  sihea 
of  two  arcs,  is  eqiial  to  the  difference  of  the  squares  of  the 
chords  of  the  suni  and  difference  of  those  arcs. 

Ex.  20.  Gonfert  the  equatipnsmarked  xxxiv  into  their 
equivalent  logarithmic  expressions  ;  and  by  mieans  of  them 
and  equai  ly,  find  the  angles  of  a  triangle  whose  sides  are  5, 
6,  and:7.    '  ■      ^"-' 


SPHERICAL  TRIGONOMETRY. 


SECTION  I. 


Gerieral  Properties  of  Spherical  Triangles, 

Art.  1.  Def.  1.  Any  portion  of  a  spherical  surface  bounded 
by  three  arcs  of  great  circles  is  cialled  a  Spherical  Triangle. 

Def.  2.  Spherical  Trigonometry  is  the  art  of  computing  the 
ineasures  of  the  sides  and  angles  of  spherical  triangles. 

Vol.  II.  5  Def: 
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De/1.  3.  A  right-angled  gipherical  triangle  has  one  right  an^ 
gle':  the  sides  about  the  right  angle  are  called  legs;  the  side 
opposite  to  the  right  angle  is  called  the  hypothenuse, 

Def.  4.  Jl  quadrantal  spherical  triangle  has  one  side  equal 
to  90*>  or  a  quarter  of  a  great  circle. 

Def.  6.  Two  arcs  or  angles,  when  compared  together,  are 
said  to  be  alike,  or  of  the  same^  affection^  when  both  are  less 
than  90°,  or  both  are  greater  than  90°.  But  when  one  is 
greater  and  the  other  less  than  90°,  they  are  said  to  be  unlike, 
or  of  different  affections. 

Art.  2.  The  small  circles  of  the  sphere  do  not  fall  under 
consideration  in  Spherical  Trigonometry ;  but  such  only  as 
have  the  same  centre  with  the  sphere  itself.  And  hence' it  is 
that  spherical .  trigonometry  is  of  so  much  use  in  Practical 
Astronomy,  the  apparent  heavens  assuming  the  shape  of  a 
concave  sphere,  whose  centre  is  the  same  as  the  centre  of  the 
earth. 

3»  Every  spherical  triangle  has  three  sides,  and  three  an- 
gles :  and  if  any  three  of  these  six  parts,  be  given,  the  re- 
.  maining  three  may  be  found,  by  some  of  the  rules  which  will 
be  investigated  in  this  chapter. 

4.  In  plane  trigonometry,  the  knowledge  of  the  three  an- 
gles is  not  sufficient  for  ascertaining  the  sides  :  for  in  that  case 
the  relations  only  of  the  three  sides  can  be  obtained,, and  not 
their  absolute  values  : ;  whereas,  in  spherical  trigonometry, 
where  the  sides  are  eircular  arcs,  whose  values  depend  on 
their  proportion  to  the  whole  circle,  that  is,  on  the  number 
of  degrees  they  contain,  the  sides  may  always  be  determined 
when  the  three  angles  are  known.  Other  remarkable  differ- 
ences between  plane  and  spherical  triangles  are,  1st.  That 
in  the  former,, two  angles  always  determine  the  third  ;  while 
in  the  latter  they  never  do.  2dly.  The  surface  of, a  plane 
triangle  cannot  be  determined  from  a  knowledge  of  the  angles 
alone  ;  while  that  of  a  spherical  triangle  always  can. 

5»  The  sides  of  a  spherical  triangle  are  all  arcs  of  great 
circles,  which;  by  their  intersection  on  the  surface  of  the 
sphere,  constitute  that  triangle,  ■ 

6.  The  angle  which  is  contained  between  the  arcs  of  two 
great  circles,  intersecting  each  other  on  the  surface  of  the 
sphere,  is  called  a  spherical  angle ;  and  its  niea&ure  is  the 
same  as  the  measure  of  the  plane  angle  wnichi^ /onned  by 
two  lines;  issuing  from  the  same  point  6i^  and  perpendicular 
to,  the  commoii  seclipn  of  the  planes  which  determine  the 

containing 
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contmning  sides  :  that  is  to  say,  it  is  the  kme  as  the  angle 
made  by  those  planes.  Or,  it  is  equal  to  the  plane  angle 
formed  by  the  tangents  to  those  arcs  at  their  point  of  inter- 
section. 

7.  Hence  it  follows,  that  the  surface 
of  a  spherical  triangle  Sac,  and  the  three 
planes  which  determine  it,  form  a  kind 
of  triangular  pyramid,  bcg a  of  whicii 

^  the  vertex  g  is  ^  the  centre  of  the 
sphere,  the  base  abc  a  portion  of  the 
spherical  surface,  and  the  faces  agc, 
AGB,  BGC,  sectors  of  the  great  circles 
whose  intersections  determine  the  sides 
of  the  tFiangre> 

Def,  6.  A  line  perpendicular  to  the  plane  of  a  great  circle, 
passing  through  the  centre  of  the  sphere,  ahd  terminated  by 
two  points,  diametrically  opposite,  at  iksui^ce,  is  called  th^ 
Mxis  of  such  a  circle  ;  and  the  extremities  of  the  axis,  or  the 
jiplnts  vyhere  it  meets  the  surface,  are  called  the  ^olesof  that 
ciroler  Thus^  FGi^'is  the  axis,  and  ?i  p',  are  thepoles,  of  the 
great  circle  cJNB. 

If  we  conceive  any  number  of  less  circles,  each  parallel  to 
the  said  great  circle,  this  axis  will  be  perpendicular  to  them 
likewise  ;  and  the  ^points  p,  p',  will  be  their  J)Qles  also; 

8.  Hence,  each  pole  of  a  great  circle  is  90^  distant  from 
every  point  in  its  circumference  ;  and  all  the  arcs  drawn  from 
either  pole  of  a  little  circle  toits  circumference,  are  equal  to 
each  other. 

9.  It  likewise  follows,  that  all  the  arcs  of  great  circles 
drawn  through  the  poles  of  another  great  circle,  are  perpen- 
dicular to  it  :  for  since  they  are  great  circles  by  the  supposi- 
tion,  they  all  pass  through  the  centre  of  the  ^phei*e,  and  con- 
sequently through  the  axis  of  the  said  circle;  The  same; 
thing  may  be  affirmed  with  regard  to  small  circles. 

10.  IJence,  in  order  to  find  the  poles  of  any  circle,  it  is 
merely  necessary  to  describe,  upon  the  surface  of  the  sphere, 
two  great  circles  perpendicular  to  the  plane  of  the  former  ; 
the  points  where  these  circles  intersect  each  other  will  be 
the  poles  required. 

It.  It  may  be  inferred  also,  from  the  preceding,  that  if  it 
W'ere  proposed  to  draw,  from  any  point  assumed  on  the  sur- 
face of  the  sphere,  an  arc  of  a  circle  vtrhich  may  measure  the 
Shortest  distance  from  that  point,  to  the  circumference  of 
fin^  given  circle ;  this  arc  mb^t  be  scy  described,  that  its  pro- 
lottgation  riiay  pass  through  the  poles  of  the  ^ven  circle. 
And  conversely,  if  an  arc  pass  through  the  poles  of  a  given 
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circle ,  it  will  nieasiire  the  shortest  distanGe  from  any  assumed 
poiMto'tKe  circumference  of  iha^ 

12.  Hence  again,  if  ujpon  the  sides,  ac  and  bc,  (produced 
if  necessary)  of  a  spherical  triangle  ?ca,  we  take  the  arcs^  cn, 
CM,  each  equal  90**,  and  through  the  radii  gn,<5m  (figure  to 
art.  7)  draw  the  plane  ngm,  it  is  manifest  that  the  point  c  will 
be  the  pole  of  a  circle  coinciding  with  the  plane  ngm  :  so 
that,  as  thelines  gm^  gn,  are  both  perpendicular  to  the  com- 
mon section  gc,  of  the  planes  agg,bgc>  they  measure,  by  their 
inclination  the  ai%Ie  of  these  planes ;  or  the  arc  nm  nieasures 
that  ahgle,  and  consequently  the  spherical  angle  jbca. 

13.  It  is  also  evident  that  every  arc  of  a  little  circle,  de- 
scribed from  the  pole  c  as  centre,  and  contaping  the  same 
nuDttber  of  degrees  as  the  arc  mn,  is  equally  proper  for  mea- 
suring the  angle  EGA ;  though  it  is  cpstomary  to  use  only  arcs 
of  great  circles  for  this  purpose  w  ; 

14.  Lastly,  we  infer,  that  if  a  spherical  anglie  be  a  right 
angle,  the  arcs  of  the  great  circles  which  form  it  will  pass 
mutually  through  the  poles  of  each  other :  and  that,  if;  the 
planes  of  two  great  circles  contaiir  each  the  axis  of  the  other, 
or  pass  through  the  poles  of  each  other,  the  angle  which  they 
include  is  a  right  angle. 

These  obvipus  truths  being  premised  and  tidmprehended, 
the  student  may  pass  to  the  cohsideratidn  ef  tlie^  fo^^ 
theorems.-  '  '■  ■  ■'- 

THECWREM  I. 

Any  Two  Sides  of  a  Spherical  Triangle  are  tpgether  Greater 
thsin  the  Third. 

This  proposition  is  a  Decessary  consequence  of  the  truth, 
that  the  shortest  distance  between  any  two  points,  measured 
on  ttie  surface  of  the  sphere,  is  the  arc  of  a  great  circle  pass- 
ing through  these  points, 

THEOREM  IL 

The  Sum  of  the  Three  Sides  of  any  Spherical  Triangle  v& 
Less  than  36(y  degrees, 

Fbrjlet  the  sides  Aic,B<;,  (^^,  to  art.  7)  containing  any 
angle  A,  be  proceed  till  they  meet  again  in  n  :  then  will  the 
arcs  BACi  DBG,  be  each  1 80**,  because  all  great  circles  cut  each 
other  into  twoequal  parts :  consequehtJy  dag+  dbg  ==  S^O**. 
But  (theoreni  1)  DA  smd  DB  are  together  greater  than  the 

third 
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third  side  ab  of  the  triangle  dab  ;  and  therefore,  sinGe  ca  4- 
cB  +  DA  +  DB  i=  SfiOP,  the  sum  ca  +  cb  -{-  ab  is  less  tJban 
360^i  Q.  E.  D. 

THEOREM  m. 

The  Sum  of  the  Three  Angles  of  any  spherical  Triangle  is 
always  Greater  than  Two  Right  Angles ,  hut  less  than  Six. 

1.  The  first  part  of  this  theorem  is  demonstrated  in  cbr.  2 
of  THE.  IV.  following. 

2.  The  aiiglfe  of  ineliriation  of  no  two  of  the  planes  can  he 
so  great  as  two  right  angles  ;  hecause,  in  that  case,  the  two 
planes  WQuld  become  but  one  continued  plane,  and  the  arcs, 
instead  of  being  arcs  of  distinct  circles,  would  be  joint  arcs  of 
one  and  the  same  circle.  Therefore,  eachof  the  three  sphe- 
rical angles  must  be  less  than  two  right  angles  ;  and  conse- 
quently their  sum  less  than  six  right  angles,  ^.  E.  i>. 

Cor.  1.  Hence  it  follows,  that  a  spherical  triangle  may  have 
all  its  angles  either  right  or  obtuse  ;  and  therefore  the  knoysr- 
ledge  of  any  two  right  angles  is  not  sufficient  for  the  determi- 
aatioii  of  the  third. 

Cor,  2.  If  the  three  angles  of  a  spherical  triangle  be  right 
or  obtuse,  the  three  sides  are  likewise  each  equal  to,  or  greater 
than  90«^ :  and,  if  each  of  the  angles  be  acute,  each  of  the 
sides  is  also  less  than  90 ;  and  conversely^ 

Scholium.  From  the  preceding  theorem  the  student  may 
clearly  perceive  what  is  the  essential  difference  between  plane 
and  spherical  triangles,  and  how  absurd  it  iFould  be  to  apply 
the  riiles  of  plane  trigonometry  to  the  solution  of  cases  in 
spherical  trigonometry.  Yet,  though  the  difference  between 
the  two  kinds  of  triangles  be  really  so  great,  still  there  are 
various  properties  which  are  common  to  both,  and  which  may 
be  deiaqionstrated  exactly  in  the  same  manner.  Thus,  for  ex- 
ample, it  might  be  demonstrated  here,  (as  well  as  with  regard 
to  plane  triangles  in  the  elements  of  Geometry,  vol.  1)  that 
two  spherical  triangles  are  equal  to  each  other,  1st.  When  the 
thr^esides  of  the  one  are  respectively  equal  to  the  three  sides 
of  the  other.  2dly.  When  each  of  them  has  an  equal  angle 
contained  between  equal  sides  :  and,  3dly.  When  they  have 
e^ch  two  equal  angles  at  the  extremities  of  equal  bases.  It 
might  also  be  shovra,  that  a  spherical  triangle  is  equilateral, 
isosceles,  or  scalene,  according  as  it  hath  three  equal,  two 
equal,  or  three  unequal  angles  :  and  again,  that  the  greatest 
side  is  always  opposite  to  the  greatest  angle,  and  the  least  side 

to 


Hosted  by  Google 


30  SFHERICAL  TRIGONOMETRY- 

to  the  lesa&t  aiigle.  Bot-  the  hrievityihat  our  plan  requires, 
compels  us  merely  to*  mention  these  particulars,  '  It  may  be 
added^ ,  however,  that  a  sphericnl  triangle  may  be  at  once 
right-angled  and  equilateral ;  which  can  never  be  the  case  with 
a  plane  triangle. 

THEOREM  IV. 

If  from  the  Angles  of  a  Spherical  Triangle,  as  Poles,  there 
be  described,  on  the  Surface  of  the  Sphere,  Three  Arcs  of 
Great  Circles,  which  by  their  Intersections  form  another 
Spherical  Triangle  ;  Each  Side  of  this  New  Triangle  will 
be  the  Supplement  to  the  Measure  of  the  Angle  which  is  at 
its  Pole,  and  the  Measure  of  each  of  its  Angles  the  Supple- 
ment to  that  Side  of  the  Primitive  Triangle  to  which  it  is 
Opposite. 

From  B,  A,  and  c,  as  poles,  let  the 
arcs  DF,  DE,  FE,  be  described,  and  by 
their  intersections  form  another  sphe- 
rical triiingle  pef  ;  either  side,  as  de, 
of  this  triangle,  is  the  supplement  of 
the  measure  of  ihe  angle  a  at  its  pole  ; 
and  either  angle,  as  d,  has  for  its  mea- 
sure the  supplement  of  the  side  ab. 

* 

Let  the  sides  ab,  ac,  bc,  of  the  primitive  triangle,  be  pro- 
duced till  they  meet  those  of  the  triangle  def,  in  the  points 
I,  L,  M,  N,  G,  K :  then,  since  the  point  a  is  the  pole  of  the  arc 
dile,  the  distance  of  the  points  a  and  e  (measured  on  an  arc 
of  a^great  circle)  will  be  ^0®  ;  also,  since  c  is  the  pole  of  the 
arc  EF,  the  points  c  and  e  will  be  90**  distant :  cdnseqiiently 
(art.  8)  the  point  e  is  the  pole  of  the  arc  ac»  In  like  manner 
it  may  be  shown,,  that  f  is  the  pole  of  bc,  and  d  that  of  ab. 

This  being  premised,  we  shall  have  dl  =  90*^,  and  ie=90** 
whence  dl  +  ie  =  dl  +  el  +  il  =  de  +  il  =  180**.  There- 
fore DE  =  180^  —  IL  ;  that  is,  since  il  is  the  measure  of  the 
angle  bag,  the  arc  de  is  =  the  supplement  of  that  measure. 
Thus  also  may  it  be  demonstrated  that  ef  is  equal  the  supple- 
ment to  MN,  the  measure  <)£  the  angle  bca,  and  that  df  is  equal 
the  supplement  to  gk,  the  measure  of  the  angle  abg  :  which 
constitutes  the  first  part  of  the  proposition. 

2dly.  The  respective  measures  of  the  angles  of  the  triangle 

def  are  supplemental  to  the  opposite  sides  of  the  triangles 

ABCk     For,  since  the  ares  al  and  bg  are  each  90<^,  there&re 

-        ■  is 
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is  alH^bg==gl  +AB  =;=  180O I  whence  gl  =  180«>— ab  ;  that 
is^  the  measure  of  the  angle  p  is  equal  to  the  supplement  to 
ABv  So  likewise  lfla3^  it  be  sho$vn;that  ACy  bc,  are  equal  to  the 
supplements  to  the  measures  of  the  respectively  opposite  an- 
gles E  and  p.  Consequently;  the  measures  of  the  angles  of 
the  triangle  def  are  supplemental  to  the  several  opposite  sides 
of  the  triangle  ABC.  q.  e.  d. 

Gor,  1 .  Hence  these  two  triangles  are  called  suppUmentdt 
or  j?o/ar  triangles. 

Cor*  2,  Since  the  three  sides  de,  ef,  df,  are  supplements 
to  the  measures  of  the  three  angles  a,  b,  c  ;  it  results  that 
DE  +  EF  -^  DF  +  A  +  B+  c=3Xi80<'=^540^.  But~(th.  2), 
DE-f-EF  +  DF<30O®  :  consequently  A-f-B+g  >  I&p^.  Thus 
the  first  part  of  theorem  a  is  very  compendiousiv  demon- 
strated. •  .; '  ,       v-,^    .  ,         ■      .,  ■    •■  .//^^^ 

Cor.  3.  T^his  theorem,  suggests  mutations  that  ar^  some- 
times of  use  in  cbmputation.---Thus;  if  three  angles  of  a 
spherical  triangle  are  given,  to  find  the  sides :  the  student 
ma^su^tractieach  of  the  angles  from  180^,  and  the  three  re- 
roainders  will  he  the  three  sides  of  a  new  triangle  ;  the  angles 
of  this^  new  triangle  heiiigfi)und,  if  their  measuis  be  each 
takeiifrdm  180'=',  the  three jpemgdnders  will  be  the  respective 
sides  of  the  primitive  triangle,  whose  angles  were  given 

^Mjw.  The  invention  of  the  preceding  theorem  is  due 
iX)  Philip  Lmg^berg.  Vide,  Simou  Steven,  liv.  5  de  la  Cos- 
mographie,  prop.  31  aird  Alb.  Girard  in  loc.  It  is  x)ften  how- 
ever  treated  very  loosely  by  authors  on  trigonometry  •  some 
of  them  speaking  of  sides  as  the  supplements  of  angles  and 
scarcely  any  of  them  remarking  which  of  the  several  triangles 
formed  by  the  intersection  of  the  arcs  de,  ef,  df,  is  the  one 
mquesUon.^  Besides  the  triangle  def,  three  others  may  he 
formed  by  the  intersection  of  the  semi-  j 

circles,  and  if  the  -ay^oZe  circles  be  con- 
sidered,, there  will  be  set;e«  other  tri- 
angles formed.  But  the  proposition  only 
obtains  with  regard  io  the  central  tri- 
angle (of  each  heniisphere),  which  is 
distinguished  from  the  three  others  in 
this,  that  the  two  angles  A  and  Fare  si- 
tuated on  the  same  side  of  bc,  the  two  b  and  e  on  the  same 
side  of  AC,  and  the  two  c  and  d  on  the  same  side  of  ab. 

THEOREM  V. 

In  Every  Spherical  Triangle,  the  fi)llowing  proportion  obtains, 
VIZ,  As  Four  Right  Angles  (or  360^)  to  the  surftce  of  a 

Hemisphere  ; 
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Hemisphere ;  or,  as  Tiro  Right  Angles  (or  1 80<^)  to  a  Great 

Circle  of  the  Sphere ;  so  is  the  Excess  of  the  th|ree  angles 

of  the  Triangle  ahove  Two  Right  Angles,  to' the  Area  of 

the  triangle. 

Let  AB6  be  the  spherical  trian^e.     Com-  -^  ^ -^Jj^ 

plete  one  of  its  sides  as  bc  into  the  circle 
BCEF,  which  may  be  supposed  to  bound 
thfe  upper  hemisphere.  Prolong  also,  at  | 
both  ends,  the  two  sides  ab,  ac,  until  they 
form  semicircles  estimated  from  each  an- 
gle, that  is,  until  bae  ==  abd=cap=aci>= 
180*'.  Then  will  cbf==180??=bpb;  and 
consequently  the  triangle  aef,  on  the.  anterior  hemisphere  will 
be  equal  to  the  triangle  bcd  on  the  opposite  hemisphere. 
Putting  wi,  w'to  represent  the  surface  of  these  triangles,  p 
for  that  of  the  triangle  bap,  q  for  that  of  cae,  and  a  for  that 
of  the  proposed  triangle  ABC.  Then  aandm'  together  (or 
their  equal  a  and  m  together)  make  up  the  surface  of  a  spheric 
luiie  comprehended  between  the  two  semicircles,  acd,  abd, 
inclined  in,  the  angle  a  :  a  and  p  together,  make  up  the  lune 
included  between  the  semicircles  caf,  cbf,  making  the  angle 
c  :  a  and  q  together  make  up  the  spheric  lune  included  be- 
tween the  semicircles  bce,  bae  making  the  angle  b;  And  the 
surface  of  each  of  these  lunes,.is  to  that  of  the, hemisphere, 
as  the  angle  made  by  the  comprehending  semicircles,  to  two 
right  angles.  Therefore,  putting  ^s  foir  the  surface  of  the 
hemisphere,  we  have 

ISO*'  :  A  :  :  is  :  a+m. 
180<>  :  B  :  :  is  :  a-i-^. 
,  180<>  :  c  :  :  is  :  a-j-p. 
Whence,  ISO**  :  a+b+c  :  :  is  :  3a  +  wi+jp +,}=2a +^8  ; 
and  consequently,  by  division  of  proportion. 

as  180«  :  a  +  b  +  c-ISO^  :  :  Js  :  ^a  +  ^s— is  =  2a; 

a4-b4-c-180<> 

or,  180O  :  A  +  Ji  +  c-  ISO^  :  :  is  :  a=is.— ^^^ 

€t.  e;  d.* 

Cor.  1.  Hence  the  excess  of  the  three  angles  of  any  spheri- 
cal triangle  above  two  right  angles,  termed  technically  the 


*  This  detettnination  of  the  area  of  a  spherical  triangle  is  due  to  Albert  Gi- 
rard  (who  died  about  1633.)  But  the  demonstration  now  commonly  given  of  the 
rule  was  first  published  by  Dr.  Wallis.  It  was  considered  as  a  mere  speculative 
truth;  until  General  Roy,  in  1787,  em]?loyed  it  very  judiciously  in  the  great  Trigo- 
nometrical Survey,  to  correct  the  errors  <rf  spherical  angles.  See  Phil.  Trans, 
vol.  80,  and  the  next  chapter  of  this  volume. 

spherical 
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spherical  excess,  furnishes  a  correct  measure  of  the  surface 
of  that  triangle. 

Cor.  2.  If  «•==  3- 14 1 693,  and  c?  the  diameter  of  the  sphere, 

A -|-B-4-C— 180^ 

then  is  Trd^.- ~- =.  the  area  of  the  spherical  tri- 
angle. 

Cor.  S.  Since  the  length  of  the  radius,  in  any  circle,  is 
cjqual  to  the  length  of  57  2967796  degrees,  measured  on  the 
circumference  of  that  circle  ?  if  the  spherical  excess  'be  muU 
tipUed  by  57-297796,  the  product  will  express  the  surface  of 
the  triangle  in  square  degrees. 

Cor.  4.  When  a  =  0,  then  a  +  b  +  c  =  180<> :  and  when 
a=|s,  then  a+b+c=640o:  Consequently  the  sum  of  the 
three  angles  of  a  spherical  tritngle,  is  always  between  2  and 
6  right  angles  :  which  is  another  confirmation  of  th.  3. 

Cor.  5.  When  two  of  the  angles  of  a  spherical  triangle  are 
right  angles,  the  surface  of  the  triangle  varies  with  its  third 
angle.  And  when  a  spherical  triangle  has  t^ree  right  angles 
its  surface  is  one  eighth  of  the  surface  of  the  sphere. 

Remark.  Some  of  the  uses  of  the  spherical  excess,  in  the 
more  extensive  geodesic  operations,  will  be  shown  in  the  fol- 
lowing chapter.  The  mode  of  finding  it,  and  thence  the  area 
when  the  three  angles  of  a  spherical  triangle  are  given,  is  ob- 
vious enough ;  but  it  is  often  requisite  to  ascertain  it  by  means 
of  other  data,  as  when  two  sides  and  the  included  angle  are 
given,  or  when  all  the  three  sides  are  given.  In  the  former 
case,  let  a  and  h  be  the  two  sides,  c  the  included  angle,  and 

XI.        u     •    1  ^1       •       .  ,        cot ia .  cot -^6+ cose 

E  the  spherical  excess  :  then  is  cot  iE= ^ — ^-A—L , 

sin  c 
When  the  three  sides  a,  b^  c,  are  given,  the  spherical  excess 
may  be  found  by  the  following  very  elegant  theorem,  disco- 
vered by  Simon  Lhuillier : 

tan  1 E  ==  ^  (tan    ^^^   .  tan     ^  ^       .  tan  — —— .  tan 
-).     The  investigation  of  these  theorems  would  oc- 


4 

cupy  more  space  than  can  be  allotted  to  them  in  the  present 
volume* 

THEOREM  VI. 

In  every  Spherical  Polygon,  or  surface  included  by  any  num- 
ber of  intersecting  great  circles,  the  subjoined  proportion 
obtains,  viz.  As  Four  Right  Angles,  at  360<>,  to  the  Surface 
of  a  Hemisphere ;  or,  as  Two  Right  Angles,  or  180^,  to  a 
Great  Gircle  of  the  Sphere ;  so  is  the  Excess  of  the  Sum 

Vol.  II.  G  of 
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of  the  Angles  above  the  Product  of  lao^  and  Two  Less  than 
the  number  of  Angles  of  the  spherical  polygon,  to  its  Area, 
For,  if  the  polygon  be  supposed  to  be  divided  into  as  many 
triangles  as  it  has  sides,  by  great  circles  drawn  from  ail  the 
angles  through  any  point  within  it,  forming  at  that  point  the 
vertical  angles  of  all  the  triangles.  Then,  by  th.  5,  it  will  be 
as  360^  :  ^s  :  :  a+b  +  c—  180®  :  its  area.  Therefore,  put- 
ting p  for  the  sum  of  all  the  angles  of  the  polygon,  w-  for  their 
number,  and  v  for  the  sum  of  all  the  vertical  ^gles  of  its  con- 
stituent triangles,  it  will  be,  by  composition, 
as  SeO**  :  is  :  :  p+v— 180<>  n  :  surface  of  the  polygon.  But 
V  is  manifestly  equal  to  360°  or  180®  X  2,     Therefore,  as 

360®  :  ^s  :  :  P-.(ri-2)  180®  :  |s:      r  ^  ggQo- — '  the  ar^a 

of  the  polygon*     €t.  E.  D. 

Cvr,  1 .  If  5r  and  d  represent  the  same  quantities  as  in  theor. 
5  cor.  2,  then  the  surface  of  the  polygon  will  be  expressed 
P-w~2)  180® 

^  720® 

Cor.  2.  If  R®=57-2967795,  then  will  the  surface  of  the 
polygon  in  square  degrees  be  =r®.  (p—  (w— 2)  180®). 

Cor,  3.  When  the  surface  of  the  polygon  is  0,  then  p  == 
(n--2)  180®  ;  and  when  it  is  a  maximum,  that  is,  when  it  is 
equal  to  the  surface  of  the  hemisphere,  then  p=  (^-2)  180® 
4-360^—ri .  180®  :  Consequently  p,  the  sqm  of  all  the  angles 
of  any  sphefic  polygon,  is  always  less  ihan^n  right  angles, 
but  greater  than  (2/1 -4)  right  angles  w,  denoting  the  number 
of  angles  of  the  polygon. 

GENERAL  SCHOLIUM. 

On  the  Nature  and  Measure  of  Solid  Angles, 

A  Solid  Angle  is  defined  by  Euclid,  that  which  is  made  by 
the  meeting  of  more  than  two  plane  angles,  which  are  not  in 
the  same  plane,  in  one  point. 

Others  define  it  the  angular  space  comprised  between  se- 
veral planes  meeting  in  one  point.  ^ 

It  may  be  defined  still  more  generally,  the  angular  space 
included  between  several  plane  surfaces  or  one  or  more  curv- 
ed surfaces,  meeting  in  the  point  which  forms  the  summit  of 
the  angle. 

According  to  this  definition,  solid  angles  bear  just  the  same 
relation  to  3ie  surfaces  which  comprise  them,  as  plane  angles 
do  to  the  lines  by  which  they  are  inpluded :  so  that  as  in  the 
latter^  it  is  notthe  magnitude  of  the  lines,  but  their  mutual 
inclination,  which  determines  the  angle ;  just  so,  in  the  former 

it 
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it  is  not  the  magnitude  of  the  planes,  but  their  mutual  inclina- 
tioEis  which  determine  the  angles.  And  hence  all  those  ge- 
ometers, from  the  time  of  Euclid  down  to  the  present  period, 
who  have  confined  their  attention  principally  to  the  magnitude 
of  the  plane  angles  instead  of  their  relative  positions,  have 
never  been  able  to  develope  the  properties  of  this  class  of 
geometrical  quantities  ;  but  have  affirmed  that  no  solid  angle 
can  be  said  to  be  the  half  or  the  double  of  another,  and  have 
spoken  of  the  bisection  and  trisection  of  solid  angles,  even  in 
the  simplest  cases,  as  impossible  problems. 

But  all  this  supposed  difficulty  vanishes,  and  the  doctrine  of 
solid  angles  becomes  simple,  satisfactory,  and  universal  in  its 
application,  by  ^assuming  spherical  surfaces  for  their  measure  ; 
just  as  circular  arcs  are  assumed  for  the  measures  of  plane 
anglest.  Imagine,  that  frond  the  summit  of  a  solid  angle 
(formed  by  the  meeting  of  three  planes)  as  a  centre,  any 
sphere  be  described,  and  that  those  planes  are  produced  till 
they  cut  the  surface  of  the  sphere  ;  then  will  the  surface  of 
the  spherical  triangle,  included  between  those  planes  be  a 
proper  measure  of  the  solid  angle  made  by  the  planes  at  their 
common  point  of  meeting ;  for  no  change  can  be  conceived  in 
the  relative  position  of  those  planes,  that  is  in  the  magnitude 
of  the  solid  angle,  without  a  corresponding  and  proportional 
mutation  in  the  surface  of  the  spherical  triangle.  If,  in  like 
manner,  the  three  or  more  surfaces  which  by  their  meeting 
constitute  another  solid  angle,  be  produced  till  they  cut  the 
surface  of  the  same  or  an  equal  sphere,  whose  centre  coin- 
cides with  the  summit  of  the  angle  ;  the  surface  of  the  spheric 
triangle  or  polygon,  included  between  the  planes  which  deter- 
mine the  angle,  will  be  a  correct  kneasure  of  that  angle.     And 

*  Circular  arcs  are  not  merely  assumed  to  be  the  measures  of  ;plane  angles, 
they  are  demonstrated  to  be  so.  See  Sim.  Euclid,  Prop.  33,  Book  VI.  It  ought 
also  to  be  demonstrated  that  spherical  surfaces  are  the  measures  of  solid  angles. 

Ed. 

f  It  may  be  proper  to  anticipate  here  the  only  objection  which  can  be  made 
to  this  assumption;  which  is  founded  on  the  principle,  that  quantities  sJiould  al- 
toays  be  measured  by  quantities  of  the  same  kind.  But  this,  often  and  positively 
as  it  is  aflSrmed,  is  by  no  means  necessary ;  nor  inmany  cases  is  it  possible.  To 
measure  is  to  compare  mathematically :  and  if  by  comparing  two  quantities,  whose 
ratio  we  know  or  can  ascertain,  with  two  other  quantities  whose  ratio  we  wish  to 
know,  the  point  in  question  becomes  determined :  it  signifies  not  ^t  all  whether 
the  magnitudes  which  constitute  one  ratio,  are  like  or  unlike  the  magm'tudes 
which  constitute  the  other  ratio.  It  is  thus  that  mathematicians,  with  perfect 
safety  and  correctness,  make  use  of  space  as  a  measure  of  velocity,  mass  as  a 
measure  of  inertia,  mass  and  velocity  conjointly  a,s  a  measure  of  force,  space  as 
a.measure  of  time,  weight  as  a  measure  of  density,  expansion  as  a  measure  of 
heat,  a  certain  function  of  planetary  velocity  as  a  measure  of  distance  from  the 
central  body,  arcs  of  the  same  circle  as  measures  of  plane  angles;  and  it  is  in 
conformity  with  this  general  pi-ocedure  that  we  adopt  snrfaces,  of  the  same  sphere, 
as  measures  of  solid  angles. 

the 
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_  the  ratio  which  subsists  between  the  areas  ^£  the  spheric  tri? 
angles,  polygons,  or  other  surfaces  thus  fpmed,  will  be  accu- 
rately the  ratio  which  subsists  between-the  solid  angles,  con- 
stituted by  the  meeting  of  the  several  plaaes  or  surfaces,  at 
the  centre  of  the  sphere. 

Hence,  the  compa^isoa  of  solid  angles  becomes  a  matter  of 
great  ease  and  simplicity  |  for,  since  the  areas  of  spherical 
triangles  are  measured  by  the  excess  of  the  sums  of  their  an- 
gles each  above  two  right  angles  (th.  5) ;  and  the  areas  of 
spherical  polygons  of  n  sides,  by  the  excess  of  the  sum  of 
their  angles  above  27^—4  right  angles  (th.  6)  ;  it  follows,  that 
the  magnitude  of  a  trilateral  solid  angle,  will  l3e  measured  by 
the  excess  of  the  sum  o&the  three  angles,  made  respectively 
by  its  bounding  planes,  above  2  right  angles  ;  and  the  magni- 
tudes of  solid  anglers  formed  by  n  bounding  planes,  by  the  ex- 
cess of  the  sum  of  the  angles  of  inclination ,  of  the  several 
planes  above  2?i— 4  right  angles. 

As  to  solid  angles  limited  by  curve  surfaces,  such  a^  the  an- 
gles at  the  vertices  of  cones  ;  they  will  manifestly  be  measure 
ed  by  the  spheric  surfaces  cut  off  by  the  prQlongation  of  their 
bounding  surfaces,  iri  the  same  manner  as  angles  determined 
*  by  planes  are  measured  by  the  triangles  or  polygons,  they 
itnark  out  upon  the  same,  or  an  equal  sphere.  In  all  cases, 
the  maximum  limit  of  solid  angles,  will  be  the  pZane  towards 
which  the  various  planes  determining  such  angles  approach, 
as  they  diverge  further  from  each  other  about  tjie  same  sum- . 
mit :  just  as  a  right  line  is  the  maximum  limit  of  plane  angles, 
being  formed  by  the  two  boundiog  lines  when  they  make  an 
angle  of  1 80^.  The  maximum  limit  of  solid  angles  is  mea- 
sured by  the  surface  of  a  hentiispii^re ^  in  like  mapn^r  as  the 
maximum  limit  of  plane  angles  is  measured  by  the  arc  of  a 
semicircle.  The  solid  right  angle  (either  angle,  for  example, 
of  a  cube)  isj  (^i^yof  the  maximum  solid  angle :  while  the 
plane  right  angle  is  half,  the  maximum  plane  apgle. 

The  analogy  between  plane  and  solid  angles  being  thus  trac- 
ed, we  may  proceed  to  exemplify  this  theory  by  a  few  in- 
stances ;  assuming  1000  as  the  numeral  measure  of  the  maxi- 
mum solid  angle  ==  4  times  90^  solid  ==  360^  solid. 

1.  The  solid  angles  of  right  prisms  are  compared  with  great 
facility.  For,  of  the  three  angles  made  by  the  three  planes 
which,  by  their  meeting,  constitute  every  such  solid  angle, 
t#o  are  right  angles  :  and  the  third  is  the  same  as  the  corres- 
ponding plane  angle  of  the  polygonal  base  ;  on  which,  Ifiere- 
fore,  the  measure  of  the  solid  angle  depends.  Thus,  with 
respect  to  the  right  prism  with  an  equilateral  triangular  Ijase, 
each  solid  angle  is  formed  by  planes  which  respectively  make 

angles 


Hosted  by  Google 


SFffERICALTRIGOISrOMETRY.  37 

angles  of  90^^  90?,  and  60^.  Consequently  90«*+90^+6p^- 
1^0^  ==  ^0^,  is  the  measure  of  sueh  angle,  compared  with  360'^ 
the  maximum  angle.  It  is  therefore,  one-sixth  of  the  maxi- 
mum angle.  A  right  prism  with  a  square  base,  has,  in  like 
manner,  each  solid  angle  measured  bj  90*^+90^+90*^  -  IBO*^ 
=  90**,  which  is  i  of  the  maximum  angle.  And  thus  may  be 
found,  that  each  solid  angle  of  a  right  prism>  with  an  equilateral. 

triangular  base   is  }  max,    angle  =  }  -J 000. 

square  base        is  ^    .     .     .     .    =  f  -1000. 

pentagonal  base  is       .     .     .     .    =  y\   1000. 

hexagonal  is  ^    .     -     .     ,    === -^-. -looo. 

heptagojQal  is       .     .     .     .    s=-5_.|ooo, 

octagonal  is  |    .     .     .     .=:-6-.i000. 

nouagonal  Is       .    v    .     .    =jl.1000. 

decagonal  is  f    .     .     .     .    =^.1000. 

ijndecagonal       is       .     .     .     .    =^^-1000. 

duodecagonal     is/^  .     ,     .     .    =iJ.iooo. 


m  gonal  is       .     ,     .     .    =—?• 


•1000. 
Hen^e  jit  may  be  deduced,  that  each  solid  angle  of  a  regu- 
lar prism,  with  triangular  base,  is  half^Hch  solid  angle  of  a 
prism  with  a  regular  hexagonal  base.     Each  with  regular 
square  base  =  |  of  each,  with  regular  octagonal  base,^ 
pentagonal   =|    ,     .     .     .     .     .     .     decagonal, 

haxagonal     ==  |    .     .    ,     .     .     .  _.     duodecagonal, 

im  gonal      =— y  •     •     •     •     .     .     m  goqal  base. 

Hence  again  we  may  infer,  that  the  sum  of  all  the  solid ' 
angles  of  any^ prism  of  triangular  base,  whether  that  base  be 
regular  or  irregular,  is  half  the  sum  of  the  solid  angles  of  a 
prism  of  quadrangular  base,  regular  or  irregular.     And,  the 
sum  of  the  solid  angles  of  any  prism  of 
tetragonal  base  is  =  |  sum  of  angles  in  prism  of  pentag.  base, 
pentagonal   .  .  .  =|     .     .     .     .     ;    .     .     haxagonal, 

haxagonal     ...==  I     ...     ...     .     heptagonal, 

7/igonal     ....  r=__.     .     ,     ,     ^     .(m+ J)  gonal. 

2.  Let  us,  compare  the  solid  angles  of  the  fire  regular 
bodies.  In  these  bodies,  if  m  be  the  number  of  sides  of  each 
face  ;  n  the  number  of  planes  which  meet  at  each  solid  angle  ; 
10—  half  the  circumference  or  1 80^  ;  and  a  the  plane  angle 


made  by  two  adjacent  faces  :  then  we  have  sin  1a  = 


1    ^ 

cos  -~  G 
2/i 


.     1 

sin—  O 
2m 


This 


Hosted  by  Google 


^-- 


38  SPHERICAL  TRIGONOMETRY. 

This  theorem  gives ,  for  tlie  plane  angle  fortned  by  every  two 
c<Dntiguons  faces  of  the  tetraedrph,  70^  31'  42" ;  of  the  hexae- 
dron,  90*" ;  of  the  dctaedron,  109^  28'  18^';  of  the  dodecae- 
drori,  11©^  33' 54^;  of  the  icosaedron,  138*^  11^  23^  Butin 
these  polyedrae,  the  number  of  faces  meeting  aKout  each  isOlid 
angle,  3, 3, 4, 3,  5  respectively.  Consequently  the  several  so- 
lid angles  will  be  determined  by  the  stibjoined  propottions  : 

Solid  Angle.    ' 
360^  :  3*70«>31'42''       180o  ..  jooo  :    87-736li  Tetraedron. 
360^  :  3-90^  -180«>  ::  1000  :  260  Haxaedron. 

^0^>  4-i09*>28'18'--360*>  ::  1000  :  2I6-35185  Octaedron. 
360«^  :  3- 1 16<'33'54''-- 1 80**  : :  1000  :  471-395  Dodecaedron. 
360*>  ;  5'138^11'23''r-540^  ;:  1000  :  419-30160   Icosaedron. 

3,  The  solid  angles  at  the  vertices  of  cones,  will  be  deter^- 
mined  by  means  of  the  spheric  segments  cut  off  at  the  bases 
of  those  cones  ;  that  is,  if  right  cones,  instead  of  having  plane 
bases,  had  bases  formed  of  the  segments  of  equal  spheres, 
whose  centres  were  the  vertices  of  th^  cones,  the  surfaces  of 
those  segments  would  be  measures  of  the,  solid  angles  at  the 

'  respective  vertices.  Now,  the  surfaces  of  spheric  segtaents, 
are  to  the  surface  of  the  hemisphere,  as  their  altitudes,  to  the 
radius  of  the  sphere  f  and  therefore  the  solid  angles  at  the 
vertices  of  right  cones  will  be  to  the  maximum  solid  angle, 
as  the  excess  of  the  slant  side  sibove  the  axis  of  the  cone,  to 
the  slant  side  of  the  cone.  Thus^  if  we  wish  to  ascertain  the 
solid  angles  at  the  vertices  of  the  equilateral  and  the  right- 
angled  cones  ;  the  axis  of  the  former  is  ^  v'  ?♦  <>f  the  latter, 
i  y'  2,  the  slant  side  of  each  being  unity.     Hence, 

Angle  {at  Vertex. 
1  :  1  _^y  3  •:  1000  :  133-97464,  equilateral  cone, 
1  :  1_I^2  ::  1000  :  282^89322,  right-angled  cone. 

4.  From  what  has  been  said,  the  mode  of  determining  the 
solid  angles  at  the  vertices  of  pyramids  will  be  sufficiently  ob- 
vious. If  the  pyramids  be  I'egular  ones,  if  n  be  the  number 
of  faces  meeting  about  the  vertical  angle  in  one,  and  a  the 
angle  of  inclination  of  each  two  of  its  plane  faces  ;  ifi^ibe  the 
number  of  planes' meeting  about  the  vertex:  of  the  other,  and 
a  the  angle  of  inclination  of  each  two  of  its  faces :  then  will 
the  vertical  angle  of  the  former,  be  to  the  vertical  angle  of  the 
latter  pyramid,  as  na -(n - 2)  1 80**,  to  na  —  (w --2)  1 80*". 

If  a  cube  be  cut  by  diagonal  planes,  into  6  equal  pyramids 
with  square  bases,  their  vertices  all  meeting  at  the  centre  of 
the  circumscribing  sphere  ;  then  each  of  the  solid  angles, 
made  by  the  four  planes  meeting  at  each  vertex,  will  be  ^  of 
the  maximum  solid  angle ;  and  each  of  the  solid  angles, 
at  the  bases  of  the  pyramids^  will  be  Jg  of  the  maximum  solid 

angle 
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angle.  Therefore,  eaeh  solid  angle  at  the  base  of  such  pyird- 
mid,  is  one-fourth  of  the  solid  angle  at  it^vertex :  and,  if  the 
angle  at  the  vertex  be  bisected,  as  described  below,  either  of 
the  sohd  angles  arising  from  the  bisection,  will  be  double  of 
either  solid  angle  at  the  base.  Heiice  also,  and  from  the  first 
subdivision  of  this  scholium,  each  solid  angle  of  a  prism,  with 
equilateral  triangular  base,  will  he  half  each  vertical  angle  of 
these  pyramids,  and  double  each  solid  angle  at  their  bases. 

The  angles  mad.e  by  one  plane  with  another,  must  be  as- 
certaiiied,  either  by  measurement  or  by  computation,  accord- 
ing to  circumstances.  But,  the  general  theory  being  thus  ^. 
plame^,  and  illustrated,  the  further  application  of  it  is  Jell  to 
the  skill  and  ingenuity  of  geometers ;  the  following  simple 
example  merely,  being  added  here.  - 

^  Ex.  Let  the  solid  angle  at  the  vertex  of  a  square  pyramid 
be  bisected.  ^^^ 

1st.  Let  a  plane  be  drawn  through  the  vertex  and  any  two 
opposite  angles  of  the  base,  that  plane  will  biiect  the  solid 
angle  at  the  vertex ;  forming  two  trilateral  angles,  each  equal 
to  half  the  original  quadrilateral  angle. 

2dly.  Bisect  either  diagonal  of  the  base,  and  draw  awi/ plane 
to  pass  through  the  point  of  bisection  and  the  vertex  of  the 
pyramid  ;  such  plane,  if  it  do  noif  coincide  with  the  former 
will  divide  the  quadrilateral  solid  angle  into  two  equal  quadri- 
lateral solid  angles.  For  this  plane,  produced,  will  bisect  the 
great  circle  diagonal  of  the  spherical  parallelogram  cut  off  by 
the  base  of  the  pyramid  ;  and  any  great  circle  bisecting  such 
diagonal  is  known  to  bisect  the  spherical  parallelogram  or 
square ;  the  plane,  therefore,  bisects  the  sohd  angle.        ' 

Cor,  Hence  an  indefinite  number  of  planes  may  be  drawn 
each  to  bisect  a  given  quadrilateral  solid  angle. 


SECTION  11. 

Resolution  of  Spherical  Triangles. 

The  different  cases  of  spherical  trigonometry,  like  those  in 
plane  tegonometry,  may  be  solved  either  geometrically  or  al- 
gebraically. We  shall  here  adopt  the  analytical  method,  as 
weu  on  account  of  its  being  more  compatible  with  brevity, 
as  because  of  its  correspondence  and  connection  with  the  sub- 

stance 
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stance  of  the  p^ce^bgcbapten*    The  whale  doctrine  may 
be  cdrnprehended  i#the  subsequent  pTi^oblems  aad  thepf ems. 

\  :  '  ;"  PROBLEMI.         \  :  ; 

To  Find  Equations,  from  which  may  be  deduced  thte  solution 
of  all  the  Cases  of  Spherical  Triangles.  . 

Let  ABC  be  a  spherical  triangle  ;  ad  tbe tangent,  and  gd  the 
secant,  of  the  arc  ab  ;  ae  the  tangent, .  and  ge  the  ^secant,  of 
the  arc  AC  ;  let  the  ca- 
pital letters  a,  b,  c,  de- 
note the  angles  of  the 
triangle,  and  the  small 
letters  a,  &,  c,  the  oppo- 
site sides  BC,  AC,  AB, 
Then  the  first  (aquations 
in  art.  6  PL  Trig,  ap- 
plied to  the  two  triangles  ade,  gde,  give,  for  the  former,  de^ 
=  tan2  b  +  tan2  e  —  tan&  .  tan  c  .  cos  a  ;  for  the  latter i)e2 
=i=S€c2^>f-seC2  6^  --^  sec  6  .  sec  e  .  cos  a.\  Subtraicting  the 
first  of  these  equations  fr6m  the  second,  and  obserying  that 
sec3  6  --  tan2  6^  p.2=-i-  i^  we  shall  hav^  reduc- 

-       -  ■   sitib  .  sin  c  cos  a        ^     '  _^,  V 

tion,  1+       ;  cos  A  —  -..  ..-'^    /  ■>-  ==0.     Whence  the 

COSO  .  cose  COSO  .  GOSiC 

three  fq>llowing  symmetrical  equations  are  obtained  ; 
cosa==cos6  .  cos  G  -1- sin  6  .  sin^p  .cos  a) 
cos  6  ===cos  a  <  cos  c -4- sin  a  .  sin  d  .  cdsB  >      (1. 
cos  c  =  cos  a  .cos  b  -f-  sin  a  .  sin  b  ,  cos  tj: 

THEOBEMVU. 

In  Every  Spherical  Triangle,  the  Sines  of  the  Angles  are 
Proportional  to  the  Sines  of  their  Opposite  sides. 
If,  from  the  first  of  the  equations  marked  1,  the  value  of 
cos  A  be  drawn,  and  substituted  for  it  in  the  equation  sin2A= 
1—  cos2  A,  we  shall  have     ^ 

cos2  a+  Qos^b  .  G0s2  c— 2Cosacosfe  .  cos  c 

sm3  A  =  1  -: — ••  ■.-.    ,•■-'■■•'    . — -i — , 

sm^  6  sm^  c 

Reducing  the  terms  of  the  second  side  of  this  equation  to  a  com- 
mon denominator,  multiplying  both  numerator  and  denominator 
by  sin2  a  and  extracting  the  sq,  root  there  will  result  sin  a  = 
4/(l^cos^  a-^  cos*  b-^  cos3  c+2  cos  a  .  cos  6  .cos  c  ,) 
sin  a  ,  SIB  6  .  sm  c « 


*  For  the  geometrical  method,  the  reader  may  consult  SimsOn's  or  Playfair's 
EucUd,  or  Bijihq»  Horsley's  El6itfentary  freatiics  oa  Prttctical  Mathematics; 

Here 
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Here,  if  the  whole  fraction  which  multiplies  sin  a,  b^  denoted 
by  K  (see  art.  8  chap,  iii),  we  may  write  sin  a  =  k  .  sin  a. 
And,  since  the  fractional  factor,  in  the  above  equation,  con- 
tains terms  in  which  the  sides  a,  6,  c,  are  alike  aflfected,  we 
have  similar  equations  for  sin  b,  and  sin  c.  That  is  to  say, 
we  have 

sin  A  =  K  .  sin  a  .  .  .sin  b  =  k  .  sin  6  .  .  .  sin  c  =  k  .  sin  c. 
^  ..sin  A       siuB      sine  ,__ .      , .  ,   .    ^ 

Consequently, -r-^  = -r-Y  = -: — '•  -  .  .  (M.)  which  is  the 
^        ^    sm  a      sm  5      sin  c  ,        '^ 

algebraical  expression  of  the  theorem. 

THEOREM  Vin. 

In  Every  Right-Angled  Spherical  Triangle,  the  Cosine  of  the 
Hypothenuse,  is  equal  to  the  Product  of  the  Cosines  of  the 
Sides  Including  the  right  angle. 
For,  if  A  be  measured  by  iQ*  ^^s  cosine  becomes  notbing, 

and  the  first  of  the  equations!  becomes  cos  a=Gos  b  ^  cos  c. 

Q.  B.  D. 
THEGEEM  IX. 

In  Every  R,ight-Angled  Spherical  Triangle,  the  Cosine  of  ei- 
ther Oblique  Angle,  is  equal  to  the  Qjuotient  of  the  Tangent 
of  the  Adjacent  Side  divided  by  the  TangeRt  of  the  Hy- 
pothenuse. . 

If,  in  the  second  of  the  equations  i,  the  preceding  value  of 
cos  a  be  substituted  for  it,  and  for  sin  a  its  value  tan  a  .  cos  a= 
cos  a  .  cos  b  .cos  c  ;  then  recollecting  that  1— cos2;c=sin2  c, 
there  will  result,  tan  a  .  cos  c  .  cos  b  «=  sin  e ;  whence  it  fol- 
lows that, 

tan  c  ' 

tan  a  .  cos  B  =  tan  c,  or  cos  b  = \ 

tan  a 

Thus  also  it  is  found  that  cos  c  =  -— . ' 

tan  a 
THEOREM  X. 

In  Any  Right-Angled  Spherical  Triangle,  the  Cosine  of  one 
of  the  Sides  about  the  right  angle,  is  equal  to  the  Quotient 
of  the  Cosine  of  the  Opposite  angle  divided  by  the  sine  of 
the  Adjacent  angle. 

From  th.  7,  we  have  -; — =^—. — - ;  which,  when  a  is  a  right 
sm  A    sm  a 

angle,  becomes  simply  sin  b  f=- — ^.     Again,  from  th.  9^  we 

have  cos  c  =  -- — .    Hence  by  division, 
tana  ^  * 

cos  c tan  b    sin  a__cos  a 

sin  B    sin  6    tan  a^~coa  6' 

Vot.  IT.  7  Now, 
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^,-  ,  xos a  ',«,       >      cose  ,         5 

Now,  tb.  8  gives- — -=  cos  c.    Therefore  -r—  =  cos  b  ;  and 
cos  c  sin  B 

.     ,.,  COSB  . 

m  like  manner^  ~ — -=cos  6. 
sin  c 

THEOREM  XI. 

In  Every  Right- Angled  Sphejical  Triangle,  the  Tangent  of 

either  of  the  Oblique  Angles,  is  equal  to  the  Qjaotient  of 

the.Tangent  of  the  Opposite  Side,  divided  by  the  sine  of 

the  Other  Side  about  the  right  angle. 

_        .         .  sin  6        ,  tan  c 

For,  since  sin  b  ===-: — 7>  and  cos  b=--- — , 

sin  a  tan  a 

,        sins    sin  6    tan  a- 
we  have -- — ==-—--.-—-. 
cos  B     sm  a    tan  c- 
Whenee,  because  (th.  8)  cos  d  =  co&  5  •  cos  c,  and  since  sin 
a  ==  cos  «•  tan  a,  we  have 

_        sin  6       _  sift  5  ^sin  6s         ^ 

^^  ^  "^  cos  a  .  tan  c"~c6s  b  .cos  c  .tan  c"~cos  6'co8  e  •  tan  c 

tan  6      ,    ,.^  ■  tan  c  -        ■■      . 

=rv-— .     In  like  manner,  tan  c  ==-7— T»  ^        ^'  ^'  ^' 

sin  c  sin  o 

In  Every  Right-Angied  Spherical  T^angle,  the  Cosine  of  the 
Hypbthenuse,  is  equal  io  the  Q,uotient  of  th^  Cotangent  of 
ctne  of  the  Oblique  Angles,  divided  fey  the  Tangent  of  the 
Other  Angle. 

For,  multiplying  together  the  resulting  equations  of  the 
preceding  theorem,  we  have 

tan  b    tan  c_  1^ 

tan  B  .tan  c  =^^^.  Hn^~cos  6  .  cos  c' 

But  by  th.  6,  cos  b  .  cos  c  ==  cos  a. 

1  cot  c 

Therefore  tan  b  .  tan  c  =  —r-,  Or  cos  a  ==:— r.     Q.  e-  d. 
cos  a  lan  b     . 

THBDREMXinr 
In  Every  Right- Angled  Spherical  Triangle,  the  Sine  of  the 
Difference  between  the  Hypothenuse  and  Base,  is  equal  to 
the  Continued  Product  of  the  Sine  of  the  Perpendicular, 
Cosine  of  the  Base,  and  Tangent pf  Half^e  Angle  Opjpo- 
site  to  the  Perpendicular  ;  or  equal  to  the  Continued  Pro- 
duct of  the  Tangent  of  the  Perpendicular,  Cosine  of  the. 
Hypothenuse,  and  tangent  of  Half  the  Angle  Opposite  to 
the  Perpendicular*. 

*  This  theorem  is  due  to  M.  Prony,  who  published  it  V^ithout  demonstration 
in  the  Connaissance  des  Tmp$  ibr  the  year  1808,  and  made  use  of  it  in  the  con- 
struction of  a  chart  of  the  course  of  the  Po. 

Here, 
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Here,  retaining  the  same  notation,  since  we  have 
*in  b       ,  tan  c     .^  «      . 

sin  a  =  —. — -,  and  cos  b  = ;  it  for  the  tangents  there  be 

sm  B  tan  a 

substituted  their  values  in  sines  and  cosines,  there  will  arise, 

.  sin  b 

sin  c  .  cos  a  =  cos  B  .  cos  c  .  sin  a  =  cos  b  .  cos  c  .^^ — . 

s&  B 
Then  substituting  for  sin  a,  and  sin  c  .  cos  a,  their  values  in 
the  known  formwila  (equ.  v  chap,  iii)  viz. 

in  sin  (^a-^c)^^^  sin  a  .  cos  c  —  cos  a  .  sin  c, 

1  '"■  cos  B 

and  recollecting  that  — ; =  tan  ^b, 

sin  B  - 

it  will  become,  sin  (a— c)  ==  sin  6  .  cos  c  .  tan  ^b, 

which  is  the  first  part  of  the  theorem:  and,  if  in  this  result 

we  introduce,  instead  of  cos  c,  its  value  ^^(th.  8),  it  will  be 

cos  6^        ' 
transformed  into  sin  (a^c)t=  tan  b  .  cos  a  .  tan  |b  >,  which  is 
the  second  part  of  the  theorem.  ^.  e,  d. 

Cor.  This  theorem  leads  manifestly  to  an  analogous  one 
with  regard  to  rectilinear  triangles,  which,  if  hy  b,  and  p  de- 
note the  hypothenusci,  base,  and  perpendicular,  and  b,  p,  the 
angles  respectively  opposite  to  6,p;  maybe  expressed  thus  : 

h^b=^p  ,  tan  |p  .  .  .  .  .  h—p^b  .  tan  Ab. 
These  theorems  may  be  found  useful  in  deducing  inclined  lines 
to  the  plane  of  the  horizon. 

PROBLEM  II. 

Given  the  Three  Sides  of  a  Spherical  Triangle  ;  it  is i*equired 
to  find  Expressions  for  the  Determination  of  the  Angles. 
Retaining  the  notation  of  prob.  1,  in  all  its  generality^  we 

soon  deduce  fr®m  the  equations  marked  1  in  that  problem,  the 

following;  viz. 

cos  a— cos  &  .  cos  c 
cos  A  = 


sin  6  .  sin  c 

_  cos  6  ~- cos  a  .  cos  e ' 

sin  a  *  sin  c 

cos  c— cos  a  .  cos  b 
cos  c  =~ 


cos  B 


sin  a  .  sin  b 

As  these  equations,  however,  are  not  well  suited  for  loga- 
rithmic computation  ;  they  must  be  so  transformed,  that  their 
second  members  wil  resolve  into  factors.  In  order  to  this, 
substitute  in  the  known  equation  1  —  cos  a  ==  2  sin^  |a,  the 
preceding  value  of  cos  a,  and  there  will  result 

o   •  o  1         cos  (6  -  c)  -  COS  a  - 

2sin2  -^A  =- — >-     .  ^   -^ u. 

"  sm  A  .  sm  c 

But, 
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But  ^  because  cos  b'—  cos  a'=  ?  sin  a  (a'+  b')  .  sin  i  (a'— b) 
(sii\ ;  ^5  ch.  iii),  and  consequently, 

cos  ( &—  c)  —  cos  a=»  2  sm r — -  .  sm        ^ : 

A        /  2  2      . 

we  have,  obviously, 

sin  i(a4-&— c)  .  sin  ^(a+c  -  ft) 

^*  sin  6  .  sin  c 

Whence,  making  s  =  a  +  6  +  c,  there  results 

ftmiA-.    .sin(xs^6).sin(xs^c)    ■) 

olU  o-A  —  \/ — r — r : — — ■  • 

"*         ^  sm  6; .  sm  c 

n     1        .     ,  sin  (-Js— a)  .  sin  (|s— c) 

So  aho.sm  ^b.  =  ^  sin  «  .  sin  c  — ^-   >    ("»•) 

And.       siaic=V^ii<M:;^^^a#-=^. 
'^        ^  Sin  a  ,  smo 

The  expressions  fpr  the  tangents  of  the  half  angles,  might 
have  been  deduced  with  equal  facility  ;  and  we  should  have 
obtained,  for  example, 

^^         ^       sm  ^s  .  sm  ^  (s— a)      ^      ^ 
Thus  again,  the  expressions  for  tfie  cosine  and  cotangent  of 
half  one  of  the  angles,  are 

^      .  sm  h  r  sm  c 

sin  is  .  sini(s— a) 

cot  iA  =    \/     ■.       .,  rx  .       /,  N» 

2  sit^  (^s— ft)  .  sm(|s;— c).      . 

The  tbrfee  latter  flowing  naturally  from  the  fprmer,  by  means 

«  ,        ,  sin      \^       cos    ,    .    .  •      i.w  V 

of  the  valuestan=—  ,  cot  =  -r-.  (art.  4  ch.  m.) 

cos  sm      ■  /^ 

Cor.  1.  When  twQbf  the  sides,  as  6  and  c,  become  equal, 
then  the  expression  for  sin  Ja  becomes 

sin  (is— 6)     sin^A 
sm iA  == '. — ^•rr-^=  ■::    ,  . 
^  sm  0  sm  o 

Cot.  2.  When  all  the  three  sides  are  equal,  or  a=  ^  =  c, 

,        .  sin  ia 

then  sm  iA  = --T-^-.  . 

^  sm  a 

Cor.  3.     In  this  case,  if  a  ====6  =  e  ==90^1  then  sin  I A  === 

iy/?  ,=  i^2=:=sin46^:  and  a=^  b=  c  =90^ 

Cor,  4.  If  a  =6  =c  =60°  :  then  sin  Ja  =7^  =  i  V  3 

=«sin35<'15'51^:  and  A  =  b  ==  c  =  70«>31'42'',  the  same  as 
the  angle  between  two  contiguous  planes  of  a  tfetrafe'don. 
Cor.  5»  If  a  =  h  =  c  were  assumed  =J  20<> :  then  sin  iA= 

sin 


Hosted  by  Google 


SPHERICAL  TlilGGNOMETRY.  45 

sin60«»        iv^3      ^ 

sin  120^  "^  17/3  ""^  andA==B===c  =  180«>:  which  shows 
that  no  such  triangle  can  be  constructed  (conformably  to  th. 
2)  ;  but  that  the  three  sides  would,  in  such  case,  form  three 
continued  arcs  completing  a  great  circle  of  the  sphere. 

PROBLEM in. 
Given  the   Three  Angles  of  a  Spherical  Triangle,  to  6nd 
Expressions  for  the  Sides. 
If  from  the  first  and  third  of  the  equations,  marked    1 
(prob.  1),  cos  c  be  exterminated,  there  will  result, 

cos  A  ,  sin  c  -f  cos  c  .  sin  a  .cos  h  =  cos  a  ,  sin  b. 

But,  it  follows  from  th.  7,  that  sin  c=^^^^^.  Subsiitut- 

sm  A   . 

ing  for  sin  c  this  value  of  it,  and  for  ^3^,  ^3^,  their  equi- 

.  sm  A  sm  a  i^ 

valents  cot  a^  cot «,  we  shall  have, 

cot  A.  sin  c  +  cos  c  .  co$  6  =  cot  a  .  sin  6. 

Nnw  /^Af /Y    ai\.  7.      COS  a    .    ,  sin  Z>  sin  b 

iNow, cottt.sm6=-rr-— ,smo  =  cosa  .-^ =?cosa.— — , 

sm  a  sm  a  sin  a 

(th.  7).     So  that  the  preceding  equation  at  length  becomes, 

^  cos  A  .  sin  c  =  cos  a  .  sin  b  —  sin  a  .  cos  g  .  cos  b. 
In  like  manner,  we  have, 

cos  B  .  sin  c  =  cos  6  ,  sin  a  —  sin  b  .  cos  c  .cos  a. 
Exterminating  cos  b  from  these,  there  results 

cos  A  =  cos  a  ,  sin  b  sin  c  —  cos  b  .  cos  c.  ) 
So  like- 1  cos  b  =  cos  k -  sin  a  sin  c—. cos  a  ,  cos  c.  J  (IV.) 
wise  5  cos  c  —  cos  c  .sin  a  sin  b  — cos  a  .  cos  b.  J 
This  system  of  equations  is  manifestly  analogous  to  equa- 
tion I  ;  and  if  they  be  reduced  in  the  manner  adopted  in  the 
last  problem,  they  will  give  ' 

.\r.  I.  ^  y  _    ^QH  (a+b+c)  .  cos  i  (b+c-a)  ^ 

sin  b  .  sin  c 
sin  ib  =    .      cosX(a+b+c).cosx(a+c-b)  , 

.  sin  A  .  sin  c  '    ^    *^ 

gijj  ^^  ^  cos  i  (A+B+C)   .cos  1  (a+B-c) 

sin  a  .  sin  B 
The  expression  for  the  tangent  of  hfilf  a  side  is 
tan  ia  =  ^-^'''i  (a+b+c)  ■  cos  j  (b+c- a) 
^        cos^(a+c — b)  .  cos  I  (a+b  — c) 
The  values  of  the  cosines  and  cotangents  are  omitted,  to 
save  room  ;  but  are  easily  deduced  by  the  student. 

Cor.  1.  When  two  of  the  angles,  as  Band  c,  become  equal, 

when  the  value  of  cos  ia  becomes  cos  4<x  ==  — — -. 

sm  B  Cor. 
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,  ,  cos  ^A 

Cor.  2.  When  A  =  B  =  c  ;  then  cos  ia  =  -^r^. 

Cor.  3.  When  A  =  b  =  c  =  90*»,  then  a  ==^  h  =  c  ==  90o. 
-   .  ,  ,         sin  60^       , 

Cor.  4.  ir  A  ^B  =  0=60^  ;  then  cos  ia  =  ^.^  ^^    =  1, 

So  that  a  =  6  =  c  =  0.  Consequently  no  such  triangle  can 
be  constructed :  conforinably  to  th.  3. 

-   ;  ,        GO8  60«        i 

Cor.  5.  If  A=B=:c=  120^  :  ft^n  cos  Aa=^r^-YiG^===7-^=5: 

.1  y  3  =  cos  640  44'  9'/  Hence  a  =i>  =  c  =::  109*>  2V  18'^. 
^  Sc/ioZ:  If  in  the  preceding  values  of  sin  |a,  sin  jby  &c.  the 
quantities  under  the  radical  were  negative  in  reality,  as  they 
are  in  appearance,  it  would  obviously  be  impossible  to  deter- 
mine the  value  of  sin  ia,  &c.  But  this  value  is  in  fact  always 
real.     For,  in  general,  sin  {x  -r-  i  Q)  ^  -  cos  xx  ther€foi;p 

si„l±|±S  -  J  O)  =  -  cos  i  (a+b+c)  ;  a  quantity  which 

is  always  positive,  because  as  a  +  b  +  c  is  necessarily  com- 
prised between  i  O  and  f  Q ,  we  have  i  (a  +  b  +  c)  -  iO 
greater  than  nothing,  and  less  than  iO-  Further,  any  one  side 
of  a  spherical  triangle  being  smaller  than  the  sum  of  the  other 
two,  we  have,  by  the  property  of  the  polar  triangle  (theorem 
4),  XQ  -A  less  thaniO  -r-B+iO'-c  ;  whencei  (b-1-g-a) 
is  less  than  |0  ;  and  of  course  its  cosine  is  positive, 

PROBUMiy.      , 
Given  Two  Sides  of  a  Spherical  Trian^e  and  th^  Included 

Angle  to  obtain  Expressions  for  the  Other  Angles. 
1 .  In  the  investigation  of  the  last  problem,  we  had 

cos  A  .  sin  c  ==  cos  a  .  sin  6  —  cos  c  .  sin-a  .  cos  6  : 
and  by  a  simple  permutation  of  letters,  we  have 

cos  b     sin  c  =  cos  6  .  sin  a  —  cos  c  .  sin  b  .  cos  a: 
adding  together  these  two  equations,  and  reducing,  we  have 

sin  c\cos  A  +  cos  b)  ==  (I  -^  cos  c)  sin  (a+b)- 
Now  we  have  from  theor.  7, 

sin  a    sin  c        .sin  b     sm  c 

——=:;.•  .  ',  and  -r- — ^=-7—. 

sin  A     sm  c  sm  B     sine 

Freeing  these  equations  from  their  denominators,  and  respec - 

tively  adding  and  subtracting  them,  there  results 

sin  c  (sin  a  +  sin  b)  ==  sin  c  (sm  a  +  sm  b) 
and  sin  c  (sin  a  -  sin  b)  =  sin  c  (sin  a  —  sin  b). 
Dividing  each.of  these  two  equations  by  the  preceding,  there 
will  be  obtained  _  ,         ,     .     , 

sin  A  +  sinB        sin  c        sin  a  +  sm  (» 
coSa+cosb""!— cose  '     sin  {a+b)   ' 
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sin  A— sin  B        sine       sin  a  —  sin^ 
cbsA+cosB     1— cose'     sin  (a+6) 

Comparing  these  with  the  equations  in  arts.  25, 26,  27,  ch.  iii, 

there  will  at  length  result 

tan  Ua  +  b)  =  cot  ^c.  — ~|7    i  A- 1 

cos  K«+6)  (     rviv 

tan^(A  — B)=:cot|c.   .     f;-   ..(.A 

Cor.  When  a=^,  the  first  of  the  above  equations  becomes 
tan  A=tan  B  =»  cot  ic  .  sec  a. 

And  in  this  case  it  wDlbe,^  rad :  siit  ^c  :  :  sin  a  or  sin  6  : 
sin  ^c. 

And,  as  rad  ;  co9>  or  cos  b  :  :  tan  a  or  tan  A  :  tan  ^c. 

2.  The  precedihg  values  of  tan  ^(a+b),  tan  ^(a— b)  are 
very  well  fitted  for  logarithmic  computation  :  it  may,  notwith- 
standingi  be  proper  to  investigate  a  theorem  which  will  at  once 
lead  to  one  of  the  angles  by  means  of  a  subsidiary  angle.  In 
order  to  this,  we  deduce  immediately  from  the  second  equa- 
tion in  the  investigation  of  prob.  5, 

cot  a .,  sin  5  ■  , 

cot  A-=-- ;■. ..  -.  ' — *i— cot'i  G  .  cos  6. 

^-"  .  sine  > 

Then^  choosing  the  subsidiary  angle  (pso  that 

tan  4^  ==  tail  a  .  cos  G,  . 

that  is,  finding  the  angle  ^,  whose  tangent  is  equal  to  the  pro- 
duct tan  a  .  cos  g,  which  is  equivalent  to  dividing  the  original 
triangle  into  two  right-angled  triangles,  the  preceding  equation 
will  become 

cot  c 
cot  A=cot  c(cot$.sin  fe— .cos5)= -; — -(cosA .  sin  b  —  sinc>.cbs  h) . 
^      ■  "      '     sin  ^^      ^         "  ^ 

And  this,  since  sin  (6— <f)==cc)s^  .sin  6— sin  ^  .  cos  6  becomes 

,  cot  c     .     ,,       .V 

cotA  =  -; — -.  sm  (o— 4>), 
sm  dp         ^      ^r 

Which  is  a  very  simple  and  convenient  expression. 

PROBLEM  V. 
Given  Two  Angles  of  a  Spherical   Triangle,  and  the  Side 
Comprehended  between  them  ;  to  find  Expressions  for  the 
Other  Two  Sides. 

1.  Here  j  a  similar  analysis  to  that  employed  in  the  preced- 
ing problem,  being  pursued  with  respect  to  the  equations  iv, 
in  prob.  3,,  will  produce  the  following  formulae 

sina  +  siii^__     sine      sin  a -I- sin  b 
cos  it  +  cos  6  ""  1  +  cos  c'sin  (a  +•  b)    ' 
sin  a  —  sin  b  _     sin  o      sin  a  ~  sine 
cos  a  +  cos  6  "^  1  +-COS  c'sin  (a  +  b)  *' 

Whence, 
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Whence,  as  in  prob.  4,  we  obtain 

■  COS.i(A  — b)\ 

.     ,     5in  4^(a— b)(  ^         '^ 

2,  If  it  be  wished  to  obtain  a  side  at  once,  by  means  of  a 

subsidiary  angle ;  then,  find^  so  that  ^^=tan  <f ;  then  will 

cot  C  ,        -V 

cota  = :i.  cos  (b-^).  . 

cos  ^ 

^  •      PROBLEM  VL 

Given  Two  Sides  of  a  Spherical  Triangle,  and  an  Angle  Op- 
posite io  one  of  them ;  to  find  the  Other  Opposite  Angle. 
Suppose  the  sideg  given  are  a,  b,  and  the  giv^n  angle  b  : 

,  sin  a  .  sin  B  . 

then  from  theor.  7,  we  have  sm  a^      sin  5 '  or, sm  a,  a 

fourth  proportional  to  sin  6,  sin  b,  and  sin  a. 
PROBLEM  vn, 

Given  Two  Angles  of  a  Spherical  Triangle,  and  a  Side  Oppo- 
site to  one  of  them  ;  to  find  the  Side  Opposite  to  the  other. 
Suppose  the  given  angles  are  a,  and  b,  and  6  the  given  side  : 

thenth.  7,gives  sina-^^^|^ror,sm^ 

portion^  to  sin  b,  sin  6,  and  sin  a. 
Scholium. 
In  problems  2  and  3,  if  the  circumstances  of  the  questions 
leave  ^ny  doubt»  whether  the  arcs  or  the  angles  sought^,  are 
greatei:  or  leSs  than  a  quadrant,  or  than  a  right  angle, ^  thp 
difficulty  will  be  entirely  removed  by  means  of  the  table  of 
mutations  of  signs  of  trigonometrical  quantities,  in  different 
quadrants,  marked  vii  in  chap.  3.  In  the  6lh  and  7th  prob- 
lems    the  question  proposed  will  often  be  susceptible  ot  two 


*  The  formulae  marked  vi,  and  viiy  converted  mtoanalpgies,  by  making^  Ae 
denominator  of  the  second  member  the  first  term,  the  other  two  ^ctorfe  ^^^  se- 
cSnffl  terms,  and  the  first  member  of  the  equation,  the  fourth  term  of  the 

^''^^cori%4.6)  :  cos  |(«-6)  : :  cot  ^c  :  tan  J(A-fB),  ^         , 

sin  MaA-b)  :  sin  t(a-^)  ^  -  cot  tc  :  tan  t(A— b),  &c.  &c.        - 
are  cmdim  Analogies  of  kapkr,  being  invented  by  that  celebrated  geometer. 
StSiinvented  other  rulesVor  spherical  trigonometi^ 
ot^a^^s  Rvlesfor  tU  circt^r  parts;  but  these,  notwiAstandmg  their  mge- 
nuiiyf^  not  inserted  here;  because  they  aretopartificial  to  be  apphedby  a 
yoZg  c^putist,  to  every  case  that  may  occ^ir,  without  considerable  danger  of 

"''S^SS^^'^^  ™^^^       "^^^  ^^  tometobe  weUfonnded. 
^"«^'^  solutions : 
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solutions  :  by  means  of  the  subjoined  table  the  student  may 
always  tell  when  this  will  or  will  not  be  the  case. 

1,  With  the  3ata  a,  b^  and  b,  there  can  only  be  one  solution 
when  B  =  i  Q  (a  right  angle), 

or,  when  b  <  x  Q  .  .  .  .  a  <  i  Q  .  .  .  .  ^  >  a, 

B  <  iO «  >  1  O  •  •  •  -^  >  i  O  — «. 

B  >  1  O a<  \0  .  ..  .h  <  i  0--«. 

B  >  J  O  ....«>  i  O ^  <  «:   . 

The  triangle  is  susceptible  of  two  forms  and  solutions,  . 

whenB<iO  •  •  •  •  «<JO  •  •  •  •  &<«»      • 
B<ie  . .  .  •  »>JO  •  •  .  •  ^<iO-^» 
B>xo  ....  a<iO  •  .  •  >h>lO-^, 
B>xO  .  •  •  •  «>iO;.-  •  •  ^>«» 
B<or>|0  .  •  •  •  ^MOr  , 

2.  With  the  data  a,  b,  and  h  the  triangle  can  exist,  but  m 
one  form, 

when  ^==^0  (one  quadrant), 

h>iQ  .  .   .  .  A>iO  .  -  .  •  B<A,  - 

h>\0   .  .  .  .  A<iQ  .  .  .  .  B<iO— A, 

6<iO  •  •  •  •^>iO  •  •  •  •  B>iO-"A, 

^<iQ    •    •    •    •    A<XO    •    •    •    •    B>A.    . 

It  is  susceptible  of  two  forms, 
wheni>iO  •  •  •  •  A>JQ  ^  .  •  .  B>A, 

6>iO  •  •  •  •  ^<¥0  ....  B>iO^A, 
fr<iO  •  •  •  •  A>iO  ....  B<iO-A, 

h<\Q    .    .    ;  .    A<iO    .    .    •    •    B<A, 

h<ov>lQ  .....  A=iO.  ^r 

It  may  here  be  observed,  that  all  the  analogies  and  formu- 
lae, of  spherical  trigonometry,  in  which  cosmes  ©r  cotangents 
are  not  concerned,  may  be  applied  to  'plane  trigonometry.; 
taking  care  to  use  only  a  side  instead  of 'the  sine  or  the  tart- 
gent  of  aside;  or  the  sum  qt  difference  of  the  sides  instead  of 
the  sine  or  tangent  of  such  sum  or  difference.  The  rieason  of 
this  is  oBviotis  V  for  analogies  or  theorems  raised  not  only 
from  the  consideration  of  a  triangular  figure,  but  the  curva- 
ture of  the  sides,  also,  are  of  conseq[uence  more  general; 
and  therefore,  though  the  curvature  should  Be  deemed  eva- 
nescent, by  reason  of  a  diminution  of  the  surface,  *yet  what 
depends  on  th6  triangle  alone  will  remain  notwithstanding. 

We  have  now  deduced  all  the  rules  that  are  essential  in 
the  operations  of  spherical  trigonometry  ;  and  explained  un- 
der what  limitations  ambiguities  may  exist.  That  the  student, 
*  however,  may  want  nothing  further  to  direct  his  practice  in 
this  bratsch  Of  science,  We  shall  add  three  tables,  in  which  the 
several  formulje^  already  given,  are  respectively  applied  to 
the  solution  of  ail  the  cases  of  right  and  oblique-angled  sphe- 
rical triandes,  than  can  possibly  occur.  __ 
Vol.  it:                               8                                   TABLE 
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Questions  for  Exercise  in  Spherical  Trigonometry, 

Ex.  1.  In  the  right-angled  spherical  triangle  bAc,  right- 
angled  at  A,  the  hypothenuse  a  =  78*^20',  and  one  lege  = 
76*'52',  are  given:  to  find  the  angles  b,  and  c,  and  the  other 

legb,  , 

sin  c 
*    Here,  by  table  I  case  1,  sm  c=^T^; 

tan  c  ;,^  __  cos  n 

COSB=^ — —  V    •  •  •  •  COS©- -. 

tan  a-  cos  c 

Or,  log  sin  c  ==  log  sin  c  —  log  sin  a  •+•  10. 

log  cos  B  =  log  tan  c — log  tan  a  +  10.  . 

log  cos  b  ==  log  cos  a— log  cos  c  +  10. 
Hence,  10  +  log^in  c  =  10  +  log  sin  76-62'  =  19-98848?4 
log  sin  a  =  log  sin  78*^20' =    9-9^9338 

Remains,         log  sin  d  =  log  sin  SS^'SG'  =    9-998^556 

Here  c  is  acute,  because  the  given  leg  is  fess  ttaa  90«^. 
Again,    10  +  log  tan  c  =  10  +  log  tan  76«62;=  20-6320468 
logtanft=:  logtan78^20;=  10-6851149 

Remains,        log  cos  b=  log  qos  27<>4mfe   9-9469319 

B  is  here  acute,  because  a  and  c  are  of  like  affection. 
Lastly,  10  +  log  cos  a  =  10  -f  log  eos  78-20'  =?  19-30581 89 
^      ^.       log  cose  =  log  cos  76-52^=  ^'3564426 

Remains,         log  cos  b  =  log  cos  27-8'  =    9-9493763 

where  6  is  less  than  90<',  because  a  and  c  both  are  so. 

Ex,  2.  In  a  right-angled  spherical  triangle,  denoted  as  above. 

are  siven  a  =  78-20',  b  =  27-45' ;  to  find  the  other  sides  and 

angle.  Ans.  &=  27-8^  c  =  76-52',  c  =  83o^6'. 

Ex.  3.  In  a  spherical  triangle,  with  a  a  right  angle,  given 

6  =  1 1 7- 34',  c  ==  3 1  -5 1' ;  to  find  the  other  parts. 

Ans.  a=  1 13-55',  c  =  28-51%  b=  104-  8', 

Ex,  4.     Given  6  =  27-6',  c  =  76-52' ;  to  .find  the  other 

parts.  •  Ans,  a  =  78-20'  b  ==  27-45',  c=  83056V 

Ex.  5.  Given  b  =  42-12' b  =48°  ;  to  find  the  other  parts. 

Ans.  a  =  64-40'i.  or  its  supplement, 

c  =  54-44',    or  its  supplement. 

*  G  =  64-35',    or  its  supplement. 

»     Ex.  6.  Given  b  =  48-,  c  =  64»36' ;  required  the  other 

parts  f'  Abs,  *  =  42^  12',  c  =  54<>44',  a  ^  64-40'^, 

Ex, 
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Ex,  7.  In  the  quadrantal  triangle  abc,  given  the  qiiad- 
rantal  side  a  =  90^,  an  adjacent  angle  c  =  42^  12'  and  the 
opposite  angle  a  =  64**  40' ;  required  the  other  parts  of  the 
triangle  ? 

Ex*  8.  In  an  oblique  angled  spherical  triangle  are  given 
the  three  sides  viz.  a  =  B6<>  40',  b  =  83<*  15',  c  =  114^  30' : 
to  find  the  angles. 

Her^,  by  the  fifth  case  of  the  table  2,  we  have 

sin  Us^b)  ,  sin  Us-^c) 

sm  ^  A  = ^-^j: — ^— ^"^ ' 

*  '        sin  0  .  sm  c 

Or,  log.  sin  i  a  =  log  sin  Qs-  ^)+log  sin  (J5— c)  +  ar.  comp. 

log.  sin  b  +  ar.  coinp.  log.  sin  c  :  where  «  =  a+6+c. 

log  sin  (is^b)  ^  log  sin  43^  68'  }  ~  9-8415749 

log  sin  (4«-c)  =  log  sin  12^  4f  1  =  9-3418383 

A.  c.  log  sin  6"=:a  .  c  ,  log  sin  83^  13'  '^  =  0-0030308 

A.  c.  log  sin  c  =A  .  c.  log  sini  14*^  30'     ==0-0409771 

Sum  ofthe  four  logs 19-2274413 

Half  sum  :=  log  sin iA=:  log  sin  24*'  15^x^=9-6137206 
Consequently  the  angle  a  is  48*>  31' 

Then,  by  tlie  common  analogy. 

As,  sin  a  .  .  .  sin    56^40' ...  log  =  9-9219401 

To,  sin  A  .  ,  .  sin  48^31' ...  log  =  9-8745679 
So  is,  sin  &  ...  sin    83*^13' .  ;  .  log  =  9-9969492 

To,  sin  B  .  ,  .  sin  62^56;.  .  .  log  =  9-9496770 
And  so  is,  sin  c  .  .  .  sin  lU'^SO  ...  log  =  9-9590229 

To,  sin  c  ...  sin  i25«»l9'.  .  .  log  =  9-9116507 
So  that  the  remaining  angles  are,  b  =62^56',  and  c  =  125^19' 

2dly.  By  way  of  comparison  of  methods,  let  us  find  the 
angle  a,  by  the  analogies  pf  Napier,  according  to  case  5  table 
3.  In  order  to  which,  suppose  a  perpendicular  demitted  from 
the  angle  c  on  the  opposite  side  c.  Then  shall  we  have  tan  | 
..«.  ^  tan  i  (6 -^  a)  .  tan  i  (^--a) 
difi".  seg.  of  c=  tanxc 

This  in  logarithms,  is 

log  tan  i  (b+a)  =  log  tan  69^56'  |.  =  10-437560][ 

log  tan  i  (6-a)  =  log  tan  13^16'  i  =    9-3727819 

Their  sum  =  19-8103420 

Subtract  log  tan  ic=:log  tan  57<'16'=  10-191^394 

Rem.  log  cos  dif.  seg  =  log  cos  22<'34'  =    9-6187026 

Hence,  the  segments  ofthe  base  are  79*  49' and  34*'  41', 

Vol;  IL  9  Therefore 
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Therefore,  since  cos  a  ==  tan  79*»  49-Xcot  b: 

To  Jog  t^  adja.  seg.  =^  log  tan  79<>  4^^ 

Ada  i^  tail  side  &      =  13^=    9-07^3563 

The  sum  rejecting  1 0  from  the  index  ?  __    9. 8209820 

log  cos  A3=log  cos  48*^  32  5 .     ■■ 

The  othei:  two  angles  may  b^  found  as  before.  The  prefer- 
ence is,  in  this  case,  manifestly  due  to  the  fofmer  method., 
.  Ex.  9.  la  an  oblique-angled  spherical  trianglej  are  given 
two  sides  equal  to  114^  40'and  56<^  30' respectively,  and  the 
angle  opposite  the  former  equaltp  125^  2Q'  to  find  the  other 
parts.  Ans.  Angles  48o  30',  and  62«>^5' ;  side,  83«>  12'. 

jEx.  \0.    <3iveii/in  a  spherical  triajQgle,^^^ 
to  48*^  30',  and  t25«»  20',  and!  the  side  oppfosite  the  latter,  to 
findthe  other  parts.  ;  :/  - 

Ans;  Side  opposite  Brst  angle,  56^  40'^  other  side^SS^  12  ; 
third  angle  62^  A4^^^^^  ^^^^^\  y^  '     • 

Ex,  11.     diven  two  sides,  eqprd  114<'  30^  and  56<'  4^ 
and  their  included  angl^  62«  64' :  to  &adfthe  rest.     ^ 

Ex.  12.     (Mv^n  twoangles' 125<»20'ahd^4^ 
side  comprehended  between  them^  83°12' :  ta  find  the  other 
parts.': ,■  •    . .- '  ''■  ■' 

Ex.  13.     In  a  spherical  tnanglei  the  aii#s  aire  4B<?;M 
62«>  56',^nd  125<>  20':  required  the  sides  ?  .    , 

Eo;.   14:     Given  two  an||e^^^  58^  8' f  ^nd  a  side 

opposite  the  former,  6^<»  4^  ;  tcy  find  the  other  parts.    , 

Ans^  The  thirrangle  is  either  130^'M'  or  166^14 . 
Sidebetw^giv.  angles,  either  119<^^^^  162*^14^ 
Side  oppr,  68<^8V    •       either  79^12' or  I00M8'. 

Ex  15.  The  excess  of  the  three  angles  6f  a  triahgle, 
measiired  oh  the  ^arth^s  surface,  above  two  right  angles,,  is  1 
second }  what  is  ite  al^a,  taking  the  earth's  diameter  at  7957| 

miles ■'?.."■■  ■  ^    r':^''::-  V:;;/"",     ■ "  ■■■•/■  •"^■^■/ ■'\.-- ■-:.'. ;■'■'■■' 

An^.  56-752^99^  or  nearly  1^61  square  ^^^ 
Ex.  16.     Deterinine  the  solid  iangles  of  a  regular  pyramid, 
with  hexagonal  base,  the  altitude  of  the  pyramid  being  to  ^ch 
side  of  the  base  as  2  to  I.  ^    ^, 

Ans.  Plane  angle  between  each  two  lateral  faces  126?52 1 1  i. 
between  the  base  and  each  face  Sd^'SB'iry. 
Solid  angle  at  the  vertex;  1 14'49're8  )     The  max.  angle 
Each  ditto  at  the  base      222-34298  5      being  1000. 
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ON  GEODESIG  OPERATIONS,  AND  THE  FIGUR E  OF 
THE  EARTH. 


•  ^  :  .  •■  SECTION  I.,  ■,■■,'■ 

General  Account  of  this  kiM  of  Surveym^^ 

Art.  ,1.  In  th^  treatise  on  Land  Surveying  in  the  first 
volume  of  this  Gourse  of  Mdthematicsv  the  directions  i\  ere 
restricted  to  the  necessary  operations  for  surveyirig  fields, 
farms,  lordships,  or  at  most,  counties  ;  these  being  the  on]y 
operations  in  which  the  generality  of  persons, >vho  practise 
this  kind  of  measareinent,ar^  likely  to  be  engaged  .-but  there 
are.  especial  occasions  when  i^  is  reiq[uisite  to  apply  the  princi- 
ples of  plane  and  spherical  geometry ,  ana  the  practices  of  sur- 
veymg,  to  mu#  more  extensive  portions  of  the  earth's  sur- 
face ;  and  when  of  course  much  care  and  judgment  are  called 
into  exercise,  both  with  regard  to  the  direction  of  the  practical 
operations,  and  the  management  of  the  computations.    The 
extensive  processes  which  we  are  now  about  to  consider,  and 
which  are  characterised  by  the  terms  Geodesic  (^erations  and 
Trigonometrical  Surveying,  are  usually  undertaken  for  the  ac- 
complishment of  one  of  these  three  objects;     1.  The  finding 
the  difference^  of  longitude,  between  two  moderately  distant 
and  noted  meridians  ;  as  the  meridians  of  the  observatories  at 
Greenwich  and  Oxford,  or  of  those  at  Greenwich  and  Paris. 
2.  The  accurate  determination  of  the  geographical  positions 
of  the  prihcipal  places,  whether  on  the  coast  or  inland,  in  an 
island  or  kingdom ;  with  a  view  to  give  greater  accuracy  to 
maps,  and  to  accommodate  the  navigator  with  the  actual  posi- 
tion, as  to  latitude  and  longitude,  of  the  principal  promonto- 
ries, havens,  and  ports.     These  have,  till  lately,  been  deside- 
rata, even  in  this  country  :  the  position  of  some  important 
points,  as  the  Lizard,  not  being  known  within  seven  minutes 
oi  a  degree  ;  and,  until  the  publication  of  the  board  of  Ord- 
nance, maps,  the  best  country  maps  being  so  erroneous,  as  in 
some  cases  to  exhibit  hhmders  of  three  miles  in  distances  of 
less  than  twenty,  "  ^ 

;  3.   The 
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3.  The  measurement  bf  a  degree  in  various  situations  ;  and 
thence  the  determination  of  the  figure  and  ihagnitude  of  the 
earthk  ■■"•/" 

When  objects  so  iinportant  as  these  are  to  be  att^ined^  it  is 
manifest  that,  in  order  to  ensure  the  desirable  degree  of  cor- 
rectness in  the  results,  the  instruoients  employed,  the  apera- 
tions  performed  j  and  the  computations  required,  must  each 
havB  the  greatest  possible  degree  oif  accuracy.  Of  these,  the 
first  depend  on  the  artist ;  the  second  on  the  surveyor  or  en- 
gineer, who  conducts  them  ;  and  the  latter  on  the  theorist  and 
calculator  :  they  are  these  last  which  will  chiefly  engage  our 
attention  in  the  present  chapter.  ;  v      .    j 

2.  In  the  determination  of  distances  of  many  miles,  whether 
for  the  survey  of  a  kingdom,  or  for  the  measutemeint  ©f  a  de- 
gree, the  whole  line  intervening  l)etween  two  eltrenae  points 
is  not  absolutely  meisured;  for  this,  on  account  of  thelnequa- 
lities  of  the  earth's  surface^  i^odd  be  always  v^ry  dificult, 
arid  often  impossible;    But,  a  Une^of  a  few  miles  in  length  is 
very  carefully  m<easured  on  some  plane,  lieathVor marshy  which 
is  so  nearly  level  as  to  facilitate  the  measurement  of  an  actual- 
ly horizontal  line  ;  and  this  line  being  assumed  te^he  Ijase  of 
the  operations,  a  i^riety  of  hills  and  eleva^  spots  are  ^ele(^^ 
ed  at  which  signals  can  be  placed,  suital#  distant  anidvi^^^^ 
one  from  another  :  the  sti^ight  lineS  0Oihing  these  points  con- 
stitute a  double  series  of  triangles^  of^which  the  assumed  ba§e 
forms  the  fiM  side  ;th^Migles-bf  tliese,  that  isy  the  angles 
made  at  each  station  or  signaa  staff"  by  two  other  signal  staffs, 
are  carefully  measured  by  a  theodolite,  which  is  carried  ^ucr 
cessively  from  one  station  to  another.    Insuch  a  series  of  tri- 
angles, care  being  alttrays  taken  that  one  side  is  common  to 
two  of  them,  all  the  angles  are  known  from  the  observations  at 
the  several  stations,  arid  a  side  of  one  Of  them  being  given, 
namely  that  of  the  base  measured,  the  side  of  all  the  rest,  as 
ivell  asUe  distance  from  the  first  angle  of  the  first  triangle  to 
any  partof  the  lost  triangle;  may  be  found  by  the rulesof  tr^- 
nometry.     And  so  again,  the  bearing  of  any  one  of  the  si^es, 
with  respect  to  the  meridian,  beingdeterminedbyjobservation, 
the  bearings  of  any  of  the  rest,  with  respect  to  the  sa^e  me. 
ridiari,  will  be  known  by  computation.     In  these  operations,  in 
is  always  adviseable,  when  circumstances  will  admit  of  it,  to 
measure  another  base  (called  a  base  of  verification)  at  or  near 
the  ulterior  extremity  of  the  series :  forthe  length  of  this  base, 
computed  as  one  of  the  sides  of  the  chain  of  triangles,  com- 
pared with  its  length  determined  by  actual  admeasurement, 
will  be  a  test  of  the  accuracy  of  all  the  operations  made  in  the 
series  between  the  two  bases.  \r 
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S>  Now,  in  every  series  of  triangles,  where 
^ach  aftgl^  is  to  be  ascertained  with  the  same  in- 
strnment,  they  should,  as  nearly  as  Gireiimstances 
will  permit,  he  equilateral.  For,  if  it  were  pos- 
sible to  choose  the  stations  in  such  manner,  that 
each  angle  should  be  exactly  60  degrees  ;  tb en  ^ 
the  hMf  number  of  triangles  in  the  series,  multi- 
plied into  the  length  of  one  side  of  either  trian- 
gle would,  as  in  the  annexed  figure,  give  at  once 
thie  total  distance  ;  and  then  also,  not  only  the 
sides  of  the  Scale  or  ladder,  constituted  by  this 
series  of  triangles,  would  be  perfectly  parallel, 
but  the  ^iagonS  steps,  marking  the  progress  from 
one  es^tf emity  to  the  other,  would  be  alternately 
parallel  throughout  the  whole  length.  Here  too, 
the  first  side  might  bfe  found  by  a  basecrossing  it 
perpendicularly  of  about  half  its  length,  as  at  h  ;  and  the  last 
side  verified  by  another  such  base,  r  at  the  opposite  extremity. 
If  the  respective  sides  of  the  series  of  triangles  were  12  oy 
18  miles,  these  bases  might  advantageously  Be  between  6  and 
7,  or  between  9  and  10  miles  respectively  ;  according  to  cir- 
Gumstanees.  It  may  also  be  remarked,  (and  the  reason  of  it 
will  be  seen  in  the  next  section)  that  whenever  only  two  an- 
gles of  a  triangle  can  be  actually  observed,  each  of  them 
should  be  as  nearly  as  possible  45^^  or  the  sum  of  them  about 
90** ;  for  the  less  the  third  or  computed  angle  diflfers  from  90**, 
the  less  probability  there  will  be  of  any  considerable  error. 
See  prob.  1  sect.  2,  of  this  chapter. 

4.  The  student  may  obtain  a  general  notion  of  the  method 
employed  in  measuring  an  arc  of  the  meridian,  from  the  fol- 
lowing brief  sketch  and  introductory  illustrations. 

The  earth ,  it  is  well  known,  is  nearly  spherical.  It  may  be 
either  an  ellipsoid  olf  revolution,  that  is,  a  body  fornaed  by 
the  rotation  of  an  ellipse,  the  ratio  of  whose  axes  is  nearly 
that  of  equality,  on  one  of  those  axes  ;  or  it  may  approach 
nearly  to  the  form  of  such  an  ellipsoid  or  spheroid,  while  its 
deviations  from  that  form,  though  small  re7a^ixje/^,  may  still  be 
suflSiciently  great  in  theriiselves  to  prevent  its  being  called  a 
spheroid  with  much  more  propriety  than  it  is  called  a  sphere. 
One  of  the  niethods  made  use  of  to  determine  this  point ,^  is 
by  means  of  extensive  Geodesic  operations* 

The  earth  however,  be  its  exact  form  what  it  may,  is  a 
planet  which  not  only  revolves  in  an  orbit,  but  turns  upon 
mh  axis.  Now,  if  we  conceive  a  plane  to  pass  through  the 
axis  of  rotation  of  the  earth,  and  through  the  zenith  of  any 
place  on  its  sixrface,  this  plane,  if  prolonged  to  the  limits  of 

the 
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the  apparent  celestial  sphere,  would  there  trace  the  eircqm- 
ference.of  a  great  circle,  which  would  be  the  iwm&aa  of  that 
pi  ace .  All  Sie  points  of  the  earth's  surface ,  which  ha  v  e  their 
zenith  in  tha.t  circumference,  will  be  under  the  same  celestial 
meridian,  and  wiU  form  the  corresponding  ierrestnai  meridian. 
If  the  earth  be  an  irregular  spheroid,  this  meridian  will  be  a 
curve  or  double  curvature  ;  but  if  the  earth  be  a  solid  of  re- 
volution, the  terrestrial  meridian  will  be  a  plane  curve.  ;< 

6.  If  the  earth  were  a  sphere,  then  every  point  upon  a  ter- 
restrial meridian  would  be  at  an  equal  distance  from  the  cen- 
tre, and  of  consequence  every  degree  upon  that  naeridian 
would  be  of  equal  length.  But  if  the  earth  be  an  ellipsoid 
of  revolution  slightly  flattened  at  its  poles,  and  protubigraht 
at  the  equator ;  then,  as  will  be  shown  soon,  the  degrees  of 
the  terrestriaLmeridian,  in  receding  from  the  equator  towards 
the  poles,  will  be  increased  in  the  duplicate  ratio  of  the  right 
sine  of  the  latitude  J  and  the  ratio  of  the  earth's  axes  as  well 
as  their  actual  magnitude,  may  be  ascertained  by  comparing 
the  iengtbs  of  a  degree,  on  the  meridian  in  different  latitudes. 
Hence  appears  the  great  importance  of  measuring  ja  degree. 

6.  Now,  instead  of  actually  Iracing  a  meridian  on  the  mt- 
face  of  the  earth  ,e-^araemre  which  is  prevented  by  the  in- 
terpositipn  of  mountains,  woods,  rivers^  and  seas,— -a  construe- 
tidh  is  employed  which  furnishes  the  same  resitlt.  It  cjonsists 
in'this,    "  ■  .>■    -.■;-■  'r.  :    /;■■/■-•■.;-.  -'■■''''r'"\:   ■■ 

het  ABCDEF,  &€i  be  a  series  of  triangles,  ciarried  on  as 
nearly  as  iiiay  be,  in  the  direction  of  the  meridian,  according 


to  the  observations  in  art.  3.  These  triangles  are  TeRlljspheri' 
€a/  or  spheroidal  triangles  ;  but  as  their  curvature  is  extreme- 
ly small,  they  are  treated  the  same  as  rectilineartriarigles,  ei- 
ther by  reducing  them  to  the  ci^orrfs  of  the  respective,  tferres- 
trialarcs  AC,  ab,  bc,  &c.  or  by  deducting  a  third  of  the  excess, 
of  the  sum  of  the  three  angles  of  each  triangle  above  two 
right  angles,  from  each  angle  of  that  triangle,  and  working 
with  the  remainders,  and  the  three  sides,  as  the  dimensions 
of  a  plane  triangle  ;  the  proper  reductions  to  the  centre  of 
the  station,  to  the  horizon,  and  totbe  level  of  the  sea,  having 
been  previously  made.     These  computations  being  made 

throughout 
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thrqughaut  the  series,  the  sides  of  the  successive  triangles  are 
coiltemplated  as  arcs  of  the  terrestial  spheroid.  Suppose 
that  we  know,  by  observation,  and  the  compotations  whicli 
will  be  explained  in  this  chapter,  the  azimuth,  or  the  inclina- 
tion of  the  side  ac  to  the  first  portion  am  of  the  measured 
nieridian,  and  that  we  find  by  trigonometry ,  the  point  m  where 
that  curve  will  cut  the  side  bc.  The  points  a,  b,c,  being  in 
the  same  horizontal  pkiie,  the  line  am  will  also  be  in  that 
plane;  buti  because  of  the  curvature  of  the  earth,  the  pro- 
longation mm',  of  that  line,  will  be  found  above  the  plane  of  the 
second  horizjontal  triangle  bgd  :  if,  therefore,  without  chang- 
ing the  angle  cmm,  tibe  line  mm' be  brought  down  to  coincide 
with  the  plane  of  this  second  triangle,  by  being  turned  about 
BO  as  an  axis,  the  point  Mf  will  describe  an  arc  of  a  circle, 
which  will  be  so  very  small j  that  it  niay  be  regarded  as  a 
right  line  perpendicular  to  the  plane  bod  :  whence  it  follows, 
that  the  operation  is  reduced  to  bending  down  the  side  mm' in 
the  ptape  of  the  meridian,  and  calculating  the  distance  amm', 
to  find  the  position  of  the  point  m^  By  bending  down  thus  in 
imagination,  one  after  another,  the  parts  of  the  meridian  on 
the  corresponding  horizontal  triangles,  we  inay  obtain,  by  the 
aid  of  the  computation,  the  direction  and  the  length  of  su ch 
meridian,  from  one  extremity  of  the  series  of  triangles,  to  the 
other.-:  ■"■'''.■'.:■    \     ' 

A  line  traced  in  the  manner  we  have  now  been  describing, 
or  deduced  from  trigonometrical  measures,  by  tl^e  means  we 
have  indicated,  is  ceHled  a  geodetic  or  geodesic  line  ;  it  has  the 
property  of  being  the  shortest  which  can  be  drawn  between 
its  two  extremities  on  the  surface  of  the  earth  ;  and  it  is  there- 
fore the  proper  itinerary  measure  of  the  distance  between 
those  two  points.  Speaking  rigorously,  this  curve  differs  a 
little  frbm  the  t^;-restrial  meridian,  when  the  earth  is  not  a 
sblid  of  revolution  :  yet,  in  the  real  state  of  things,  the  dif- 
ference between  the  two  curves  is  so  extremely  minute,  that 
it  may  safely  be  disregarded. 

7,  If  now  we  conceive  a  circle  perpendicular  to  the  celes- 
tial meridian,  and  passing  through  the  vertical  of  the  place 
of  the  observer,  it  will  represent  the  prinae  vertical  of  that 
place.  The  series  of  all  the  points  of  the  earth's  surface 
vyhich  have  their  zenith  in  the  circumference  of  this  circle, 
will  form  the  perpendicular  to  the  meridian,  which  may  be 
traced  in  like  manner  as  the  meridian  itself. 

In  the  sphere  the  perpendiculars  to  the  meridian  are  great 
circles  which  all  intersect  mutually,  on  the  equator,  in  two 
points  diametrically  opposite  :  but  in  the  ellipsoid  of  revolu- 
tion. 
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tion,  and  a  fortiori  in  the  irregular  spheroid,  these  concurring 
perpendiculars  a^e  curves  of  double  curvature.  Whatever* 
be  the  nature  of  the  terrestrial  spheroid,  the  parallels  to  the 
equator  are'  curves  of  which  all  the  points  are  at  the  same 
latitude  :  on  ah  ellipsoid  of  revolution,  these  curves  are  plane 
and  circailar. 

8.  The  situation  of  a  place  is  determined^  when  w^  know 
either  the  individual  perpendicular  to  the  meridian,  or  the  in- 
dividual parallel  to  the  equator,  on  which  it  is  found,  and  its 
position  on  such  perpendicular,  or  on  such  parallel.  There- 
fore, when  all  the  triangles,  which  constitute  such  a  series  as 
we  have  spbken  of,  have  been  computed,  according  to  the 
principles  just  sketched,  the  respective  positions  of  their  an- 
gular points,  either  by  means  of  their  longitudes  and  latitudes 
or  of  their  distances  from  the  first  meridian,  and  fi^om  the  per- 
pendicular to  it.  The  following  is  the  method  of  computing 
these  distances. 

Suppose  that  the  triangles  abc.  b'cd,  &c.  (see  the  fig.  to  art. 
6)  make  part  of  a  chain  of  triangles,  of  which  the  sides  are 
arcs  of  great  circles  of  a  sphe^^e,  whose  radius  is  the  distance 
from  the  level  or  surface  of  the  sea  to  the  centre  of  the  earth  ; 
and  that  we  know  by  observation  the  angle  cAx,  which  measures 
the  azimuth  of  the  side  ac,  or  its  inclination  to  the  meridian  ax. 
Then,  having  found  the  excess  e,  of  the  three  angles  of  the 
triangle  acc  (cc  being  perpendicular  to  the  meridian)  abovfe 
two  right  angles,  by^.reason  of  a  theorem  which  will  be  demon- 
strated in  prob.  8  of  this  chapter,  subtract  a  third  of  this  ex- 
cess from  each  angle  of  the  triangle,  and  thus,  by  means  of  the 
following  proportions  find  ac,  and  cc. 

sio  (QO*'—- lE  :  cos  (cAC— |e)  ;:  ac  :  ac  ; 
.   sin  (90<*--iE  :  sin  (cac— .-Ie)  ::  ac  :  cc. 
The  azimuth  of  ab  is  known  immediately,^  because  bax  =  cab 
—CAX ;  and  if  the  spherical  excess  proper  to  the  triangle  abm' 
be  computed,  we  shall  have 

am'b  =  1 80'— m'ab— abm'  +  e'. 
To  determine  the  sides  am',  bm',  a  third  of  e  must  be  deducted 
from  each  of  the  angles  of  the  triangle  abm'  ;  and  then  these 
proportions  will  obtain  :   viz. 

sin  (180«-.m'ab-:Abm'  +  |eO  :  sin  (ABM'-iE')  ::  ab  :  am  , 
sin  (ISO^'-m'ab  —  abm'4-  |e;  :  sin  (m'ab  —  ^e  )  ::  ab  :  bm  . 

In  each  of  the  right-angled  triangles  aI^b,  m'c^d,  are  known 
two  angles  and  the  hypothenuse,  which  is  all  that  is  necessary 
to  determine  the  sides  a2>,  ^b,  and  m'c2,  dn.  Therefore  the  dis- 
tances of  the  points  b,  d,  from  the  meridian^nd  from  the  per- 
pendicular, are  known. 
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t).  Proceeding  in  the  same  manner  with  the  triangle  acn, 
OT  MJ)^,  to  obtain  AN  and  dn^  the  prpldngation  of  cd  ;  and 
then  with  the  triangle  dnf  to  find  the  side  nf  and  the  angles 
DNF,  DFN,  it  will  he  easy  to  calculate  the  rectangular  co-ordi- 
nates of  tbe  point  f. 

The  distatice/F  and  the  angles  dfn,  nf/,  being  thus  known, 
we  shall  have  (th.  6  cor.  3  Geom.)    . 

/fp  ==  1800-^efd--dfn--.nf/\ 

So  that,  in -the  right-angled  triangle  and  one 

side  are  known;  and  there  jfbre  the  appropriate  spherical  ex- 
cess may  be  computed,  and  thence  the  angle  Fpfand  the  sides 
/p,  fp.     Resolviiig  next  the  right-angled  triangle  cep,  we  shall 
in  like  naahner  oibtain  the  position  of  the  point  e  with  respect 
to  the  meridiauAXy  and  toits  perpendicular  ay|  that  is  to  say, 
the  distances  Ee,  and  ac = ap  ^^  ep ,     And  thus  may  the  compu- 
tist  proceed  through  the  whole  of  the  series.     It  is  requisite 
however,  previous  to  these  calculations,  to  draw,  by  any  suit- 
able scale,  the  chain  of  triangles  observed,  in  order  to  see 
whether  any  of  the  subsidiary  triangles  ACN,  nfp,  &c.  formied 
to  facilrtatet^e  computation  of  the  distances  from  the  meri- 
dian, and  from  the  perpendicular  to  it,  arfe  too  obtuse  or  too 
acute,/;.;.  ■'■•.  ..  ...     ■:-■■'''::■],}::■-,:[  .,  ■■'      \v' 

Such,  in  few  words,  is  the  method  to  be  followed,  when  we 
have  principally  in  view  the  finding  the  length  of  the  portion 
of  the  meridian  comprised  between  any  two  points,  as  a  and 
X,  It  is  obvious  that,  in  the  course  of  the  computationsy  the 
azimuths  of  a  great  number  of  the  sides  of  triangles  in  the 
series  is  determined  ;  it  will  be  easy  therefore  to  check  and 
verify  the  work  in  its  process,  by  comparing  the  azimuths 
fouad  by  observation,  with  those  resulting  from  the  calcula- 
tions. The  amplitude  of  the  whole  arc  of  the  meridian  mea- 
sured, is  found  by  ascertaining  the  latitude  at  each  of  its  ex- 
tremities ;  that  is,  commonly  by  finding  the  differences  of  the 
zenith  distances  of  some  known  fixed  star,  at  both  those  ex- 
tremities. 

10.  Some  mathematicians,  employed  in  this  kind  of  opera- 
tions, have  adopted  different  m^ans  from  the  above.  They 
draw  through  the  suinmits  of  all  the  triangles,  parallels  to  the 
meridian  and  to  its  perpendicular ;  by  these  means,  the  sides 
of  the  triangles  become  the  hypothenuses  of  right-angled  tri- 
angles, which  they  compute  in  order,  proceeding  from  some 
known  azimuth,  and  without  regarding  the  spherical  excess, 
considering  all  the  triangles  of  the  chain  as  described  on  a 
plane  surface.  This  method,  however,  is  manifestly  defec- 
tive in  point  of  accuracy. 

Vol.  II.  10  Others 
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Others  bave  Gompiited  tb^  sides  and  angl^  ©f  all  the  tri-^ 
angles,  by  the  rules  of  spherical  trigonometry.  Othetsagaio, 
reduGe  the  observed  angles  to  angles  of  the  chords  of  the  re- 
spective arches,  and  ealculate  by  plane  tHgbnoinetiyv  ^^^fr^ 
such  reduced  angles  and  their  chords.  Either  of:  these  two 
methods  is  equally  correct  as  that  by  means  of  the  spherical 
excess :  so  that  the  principal  reason  for  preferring  one  of 
these  to  the  other,  must  be  derived  from  its  relative  facility. 
As  to  the  methods  in  which  the  several  triangles  are  contem- 
0at^d  as  spheroidal,  they  are  abtruse  and  difficult,  and  may, 
happily^  be  safely  disregarded :  for  M.  Lengendra  has  demjHi^ 
Btrated  in  Mimoires  de  la  Classe  des  Sciences  Physiques  et  Ma- 
ihemaUquesdel\Institut,mm,^  130^that  the  difference  b^ 
tween  spherical  and  spheroidal  angles,  is  less  than  one  sixtieth 
of  a  second,  in  the  greatest  of  the  trisuogles  whi^h  oGCUwred 
iri  the  late  measurement  qf  an  arc  of  a  meridian,  between  the 
parallels  of  Dunkirk  and  Barcelona.  .; 

31 .  Trigbnoinetrical  surveys  for  the  purpose  of  measuring 
a  degree  of  a  meridian  indifferent  latitude^,  and  thence^ 
ferring  the  figure  of  the  earth,  have  been  undertaken  by  dif- 
ferent philosophers,  under  the  pjrtronage  of  differentgov^- 
menb.  Ashy  M.  Mapertuis,  Glairaut,  &c.  m  Lapland,  1736 : 
bvM.  Bouguer  and  Condanaine,  at  the  equator,  1736r-1743; 
bt  Gassini,  in  lat.  46<>,  1759— 40 ;  H'^^^^^,^^ 
nwire,  lat.  43«,  17]5^;  by  Beccari^  la*.  44*>  ^».l^  5  ^ 
Mason  and  Dixon  in  America,  1764—6 ;  by  M^or  Lamb- 
ton,  in  the  East  Indies,  1803;  by  Mechain,.Del^mbre,&c. 
France,  &c.  1790-.1805 ;  by  Swanberg.  Oftrerbom,  &c.  in 
Lapland,  1802  ;andbyGeiierE  Roy,  Colonel  Williams,  Mr. 
Dalby,  and  Colonel  Mudge^  in  England,  from  1784  to  the  pre- 
sent time.  The  three  last  mentioned  of  these  surveys  are 
doubtless  the  most  accurate  arid  important.        .^ 

The  trigonometricarsuf vey  i"^  England  was  first  commenc- 
ed in  conjunction  with  similar  operations  in  France,  in  order 
to  determine  the  difference  of  longitude  between  the  mm- 
dians  of  the  Greenwich  and  Paris  observatories^j  for  this 
purpose,  three  of  the  French  Academicians,  M.  M.^Cassini, 
Mechain,  and  Legendre,  met  G eneral  Roy  and  Dr.  (now  bir 
Charles)  Blagden,  at  Dover,  to  adjust  their  plai^  «*  ."^pr^- 
tion*  In  the  course  of  the  survey,  however,  the  English  phi- 
losophers, selected  from  the^pyal  Artillery  officers,  expand- 
ed their  views,  and  pursued  their  operations,  under  the  pa- 
tronage, and  at  the  expense  of  the  Honourable  Board  of  Ord- 
nance, in  order  to  perfect  the  geography  of  England,  and  to 
determine  the  lengths  of  as  many  degrees  on  the  mendianas 
fell  within  the  compass  of  their  labours.  :.      ^ 
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12.  It  is  not  our  province  to  enter  into  the  history  of  these 
surreys  :  but  it  may  be  interesting  and  instructive  to  speak  a 
little  of  the  instruments  employed,  atid  of  the  extreme  accu- 
racy of  some  of  the  results  obtained  by  them. 

These  instruments  are,  besides  the  signals,  thos^  for  mea- 
suring distances,  and  those  for  measuring  atigles.  The  French 
philosopihers  used  for  the  former  purpose,  in  their  measure- 
ment to  determine  th^  length  of  the  m€tfe,  rulers  of  platina 
and  of  copper,  forming  metallic  thermometers.  The  Swedish 
mathematician^,  Swanberg  and  OiVerbom,  employed^  iron 
bars,  coyered  towards  each  extremity  with  plates  of  silver. 
General  Ro^y  commenced  his  measurement  of  the  base  iat 
HouRslow  Heath  mth  deai  rods,  each  of  20  feet  in  length. 
Though  they,  hawever,  were  made  of  the  best  seasoned  tim- 
ber, were  perfectly  straight^  and  were  secured  from  bending 
in  the  most  effectual  manner  ;  yet  the  changes  in  their  lengths, 
occasioned  by  the  variable  moisture  and  dryness  of  the  air, 
were  so  great,  as  to  take  away  all  confidence  in  the  results 
deduced  from  them.  Afterwards,  in  coniequence  of  having 
found  by  experiments,  that  a  solid  bar  of  glass  is  more  dilata- 
ble than  a  tube  of  the  same  matter,  glass  tubes  were  substi* 
tuted  for  the  deal  rods.  They  were  each  20  feet  long,  inclosed 
in  wooden  frames,  so  as  to  allbw  only  of  expansion  or  con- 
traction in  length,  from  heat  or  cold  according  to  a  law 
ascertained  by  experiments^  The  base  measured  with  these 
was  found  to  be  27404'08  feet,  or  about  6- 19  miles.  Several 
years  afterwards  the  same  base  was  re-measured  by  Colonel 
Mudge,  with  a  steel-chain  of  lOQ  feet  long,  constructed  by 
Ramsden,  and  jointed  somewhat  like  &  watch-chain.  This 
chain  was  always  stretched  to  the  same  tension j  supported  on 
troughs  laid  horizontally,  and  allowances  were  made  for 
changes  in  its  length  by  reason  of  variations  of  temperature,  at 
the  rate  of  •0076  of  an  inch  for  each  degree  of  heat  from  62^ 
of  Fahrenheit :  the  result  of  the  measurement  by  this  chain 
was  found  not  to  differ  more  than  2f  inches,  from  General  Roy's 
determination  by  means  of  the  glass  tubes  :  a  minute  differ- 
ence in  a  distance  of  more  than  6  miles  ;  which,  considering 
that  the  measurements  were  effected  by  different  persons,  and 
with  different  instruments,  is  a  remarkable  confirmation  of  the 
aGcuraey  of  both  operations.  And  further,  as  steel  chains  can 
be  used  with  more  facility  and  convenience  than  glass  rods, 
this  re-measurement  determines  the  question  of  the  compara- 
tive fitness  of  these  two  kinds  of  instruments. 

13.  For  the  determination  of  angles,  the  French  and  Swe- 
dish. phik»sophers  employed  repeating  circles  of  Borda's  con- 
struction : instruments  whitjh  are  extremely  portable,  and  with 

which 
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which,  1;iiojigh  they,  are  not  above  14  inches  in  diameter,  the 
observers  can  take  apgles  to  within  r'  or  2"  of  the  truths 
But  jthis  kind  of  instrument,  however  great  its  ipg^nuity  in 
theory,  has  the  accuracy  of  its  phservatibns  necessarily  limited 
by  the  imperfections  of  the  >?nal^  telescope  which  inilst  be 
attached  to  it.  General  Roy  and  Colonol  Mudge  m^de  ^ W^ 
a  very  excellent  theodolite  constructed  by  Raipsdenyi^hichj^ 
having  both  an  altitude  and  an  azimuth  circle,  combines  thet 
powers  of  a  theodolite,  a  quadrant,  and  a  transit  instrument, 
and  is  capable  of  measuring  horizontal  angles  to  fractions  of  a 
in^e^ond.  This  instrument,  besides,  has  a  telescope  of  ji  much 
Mgker  magnifying  power  than  had  ever  before  been  applied 
to  observations  purely  terrestrial ;  andthis  isbnepftiiesupe- 
jioriti^s  in  its  construction,  to  which  is  to  be  ascribed  the  ex- 
treme accuracy  in  the  results  of  thi^  trigonometrical  survfey. 

Another  circumstance  whiqh  has  augmented  the  acciiracy 
of  the  English  measures,  arises  from  the  mode  of  fixing  and 
using  this  theodolite.  In  this  method  pursued  %  the  Gon- 
tinefttal  mathematicians,  a  reduction  is  necessary  to  the  plane 
of  the  hori;zoQ,  and  anothipr  to  bring  the  observed:  angles ; to 
^he  true  angles  at  the  centres  of  the  signals  :  these  reductions, 
6{  course,  require  fprmulae  of  computation,  the  actual  em- 
(>loyment  of  which  may  lead  to  error.  Biit,  in  the  trigono- 
metrical survey  of  England,  great  care  has  always  been  taken 
to  place  the  centre  of  the  theodpiite  exactly  in  the  yertical  ii|ie, 
previously  or  subsjequeqtiy  Qccupied;  by  the  cehtr^B  X)f;the 
signal:  the  theodolite  is  alsa  placed  in  a  p<er^^ 
position.  Indeed,  as  has  befen  obseihred  by  a  competent  judge, 
*^  In  no  pther^  survey*^has  the  work  in  the  field  been  conducted 
so  much  with  a  vieTsNto  save  that  in  the  closet>  and  at  the  same 
time  to  avoid  all  those  causes  Pf  error,  however  minute,  thjit 
arenot  essentially  involved  in  the  nature  of  the  problem.  The 
French  matheihaticians  trust  to  the  correction  of  those  errors  ; 
the  English  endeayour  to  cut  them  off  entirely ;  ahd  it  can 
hardly  be  doubted  that  the  latter,  though  perhaps  the  slower 
arid  more  expensive,  is  by  far  the  safest  proceeding." 

14.  in  proof  of  the  great  cprrectness  pf  the  English  «urveyi 
we  shall  state  a  very  few  particulars,  besides  what  is  already 
mentioned  in  art.  12. 

General  Roy,  who  first  measured  the  base  on  Hpunslow- 
Heath,  measured  another  on  the  flat  ground  of  Romney- 
Marsh  in  Kent,  near  the  southern  extremity  of  the  first  series 
of  triangles,  and  at  the  distance  of  more  than  60  miles  froni 
the  first  base.  The  length  pf  this  base  of  verification^  as 
actually  measured,  compared  wijUi  that  resulting  from  the 
computation  through  the  wliple  series  of  tria^  differed 
pblyby  28  inches.  Colonel 
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■  Colonel  Mudge  measured  another  base  of  verification  on 
Salisbury  plain.  Its  length  was  56574*4  feet,  or  tnpre  than 
7  miles  ;  the  measurement  did  not  differ  wore  than  oneincJi 
from  the  computation  carried  through  the  series  of  triangles 
from  Hounslow  Heath  to  Salisbury  Plain.  A  most  remarkable 
proof  of  the  accuracy  with  which  all  the  angles,  as  well  as 
the  two  bases,  were  measured ! 

The  distance  between  Beachy-Head  in  Sussex,  and  Dun- 
no^e  in  the  Isle  of  Wight,  as  deduced  from  a  mean  of  four 
series  of  triangles,  is  339397  feet  or  more  than  64i  miles. 
The  extremes  of  the  four  determinations  do  not  differ  more 
than  7  feet,  whichis  less  than  If  inches  in  a  mile.  Instances 
of  this  kind  frequently  occur  in  the  English  survey.*  But 
we  Jiave  hot  room  to  speciftr  more.  We  must  how  proceed 
to  discuss  the  most  important  problems  connected  with  this 
subjefet ;  and  refer  those  wl^o  are  diesirous  to  consider  it  more 
ininutely,  to  Colonel  Mudge's,  ''Account  of  the  Trigonome- 
trical Survey ;?'  Mechain  and  Delambre^  "Base  du  Systeme 
iVT^trique  Decimal  ;'*  Swanberg,  "Exposition  des  Operations 
faites  en  Lappohie ;"  and  Puissant's  works  entitled  "  6eode- 
sie"  and  «  Traite  de  Topographie,  d'Arpentage^  &c." 


SECTION  II. 

Problems  connected  with  the  detail  of  Operations  in  Ecctensive 
Trigonometrical  Surveys. 

PROBLEM  I. 

It  is  required  to  determine  the  Most  Advantageous  Conditions 
of  Triangles. 

I.  In  any  rectilinear  triangle  abc,  it  is  from  the  propor- 
tionality of  sides  to  the  sines  of  their  opposite  angles,  ab  : 
BC  :  :  sin  c  :  sin  a,  and  consequently  ab.  sin  ^ 

A=Bc  .  sin  c.  Let  AB  be  the  base,  which 
is  sujpposed  to  be  measured  without  percep- 
tible error,  and  which  therefore  is  assumed 
as  constant;  then  finding  the  extremely  jy  —  \ 
small  variatiph  or  fluxion  of  the  equation  on  this  hypothesis, 
it  is  AB  .  cos  A  .  A=  sin  c  .  bc  +  bo  .  cos  c  .  c\    Here,  since 

iusdiS'^r^^  *;Geod69ie,"  uhermotin^  some  of  them,  says,  "  NeanmS^ 
i31^P^^^  n^nn'e^le  en  exactitude  les  operations  gtodesiques  orl  ont  serv 
de^enmt  anpfo^  sj^t^me  m^trfque."    He^owever,  gives  no  :.siances^    m 

yie^a  ttiem  me  preference  oa  mere  assertion. 

we 
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we  ftre  ignorant  of  the  magnHo4e  of  t&e^  e^^  or  variations 
expiressed  By  m  and  c,  ^nppo^e  tbem  to  be '  equal  (^  probable 
suppoisitioni  as  they  are  bptb  tc&ea  by  tlie  same  instrameiit), 
and  each  denoted  by  i? :  libehwiU  ^  \ 

■    AB  cos  A— BC  cos  C         -  ■      . 

.    -    ■Bc=^X — -— ^ — '.-•.■  '- — —■■;■?■■■ 
,   •   ■  '  -  -sine-  .■..-;-;:._.;,:  . 

or,  substitatinff^ —  for  its  equal  -r—,  the  equation  wii!  be- 
°8mA  ^      sine  ^  .^ 

",,':.■■-  .-     -     ^'GOSA     '        ■   'cos  G..'•^  '  --  ■ '•^ 

come  Bc=^'»  X(bc  .  — — -  — bc  .   .      ) ; 
^        sm  A  sm  €^ 

or,  finally  ic=v  bc  (cot  a—  cot  c). 

This  equation  (in  the  use  of  which  it  must  be  recollected 
\Miv  laken  in  seconds  should  be  divided  by  ^;^,  that  is ^  by 
the  length  of  the  radius  expressed  in  seconds)  givef  the  error 
BC  in  the  estimation  of  bc  occiasioned  by  thie  .errors  in 
angles  A  and  c.  Hence,  that  these  errors,  supposing  therh  to 
be  equal,  may  have  no  influence  on  the  determin^ioh  of  bc, 
we  must  have  A==c,  for  in  that  case  the  second  mecaher  of  the 
equation  will  vanish.  /  V 

2.  But,  as  the  two  errors,  denoted  by  a,  and,  c,  which  we 
have  supposed  to  be  of  the  same  kind,  pr  in  the  same  direc- 
tion,  may  be  committed  in  different  directions,  when  the  equa- 
tion will  be  bc  =±  v  .  Bc(cot  A  +  cotc);  we  must  enquire 
what  magnitude  the  angles  a  and  g  ought  to  have,  so  that  the 
sum  of  their  cotangents  sliall  have  the  least  value  possiblie; 
for  in  this  state  it  is  manifest  that  bc  \yilthave  its  least  value. 
But,  by  the  formula  in  chap.  3,  we  have 

/     I    \-.^  {^+  ^--  ^  sin  (a+c)  _ 

cot  (A-i-c)  >- ^.^  ^^  ^.^  ^    ^cps(Aajc)-Jcos(A+c) 

.  =~  -'S'-sin'B     ;  *   ;  -^ 

cos  (a  (b  c)  +  cos  b' 

,       .        ■  2  sin  b 

Consequently,  bc  =  div  .  bc  .  r- — r- — -x^  ' 

/^         •^  cos  (a  02  c)  +  cos  B 

And  hence,  whatever  be  the  magnitude  of  the  angle  b,  the 

error  in  the  value  of  bc  will  be  the  least  when  cos  (Ai»G)is 

the  greatest  possible,  whidh  is  When  a=c. 

We  may  therefore  infer,  for  a  general  rule,  that  ^^cmos^ 

advantageous  state  of  a  triangle^  when  we  would  deterpiine  one 

side  only  y  is  when  the  base  is  equal  to  the  side  sought. 

3.  Since,  by  this  rule,  the  base  should  be  eqiial  to  the  side 
sought,  it  is  evident  that  wk&n  we  would  determine  two  sid^s, 
the  most  advantageous  condition  of  a  triangk  ii  that  it  be  equi- 
lateraL 

4.  It 
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4.  It  rarely  happens;  however,  that  a  base  can  be  conamo- 
diously  measured  which  is  tis  long  as  the  sides  sought.  Sup- 
posing, therefore,  that  the  length  of  the  base  is  limited,  but 
that  its  direction  at  least  may  be  chosen  at  pleasure,  we  pro- 
ceed to  enquire  what  that  direction  should  be,  in  the  case 
where  one  only  of  the  other  two  sides  of  the  triangles  is  to 
be  determined. 

Let  it  be  imagined,  as  before,  that  ab  is  the  base  of  the  tri- 
angle ABC,  and  BC  the  side  required.  It  is  proposed  to  tind 
the  least  value  of  cot  a  qp  cot  c,  when  we  cannot  have  a  =:^  c. 

Now,  in  the  case  where  the  negative  sign  obtains,  we  have 

AB-r-BC.COSB      BC— AB.COSB       AB^— BC^ 
cot  A  —  cot  Ci=- -.- — - — — -^^— == — — -T— . 

BC  .  sm  B  AB  .  sm  B         AB  .  BC  .  sm  B 

This  equation  again  manifestly  indicates  the  equality  of  ab  iand 
Bc,  in  circurostances  where  it  is  possible  :  but  if  ab  and  bo  are 
constant,  it  is  evident,  from  the  form  of  the  denominator  of  the 
last  fraction,  that  the  fraction  itself  will  be  the  least,  or  (jot 
A— cot  c  the  least,  when  sin  b  is  a  maximum,  that  is,  when 

5.  When  the  positive  sign  obtains,  we  have  cot.A+cot  c= 

■     ,\/(bc2— AB?   Sm2  a)  BC  . 

cot  A+^  ^       •'.  ♦  ---■     ^■^--^■==  cot  A  +  v^  (       „      .    , 1.) 

AB  sm  A     ,.  ^  /ab2  sm^  A  '' 

Here,  the  least  value  of  the  expression  under  the  radical  sign, 
is  obviously  when  a  =  90?.  And  in  that  case  the  first  term, 
cot  A,  would  disappear.  Therefore  the  least  value  of  cot  a4" 
cot  G,  obtains  when  a  =  90®  ;  conformably  to  the  rule  given 
by  M.  Bouguer  (^Fig,  de  la  Terre,  pSi,  88).  But  we  have 
already  seen  that  in  the  case  of  cot  a— cot  c,  we  must  have 
B==90^.  Whence  we  conclude,  since  the  conditions  a=90*', 
^=900^,  cannot  obtain  simultaneously,  that  a  medium  result 
would  give  A  ==B. 

if  we  apply  to  the  side  ac  the  same  reasoning  as  to  bc,  simi- 
lar results  will  be  obtained  :  therefore  in  general,  when,  the 
base  cannot  he  eqital  to  one  or  to  both  the  sidesrequired^  the  most 
advantageous  cofiditioh  of  the  triangle  is^  that  the  base  be  the 
longest  possihley  and  that  the  two  angles  at  the  base  be  equal. 
These  equal  angles  however,  should  never,  if  possible,  be 
less  than  23  degrees. 

PROBi:£M  II. 

To  (ledace,  from  Angles  measured  Out  of  one  of  the  stations 
*but  Near  it,  the  True  Angles  at  the  station. 
When  the  centre  of  the  instrument  cannot  be  placed  in  the 
vertical  line  occupied  by  the  axis  of  the  signal,  the  angles  ob- 
served must  undergo  a  reduction,  according  to  circumstances. 

1.  Let 
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1 . ,  Let  c  be  the  centre  of  the  station,    ng 
p  the  place  of  the  centre  of  the  instra-       ^ 
nient,  or  the  summit  of  the  observed  an- 
gle apb:  it  is  required  to  find  c,  the 
measure  of  acb,  supposing  there  to  be 
known  apb  ==  p,  bpc  =j»,  cp=dl,  bc=l, 

AC=«R. 

Since  the  exterior  angle  of  a  triangle  is  equal  to  the  'sum 
of  the  two  interior  opposite  angles  (th,  16  <jcom.),  we  have^ 
with  respect  to  the  triangle  iap,  aib  =  p+iap  ;  and  with  re- 
gard to  the  triangle  bic,  aib=c+cbp.  Making  these  two 
values  of  aib  equal,  and  transposing  iap,  there  results 

C  =  P+IAP CBP. 

But  the  triangles  oap,  cbp,  give 

cp   ,  d  ,  sin  fp+p) 

sm  cap  a=  sin  iap  =  —  sm  apc= >-  .  i^r., 

AC       ^  .         R 

CP,    .  d  .  sin  p 

SiQ  CBP  =  —  .  sm  BPC  =5= ^. 

BC  L 

And,  as  the  angles  cap,  cbp,  are,  by  the  hypothesis  of  the 
problem,  always  very  small,  their  sines  may  be  substituted 
for  their  arcs  or  measures  :  therefore 

d  sin  (p+p)     d  ,  sin  p 

n  I* 

Or,  to  have  the  reduction  in  seconds, 

_d_  sin(p+f>)>sinp 
'"''^'^sinl''  ^  K  I  ^* 
The  use  of  this  formula  cannot  in  any  case  be  embarrassing, 
provided  the  signs  of  sin  p,  and  sin  (p  +i>)  be  attended  to. 
Thus,  the  first  term  of  the  correction  will  be  positive,  if  the 
angle  {b+p)  is  copaprised  between  0  and  180®  ;  and  it  will 
become  negative,  if  that  angle  surpass  180^.  The  contrary 
will  obtain  in  the  same  circumstances  with  regard  to  the  se- 
cond term,  which  answers  to  the  angle  of  direction  p.  The 
letter  r  denotes  the  distance  of  the  object  a  to  the  right,  i* 
the  distance  of  the  object  b  situated  to  the  left,  and  » the  angle 
at  the  place  of  observation,  between  the  centre  o^the  station 
and  the  object  to  the  left. 

2.  An  approximate  reduction  to  the  centre  may  indeed  be 
obtained  by  a  single  term  :  but  it  is  not  quite  so  correct  as  the 
form  above.  For,  by  reducing  the  two  fractions  in  the  second 
member  of  the  last  equation  but  one  to  a  common  denomina- 
tor, the  correction  becomes 

_€?L  .  sin  (p+p)  — flfa  .  sin  p 
c—P  ■— — ' — • 

LR 

But 
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R  >  sin  A       R 


But  the  triangle  ABC  gives  l  =- 


sin  B        sin  (a-{-c)  '       ; 
And  because  p  is  always  very  nearly  equal  to  c,  the  sine  of 
A  +  p  will  differ  extremely  little  from  sin  (a  +  c,)  and  may 

therefore  be  substituted  for  it,  making  l=-: — ,  :.    <> 

sm(A+p) 

Hence  we  manifestly  have 

__  d  .  sin  A  .sin  (r-^-py^d  .  sin  p  .  sin  (a+p) 

G  ~  P  — -•     .  ■     ^  • — ' — : ^— ^- ^-^ : 

.  R  .  sm  A  ^ 

Which,  by  taking  the  expanded  expressions,  for  sin  (p  +7)), 
and  siri  (a+p,)  and  reducing  to  seconds,  gives 
d      sin  p  .sin  (a--.«)    - 

C— P=-~--:7;. — —^-. — £-£. 

sm  1  R  .  sm  A 

3.  When  either  ^f  the  distances  r,  l,  becomes  infinite, 
with  respect  to  <^,  the  corresponding  term  in  the  expression 
art.  1  of  this  problem,  vanishes,  and  we  have  accordingly 

c^  .  sin  »  J  .  sin  f  p+oY 

c-p  =  -. ^-£    orc-p= ^--Tr^* 

L  .  sm  1 '  R  .  sm  1 

The  first  of  these  will  apply  when  the  object  a  is  a  heavenly 

body,  the  second  when  b  is  one.     When  both  a  and  b  are 

such,  then  c—p=0. 

But  without  supposing  either  a  or  b  infinite,  we  may  have 
c  —  p  =  0,  or  c  =  p  in  innumerable  instances  :  that  is,  in  all 
cases  in  which  the  centre  p  of  the  instrument  is  placed  in  the 
circumference  of  the  circle  that  passes  through  the  three 
points  A,  B,  c ;  or  when  the  angle  bpc  is  equal  to  the  angle 
BAG,  or  to  bag +180®,  Whence,  though  c  shpuld  be  inacces^ 
sible,  the  angle  acb  may  commonly  be  obtained  by  observa- 
tion, without  any  computation.  It  may  further  be  observed, 
that  when  p  falls  in  the  circumference  of  the  circle  passing 
through  the  three  points  a,  b,  c,  the  angles  a,  b,  c,  maybe 
determined  solely  by  mejasuring  the  angles  apb  and  bpc.  For, 
the  opposite  angles  abc,apc,  of  the  quadrangle  inscribed  in 
a  circle,  are  (theor.  54  Geom.)  =  180*'.  GoQsequently,  abc 
=  180®— APC,  and  bao  =180®—  (abc+acb)  =^180®  -  (abc+ 
apb). 

4,  If  one  of  the  objects,  viewed  from  a  further  station,  be 
a  vane  or  staff  in  the  centre  of  a  steeple,  it  will  frequently 
happen  that  such  object,  when  the  observer  comes  near  it,  is 
both  invisible  and  inaccessible.  Still  there  are  various  me- 
thods of  finding  the  exact  angle  at  c.  Suppose,  for  example, 
the  signal-staff  be  in  the  centre  of  a  circular  tower,  and  that 
the  angle  apb  was  takeir  at  p  near  its  base.  Let  the  tangents 
PT,  pf*5  be  marked,  and  on  them  two  equal  and  arbitrary  dis- 

VoL.  IL  n  tances 
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tances  pwi,  pw',  he  measured.  Bisect 
mm  at  the  point »;  and  pjacirig  there  a 
signal-staff,  measure  the  angle  wpb, 
Whieh:,  (since  th  Jjrdlonged  obyiousjy 
passes  through  c  tlie  centre,)  will  be 
the  angle  p  of  the  preceding  investiga- 
tion. Also,  the  distance  fs  added  to  the  iradius  c*  of  the  tow- 
er, will  give  pc=:d  in  the  forpier  investigation. 

If  the  icircupaferehce  of  the  tower  cannot  he  measured,  and 
the  radius  thence  inferred,  proceed  thus  :  Measure  the  angles 
BPTj  bpt',  th6n  will  bpc=|(bpt+bpt-)=/>;  and  cp^ 
BPc  :  Measure  PT,  then  pc  =  pt  .  sec  cPT=d.     With  the  va- 
lues of  p  and  d^  thus  obtained ,  proceied  as  before. 

5.  If  the  base  of  the  tower  be  polygonal  and  regular^  as 
most  commonly  happens  ;  assume  p  in  the  point  of  intersec- 
tion of  two  o^  the  sides  prolonged, 
and  BPc'=i  (bpt  -j- bpt')  as  before, 
PT=  the  distance  from  p  to  the  mid- 
dle of  one  of  the  sides  whose  pro- 
longation passes  thrQugh  p  ;  and 
hence  PC,  is  found,  as  above.  If  the 
figure  be  a  regular  hexagon,  then 
the  triangle  rmm,  is  equilateral, 
and  pe=FrWi%^3. 


Then 


PROBLEM  III.  . 

To  Reduce  Angles  measured  in  a  Plane  Inclined  to  the  Hori- 
zon, to  the  Corresponding  Angles  in  the  Horiizontal  Plaiiei 

Let  BCA  be  an  angle  measured  in  a  plane  inclined  to  the 
horizon,  and  let  b'ca  be  the  corresponding  angle  ih  th«j  ho- 
rizontal plane.     Let  cZ  and  d'  be  the  zenith  distances,  o£  the 
complements  of  the  angles  of  elevation  aca',  bob', 
from -?  the  zenith  of  the  observer, 
or  of  the  «ngle  c,  draw  the  arcs  za^ 
2^6,  of  vertical  circles,  measuring  the 
zenith  distances  d,  d\  and  draw  the 
arc  ad  of  another  great  circle  to 
measure  the  angle  c.     It  follows 
from  this  construction,  that  the  an^ 
gle  ?,  of  the  spherical  triangle  2ra&,  ^ 
is  equal  to  the  horizontal  angle  a'cb'  ;  and  that,  to  find  it,  the 
three  side za^d^ zb^d:^ah=^c,  are  given.     Call  the  sum  of 
these  8  ;  then  the  resulting  formulae  of  prob.  2  ch.  iv,  appli- 
e(i  to  the  present  instance,  becomes 

^  ■ .  ■ ,.     ■'  ■   sin 
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^  ^        ^  sm  d .  sm  tf 

If  A  and  /i' represent  the  angles  of  altitude  aca"  bcb',  the 

preceding  expression  will  become 

/sin  i  (c  +  ^-A'Y  .  sini  (c+h'^li) 

sin|o  =  ^ ^-^^— ^ -f ^.^       — — ^. 

^  cos  /t  .  COS  h 

Or,  in  logarithms, 

log  sin  ^c  =  i  (20  +  log  sin|(c  +  /i— ^')  +  log  sin. 
^  (c  +  fe'  — /fc)  —  log  cos  A  —  log  cos  /*'). 

^  -^  ,        ^,      ,  .       .  sin  A  ACB  - 

Cor,  1 .  If  h=^h^  then  is  sm  ^c  ==        "  .   ■  ;  and 

^  cos  k 

^  log  sin  ^a'cb'  =  10  -i-log  sin  ^ACB—log  cos  k. 

Cor,  2.  If  the  angles  A  and  ^'  be  very  snaall,  and  nearly 
equal;  thien,  since  the  cosines  of  small  angles  vary  extremely 
slowly,  we  may,  without  sensible  error,  take 
log  sin  ^a'cb' =  10  +  log  sin^ACB— log  cos  ^  (/i+^'). 

Cor.  3.  In  this  case  the  dorrection  a:  =  aW—  ace,  may  be 
found  by  the  expression 

^  =  sin  l"(tan|c(iQ-^-M)._cptic(-''-^)0. 

And  in  this  formula,  as  well  as  the  first  given  for  sin  ^c,  fZ  and 
#may  be  either  one  or  both  greater  or  less  than  a  quadrant; 
that  is,  the  equations  wiU  obtain  whether  ac a' and  bcb'  be  each 
an  elevation  or  a  depression. 

Scholium.  By  means  of  this  problem,  if  the  altitude  of  a 
hill  be  found  barometricallyj  accordiug  to  the  method  describ- 
ed in  the  1st  volume  or  geometrically  according  to  some  of 
those  described  in  heights  and  distances,  or  that  given  in  the 
following  problem;  then,  finding  the  angles  formed  at  the 
place  of  observation,  by  any  objects  in  the  country  below,  and 
their  respective  angles  of  depression,  their  horizontal  angles, 
and  thence  their  distances  may  be  found,  and  their  relative 
places  fixed  in  a  map  of  the  country  ;  taking  care  to  have  a 
sufficient  number  of  angles  between  intersecting  lines,  to  verify 
the  operations. 

PROBLEM  IV. 

Oiven  the  Angles  of  Elevation  of  Any  Distant  object,  taken 
at  Three  places  in  a  Horizontal  Right  Line,  which  does  not 
pass  through  the  point  directly  below  the  object ;  and  the 
Respective  Distances  between  the  stations  ;  to  find  the 
Height  of  the  Object,  and  its  Distance  from  either  station. 

Let  AED  be  the  horizontal  plane  :  fe  the  perpendicular 
height  of  the  object  f  above  that  plane;  a,  b,  c,  the  three 
places  of  observation  ;  fae,  fbe,  fce,  the  respective  angles 
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of  elevation,  aodAB,  BC5  the  giv- 
en distances.  Then,  since  the 
triangles  aef,  bee ,  cef ,  are  all 
right  angled  at  E,  the  distances 
AE ,  BE,  CE ,  will  ionianifestly  be  as 
the  cotangents  of  the  angles  of 
elevation  at  a,  b  ,  and  c  :  and  we  Jf^^ 

have  to  determine  the  point  e, 
so  that  those  linesmiay  have  that 
ratio.     To  effect  this  geometrically  use  the  following 

Constructim,  Take  bm,  on  ac  produced,  equal  to  bc,  bn 
equal  to  AB  ;  and  make 

MG  :  bm  (=Bc)  ::  cot  A  :  cot  B, 
and  bn(=;=ab)  :  NG  ::  60tB  :  cote. 
With  the  lines  Mif,  mg,  ng,  constitute  the  triangle  mng  ;  and 
join  BG.     Draw  AE  so,  that  the  angle  eab  may  be  eqnal  to  mgb  ; 
this  line  will  meet  bg  produced  in  e,  the  point  in  the  horizon- 
tal plane  falling  perpendicularly  below  f. 

Demonstration,      By  the  similar  triangles  aeb,  gmb,  we 
have  Afc  :  be  :  :  mg  :  mb  :  :  cot  a  :  cot  b, 

.and    be  :  BA  (:==  bn)  :  :  bm  :  bg. 
Therefore  the  triangles  bect,  bgn,  are  similar  ;  consequently 
BE  :  eg  : :  bn  :  ng  :  :  cot  B  :  cotc;     Whence  it  is  obvious  that 
AE,  BE,  CE,  are  respectively  as  cot  Avcot  b,  cot  c. 

Calculation,  In  the  triangle  mgny  all  the  sid^s  are  given^  to 
find  the  angle  <jmn  =  angle  aeb.  Theij,  in  the  triangle  mgb, 
two  sides  and  the  included  angle  are  given,  to  find  the  angle 
MGB  ==  angle  eab/  Hence,  in  the  triangle  aeb,  are  k^  ab 
and  all  the  angles,  to  find  ae,  and  be.  And  then  ef  ==  ae  •  tan 
A'==BEf .  tan;B.  .  ■-■   "■".;/.■:.;':,,..■,•■"""'  "'•^~   :.    '• 

Otherwise,  independent  of  the  construction y  thus. 

Put  AB  =  D,  Bc  =  c?,  EP  =  0; ;  and  then  express  algebrai- 
cally the  following  theorem,  given  at  p.  128  Simpson's  Select 
Exercises : 

AE2   .  BG  +  CE2   .  AB  =-  BE2  .  AC  +  -^C  .  AB  .  BC, 

the  Hne  eb  being  drawn  from  the  vertex  e  of  the  triangle  ace, 
to  any  point  b  in  the  base.  The  equation  thence  originating  is 
dx^  \  COt^  A+DX^  .  C0t3  c  =  {D+d)x^  \  cot^  B  +  {i>+d)Dd, 
And  from  this,  by  transposing  all  the; unknown  terins  to  one 
glclej  and  extracting  the  root,  their  results 
_^  (p+d)  Bd      . 

^  ^  "^  d  .  COI2   A+D   .  C6t2  G—(D+c/)c0t2   b' 

Wlwnce 
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Whence  EP  is  known,  and  the  distances  ae,  be,  ce,  are  readily 
found. 

Cor.  When  d  =  d,  or  d  +  (^  ==  2d ~  2 J,  the  expression  be ^ 
comes  better  suited  for  logarithmic  compntatlbn,  being  then 

a?=f^-s-y  (X  cot2  A+icot3  c--cots  b). 
In  this  case,  therefore,  the  rule  is  as  follows  :  Double  the  jog. 
cotangents  of  the  angles  of  elevation  of  the  extreme  stations; 
find  the  natural  numbers  answering  thereto,  and  take  half  their 
sum  5  from  which  subtract  the  natural  number  answering  to 
twice  the  log.  cotangent  of  the  middle  angle  of  elevation : 
then  half  the  log  of  this  reinaindfer  subtracted  from  the  log. 
of  the  measured  distaace  between  the  1st  and  2d,  or  the  td, 
and  3d  stations,  wiH  be  the  log.  of  the  height  of  the  object. 

PROBLEM  V. 

In  any  Spherical  Triangle,  knowing  Two  Sides  and  the  In-^ 
eluded  Angle ;  it  is  required  to  find  the  Angle  Comprehend- 
ed by  the  Chords  of  those  two  sides.  -         ' 
Let  the  angles  of  the  spherical  tri- 
angle be  A,  B,  G,  the  corresponding  an- 
gles included  by  the  chords  aV  bVc' ; 
the  spherical  sides  apposite  the  former 
a,  b,  c,  the  chords  respectively  oppo- 
site the  latter  <»,^,  y  ;  then,  there  are 
given  6,  c,  and  A,  to  find  A -. 

Here,  frpm  prob,  1  equa.  1  chap,  iv,  we  have 

cos  a=sin  6  .  sin  c  .  cos  A-fcos  6  .  cos  e. 
But  cos  c  =  cos  (|c  +  l^c)  =  cos2  i:c-sin2  fc  (by  equa.  v 
ch.  iii)  =  (t  -sins  ic)-sin2  ic=:  \  ~2  sin^  ^c.     Arid  in  like 
manner  cos  a  =  1  —  2  sin^  ±c,  and  cos  b  =  1  —  2  sin^  :Lb, 
Therefore  the  preceding  equation  becomes 
1-2  sin2  ia  =  4  sin  ^b  .  cos  -16  .  sin  Ic  .  cos  Ac  .cos  a  + 

(1-^2  sin2  1:6)  (1-2  sin2  o-c). 
But  sin  |a~i<s6,  sin  iZ>=:^i/3,  sin  |c=|y  :  which  values  sub- 
stitute'd  in  the  equation,  we  obtain,  after  a  little  reduction, 

^X -— — -=/3y    .    COS    lb  .  COS|C  .  cos  A  +  i/32   y2. 

Now,  (equa.  11  ch.  iii),  cos  a'  =      T?"  ^">   Therefore,  by 
substitution, 

/3y  .cos  A'=^y  .  cos  ^b  .  cos  |C  .  cos  A+fiS:^   yS  . 

whence,  dividing  by /3y,  there  results 

cos  A'===i  ^  .  cos  |c  .  cos  A+ii3  .  iy  ; 
or,  lastly,  by  restoring  the  values  o^i^,  ly,  we  have 

cos  a'=cos  ^h  .  cos  Ac  ,  cos  A+sin "^6  ."sin  i-c  ,  ,  .  (I.) 

Co7\ 
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f^or,  1.  It  follows  evidently  from  this  forpiiila,  that  wheti 
the  spherical  angle  is  right  or  ohtuse,  it  is  always  ^fea^^r  than 
the  CO jfresppnding  fingle  of  the  chords . 

Cor.  $.  The  sphericd  angle,  jf  acute,  is  (c5«  than  the  cor- 
fesponding  angle  of  the  chords,  when  we  have  cos  a  greater 

-  sin  i^  .  sin  U         '  ' 

than  — - — -^:—- — —?— ^.  • 

l—cos  |&  .  sm^c 

PRGBIiEM  VI.  ;^ 

Knowing  Two  Sides  and  the  Included  Angle  of  a  Reiitilinear 

Triangle,  it  is  required  to  find  the  Splierical  Angle  ©f  the 

Two  Arcs  of  which  those  two  siSes  are  the  chords. 

Here  /3,  y,  and  the  angle  a'  ^re  given,  to  find  A.  Now, 
since  in  all  cases,  cos  =  ^(1  —sin^),  we  have 

cos  i6  ;  cos  ^c=^[(l  -sin^  ij)  .  (1  ~-sin«  ic)]  ; 
we  have  also,  as  above,>in  ^6=1^3,  and  sin  ^Cr^-^y.     Sub- 
stituting these  values  in  the  equation  i  of  the  precjeding  prob- 
lem, there  will  result,  by  reduction, 

cos  A^-^fjSy  .  /tt  ^ 

r^~V(i~*^):(r+^).(i-iv).(H-4yr'-  '"^^ 

To  compute  by  this  formula,  the  values  of  the  sides  /3,  y^ 
must  be  reduced  to  the  corresponding  values  of  the  chords  of 
a  circle  whose  radius  is  unity.  This  is  easily  effected  by  di- 
viding the  values  of  the  sides  given  in  feet,  or  toises,  &c.  by 
such  a  power  of  10,  that  neither  of  the  sides  shall  exceed  2, 
the  value  of  the  greatest  chord ,  when  radius  is  equal  to  unity. 
From  this  investigation,  and  that  of  the  preceding  problem, 
the  following  dbrollaries  may  be  drawn.    > 

Cor.  I.     if  c=i,  and  of  consequence  y  =  /3,  then  will 
cos  A'=3COs  A  .  cos2  ^c+sin*  ic  ;  and  thence 
1  -_2  sin2  ^a's?:  (1  -%  sin2  iA)  cos2^«  4-  (l-.cos2  ^c)  : 
from  which  may  be  reduced  * 

sin  AA'==sin  ^a  .  cos^c.  .  .  .  (III.) 
Cor,  2.     Also,  since  cos  ic=^(l-'Sin*^c)=^(l-.|y^), 
equa.  II  will,  in  this  case,  reduce  to 

•     1  siniAC  .^,-  . 

Cor,  3.  From  the  equation  III,  it  appears  that  the  verti- 
cal angle  of  an  isosceles  spherical  triangle,  is  always  greater 
than  the  corresponding  angle  of  the  chords. 

Cor,  4.  If  A=90*',  the  formulae  i,  ii,  give 

cos  A'=sin  ^6  .  sin  ^c=i/3y  .  .  .  .  (V.) 

These  five  formulae  are  strict  and  rigdrous,  whatever  be 
the  magnitude  of  the  triangle.  But  if  the  triangles  be  small, 
the  arcs  may  be  put  instead  of  the  sines  in  equa.  v,  then 

Cor.  5.  As  cos  A'=.sin  (SO^^a')  =  in  this  case,  90°— a  ^ 

the 
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the  small  excess  of  the  spherical  right  angle  over  the  corres- 
ponding rectilinear  angle,  will,  supposing  the  arcs  &,  c,  taken 
in  seconds,  be  given  in  seconds  by  the  following  expression 

^90^_V=i^=^....(VI.) 

The  error  in  this  formula  will  not  amount  to  a  second,  when 
b+cis  less  than  10°,  or  than  700  miles  measured  on  the 
earth's  surface. 

Cor^e,  If  the  hypothenuse  does  not  exceed  lio,  we  may 
substitute  a  sin  c  instead  of  c,  and  a  cos  c  instead  of  b ;  thig 
will  give  bc=a^  .sin  c  .  cos  c  .  =^a2  .  sin  2  (90o— B)=:ia2, 
sin  2b  ;  whence 

.(».-..)  =  !^|a=!!^..  ,...(„,,) 

If  a=li*'i,  add  B=c==46«>  nearly ;  then  will  90<>— a'=17''.7. 
Cor.  7.  Retaining  the  same  hypothesis  of  a=:SO^,  and  a= 
or  <  li»,  we  have 

,     b^  cot  B      be 

Cof\^.  Comparing  formula  viii,  ix,  with  vi,  we  have  b  ^  b' 
==c-c'==i  (90ft-A^)  Whence  it  appears  that  the  sum  of 
the  two  excesses  of  the  oblique  spherical  angles,  over  the 
corresponding  angles  of  the  chords,  in  a  small  right-angled  tri- 
angle, IS  equal  to  the  excess  of  the  right  angle  over  the  cor- 
responding angle  of  the  chords.  So  that  either  of  the  for- 
mulaB  VI,  VII,  viii,  ix,  will  suffiice  to  determine  the  difference 
of  each  of  the  three  angles  of  a  small  right-angled  spherical 
triangle,  from  the  coriresponding  angles  of  the  chords.  And 
hence  this  method  may  be  applied  to  the  measuring  an  arc  of 
the  meridian  by  means  of  a  series  of  triangles.  See  arts.  8, 
9,  sect.  1  of  this  chapter. 

PROBLEM  VII. 

la  a  Spherical  Triangle  ABC,  Right  Angled  in  a,  knowing  the 
Hypothenuse  bc  (less  thdnA'>)  and  the  Angle  b,  it  is  requir- 
ed to  find  the  Error  c  committed  through  finding  by  Plane 
Trigonometry,  the  Opposite  Side  AC. 

Referring  still  to  the  diagram  of  prob.  5,  where  we  now 
suppose  the  spherical  angle  a  to  be  right,  we  have  (theor.  10 
chap.iy)si|ife==sina.  sioB.  But  it  has  been  remarked  at  pa. 
i  J?r  S  ^^^^  ^^  s^oe  of  any  arc  a  is  equal  to  the  sum  of 
the  loUowmg  series  ; 

sin 
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sin  A=^  A  -  ^  +  23-j^ -  2.3.4.5.6.7  "^  ^*'' 
or,  sin.A=A  _  :^  +  ^  -  ^  +  &c. 

And,  in  the  present  enquiry,  all  the  terms  after  the  second 
may  be  neglected,  because  the  5th  power  of  an  arc  of  4°  di- 
vided by  120,  gives  a  quotient  not  exceeding  0'' .  01.  Conse- 
quently, we  may  assume  sin  b=^b-  ^5^,  sin  a=a-~  Ja^  ;  and 
thus  the  preceding  equation  will  become, 
^  6~|63=  sins  (a— 1^3) 

or  &=a  sin  b--}  (a^  .  sin  B-t^). 
Now,  if  the  triangle  were  considered  as  rectilinear,  we 
should  have  6=a  .  sin  b  ;  a  theorem  which  manifestly  gives 
the  side  b  or  ac  too  great  by  |(a3  .  sin  b  -^  ^s).^  But,  neg- 
lecting quantities  of  the  fifth  order,  for  the  reason  already  as- 
signed, the  last  equation  but  one  gives  b^=a^  .  sin^  b.  There- 
fore, by  substitution,  6=  —  i  a^  ,  sin  b  (1  —  sin^  b)  :  or,  to 
have  this  error  in  seconds,  take  r'^=  the  radius  expressed  in 

,   -,  ,        a^  .  cos^  B 

seconds,  so  shall  «=  -a  .  sm  b  .  -—-77 — jf-, 

uR    •  R 

Cor.  1.  If  a— 4'»,  and  b=35<>  16',  in  which  case  the  value 
of  sin  B .  cos?  B  is  a-ma&imum,  we  shall  find  c  ^  — 4i". 

Cor.  2.  If,  with  the  same  data,  the  correction  be  applied, 
to  find  the  side  c  adjacent  to  the  given  angle,  we  should  have 
•  .   ,  -  a3  .  sin*  B 

e  =a  .  cos  B     g^,/  ^,/    ' 

So  that  this  error  exists  in  a  contrary  sense  to  the  otlier ;  the 
one  being  subtractive,  the  other  additive. 

Cor.  3.  The  data  being  the  same,  if  we  ha.fe  to  find  the 
angle  c,  the  error  to  be  corrected  will  be 

,.      ^     sin  2b 

As  to  the  excess  of  the  arc  over  its  chord,  it  is  easy  to  find  it 
correctly  from  the  expressions  in  prob.  5 :  but  for  arcs  that 
are  very  small,  compared  with  the  radius,  a  near  approxima- 
tion to  that  excess  will  be  found  in  the  same  measures^  a^  the 
radius  of  the  earth,  by  taking  Jj  ^^  ^^  quotient  of  the  cube 
of  the  length  of  the  arc  divided  by  the  square  of  the  radius. 

PROBLEM  vni. 
It  is  required  to  Investigate  a  Theorem,  by  means  of  which, 
Spherical  Triangles,  whose  Sides  are  Sta^W  compared  with 
the  radius,  may  be  solved  by  the  rules  for  Pl^ne  Trigono- 
metry, without  considering  the  Chords  of  the  respective 

Arcs  or  Sides. 

Let 
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LiBt  a,  5,  c,  be  the  sid^s,  and  a,  b,  c/ the  angles  of  a  sphe- 
rical triangle,  on  the  surface  of  a  sphere  whose  radius  is  r  ; 
then  a  siniilar  triangle  on  the  surface  of  a  sphere  whose  radius 

==  1,  will  have  for  its  sides  ~,  ~,  -  ;  which,  for  the  sake  of 

T     T    T 

hreyity,  we  represent  by  «,id,V,  respectirelj  :  then,by  equa. 

,  ^1  „^  .     ,  cos  « —  COS  ]S  .  cos  y 

I,  chap.  IV,  we  have  cos  a  «  - — -t— — — v — -, 

sin/3  .  smy 

Now,  r  being  very  great  with  respect  to  the  sides,  a,  6,  c, 

isre  may^  as  in  the  investigation  of  the  last  problem,  omit  all 

the  terms  containing  higher  than  4th  powers,  in  the  series 

for  the  sine  and  cosine  of  an  arCj  given  at  pa.  38 1  vol.  i  i  so 

shall  we  have,  without  perceptible  error, 

'.  '*" '. ,    -cft*  .    «.*    . ; ,    ,  .-.  -        /  a»^  '  ■  " 

cos  fit  =  1  ——4—- — ^.  ,  ,  sinS  ==  3  -- — —, 
2^  2.3.4  ^      ^      2,3 

And  similar  expressions  may  be  adopted  for  co§ /3j  cos  y, 
sin  y.     Thus,  the  preceding  equation  will  become 

cos  A  =:  ^  (/^'+  y^  -^")  +  A  (^"-^-"-yQ-l^^y^ 

Multiplying  both  terms  of  this  fraction  by  l-|-|(iS2  +y2),  to 
simplify  the  denominator,  and  reducing,  there  will  result, 

COS  A—,— ' — -^— "'.•-T" ~ — ■ '■    '■■■■"■ --■ .,   ■... ; , 

2/3y         ^  24/3y      . 

Here,  restoFiag  the  values  of  <«,  /3,  y,  the  second  member  of 
the  equation  will  be  entirely  constituted  of  like  combinations 
©f  the  letters,  and  therefore  the  whole  may  be  represented  by 

eosA  =  -^+^^^....(l.)  . 

Let,  now,  a'  represent  the  angle  opposite  to  the  side  a  in  the 
the  rectilinear  triangle  whose  sides  are  equal  in  length  to  the 
arcs  a,  6,  c  ;  and  we  shall  have 

:  "^^^     m     =267- 

Squaring  this,  and  substituting  for  cos^  a'  its  value  1  .^  sin^  a'', 
there  will  result 

^462  c2  sin2  A  =a2-{-62^<;3  _2a2  ^62  -.ga^  ^2  — S^^'c^arNo 
So  that,  equa.  I,  reduces  to  the  form 

5c 
6r2 

Let  A  =  a'+  a-j  then,  as  %  is  necessarily  very  small,  its  second 
power  may  be  rejected,  and  we  may  assume  cos  a  =  cos  a' — ' 
X  .sin  a'  :  whence,  sub^titufing  for  cos  a  this  value  of  it,  we 

shall  have  a;  ==  — -,  sin  a'. 

Vol.  IL  12  1% 
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It  hence  appears  tbatar  is  of  the  second  order,  with  respect 

to -and-;  and  of  course  that  the  resalt  is  exact  to  quan- 

r       r 
titles  within  the  fourth  order.    Therefore,  because  a=a  +a;, 

But,  by  prob.  2  rule  2,  Mensuration  of  Planes  ^hc  sin  a'  is  the 
area  of  the  rectilinear  triangle,  whose  sides  are  c^,  6,  and  c. 

Therefore  a  =  a  +  —^ ; 
,  area 


.VI     1     .  ^          area 
In  like  *   B'=^B 1^. 

manner  i 


3r2 
area 


,  area 

AndA'  +  B+c'  =  J80<'=A  +  B+c-  — . 

Wherice,  since  the  spherical  excess  is-?  measure  of  the  area 
(th.  5  ch.iy),  we  hare  this  theorem:  VIZ. 

^  spherical  triangli  being  proposed,  of  which  the  sides  are 
very  mall,  compared  with  the  radius  of  the  sphere;  if  from 
each  of  its  angles  one  third  of  the  excess  of  the  sum  of  its  three 
angles  above  two  right  angles  be  subtracted,  the  angles  so  dim- 
nishedmay  be  taken  for  the  angles  of  a  rectilinear  triangle  whose 
aide  are  equal  in  length  to  those  of  the  proposed  spherical  trian- 
gle.* 

Scholium. 

We  have  already  given,  at  th.  5  chap,  iv,  expressions  for 
finding  the  spherical  excess,  in  the  two  cases,  where  two  sides 
and  the  included  angle  of  a  triangle  are  known,  and  wher^ 
the  three  sides  are  known.  A  few  additional  rules  may  with 
propriety  be  presented  here.  ^  4.  t,„  +i>« 

1:  The  spherical  excess  e,  may  be  found  in  seconds,  by  the 

cxpressionE=  — ;  where  s  is  the  surface  of  the  triangle 

sin  B  .  sin  c 
rs  |5c  .  sin  A  =  iab  .  sin  c  -  ^ac  .  sin  b.=  ia^ .  ^j^jj;:^. 

This  curious  theorem  was  first  announced  by  M.  Legendre,  in  the  Memoirs  rf 
&e  S  Wemy,  for  1787.  L^endre's  inve,tigaf  on  ,s  f.="^?  *^fS°«  ^^^^ 
above :  a  shorter  tavestigaUon  is  given  by  Swanberg.at  p.  40,  of  his  "^f^°'' 
Xop^rations  faites  en  Lapponie ;"  but  it  is  defective  m  point  of  perspicm^- 
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r  is  tb^radiusx>f  the  eaFttij  itt  the  same  measures  as  Cj  6^  and  c, 
and  r"=206^64"*8,  the  seconds  in  an  arc  equal  in  length  to 
the  radius. 
If  this  formula  he  applied  lo^rithmetiea%  f  then  log  i^= 

®  arc  1'     ': 

2.  From  the  logarithm  ^f  the  atea  of  the  triangle,  take^ 
as  a  plane  one,  in  feet^  subtract  the  constant  log.  9-52^7737 
then  the  remainder  is  the  logarithm  of  the  excess  above  ISC'* 
in  seconds  nearly*. 

3.  Since  s  =  f^c  .  sin  a,  we  shall  manifestly  have  ii  == 

~  be  .  sin  A.    Hence,  if  from  the  vertical  angle  b  we  demit 

the  perpendicular  BD  upon  the  base  Ac,  dividing  it  into  the 
two  segments  *,  /3,  we  shall  have6=i6-f-i8, 

and  thence  E  ==  ~-~  <?(«+^)  sin  A  ===  -^ 

sin  A  '^—  /3c  .  sin  a;     But  the  two  rights 

angled  triangles  abd,  gbd,  being  nearly 
rectilinear,  give  « ===£fc  .cos  c,  and /3====  c  . 
cos  A  ;  whence  we  have 

E=-— ae  ,  Sin  A  .  cos  c  ^ --- c^  .  sjn  a  .  c;os  a. 
'2r3-  ■  \^r^  -■:  ••■■.        ■ 

In  like  manner,  the  triangle  abcj  which  itself  is  so  small  as  to 
differ  but  little  from  a  plane  triangle,  gives  c  .  sin  A=a  .  sin  c. 
Also,  sin  A  .  cos  A=^sin  2a,  and  sin  c  .  cos  c  =  i  sin  2c 
(equa.  XV.  ch.  iii).     Therefore,  finally, 
'    ■     ■"'--    .n""''  "■    t^'        ■       ■- 

E  == -— a2  .  sin  2c  4- -: — c^  .  sin  2a. 
4r*  4r2 

From  this  theorem  a  table  may  be  formed,  from  which  the 
spherical  excess  may  be  found  ;  entering  the  table  with  each 
of  the  sides  above  the  base  and  its  adjacept  angle,  as  argu-^ 
^ments-  ;•■;.     •;,.  , -.;• -■.^-■"' ""  V; 

4.  If  the  base  i>  and  height  &,  of  the  triangle  are  given, 

then  we  have  evidently  e  =  |6A  --^ .    Hence  results  the  fol- 

io^wing  simple  logarithmic  rule  :  Add  the  logarithm  of  the  base 
of  the  triangle,  taken  in  feet,  to  the  logarithm  of  the  perpen- 
dicular, taken  in  the  same  measure  ;  deduct  from  the  sum  the 
logarithm  9-6278037  ;  the  remainder  will  be  the  common  la- 
garithin  of  the  spherical  excess  in  seconds  and  decimals. 

*  This  is  General  Roy^s  rule  given  in  the  Philosophical  Transactions,  for  1790, 
pa.  171;--  "■  •-     • 

5.  Lastly, 
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^  ^♦Lastly,  wben  the  three  side«  of  the  triangle  are^vcn  in 
|ei^t  I  add  to  the  logarithm  of  half  their  sam^  the  logs,  of  the 
tliree  differences  of  those  s^des  and  that  half  sum,  divide  the 
total  of  these  4  logs,  by  2,  and  from  the  quotient  subtract  the 
log.  9'3267737  ;  the  remainder  will  be  the  logarithm  of  the 
spherical  excess  in  seconds  &c.  as  before. 

One  or  other  of  these  rules  will  apply  to  all  cases,  in  whieli 
the  spjb^erical  jexcess  will  be  rec^^ 

^'^■■^^■.\."v-:  ■'" "  '  ;piOBLEMlX.  " 

Given  the  Measure  of  a  Base  on  any  Elevated  Level ;  to  find 
its  Measure  when  Reduced  to  the  Level  of  the  Sea, 

Let  r  represent  the  radius  of  the  earthy  or  the  distance 
from  its  centre  to  the  surface  of  the  sea,  r-f-fe  the  radius  re- 
ferred to  the  level  of  the  base  measured,  the  altitude  A  being 
determined  by  the  rule  for  the  measurement  of  such  altitudes 
fey  the  baronieter  and  thermometer,  (in  thi^.  volume)  ;  let  b 
be  the  lengtli  of  the  base  measured  at  the  elevatioh  fe,  and  6 
that  of  the  base  referred  to  the  level  of  the  sea. 
Then  because  the  measured  base  is  all  along  re- 
duced to  the  horizontal  pliaue,  the  twOj  b  andi^, 
will  be  concentric  and  similar  arcs,  to  the  re?- 
spectiye  radii  r-{-;A,. and  r.  Therefore,  since  si- 
milar arcs,  whether  of  sphejp«s  or  spheroids,  are 
as  their  radii  of  curTatu^^v"^^  t^^T^ 

•V  ■ .;  •      ./  -       ■.. .,    ,  r+h    .-:-^;  .  „  ■ 

Hence,  also  b— 6  =  b  —--—--==:-—-  ;  or,  by  actually  dividiBg 
B^  by  r+^i,  we  shall  have 

Which  is  aaaccMra^e  expression  for  the  excess  of  b  above  I.. 
But  the  mean  radius  qf  the  earth  being  more  than  21  mil- 
lion feet,  if  i^  tlie  difference  of  level  were  60  feet,  the  second 
^nd  all  succeeding  terms  of  the  series  could  never  exceed  the 
fraction ^^^^^J^^^^o^^  ;  and  may'therefore  safely  be  neglect- 
ed :  so  that  for  all  practical  purposes  we  may  assume  b  — & 

-.  Bh  '"     '  -'■    ■■■  -    " 
=?=-^,    Or,  in  logarithms,  add  the  logarithm  of  the  measured 

base  iu  feet,  to  the  logarithm  of  its  height  above  the  level  of 
the  sea,  subtract  from  the  §um  the  logarithm  7*3223947,  the 
remainder  will  be  the  logarithm  of  a  niimber,  which  taken 
from  the  measured  base  will  leave  the  reduced  base  required. 
^  .      .    .^  PROBLEM 
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PKOBLEMX. 
To  detennine  the  Horizontal  Refraction. 

1,  Particles  of  light>  in  passing  from  any  object  through 
the  atmospherej^  or  part  of  it,  to  the  eye,  do  not  proceed  in 
a  right  line;  but  the  atmosphere  being  composed  of  an  iniini- 
tute  of  strata  (if  we  may  so  call  them)  whose  density  increases 
as  they  are  posited  nearer  the  earth,  the  luminous  rays  which 
pass,  through  it  are  acted  on  as  if  they  passed  successively 
through  media  of  increasing  density,  and  are  therefore  in- 
flected more  and  more  towards  the  earth  as  the  density  aug- 
ments. In  consequence  of  this  it  is^  that  rays  from  objects, 
whether  celestial  or  terrestrial »  proceed  in  curves  which  are 
concctTye  towards  the  earth  ;  and  thus  it  happens,  since  the  eye 
always  refers  the  place  of  objects  to  the  direction  in  which  the 
raj'^s  reach  the  eye,  that  is,  to  the  direction  of  the  tangent  to 
the  curve  at  that  points  that  the  apparent,  or  observed  eleva- 
tions of  objects,  are  always  ^reafer  than  the  true  ones.  The 
difference  pf  these  elevations,  which  is,  in  fact,  the  eff^ect  of 
refraction,  is.  for  the  sake  of  brevity,  cdlled  refraction :  and  it 
is  distinguished  into  two  kinds,  hdrizonidl  or  terrestrial TefrsLC-^ 
tion,  being  that  which  affects  the  a,ltitudes  of  hills,  tpwers, 
^nd  other  objects  on  the  earth's  surface  ;  and  astronomical  re- 
fraction, or  that  which  is  observed  with  regard  to  the  altitudes 
of  the  heavenly  bodies.  Refraction  is  found  to  vary  with  the 
?Btate  of  the  atmosphere,  in  regard  to  heat  or  cold,  humidity 
or  dryness,  &c.  :  so  that,  determipations  obtained  for  one  state 
of  the  atmosphere,  will  not  answer  correctly  for  another, 
without  modification.  Tables  conamonly  exhibit  the  refractioa 
at  different  altitudes,  for  some  assumed  mean  state. 

2.  With  regard  to  the  horizontal  refraction  the  following 
method  of  determining  it  has  been  successfully  practised  in 
the  English  Trigonometrieal  Survey. 

Let  A,  a',  be  two  ejeyated  stations  on 
the  surface  of  the  earth,  bd  the  inter- 
cepted arc  of  the  earth's  surface,  c  the 
earth's  centre,  ah',  a'h,  the  horizontal 
lines  at  a,  a',  produced  to  meet  the  op- 
posite vertical  lines  cn\  ch.  Let  a,  a\ 
represent  the  apparent  places  of  the 
objeicts  A,  a',  then  is  aW  the  refraction  Q 

observed  at  a,  and  (Xa'a  the  refraction  observed  at  a';  and  half 
the  sum  of  those  angles  will  be  the  horizontal  refraction,  if 
we  assume  it  equal  at  each  statiop. 

Now^  an  instruntient  being  placed  at  each  of  the  stations  a, 
a',  the  reciprocal  observations  are  made  at  the  same  instant 
\  '-■  .of- 
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iftimev  whieM  is  deteitninea  by  means  of  signals  or  watches 
0t|vi6usly  regulated  ibr  that  purpose  ;  that  k,  the  observer 
at  i  takes  the  apparent  depression  of  a'j  at  the  same  moment 
that  the  other  observer  takes  the  apparent  depression  of  a, 

lu  the  quadrilaterai  aca^,  the  two  angle|  a,  a^  are  right 
angles v^nd  therefore  the  angles  i  and  care  together  e<|ual  to 
two  right  angles :  but  ftie  three  angles  of  the  triangle  iaa' 
are  together  equal  to  two  right  anglesi  and  c^naequently  the 
an^es  a  and^A'  are  together  equal  to  the  angle  c,  which  i^ 
measured  by  the  arc  bi>.  If  therefore  the  sum  of  the  two 
depressions  liA'a,  UAof  be  taken  from  the  sum  of  the  angles 
ha'ah'aa'^  or,  which  is  equivalent,  from  liie  angle  c  (which,  is 
known^  because  its  roeasure  bd  is  known)  ;  the  remainder  is 
the  sum  of  both  refractions,  or  angles  (Xa'a^  a'AA'^  Hence  this 
rule,  iake^eskm  of  the  tmb  depremonsfrbm^ha!^^ 
intercepted  terrestrial  arc,  half  the  remmnder  is  the  refraction, 

3.  If;  by  reason  <rf  the  minutenessof  the  contained  arc  bd, 
one  of  the  objects,  instead  of  betngdepr^Bssed,  appears  ele- 
vatedv  as  suppose  a'  to^  a!' :  then  tfce  sum;of  the  angles  a/  aa. 
and  ttA'A  wm  be  greater  than  the  sum  iaa -J^ia^a,  or  than  c,  by 
the  angle  of  elevation  a^  A  a'  ;  but  if  from  the  ibrmer  sum  there 
be  taken  the  depression- ha'a,  there  will  remain  the  sum  of 
the  two  refractions.  So  that  in  this  case  the  rule  becomes  as 
follows  :  take  the  depresmn  from  the  sm^^ 
andd&oaiioni  half  ihei  remainder  id  the  refraeiion^         -       _ 

5;  The  qustntity  of  this  terrestml  refractr^^  is  estmiated 
by  Dr.  Maskelyne  atorie^tenth  of  the  distance  of  the  o^ect 
observed  expressed  in  degrees  of  a  great  circle^  So,  if  the 
distance  be  10000  ifathoms,  its  10th  part  1000  fathomsy  is  th^  60 
part  of  a  degrW  of  a  great  circle  oiTthe  earth,  or  1  ^  which 
therefore  is  the  refraction  in  the  altitude  of  the  object  at  that 
oistatice'  -  '  '  '  .,'■-'.. 

But  M  Legendre  Is,  induced,  he  says,  by  several  experi. 
Bients,  to  allow  only  ^<^h  pat-t  of  the  distance  for  the  jD^rac;^ 
tion  in  altitude.  So  that,  dtt  the  distance  of  10000  fathoms 
the  I4th  part  of  which  is  7 14  fathoms,  he  alio ws;  only  44  ^f 
terrestrial  refraction ,  so  many  being  contained  in  tb^  714  fa- 
thoms.    See  his  Memoir  concerning  the  TrigdnOmetrioal  ope- 

rations,  &c.  \^        r    \l 

^Again,  M.   Delambre,  an  ingemotis  French   astronomer, 

makes  the  quantity  of  the  terrestrial  refraction  to  be  the  llth 

part  of  the  arch  of  distance.     But  the  English  measurers, 

especially^  CoL  Mudge,  from  a  miultit^^ 

tions;  determiim  the  quantiij^^f  ^e  inediumrefr^ction,  to  be 

the  12th  parfbf  the  siid  distance. 

The  quantity  of  this  refraction,  however,  is  found  to  vary 
^         ^    ,  -       coa- 
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considerably,  with  the  different  states  of  the  weather  and  at- 
mosphere, from  the  |th  tothe  Jg^h  part  of  the  contained  are* 
S^e  Trigonometrical  Survey ,  toI.  1  pa.  1 60,  356. 

Scholium.       ; 

Having  given  the  mean  results  of  observiations  on  the  ter- 
regtrial  refraction,,  it  may  not  be  amiss,  though  we  cannot  en- 
ter at  large  into  the  investigation/to  present  here  a  correct 
table  of  naean  astronomical  refractions.  The  table  which  has 
been  most  commonly  given  in  books  of  astronomy  is  Dr.  Brad- 
ley'?, computed  from  the  rule  r=57''X  cot  («  +  3r),  where 
a  is  the  altij^de^  r  the  refraction,  and  r=2'35'-  when  d^2Q^, 
But  it  has  teen  found  by  ouinerous  6)3servati6ns  that  the  re- 
fractions thtisconiputed  are  rather  too  5ma/Z.--^  in  % 
M^anique  Cdeste  (tome  iv  pa.  i?7)deducesaiferinula  which 
is  strictly  similar  to  Bradley'^^  is  r=:rnXtm\z ^ht^, 
where  i  is  the  zenith  distance,  and  wt  and  n  are  two  constant 
qoaatities  to  be  The  only  ad- 
ya^tage of  the  formula  given  by  the  iFrench  philosopher;  oyer 
that  given  by  the  En|^i^  astronomer,  is  t  and  his 
coUeagues  haye  found  more  correct  coefficieiits  than  Br&dlev 

h^.  ..'\.-.'  ",.■■■  :  '  •..,■■  ■-■■■  •     ■;  ^■: ::-''■       -  ^ 

Now,  if  R^St^^SfSmSB,  the  arc  equal  to  th^  radius,  if  w^ 
make  wi  =  -~-,  (where  &  is  a  constant  coefficient  which,  as  well 
as  »y  is  an  abstract  number,)  the  preceding  equation  will  be- 

flT  ■■'■■■   "  '"  ■ 

come  -~  ~  kx  tm  {z-^nr).    Here,  as  the  refraction  r  is  al« 

wajs  very  small,  as  well  as  the  correction  nr,  the  trigonome» 

tricdl  tangent  of  the  arc  nr  may  be  substituted  for  ^  •  thm 

we  shall  have  tan  nr=fe  .  tan  (z— nr). 

But  nr^^z^i^z-nr)  .  ,  .  .  ;3-  nr=|2+(i«^nr)  ; 


^z      ;?-< 


Cohseq.  -Jgl^^:  ^      '^  ^  ^sih^^sin(^^£nr);^ 

tian(f— nr)  z    jg--gwr    sin^8in(z-2;»r) 

Hence,  sin  (-?—^nr)= -~^,  sin  vz. 

This  formula  is  easy  to  use,  when  the  co-efficients  »  and~r 

;  .  .  -■  ■'1+^- 

are  kBOwn :  and  it  has  been  ascertained,  by  a  mean  of  many 
observations,  t^at  these  are  4  and  -OSres 1 75  respectively. 
Thus  Laplace's  equatiQtibecoHies 

'sin 
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-  sin  (2— 8r)/=T99765l75sin  J?  : 
aad  from  this  the  following  taible  ha^  been  computed.  Besides 
the  refractions,  the  differenciBS  of  refraction,  for  erery  10 
minutes  of  altitude,  are  given  ;  an  addition  which  m\l  render 
the  table  more  extensively  useful  in  all  cases  where  great  ac> 
curacy  is  required. 

Table  of  Refractions. 

Baf,om.29  92  inch.  Fah.  Tkermom,  54^. 


Alt. 

D    M 

Refrac. 

Diff. 
on  10 

Alt. 
apPv 

Refr. 

Biflf. 
10'. 

Alt. 
app. 

D. 

Refr. 

Diif. 
10\^ 

Alt. 
app. 

Re£ 

Dm. 

10'. 

M.    S. 

'    s. 

p.ii. 

M.    S. 

s. 

M.    S.     . 

;  s. 

s., 

0^5 

0    0 

33  46-3 

112.0 

7    0 

7  24-8 

9-5  ■ 

14 

3  49-8 

2'58 

56 

39-3 

0-24 

10 

31  54*3 

1050 

10 

7  15-3 

9-6 

15 

3  34*3 

2*28 

57 

37-8 

0-24 

20 

30    9-3 

97-3 

20 

7    6-3 

8-6 

16 

3  20-6 

2*02 

58 

36-4 

.0-23 

30 

28  321 

89*8 

30 

6  57-7 

;8-i 

17 

3     8*5 

1-82 

59 

35-0 

0-22 

40 

27    2-2 

83-6 

:  40 

6  49'6 

.7:7 

18 

2  BTQ 

m 

60 

33^6 

0-22 

50 

25  38-6 

77-4 

50 

6.41-9 

7-5 

19 

2  47*7 

r48 

61 

32'3 

0-21 

1     0 

24  21-2 

76-6 

8    0 

6  34-4 

crs^ 

20 

2  38:a; 

1-37 

62 

31-0 

0*21 

10 

23    9-6 

66-2 

10 

6  2ri 

7'i 

)2t 

2  30*6 

1-24 

63. 

29-7 

0-20 

20 

22    3-4 

6JI-5 

20 

6  20*6 

;6-9 

25 

2^3-2 

ill 

64 

28-4 

0-20 

30 

21     1-9 

571 

38 

6  13-1 

6-7 

,23 

2  1^*5 

1-05 

65  , 

27-2 

0-20 

40 

20    4:8 

53-3 

4K) 

6    6-4 

6-5 

24- 

2  10-2 

0?98 

66 

25-9 

0^0 

•    50 

19  11*5 

49-3 

50 

5  59'9 

6-3 

35 

2     4*3 

0-90 

67 

24-7 

b'20 

2    0 

18  22-2 

45-9 

9    0 

^53*6 

6-2 

26  . 

1   58'9 

0-83 

68 

23-5 

0-20 

to 

17  36-3 

43U 

10 

5  4r4 

5-9 

27 

1  53*9 

6*78 

69 

2f2-4 

0-20 

20 

16  53-2 

39'8 

20 

5  4l-5 

S'7 

.28 

1  49-2 

0-73 

70 

21^2 

>0rl9 

30 

16  i3'4 

37-4 

SO 

5  35-8 

5-5 

•29 

1  44*8 

0-70 

71 

2^-0 

0-18^ 

40 

15  36-0 

351 

40 

5  30-3 

5-3 

SO 

1  4b'6 

0-65 

-  72 

18-9 

0-18 

50 

15    0-9 
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PROBLEM  XIo 
To  fi»d  the  Angle  made  by  a  giyen  Lin*  witbtke  Meridian. 

1.  The  easiest  njethod  of  finding  the  angular  distance  of  a 
giyen  line  from  the  meridian,  is  to  measure  the  greatest  and 
^he  least  angular  distance  of  the  vertical  plane  in  which  is  the 
star  marked  a  in  Ursa  minor  (commonly  called  the  pole  star), 
from  the  said  line :  for  half  the  sum  of  these  t^p  measureis 
l^ill  manifestly  be  the  angle  required. 

2.  Another  method  is  to  observe  when  the  sun  is  on  the 
given  Une  ;  to  n^easure  the  altitude  of  his  centre  at  that  time, 
and  correct  it  for  refraction  and  parallax.  Then,  in  the  sphe- 
rical triangle  zps,  where  z  is  the  zenith  ^ 

of  the  place  of  observation,  p  the  ele-  /'^^^''-^v^ 

vated  pole^  and  s  the  c^enjtre  of  the  sun,        /    ^ ^^ 

there  are  supposed  given  zs  the  zenith      ry""^^^'^^ 
distance,  gor  co-altitud,e  of  the  sun,  ps  W^'^^ 
the  co-declihation  of  that  luminary,  pz 
rte  co-latitude  ^i  the  place  of  observation,  and  zps  the  hour 
aligle,  measured  at  the  rate  pf  \%?  to  an  hour,  to  find  the  an- 
gle szp  between  the  meridian  pz  and  the  vertical  zs,  on  whic^ 
the  sun  is  at  the  given  time;    And  here,  as  three  sides  and  one 
angle  are*known/the  required  angle  is  readily  found,  by  say- 
ing, as  sine  zs  :  sine  zps  :  •  sine  ps  :  sine  pzs  ;  that  is,  as  the 
cosine  of  the  sun's  altitude,  is  to  the  sine  of  the  hour  angle 
from  noon  ;  so  is  the  cosine  of  the  sun's  declination,  to  the 
sine  of  the  angle  naade  by  the  given  vertical  and  the  meri- 
dian. 

NoU,  Many  other  methods  are  given  in  books  mi  AstronOf 
my  ;  but  the  above  are  sufficient  for  our  present  purpose. 
The  first  is  independent  of  the  latitude  of  the  place  ;  the  se- 
cond requires  it. 

PROBLEM  XIL 

To  find  the  latitude  of  a  Place. 

The  latitude  of  a  place  niay  be  found  by  observing  the 
greatest  and  least  altitude  of  a  circuoipolar  star,  and  then  ap- 
plying to  each  the  correction  for  refraction  ;  So  shall  half  the 
sum  of  the  altitudes,  thus  corrected,  be  the  altitude  of,  the 
pole,  or  the  latitude^ 
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For,  if  p  be  the  elevated  pole,  st 
the  circle  described  by  the  star,  pr 
=  Ez  the  latitude  :  then  since  ps  = 
Pi,  PR  must  be  =  ^  (r^+rs). 

This  method  is  obviously  indepen- 
dent of  the  declination  of  the  star  : 
it  is  therefore  most  commonly  adopt- 
ed in  trigonometrical  surveys,  in 
which  the  telescopes  employed  are 
of  such  power  as  to  enable  the  observer  to  see  stars  in  the 
day-time  :  the  pole-star  being  here  also  made  use  of. 

Numerous  other  methods  of  solving  this  problem  likewise 
are  given  in  books  of  Astronomy  ;  but  they  need  not  be  de- 
tailed here. 

CoroL  If  the  mean  altitude  of  a  circumpolar  star  be  thns 
measured,  at  the  two  extremities  of  any  arc  of  a  meridian,  the 
difference  of  the  altitudes  will  be  the  measure  of  that  arc  : 
and  if  it  be  a  small  arc,  one  for  example  not  exceeding  a  de- 
gree of  the  terrestrial  meridian,  since  such  small  arcs  differ 
extremely  little  from  arcs  of  the  circle  of  curvature  at  their 
middle  points,  we  may,  by  a  simple  proportion,  infer  the 
length  of  a  degree  whose  middle  point  is  the  middle  of  thit 
arc.  ^ 

Scholmm,  ^' 

Though  it  is  not  consistent  with  the  purpose  of%is  chap- 
ter to  enter  largely  into  the  doctrine  of  astronomical  spherical 
problems  ;  Jr et  it  may  be  here  added,  for  the  sake  of  the  young 
student  that  if  a  =  right  ascension,  d  =declination,J  =  la- 
titude, A  =  longitude,!?  =  angle  of  position  (or,  the  angle  at 
a  heavenly  body  .formed  by  two  great  circles,  one  passing 
through  the  pole  of  the  equator  and  the  other  through  the 
pole  of  the  ecliptic),  *  =  inclination  or  obliquity  of  the  eclip- 
tic, then  the  following  equations,  most  of  which  are  new,  ob- 
tain generally,  for  all  the  stars  and  heavenly  bodies. 

1.  tan  a  =  tan  A  .  cos  i— tan  I  .  sec  a  .  sin  i. 

2.  sin  d  ==  sin  A  .  cos  Z  .  sin  i-(-sin  A  .  cos  u 

3.  tan  A  =  sin  i  .  tan  d  .  sec  a+tan  a  .  cos  i, 

4.  sin  I  =  sin  d  .  cos  i^sin  a  .  cos  d  .  sin  i, 

5.  cotan  p  =  cos  d .  sec  a  .  cot  ^+sin  d  .  tan  a. 

6.  cotan/?  =  cos  / .  sec  A  .  cot  f— sin  /  .  tan  A. 

7.  cos  a  »■  cos  d  ==  cos  I  .  cos  A. 

8.  sin  p  .  cos  d  =  sin  i  ,  cos  A. 

9.  sin  p  .  *cos  A  =  sin  i  .  cos  a, 

10.  tan  a=  tan  A  .  cos  i.}  when  Z=0,  as  is  always  the  case 

11.  cos  A=  cos  a  .  cos  d,  \  with  the  sun. 

The 
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The  investigation  of  these  equations,  which  is  omitted  for 
the  sake  of  brevity,  depends  on  the  resolution  of  the  spheri- 
cal triangle  whose  angles  are  at  the  poles  of  the  ecliptic  and 
equator,  and  the  given  star,  or  luminary. 

PROBLEM  XIII. 

To  determine  the  Ratio  of  the  Earth's  Axes,  and  their  Actual 
Magnitude,  from  the  Measure  of  a  Degree  or  Smaller  Por- 
tion of  a  Meridian  in  Two  Given  Latitudes  ;  the  earth  being 
supposed  a  spheroid  generated  by  the  rotation  of  aii  ellipse 
upon  its  minor  axis. 
Let  ADBE  represent  a  meridian 
of  the  earth,  de  its  minor  axis, 
AB  a  diameter  of  the  equator,  m, 
w,  arcs  of  the  same  number  of  de- 
grees, or  the  same  parts  of  a  de- 
gree, of  which  the  lengths  are 
measured,  and  which  are  so  small, 
compared  with  the  magnitude  of 
the  earth,  that  they  may  be  considered  as  coinciding  with  arcs 
of  the  osGulatory  circles  at  their  respective  middle  points  ;  let 
MO,  mo,  the  radii  of  curvature  of  those  middle  points,  be  =  r 
and  r  respectively  ;  mp,  mp^  ordinates  perpendicular  to  ab  : 
suppose  further  cd=c,  cB=d  ;  d^—c^  =e^  cp=x  ]  cp=u  ; 
the  radius  or  sine  total  =  1  ;  the  known  angle  bsm,  or  the  lati- 
tude of  the  middle  point  m,  =  l  )  the  known  angle  Bsm,  or  the 
latitude  of  the  point  r/i,  ==/ ;  the  measured  lengths  of  the  arcs 
M  and  m  being  denoted  by  those  letters  respectively. 

Now  the  similar  sectors  whose  arcs  iare  m,  m,  and  radii  of 
curvature  r,  r,  ^ive  r  :  r  : :  m  :  an ;  and  consequently  Rm=t*M. 
The  central  equation  to  the  ellipse  investigated  at  p.  633  of 

c  c 

volume  first  gives  pm  =  -^^  (c^s  —372)  .  ^^^    ^  ^cia  —  «3)  ; 

also  sp  =  — - ;  sp=^-j~  {by  ih.  17  Ellipse).     And  the  method 

of  finding  the  radius  of  curvature  (Flux.  art.  74,  76),  applied 
to  the  central  equations  above,  gives 

{d4^e^x^f  -  {d^-e^u^)^    .      .        .       ,      ^ 

R  =  ^ :r ^—  :  and  r  =  ^ -, -^-.  On  the  other  hand, 

d^  c  d^c 

the   triangle    spm   gives    sp  :  pm  :  :  cos  l  :  sin  l  ;  that  is, 

c^x     c     '     ,  .  .  ,  d^cos^i. 

-j~~  :  -^</  (a2  —  ^2 )  : :  cos  l  :  sm  l  ;  whence x^  =  -, „  .     -  . 

d^      d^   ^  /  a^— e^sm^L 

d^  cos**  Z 
And  from  a  like  process  there  results,  u^  =-^ „    .  ,  > 

Sub- 
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Substituting  in  the  eqaatidn  Rni  =  rsi^  for  r,  and  r  Iheir  vsi- 
lues,  for je^  and  «*  their  values  just  foundv  and  observing  thai 
Mn3  L  +  cos3  t  =  1>  and  Bin^  I  +  cos^  Z  =  i ,  #e  ^hall  find 

m  M 

(c^2_e2sin2L)2        (cZ2-.    C3   siQS    J2 

or  W  (d2 --^SglnS  /^2   —  ji  (^3   _  e2  giji2  l)3^ 

.2  ■  '  ^  ■       5. 

or  m3(d!2 — c2  gin«  /)  =  ms  (d^  —es  gins  l>|. 
From  this  there  arises  es  ==  e?2  _t2  (^y  ijyp.)  = 
(^2  (mT  —  ,„f  .         c2      ^     d^-ca 

•X~^ F—     ^"^'5^==^— ~-SF-^' 

M^sins  t— m^sin^/ 

and  consequently  the  Reciprocal  of  this  fraction,  or 
^         -^  .  ^  .  ,  X  .  i      .        i  1 

<Z2^M3sm2L--m3sin2/  _(M3siDL4yn^sin!)  ,  (M3sinL~m  '-^  sin  I) 

^^—  ""J      T^-  £^  Y     ^^  1_  T  ~J      ^ 

'       «*3c6s2  Z-M^cbs^L      (mScosZ+M^cpsL)  .  (m^cosZ-M^cos  fc 
Whence,  by  extracting  the  root,  there  results  finally 

^_     (^^  ^^'^  L+m^  sin  Z)  .  (m^  sin  l— w^  sin  I) 

(m^cos  Z+M^C0s  l)  -  (m^cos  Z— m3  COS  l) 
This  expression,  which  is  simple  and  symmetrical ,  has  been 
obtained  without  any  ddvelopement  into  series^  without  any 
Omission  of  terins  on  the  supposition  that  they  are  indefinitely 
small,  dr  any  possible  detiationfroni  correctness,  except  what 
inay  arise  from  the  want  of  coincidence  of  the  circle  of  cur- 
vature at  the  middle  points  df  the  arc$  measured,  with  the  arcs 
themselves  ;  and  this  sdurce  of  error  may  be  diminished  at 
pleasure,  by  diminishifag  the  magnitude  of  the  arcs  measured  : 
though  it  must  be  acknowledged  that  such  a  procedure  may 
give  rise  to  errors  in  the  practice,  which  may  mdre  than  coun- 
terbalance the  small  one  to  which  we  have  just  adverted. 

Cor,  Knowing  the  number  of  degrees,  or  the  parts  of  de- 
grees, in  the  measured  arcs  ii,  m,  and  their  lengths,  which 
are  here  regarded  as  the  lengths  of  arcs  to  the  circles  which 
have  n,  r,  for  radii  j  those  radii  evidently  become  known  ih 
magnitude.  At  the  same  time  there  are  given  the  algebraic 
values  of  r  and  r  ;  thus,  taking  r  for  example,  and  exterminat- 

ing  <22  and  x^^  there  results  R  = — ^.  There= 

(cZ2~e3)sin2  l)2 
fore,  by  putting  in  this  equation  the  known  ratio  of  d  to  c^ 
there  will  remain  only  one  unknown  quantity  d  or  c,  which 
inay  of  course  be  easily  determined  by  the  reduction  of  th6 
ia^t  equation  ;  and  thus  all  the  dimensions  of  the  terrestrial j 
Ipherdid  will  become  known; 

Getierdl 
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General  Scholium  and  Remarks. 

i.  The  value-—  1,  ==— ; — ^  is  called  the  compression  of  the 
terrestrial  Spheroid,  and  it  manifestlj  hecomes  known  when 
the  ratio  ~  is  determined:  But  the  measurements  of  philoso- 
phers, however  carefully  conducted,  furnish  resulting  com- 
pressions, in  which  the  discrepancies  are  much  greater  than 
might  be  wished.  General  Roy  has  recorded  several  of  these 
in  the  Phil.  Trans,  vol.  77,  and  later  measurers  have  deduced 
others.  Thus,  the  degree  measured  at  the  equator  hy  Bou- 
guer,  compared  with  that  of  France  measured  by  Mechain 

and  Delambre,  gives  for  the  compression  —--^  also  ^^=327 1208 

toises,  c==3261443  toises,  «Z— c=9765  toises.  General  Roy's 
sixth  spheroid,  from  the  degrees  at  the  equator  and  in  latitude 

45^,  gives  ^-^.     Mir.  Dalby  makes  iZ  =^34891)32  fathoms, 

&=;^3473656.  Col-  Mudgd  c?==349l420,  c==3468007,  or  7935 
and  7882  miles.  The  degree  measured  at  Qjaito/ compared 
With  that  measured  in  Lapland  by  Swanbei^g,  gives  compres- 
sion =  -^ttq^^     Swanberg's  observations, coihpared  with Bou- 

guer's  give      ^      .     Swanberg's  compared  with  the  degree  of 

t)elambre  and  Mechaiti -—-—-.  Compared  with  Majoi*  Lamb 
307'4 

ton's  degree    ^^>  ^^  A  minimum  of  effors  in  Lapland,  France, 

and  Peru  gives    ^      .     Laplace,  from  the  lunar  motions,  finds 

ijompression  =^tt*     From  the  theory  of  gravity  as  applied 

to  the  latest  observation  of  Burg,  Maskelyne,  &^Ci  — — - . 
From  the  variation  of  the  pendulum  in  different  latitudes 
,T^~T-*i     Dr.  Robinson,  assuming  the  variation  of  gravity  at 

*  This  number  yg-g^'Yg-  does  not  result  from  the  variation  of  the  pendulum  in 
diiferent  latitudes,  but  is  altogether  erroneous  in  consequence  of  certain  numeri- 
cal mistakes  in  La  Placets  calculations.    Ed. 

.    ji_ 
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YTjrj  makes  the  compression  ~—r.  Others  gire  results  vauj* 
ing  from  Y=^  to  — -  :  but  far  the  greater  nurnber  df  obser- 
vations differ  but  little  from  -r-r-,  which  the  computation  from 

the  phenomena  of  the  precession  of  the  equinoxes  and  the 
nutation  of  the  earth's  axis,  gives  for  the  maximum  limit  of 
the  compression. 

2.  Prom  the  various  results  of  careful  admeasurements  it 
happens,  as  Gen.  Roy  has  remarked,  "that  philosophers  are 
not  yet  agreed  in  opinion  with  regard  to  the  exact  figure  of 
the  earth  ;  some  contending  that  it  has  no  regular  figure,  that 
is,  not  such  as  would  be  generated  by  the  revolution  of  a 
curve  around  its  axis.  Others  have  supposed  it  to  be  an 
ellipsoid  ;  regular,  if  both  polar  sides  should  have  the  same 
degree  of  flatness  ;  but  irregular  if  one  should  be  flatter  than 
the  other.  And  lastly,  some  suppose  it  to  be  a  spheroid  dif- 
fering from  the  ellipsoid,  but  yet  such  as  would  be  fornied  by 
the  revolution  of  a  curve  around  its  axis."  According  to  the 
thepry  of  gravity  however,  the  earth  must  of  necessity  have 
its  axis  approaching  nearly  to  either  the  ratio  of  l;  to  680  or 
303  to  304  ;  and  as  the  former  ratio  obviously  does  not  ob- 
tain, the  figure  of  the  earth  must  he  such  as  to  correspond 
nearly  with  the  latter  ratio. 

3.  Besides  the  method  above  described,  others  have  been 
proposed  for  determining  the  figure  of  the  earth  by  measure- 
ment. Thus  that  figure  might  be  ascertained  by  the  measure- 
ment of  a  degree^in  two  parallels  of  latitude  ;  but  not  so  ac- 
curately as  by  meridional  arcs.  1st.  Because,  when  the  dis- 
tance of  the  two  stations,  in  the  same  parallel  is  measured, 
the  celestial  arc  is  not  that  of  a  parallel  circle,  but  is  nearly 
the  arc  of  a  great  circle,  and  always  exceeds  the  arc  that  cor- 
responds truly  with  the  terrestrial  arc.  2dly,  The  interval 
of  the  meridian's  passing  through  the  two  stations  must  be 
determined  by  a  time- keeper,  a  very  small  error  in  the  going 
of  which  will  produce  a  very  considerable  error  in  the  com- 
putation. Other  methods  which  have  been  proposed,  are,  by 
comparing  a  degree  of  the  meridian  in  any  latitude,  with  a 
degree  of  the  curve  perpendicular  to  the  meridian  in  the  same 
latitude  ;  by  comparing  the  measures  of  degrees  of  the  curves 
perpendicular  to  the  meridian  in  difierent  latitudes ;  and  by 
comparing  an  arc  of  a  meridian  with  an  arc  of  the  parallel  of 
latitude  that  crosses  it.  The  theorems  connected  with  these 
and  some  other  methods  are  investigated  by  Professor  Play- 
fair 
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fair  in  the  Edinburgh  Transactions,  vol.  v,  to  which,  together 
with  the  books  mentioned  at  the  end  of  the  1st  section  of  this 
chapter,  the  reader  is  referred  for  much  useful  informntion 
on  this  highly  interesting  subject. 

Having  thus  solyad  the  chief  problems  connected  with 
Trigonometrical  Surveying,  the  student  is  now  presented  with 
the  following  examples  by  way  of  exercise. 

Ex.  1.     The  angle  subtended  by  two  distant  objects  at  a 
third  objiact  is  66^  30'  39" ;  one  of  those  objects  appeared  un 
der  an  elevation  of  25'  47",  the  other  under  4i  depression  of 
1'/,  Required  the  reduced  horizontal  angle.     Ans.  60^  30'  37  ^ 

Ex,  2.  Going  along  a  straight  and  horizontal  road  which 
passed  by  a  tower.  I  wished  to  find  its  height,  and  for  this 
purpose  measured  two  equal  distances  each  of  84  feet,  and  at 
the  extremities  of  those  distances  took  three  angles  of  eleva- 
tion of  the  top  of  the  tower,  ?iz.  369  50',  21^  W,  and  H*'. 
What  is  the  height  of  the  tower  ?  Ans.  53  96  feet 

Ex.  3.  Investigate  General  Roy's  rule  for  the  spherical  ex- 
cess, given  in  the  scholium  to  prob.  8. 

Ex.  4.  The  three  sides  of  a  triangle  measured  on  the  earth's 
surface  (and  reduced  to  the  level  of  the  sea)  are  17,  18,  and 
10  miles  :  what  is  the  spherical  excess  ? 

Ex.  5.  The  base  and  perpendicular  of  another  triangle  are 
24  and  1 5  miles.     Required  the  spherical  excess. 

Ex.  6/  In  a  triangle  two  sides  are  18  and  23  miles,  and  they 
include  an  angle  of  58*^  24' 36".  What  is  the  spherical  excess  ? 
.:■,:■  Ex,-  7.  The  length  of  a  base  measured  at  an  elevation  of  38 
feet  above  the  levej  of  the  sea  is  34286  feet :  required  the 
length  when  reduced  to  that  level. 

Ex.  8.  Given  the  latitude  of  a  place  48^  51'n  the  sun's 
declination  18^  30'n,  and  the  sun's  altitude  at  10^  11"^  26s  am, 
52*^35' ,•  to  find  the  angle  that  the  vertical  on  which  the  suniS; 
makes  with  the  meridian. 

Ex.  9.  When  the  sun's  longitude  is  29^  13' 43'',  what  is  his 
right  ascension  ?  The  obliquity  of  the  elliptic  being  23^  27^*  40"'» 

Ex.  10.  Required  the  longitude  of  the  sun,  when  his  right 
ascension  and  declination  are  32^  46' 62"  i  and  13^  13'  27".  k 
respectively.     See  the  theorems  in  the  scholium  to  prob.  12. 

Ex.  11.  The  right  ascension  of  the  star  <»  Ursae  majoris  is 
162^'  50' 34-",  and  the  declination  62^  5G'n  :  what  are  the  longi- 
tude arid  latitude  ?  The  obliquity  of  the  ecliptic  being  as  above. 

Ex.  12.  Given  the  measure  of  a  degree  on  the  meridian  ia 
N.  lat.  49^3',  60833  fathoms,  and  of  another  in  n.  lat.  12*^32^ 
60494  fathoms  :  to  find  the  ratio  of  the  earth's  axes. 

Ex,  13.  Demonstrate  that,  if  the  earth's  figure  be  that  of  an 
ebjate  spheroid,  a  degree  of  the  earth's  equator  is  the  first  of 

two 


Hosted  by  Google 


96  POtYGONOMETRY. 

two  meaa  proportionals  between  the  last  and  first  degrees  ef 
latitude^ 

Ex.  1 4.  JDet^onstrate  that  the  degrees  of  the  terrestrial  meri? 
dian,  in  receding  from  the  equator  towards  the  poles,  are  iii» 
creased  very  nearly  in  the  duplicate  ratio  of  the  sine  pf  the  la- 
titude. 

Ex.  15  If  J)  be  the  measure  of  a  degree  of  a  great  circle 
perpeDdicular  to  a  meridian  at  a  certain  point,  m  that  of  the 
corresponding  degree  op  the  meridian  itself,  and  ci  the  length 
of  a  degree  pn  aa  oblique  arc,  that  arc  making  an  angle  a 

with  the  meridian,  then  is  cZ  =     ,   . — — -  ."  ♦  »    •    Required 

a  demonstration  of  this  theorem. 


PRINCIPLES  OF  POLYGONOMETRY. 

The  theorems  and  problems  in  Polygonometry  .bear  an  in- 
timate  connexion  and  close  analogy  to  those  in  plane  trigono- 
metry; and  are  in  great  measure  deducible  from  the  same 
common  principles,     Each  comprises  three  general  cases. 

1.  A  triangle  is  determined  by  means  of  two  sides  and  aa 
angle  ;  or,  which  amounts  to  the  same,  by  Its  sides  except 
one,  and  its  angles  except  two.  In  like  manner,  any  rectili- 
near polygon  is  determinable  when  all  its  sides  excej)t  one,  and 
all  its  angles  except  two s  are  known.  ^ 

2.  A  triangle  is  determined  by  one  side  and  two  angles .; 
that  is  j  by  its  sides  except  two,  and  all  its  angles^  Sx)  likewise, 
any  riectilinear  figure  is  determinable  when  ail  its  sides  except 
two,  and  all  its  angles,  are  known.        • 

3.  A  triangle  is  determinable  by  its  three  sides ;  that  is 
when  all  its  sides  are  known  and  all  its  angles,  but  three.  In 
like  manner,  any  rectilinear  figure  is  determinable  by  means 
of  all  Its  sides,  and  all  its  angles  except  three. 

In  each  of  these  cases,  the  three  unknown  quantities  may 
be  deternjined  by  means  of  three  independent  equations  ;  the 
manner  of  deducing  which  may  be  easilj/  ei^plained,  after  the 
following  theorems  are  duly  understood. 

THEOREM  I. 
In  Any  polygon,  any  One  Side  is  Equal  to  the  Sum  of  all 
The  Rectangles  of  Each  of  the  Other  Sides  drawn  into  the 
Cosine  of  the  Angle  made  by  that  Side  and  the  Proposed 
Side*.  '  ■ 

*  This  theorem  and  the  following  one,  were  announced  by  Mr.  Lexel  of  Pe- 
tersburg, in  Phil.  Trans,  vol.  .65,  p.  2^2 :  but  they  were  first  demonstrated  by  Dr. 
f^utton,  in  Phil  Trans,  vol  66,  Ba.  690; 

Let 
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Let  ABCDEF  be  a  polygon :  then 

will  AF=AB  .  cos  A+BC  .  COS  CB^ 
FA  +  Cl>  .  COS    CD^  AF  -f-  DE  .  COS 

DE^  AF-rj-EF  .  COS  EF^  AF*. 

For,  drawing  lines  from  the  se- 
veral angles,  respectively  paralr 
lei  and  perpendicular  to  af  ;  it 
wijl  be 

a5  =  AB  .  cos  PAF, 
bc=  Bj3  =  BC  .  cos  CBJ3  =  BC 
Qd=  J*p  =  CD  .  cos  CdJ*  r=  CD 
(Ze  =  5E    =  DE  .  cos  DE8  =  DE 
CF  =   .   .    .  .  EF  .  cos  EF.e  ==  EF 

But  AF  ■=  ifc  +  cd  +  de  +  ^f  —  ib ; 


eie 


cos  CBA  AF5 

.  cos  CDVAF, 

COSDE'^AF^ 

COS  EF"^  AF^ 

and  Ah,  as  expressed 
above,  is  in  effect  subtracti7e,  because  the  cosine  of  the  ob- 
tjuse  angle  baf  is  negative.     Consequently, 

AF=Ae+CcZ-|-.£Ze+«F==AB  .  cos  BAF+BC  .  cos  CB^  AF+  &GV  a| 

in  the  proppsitipn.     A  like  demonstration  will  apply,  mutatis 
mutandis,  to  any  other  polygon, 

Cor,  When  the  sides  of  the  pojygon  are  reduced  to  three, 
this  theorem  becomes  the  same  as  the  fundan^ental  theorem 
in  chap,  ii,  from  which  the  whole  doctrine  of  Plaiie  Trigonq- 
metry  is  made  to  flow. 

THEOREMII. 

The  Perpendiculajr  let  fall  from  the  Highest  Point  or  Summit 
of  a  Polygon,  upon  the  Opposite- Side  or  Base,  is  Equal  to 
the  Sum  of  the  Products  of  the  Sides  Comprised  between 
.ithat  Summit  and  the  Base,  into  the  Sines  of  their  Respec- 
tive Inclinations  to  that  Base. 
Thus,  in  the  preceding  figure,  cc=cb  .  sin  cb^'fa+ba  .  sin 

^  ;  or  cc=cD  .  sin  cd^af-{-de  .  sin  de^af+ff  .sin  f.     This 

is  evident  from  an  inspection  of  the  figure. 

Cor,  1,     In  Hke  manner  Dd=DE  .  sin  de^af+ef  .  sin#,  oi^ 

p^==CB  .  sin  CB^FA-j-BA  .  SiU  A— CD  .  Sin  CD^AF. 

Cor,  2.  Hence  the  sum  of  the  products  of  each  side,  into 
the  sine  of  the  sum  of  the  exterior  angles,  (or  into  the  sine  of 
the  sum  of  the  supplements  of  the  interior  angles),  compris.e<l 
between  those  sides  and  a  determinate  side,  is  —  +  perp.  — 
perp.  or  ^^0.  That  is  to  say,  in  the  preceding  figure, 
AB  .  sin  A  +  BC  .  sin  (a  +  b)  -f 'CD  .  sin  (A+B-f  c)+pE  .  sio 

(a  +  B  +  c  +  »)  +  EF  .  sin  (a  +  B  +  c  +  D  +  e)  =0. 

denoting  lineS, 
vo 
of 


tJie  line  cb  to  fa. 
roL,    II. 


H 


Um 
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Here  it  is  to  be  observed,  that  the  sines  of  angles  greater  than 
180**  are  negative  (eh.  ii  equa.vii). 

Cor.  3;  Hence  again,  by  putting  for  sin  (a+  b),  sin  (a  +  b 
+  e),  their  iraloes  sin  a  .  cos  b  +  sin  b  .  cos  a,  sin  a  .  co^  (b 
4-  c)  -f  ?in  (b+c)  cos  A,  &c.  (ch.  ii  equa.  y),  and  recollect- 

sin 
ing  that  tang  ==?  —  (ch.  ii  p.  ^6),  we  shall  have, 

■in  A  .  (ab+bc  .  cos  b+cd  .  cos  (b+c)+de  .  cos  (b+g+d) 
+  &c.)  -|-  cofi  A  .  (bc  sin  b+cd)  .  sin  (s-f  c)-hDE  .  dos  (b+c 
+d)+&c.)=0  ;  and  thence  finally  tan  180<>-- a,  or  tanBAF= 

sc  .  am  B-j»cD  .  sin  (b-|-c)  -f-pg  .  8m(B-f-c  4-  d)  +  bf  .  sin  (a-f  c  -f-  d  -f  b) 

AB  -f.  8C.C0S  B+CD-.  Cdr(iBl  -^c)  -f  DE  .  COS  (jft'-fi  c'  ^f  d)  4.  JEF  .  COS  (b  -f-  C  +  D  -f  e) 

A  similar  expression  wiU  manifestly  apply  to  any  polygon; 

and  wh^n  the  number  of  sides  exceeds  four,  it  is  highly  useful 

in  practice. 

Cor,  4.  In  a  triangle  abc,  where  the  side^  ab,  bc,  and  the 

angle  ABC,  or  its,  suppiementB,  are  known,  we  have 

fot,  .,*«  —     ^cj  .  sin  B  AB  .  sin  b      ; 

tan  CAB  = — J .  ...  tan  bca  = 


AB+]^C  .  cos  B  '  BC+AB  .  cos  B  .' 

in  both  which  expressions,  the  second  term  of  the  denomina- 
tor will  become  subtractive  whenever  the  angle  abc  is  acute, 
or  b  obtuse. 

THEOREM  III. 

The  Square  of  Any  Side  of  a  Polygon,  is  Equal  to  the  Sum  of 
the  Squares  of  All  the  Other  Sides,  Minus  Twice  the  Sum 
of  the  Products  of  all  the  other  Sides  Multiplied  two  and 
two,  and  by  the  Cosines  of  the  Angles  they  Include. 
For  the  «ake  of  brevity,  let  the  sides 
be  represented  by  the  small  letters  which 
stand  against  them  in  the  annexed  figure  : 
then,  from  theor.  1,  we  shall  have  the 
s.ubJQined  equations,  viz. 

ft=:  6  .  cos  a^6  4-  c  ,co^  a^c  +  ^. 
6  =  a .  cos  a''6  +  c  .  cos  fe'^c  +  ^ . 
c  •=:  a  ,  cos  a^c  +  h  .  cos  6*0  +  ^  ■ 
^  =  a  .  cos  a'^^  +  h  .  cos  h^^  +  c  . 
Multiplying  the  first  of  these  equations  by  a,  the  second  by  6, 
the  third  by  c,  the  fourth  by  J" ;  subtracting  the  three  latter 
products  from  the  first,  and  transposing  62,0?,  ^^,  there  will 
result, 

a2==62^c2-i-J*s  — 2(*c  .  cos  b^c-^-h^  .  cos  h^^+c^  .  cos  c^^). 
in  like  manner, 
c3=a2  4.62-f  J^2«-2((76  ;  cos a'^h+a^, cos a'^^^b^.  cosb'i'). 
&c.         kc. 

Or. 


^ 

■^ 

\ 

A 

a 

B 

cos  a'^J', 
cos  6^^, 

cos  c^^. 

cos  C"^, 
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Or,  since  b^c  =  c,  5*^  =  c  +  d—  186«>,  c^$  =  d^  we  have 
a2  =r  b2  +  ca  +  (5^2  — 2ac  .cos  c-fe^  .  c6s  (c+d)+c^  .  cdsi>), 
ts  =  a2  +  52 -I-  j»2  _2(a6  .  60s  b - 6^  .  cos  (A+B:)+a^  .  c6sa), 

&c.  &c. 
The  same  method  applied  to  the  pentagon  abcde,  will  give 

a^z=b^  JLc^  +a^  +«2^2  r^  •  ^?^  ^"-^^ '  ^^^  (*^+  ^)  +  *^  -cos  (c+jd^-b)  ^ 
7  (  +  ca  .  cos  D~ce  .  cos  (p  -f-  e)  -f-  <?e  .  cos  e       >  ' 

And  a  like  process  is  obviously  ^ppli^able  to  any  number  of 
sides  ;  ^vhence  the  truth  of  the  theorem  is  m-crtaifest. 

Cor,  The  property  of  a  plane  iriangle  expressed  in  equa.  i 
ch.  ii,  is  only  a  particular  C8(se  of  this  general  theorem. 

THEdREM  IV. 

Twice  the  Surface  of  Any  Polygon,  is  equal  to  the  sum  of 
the  Rectangles  of  its  Sides,  except  one,  taken  two  and  two, 
by  the  Sines  of  the  Sums  of  the  ExUrior^  Angles  Contain- 
ed by  thosiB  sides.  * 
1.  For  a  trapiezium,  or  polyg©n  of  four 
sides.     Let  two  of  the  sides  ab,  dc,  be 
produced  till  they  meet  at  p.     Then  the 
trapezium  abcd  is  manifestly  equal  to  the 
difference  between  the  triangles  pad  and    -t^"" 
PBc.     But  twice  the  surface  of  th^  trian- 
gle pad  is  (Mens,  of  Planed  pr.  2  rule  2)  ap  *  pd  .  Sih  t  ^ 
(ab+bp)  .  (dc+cp)  .sin  p;  and  t^ice  th^  siirfacel  of  ihci  tri- 
angle PBC  is  =  BP  .  PC  .  sin  p  :  therefore  their  ditf<6ren6^,  ot 
twice  the  area  of  the  trapezium  is  =  (ab  .  dc+ab  .  cp+dc  » 
Bp)  .  sin  p.     Now,  iii  A  jf*B*Cj 

,  bc  .sin  B 

sm  p  :  sm  b  :  :  bc  :  pc,  whence  pc  =  — : , 

siri  p 

,  bc  .  sin  c 

sm  p  :  sm  c  :  :  Be  :  pb,  whence  pb  =  — r . 

sin  p 
Substituting  these  values  of  pb,  pc,  for  them  in  the  above 
equation,  and  observing  that  sin  p  =  sin  (PBc+pcB)==sin  sum 
of  exterior  angles  b  and  c,  there  results  at  length, 

Twice  surface  y      Sj^-'^^'^l^s 
of  trapezium,     j  =  ( +^b  .  dc  .  8.n  (b+c) 
^  (  +BC  .  DC  .  sm  c. 

Cor.     Since  ab  .  bc  /sin  b  =  twice  triangle  abc,  it  follows 
that  twice  triangle  acd  is  equal  to  the  remaining  two  terms,  viz. 

.    .  ^      ab  .  DC  .  sin  fB+c") 

twice  area  ACD  =  <    1  „  .    v    •    y 

./  +Bc  .  DC  .  sm  c. 


*  The  eooierior  angles  here  meant,  are  those  formed  by  produciag  the  sides  in 
the  same  manner  as  in  th.  20  Geometry,  and  in  cors.  1,  2,  tfa.  2,  of  this  chap. 

2.  For 


•  •  •  *  • 
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2,  For  a  pentagon,  as  abcde^  Its  area 
{$  obviously  equal  to  the  siim  of  the  areas 
of  the  trapezium  abcd,  atid  of  the  tri- 
angle ADE.  Let  tfa^  sides  ab ,  be,  as  before, 
meet  when  produced  at  p;  Then,  from 
the  above,  we  have 

Twice  area  of  ^       I     Ak  .  kc  . 
the  trapezium)  =  < -{-ab  ;  dc 

ABcp         )       (  +BC  .  DC  .  sin  c. 
And;  by  the  pteCeding  corollary, 
Twice  triangle  ^  _  C  ap  o  de  .  sin  (p+d)  or  sin  (b+c+d) 
PAE  J       ^ +DP  .  DE  .  sin  D. 

i)E 

DE 


That  is  twice 
triangle  i5ae 


Now,  BP^ 


sin  (b  +  c)* 
tfwo  terms  become  ^^^  * 


bc  .  sm  G 


sin  (s+c+n) 
sin  D 
sin  (B-f  c+i>) 
sin  D. 
.  sin  B 


(B+.C)' 

i(b+c+d 


therefore  the  last 
)     BC.DE  sin  Bsini) 


:  BC  .  DE  . 


i§m  B  , 


sin  (b+c) 
and  this  ex- 


sin  (b+c) 
,  sin  D  -(-  sin  c  .sin  (b+c+d) 
sin  (b+c)  ~~ 

pressjon  by  means  of  the  formula  for  4  arcs  (art  30  ch.  iii,) 
becomes  Be  .  de  ;  sin  (c+n)* ]  Hence,  coiiecting  the  terms-^ 
and  arranging  theni  in  the  order  of  the  sides,  they  become^ 
Y^     AB  vBc  .  sin  B 

Twice  the  area)       Vi'^^  * 

of  the  penta-  >  ==S  T^^  * 

.^onApcDE      J       /+Bc! 

v+pc  . 

Cor,  Taking  away  from  this  expression,  the  1st,  2d,  and 
4th  teritns,  which  together  make  double  the  trapezium  abgPj 
there  will  remain 

Twice  area  of)  C  ab.de.  sin 
the  triangle  >  =  v  +bc  .  pe  .  sin 
PAE  y        I  +DC  »  DE  ;  sin 

3i  For  a  hexagon,  as  abcdef .  The 
double  area  will  be  found,  by  suppos- 
ing it  divided  into  the  pentagon  abcde, 
and  the  triangle  aef.  For,  by  the  lafet 
rule,  and  its  corollary^  we  havej 


PC 
DE 
DC 
DE, 
DE 


sin  (b+«) 
sin  (b+c+d) 
sin  c 

sin  (c+d) 
sin  D. 


(b+c+d) 
(c+d) 


Twic*e 
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"Twice  area  of  \ 
the    pentagon  >  = 
ABCDE  y 


Twice  area  of  ) 
the      triangle  ) 

AEF  ) 

Or,  twice  area  of 
the     triangle 

AEF 


=1 


4-BC  . 

+BC  , 

L+CD. 

AP  . 

+DP  . 

r    ^^  • 

i    +BC  . 
{   +DE  . 


DE  . 

DE 

EP 

EF 
EF 


BC  .  EF 


AB  -.  BC  .  Sm  B 

+AB  .  CD  .sin  (b+c) 
+AB  i  DE .  sin  (b+c+d) 
CD  *  sin  c 

sin  (c+d) 
sin  d. 

sin  (b+c+d+e) 
sin  (d+e) 
sin  E. 
EF  .  sin  (b+c-j-d+b) 
EF  .  sin  (d+e) 
EF  .  sin  E 
j  +BP  .  EF  .  sin  (b+c+o+e) 
X+cp  .  EF  .  sin  (d4-e)- 
Now,  writing  for  ;Bp,  cp j  their  respective  values,- 
BC  .  sin  c        -  Bc  .  sin  b      ,  /»  ,     / 

"-■ — 7~i — T-  ^»a  ~ — 7 — i — N-»  ^he  sum  of  the  last  two  espressionsi 
sm  (b+c)         sm  (b+c)  " 

in  the  double  areas  of  aef,  will  become 

sin  c  .  sin  (B--|-c+D4-E)+sin  b  .  sin  (d+e)^ 
sin  (b+c) 

and  this,  by  means  of  the  formula  for  6  arcs  (art.  30  ch.  iii) 
becomes  bc  .  ef  sin  (c+d+e).  Hence,  collecting  and  pro- 
jperly  arranging  the  several  terms  as  before,  we  shall  obtain 

AB  .  BC  .  sin  b 
+AB  .  CD  .  sin  (b+c) 
+AB  .  DE .  sin  (b+g+d) 
+AB  .  EF  .  sin  (b+c+d+e) 
+BC  .  CD  .  sin  c 
+Bt  .  DE  .  sin  (c+d) 
+bc  .  EF  .  sin  (c+d+e) 
+CD  .  DE  .  sin  D 
+CD  .  EF  .  sin  (d+e) 
^+DE  .  EF  .  sin  E. 
4.  In  a  similar  manner  may  the  area  of  a  heptagon  be  de- 
termined, by  finding  the  sum  of  the  areas  of  the  hexagon  and 
the  adjacent  triangle:  and  thence  the  area  of  the  octagon, 
nonagOD,  or  of  any  other  polygon,  may  be  inferred  ;  the  law 
of  continuation  being  sufficiently  obvious"  from  what  is  done 

above,  and  the  number  of  terms  ==  .  — ^— >    tvhep    the 

Dumber  of  sides  of  the  polygon  is  n  :  for  the  number  of  terms 
is  evidently  the  same  as  the  number  of  ways  in  which  ?i—  1 
quantities  can  be  tat  en,  two  and  two  ;  that  is,  (by  the  nature 

of  Eermatations)  =    "" 


Twice  the  area  ^ 
of  the  hexa-  S  = 

gOn  ABCDEP     ) 


1 


2 


SohoHum, 
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Scholium. 
This  curidtJB  theotem  was  first  invesjtigated  by  S/tnow  iW/^ 
UeTi  and  pablished  in  1789i  Its  prineipal  advafitagief  6yer  the 
common  method  for  firidiDg  the  aifeas  of  iff egtilar  p6Iygons 
is,  that  in  this  method  there  is  no  occasion  to  coh^ti'uct  the 
figures,  and  of  course  the  errors  that  may  arise  from  such 
constructions  are  avoided.         - 

In  the  application  of  the  theorenl  to  pifactical  purposes,  the 
expressions  above  become  sicnplified  by  dividing  any  proposed 
polygon  into  two  parts  by  a  diagonal,  and  computing  the  sur- 
face of  each  part  separately. 

'Thus,  by  dividing  the  trapezium  ABenifilto  twO  triangles,  by 
the  diagonal  AC,  we  shall  have 

Twice  area  >_  y     ab  .  bc  .  sin  b 
trapezium     y       \  +cd  .ad  .  ^in  0. 
The  pentagon  abcde  may  be  divided  into  the  trapeziuih  abci>> 
andthe  triangle  ABE,  whence  -    ] 

C     AB  i  BC  .sins 
Twice  area  of  >  _  \+ab  .  dc  .  sin  (b+g) 
pentagon  y      j -{-bc  .  ©d  .  sin  g 

^-j-DE  .  AE,.  sin  E 

Thus  again  j  the,  hexagon  may  be  divided  into- two  trape- 
ziums, b}^  a  diagonal  df awn  from  a  to  D,Vhichis  tobethe  line 
exceptedin  the  theorem  ;  then  \vilt 

AB  .  BC  .  sin  B 
+AB  .be  .  sin  (b+c) 
+Be  .  PC.  sin  c  ' 
+DE  .  EF  .  sin  E 
4-DE  .  AF  .  sin  (e+f) 

^  +EF  .  AF  .  sin  F. 

And  lastly,  the  heptagon  may  be  divid- 
ed into  a  pentagon  and  a  trapezium,  the 
diagonal,  as  before,  being  the  excepted 
line  :  so  will  the  double  area  be  express- 
ed by  9  instead  of  16  products,  thus  : 


Twice  strea  of 
hexagon 


r= 


Twice  area  of  ^  _. 
heptagon 


AB  .  Bc  .  sm  B 
4-AB  .  CD  .  sin  (b+c) 

+AB  .  DE  .  sin  (B-irc4'I>) 

-j-BC  .CD  .  sin  c 
+BC  .  DE  .  sin  (c+d) 
4-cD  .  DE  ,  sin  D 

-j-EF  .  FG  .  sin  F 

4-EF  .  GA  .sin  (f+g) 
-j^FG  .  GA  .  sin  G. 


The  same  method  may  obviously  be  extended  to  other  poly- 
gons, with  great  ease  and  simplicity. 


It 
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It  often  happens,  however,  that  pnlj  one  side  of  a  polygpn 
can  be  measured,  and  the  distant  angles  be  determined  by  in- 
tersection ;  in  this  case  the  area  may  be  founds  independent 
of  coastryction,  by  the  foUowing  problem. 


FROBUIML 

Given  the  Length  of  One  of  the  Sides  of  a  Polygon,  and  the 
Angles  made  at  its  two  extreniities  by  that  Side  and  Lines 
drawn  to  all  the  Other  Angles  of  the  Polygon :  to  find  an 
Expression  for  the  Surface  of  that  Pol^rgon. 

Here  we  suppose  known  pq  •  also 

A^P=a^,  B^P=ryVGQp=c'',  D€tP=  £?". 

Now,  sin  PAa==  sin  (a'+a Of  sin  pbi^ 
=  sin(^'+^"). 

Therefore,  sin  (a'  +  a")  :  pa  ;  :  sin  a" 

And,   .  .  .  sin  (V  +  fc'O   :  f^  :  :  sin  V 

«  .  sin(y+6'0 

But,  triangle  apb=ap  ,  pb  ,  f  sin  apb  ==i  ap  .  pb  .  sin  {a'-^h') 

Hence,  surface  A  apb^xp^^  .?^i£.l:^^  ^0 


sin  (a^+a'') 
sin  h' 


PC 


PQ. 


In  like  manner,  A  bpc=|^  pq.^ 


sin  (a' +  a')  .  sin  (6' ^  V' V 
'-'"     -•      '     sinV^4 


sin  h 


'sin  (6'+  r)  .  sin  (c'+c'')' 


A  CPD=^  P^' 


2   sin  c^.  sin ^^^,.  sin  (c^  -  d') 


A   DPQ  =   QP  .  PP  , 


"^  ^"^    'sin  (c'  +  c^')  .  sin  (d'  +  d''X 
&;c.  &c.  &c.  \      ^      J 

,     .  sin  d^^ 

y  Sm  DPQ  ==  PQ  . _, 

sm  d  .  sin  «       ^ 


-pTT.  l-PQ.sin  df" 


sin  g'^ .  sin  V .  sin  (a  — ^ ) 

sin  (a'  +  a")  .  si^~(^4-6^0 
sin  Z>^' .  sin  <^' .  sin  (6'-.  /) 


Surface  pabcdq  =  ^  pq^      <|       ^I'*  (f  +  ^1;  ^^^  (^' +  ^") 
2    ^         ^    .  sine'' .  sm  d'' .  sin  fc'-.^/^ 


i^'-d/) 

sin  (c'  +  c'')  .  sin  {d'+d'') 
sin  rf' .  sin  d'' 


sin  (V'+£/'0 


The 
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The  same  method  manifestly  applies  to  polygons  of  o»3? 
number  of  sides  :^nd  all  the  terms  except  the  last  are  so  per^ 
jfectly  symmetrical,  while  that  last  term  is  of  so  obvious  a  form, 
that  there  cannot  be  the  least  difficulty  in  extending  the  forn 
mula  t^  any  polygon  whatever^ 

PROBLEM  IL 
(Jiven,  in  a  Polygpn,  All  the  Sides  and  Angles,  ei^cept  three  ; 
to  find  the  unknown  Parts.      . 

This  problem  may  be  divided  into  three  general, cases,  ae 
shown  at  the  beginning  of  this. chapter  :  but  the  analytical  so- 
lution of  all  of  them  depends  on  the  same  principles  ;  and 
these  are  analogous  to  those  pursued  in  the  analytical  investi- 
gations of  plane  trigonometry.  In  polygonometry,  as  well  as 
trigonometry,  when  three  unknown  quantities  are  to  be  found, 
it  must  be  by  means  of  three  independent  equations,  inyolv- 
ingthe  known  and  unknown  parts.  These  equations  may  be 
deduced  from  either  theorem  1,  or  3,  as  may  be  most  suited 
to  the  case  10  hand  ;  and  then  the  unknown  parts  may  ^ach  b^ 
found  by  the  usual  rules  of  extermination. 

For  an  example,  let  it  be  supposed 
that  in  an  irregular  hexagon  abcdef, 
there  are  giyen  all  the  sides  except 
AB,  Bc,  and  all  the  angles  except  b  ;  to 

determine  those  three  quantities,  ^ 

-^  B 

The  angle  b  is  evidently  equal  to  (2n  — %  4)  right  angles  — 
(a  +  c  -|r  n  +  W  +  ^)  >  ^  being  the  number  of  sides^  and  the 
angles  being  here  suppQsed  the  interior  ones. 

Let  AB  =  a?,  BC  =  2/ •  then  by  th.  1, 
ar=  y  \  cos  B  +  nc  .  cos  ab^cd  +  nE  .  cos  ab'^ed, 

4*  EF  .  cos  AB^EP  4-  AF  .  COS  AB^AF  ; 
y^=p^,  COS  B  +  AF  .COS  BC'^AP  -(-  FE  .  COS  BC^FE. 

-f-  DE  ,  COS  BC'^PE  rf  DC  .  COS  BC^CD, 

In  the  first  of  the  above  equations^  let  the  sum  of  all  the 

terms  after  i/  .  cos  b,  be  denoted  by  c  ;  and  in  the  second  the 

sum  of  all  those  which  fall  after  x  .  cos  b,  by  d  ;  both  sunjs 

being  manifestly  constituted  of  known  terms  :  and  let  tb^e 

known  co- efficients  of  x  and  y  be  m  and  n  respectively.     Then 

will  the  preceding  equations  become 

a;  =  w2/  -f  c  .  .  .  .  y=wx  -{-  c?. 

Substituting  for  y,  in  the  first  of  the- two  latter  equations,  its 

value  in  the  second,  we  obtain  x  ^mnx  -jr  nd-^r  c.     Whence 

there  will  readily  be  found 

'                       nd-jrc       1        mC'\-d 
X  ==p  _ ,  and  «= 1 

Thug 
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Thus  AB  and  bc  are  determined.  Like  expressions  will  serve 
for  the  determination  of  anj  other  two  sides,  whether  conti- 
guous or  not :  the  co-efficients  of  x  and  y  being  designated  by 
different  letters  for  that  express  purpose  ;  which  would  have 
been  otherwise  unnecessary  in  the  solution  of  the  indiyidual 
case  proposed. 

Remark,  Though  the  algebraic  investigations  commonly 
lead  to  results  vrhich  are  apparently  simple,  yet  they  are  often, 
especially  in  polygons  of  many  sides,  inferior  in  practice  to 
the  methods  suggested  by  subdividing  the  figures.  The  fol- 
lowing examples  are  added  for  the  purpose  of  explaining  those 
methods  ;  the  operations  however  are  merely  indicated ;  the 
detail  being  omitted  to  save  room. 

■    EXAMPLES.     ■        j 

Ex.  I.  in  a  hexagon  abcdef,  all  the  sides  except  af,  and 
all  the  angles  except  a  and  p^  are  known.  Required  the  un- 
known parts.     Suppose  we  haye 


AB==1284 

Ext.  ang. 

Whence 

Bc=1782 

B==32* 

B+c             =    80^ 

CD  =  2400 

c  =  4BO 

B+c+n        =  1320 

DE^STOO 

D=52^ 

B+C+D+E  =  198« 

EF  =  2860 

£  =  66** 

A+F              =1629. 

Then,  by  cor.  3  th.  2,,  tan  BAF  == 

BC  .sin  B  4.  CD  .sin  (s-f  c)-^  de  .  sin  (b»{-c«4-d)  -j-  Eg  ♦  sin  (B-f- c -f*  p  4-g) 

AB  4-  BC  .  COS  B  4-  CD  .  COS  (s-j-c)  -f"  ^^  .  COS  (B  -j-  C  -|-  D)  +  EF  .  C6S  (B  -f-C-f-D-f-E) 

Bc  .  sin  32^  4- CD  .sin  80*^  + de  .  sin  132^+ef  .  sin  \9S^ 

*^AB-t-BC  .COS  32*^  +  00  .  cos  80<*-f^DE  .  COS  132<>-fEF  .  COS198? 

BC  .  sin  32«^+cD  .  sin  SO^'+de  .  sin  48^  — ef  .  sin  18^ 

AB+BC  .COS32^-|-CD  .cos  80^ — DE.C0S48*^— •EF.COSI8** 

Whence  baf  is  found  106^  31'  38'';  and  the  other  angle  afe 
=  91^  28'  22".  So  that  the  exterior  angles  a  and  f  are  73^ 
28'  22',  and  88«  31'  38"  respectively  :  all  the  exterior  angles 
making  4  right  angles,  as  they  ought  to  do.  Then,  all  the 
angles  being  known,  the  side  af  is  found  by  th*  1=4621 '5. 

If  one  of  the  angles  had  been  a  re-entering  one,  it  would 
have  made  no  other  difference  in  the  computation  than  what 
would  arise  from  its  being  considered  as  subtractive. 

Ex.  2.     In  a  hexagon  abcdef,  all  the  sides  except  af,  and 
all  the  angles  except  c  and  B,  are  known  :  viz. 
AB=2400  Ex.  Ang. 
Bc==2700       A=54«> 
CD==3200       B=62o 
de— 3500       E=64^ 

EF=3750        F:i=72«' 


AB 
+BC 
-+-CD 


We  shall  have,  by  th.  2  cor.  1, 

'^f]±.  ^      }      ^DE.sinCE+F) 
.  sm  (a+b+c)  )       f 


Vol.  IL  15  There 
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Therefore^  cb  /sin  ril6o+cV==/~^^  '^P  ^^^^^ 

\.+EF  .  sia     T2**. 

The  second  of  these  will  give  for  c,  a  re-entering  angle  ; 
the  first  will  give  exterior  angle  c=33<>  23'  26'.  and  then  will 
D==14o36'34V   Xastly,  . 

/  ~Jlb  .cos  64^  V         \ 
y4-BC.cos64^  / 

AF==  <  tfcp  .  COS  30«36'34''  >  =3385-905. 
y +DE  .  cos  44®  \ 

\  — EF  .  COS  72*^  J 

Ex.  3.     In  a  hexagon  abcdef,  are  known,  all  the  sides  ex- 
cept AF,  and  all  the  angles  except  b  and  e  ;  to  find  the  rest. 
Given  AB=  1200    Exterior  angles  a  =  64« 
BC  =:ri600 

CD==  1600  c  =  72«» 

DE  =  1800      ,  D  =  75'=^ 

EF  =  2000 

..-■,  ^  ^"-;  ^.  ■■'   ■■'      ^■■•'  _  F.=^a4o.  ■:■'■■■ 

Suppose  the  diagonal  be  drawn,  dividing  the  figure  into  two 
trapeziums.  Then,  in  the  trapezium  bcde  the  sides,  except 
BE,  and  the  angles  except  b  and  e,  will  be  known ;  and  these 
may  be  de^termined  as  in  exam.  1  •  Again,  in  a  trapezius 
abef,  there  will  be  known  the  sides  except  af,  andtheangl^ 
except  the  adjacent  ones  B  and  e.  Hence,  first  for  bcde  : 
(cor.  3  th.  2),  V 

\^  ^^     cd;.  sin  g+de  .  sin  (c+d)     _ 

BC-pCD  .  cos  C  +  DE  VCOS  (c+d) 

CD  .sin  72Q-fDE  ysm  147o  _     cd  .  sin  72Q+pe  .  sin  33® 

BC+CD.cos  72<^+DE.cos  147*'"~BC+CD  .  COS  72«>— DE  .COS  33**; 

Whence  cbe  =  79^  2'  1";  and  therefore  deb  =  67«>  67' 59'^, 


(     Bc  .  cos  79^  r  I") 
Then  eb  =  /  +cd  .  cos    7^  2'  1'' )  = 
(+de.cos67057'69'^) 


2648-681. 


Secondly,  in  the  trapezium  abef, 
AB  .  sin  A+BE  .  sin  (a+b)  =  ef  .  sin  f  :  w&ence 

^.     ,     ,    V      ef  .  sin  F  — AB  .  sin  b         .    c    $n®  /i.'i/  fi4^' 

\     -  BE  '1 1^90  4"  e'^ 

Taking  the  lower  of  these  to  avoid  re-entering  angles ^  we 
have  b  (exterior  ang.)  =  96«>  4' 6'-  :  abe  =  84<'  55'64<';  feb=: 
63*?  4*6^ :  therefore  ABC  ==  163^  57' 65'^ ;  and  fed=13102'6"  ; 

and 
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and  consequently  the  exterior  angles  at  b  and  e  are  16<*  2  5" 
and  48^  57' 55"  respectively.  . 

Lastly,  AF  =  — AB  .  cos, A— BE  .  cos  (a+b)  — EF  cos  F  =  ■ — 

AB  .  cos  64«>  +  BE  .  COS  20«  55'54'^-EF  .  COS  84°=1645-S92. 

J^ote,  The  preceding  three  exiamples  comprehend  all  the 
varieties  which  can  occur  in  Polygonometry,  when  all  the  sides 
except  one,  and  all  the  angles  hut  two,  are  known.  The  un- 
known angles  may  be  about  the  unknown  side  ;  or  they  may 
be  adjacent  to  each  other,  though  distant  from  the  unknown 
side  ;  and  they  may  be  remote  from  each  other,  as  well  as 
from  the  unknown  side. 

Ex,  4.  In  a  hexagon  abcdef,  are  known  all  the  angles,  and 
all  the  sides  except  af  and  eo  :  to  find  those  sides. 


Given  ab  =  2200  Ext. 
jBC  =  2400 

DE  ==  4800 
EF=  6200, 


Ang. 


A=  96<» 
^  =  64<' 
c  =20^ 
D  =:  24«* 
E  =    18° 


Here,  reasoning  from  the  principle  of  cor.  th.  2,  we  have, 


AB.sm  96 
Bc.sinl50 
4-CD.sinl70 


U 


DE.sinl66<^ 
-{-EF.sinl48*^ 


or  AB.sin84**l 
r^-BC.sin3Q<>>=:- 


DE.sinl4<^ 
+EF .  sin32** 


+  CD. sin  10* 
Whence  r  DE.sinl4°.cosecldo-AB.sin84<'.cosec10*^>  _c.>.-^  ^n 
G^  =  HEF.sin32^.cosecIOo-Bc.sinao**.coseclO<^L 

^^^  {    DE.sin24Q.coseclO^-cB.sin20^  \  _  1.07.  qp 
AF  ==  f  T^EF.sin42<^.cosecl6*'~BA.sin74°  S  ""  ^^^/^*y«- 

Ex.  5«  In  the  nonagon  ABCDEPGHi,  all  the  sides  are  known 
and  all  the  angles  except  a,  d,  g  :  it  is  required  to  find  those 
angles. 

Given  ab  =  2400  fg  =  3800    Ext.  ang, 
Bc  =  2700  GH=  4000 
CD  =  2800  HI  =  4200 
DE  =  32OO1A  =4500 
EF  =  3500 


B  =  40^ 
c  =  32«> 
E  =  360 
F  =  45<> 
H  =  48° 
I  =50°. 


Suppose  diagonals  drawn  to  join  the 
unknown  angles,  and  dividing  the  poly- 
gon into  three  trapeziums  and  a  triangle  ; 
as  in  the  marginal  figure.     Then, 

1st.  In  the  trapezium  abcd,  where  ad, 
and  the  angles  about  it  are  unlniown  we 
have  (cor.  3.  th.  2). 


tan 


Hosted  by  Google 


108  POLYGpNQMETRY. 

tan i^ An  ==  .  Bc.8mB+cD«8in(B''f'c)   ^       Bc.sm40^  .{i  gdWYO**-   ' 

AB^BC.COS  B«f^CD.GOiS  (B  -{-  c)'~AB    "f-  BC  .  COS 40^  +  <^J>  •  COS  72*» 

Whence  1BAD  =?39*»  30' 42'*,  cda  =  32<'  29'  IS". 


And  AD 


C      AB  .  cos39'>3Q'42") 
>r=(+BC.cos    G    29  18  y=69l3-292v 
(4-CD.  cos  32    29  is  y 


8812-803. 


2clly.  In  the  quadrilateral  i^efg,  where  dg  and  the  aiigles 
ahout  it  are  unknown  I -we  have 

tan  EDC-^    'Eg.sinE4-F6.sin(B4.F)      __     ef  ;  sin 36? -f- fg  :  sin 8P  ^ 

PE  +  EF  .  COS  E  +  FG  ,  COS  (e+f)        DE-f-EF  .  COS  SB^'-f-FG  .  COS  &!*? 

Whence  edg=41°  14'  53^  fgd=39*?  45'  T\ 

^       (      D&.  cos41«>  14'  63'') 
And  DG=7  +EF  .  c&s    5^  14'  63")  = 
(+F6>cos39o"45'    7'') 

3dly.  In  the  trapezium  ghia,  an  exactly  similar  process  gives 
Hx5A=  50«>  46'  fiS''],  iAG  =  47o  13'  7'^  and  ag  =  9780-591. 

4thly.  In  the  triangle  ADG,  the  three  sides  are  now  known, 
to  find  the  angles  ;  viz.  dag=60^  63'  26",  ago  =i=  43*^  15'  64", 
ADG  =  76"'  50'  40".    Hence  there  results,  lastly, 

lAB  =47«  13'  7"+609  63' 26"+39<=»  30'42''  =^1470  37/16'', 

CDE==32^  29'18"4"70    50'40"4-41*'  14'53"  =  149°34'51", 

FGH^^9«>  45^  7''+43^  15' 54"-H50^  46'53'' =  133^  47' 64^. 
Consequently,  the  required  etterior  angles  are  a  =32°  22'45'', 
j)  =  30^26V9\g===^46^  12^6%   ;^  '  ^ 

Ex.,  6V  Required  the  are^  of  the  hexagon  in  ex.  1. 

Ans.  16530191. 

jEoj.  7.  In  a  quadrilateral  ABCD,  are  given  ab==24,  bc=30, 
CD  —  34  ;  angle  abc  =  92°  IB V  BCD=:9r*^  26'.  Kequired  the 
side  AD,  and  the  area. 

Ex.  8.  In  proh.  1 ,  suppose  p^==2538  hnks,  and  the  angles 
ashelow  ;  what  is  the  area  of  the  field  ABCDar  ? 
APQ^=89*>  14',BP^=68«  ir,  cpq=36^  24',DPQ,=  19*»57' ; 
AQP=25«>  18Vbqp=69^  24'^  CQp=94^    6',  DQLP~12i°18'. 
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DEFmiTlONS. 

Art,  l;  BODY  is  the  mass,  or  quantity  of  matter,  in  anj 
material  substance  ;  and  it  is  a;lways  proportional  to  its  weight 
or  gravity,  whateyer  its  figure  may  bev 

2.  Body  is  either  Hard,  Soft,  or  Elastic.  A  Hard  Body 
is  that  whose  parts  do  not  yield  to  any  stroke  or  percussion, 
but  retains  its  figure  unaltered.  A  Soft  Body  is  that  whose 
parts  yield  to  any  stroke  or  impression,. without  restoring 
themselves  again  ;  the  figure  of  the  body  remaining  altered. 
And  an  Elastic  Body  is  that  whose  parts  yield  to  any  stroke, 
but  which  presently  restore  themselves  again,  and  the  hody 
regains  the  same  figure  as  before  the  stroke. 

We  know  of  bo  bodies  that  are  absolutely,  or  perfectly, 
either  hard,  soft,  or  elastic  ;  but  all  partaking  these  proper- 
ties, more  or  less,  in  some  intermediate  degree. 

3.  Bodies  are  also  either  Solid  or  Fluid.  A  Solid  Body, 
is  that  whose  parts  are  not  easily  moved  among  one  another, 
and  which  retains  any  figure  given  to  it.  But  a  Fluid  Body 
is  that  whose  parts  yield  to  the  slightest  impression,  being 
easily  moved  among  one  another ;  and  its  surface,  when  left 
to  itself,  is  always  observed  to  settle  in  a  smooth  plane  nt  the 
top. 

4.  Density  is  the  proportional  weight  or  quantity  of  mat- 
ter in  any  body.  So^  in  two  spheres,  or  cubes,  &c.  of  equal 
size  or  magnitude  ;  if  the  one  weigh  only  one  pound,  but  the 
other  two  pounds  ;  then  the  density  of  the  latter  is  double  the 
density  of  the  former ;  if  it  weigh  3  pounds,  its  density  is 
triple  ;  and  so  on. 

5-  Blotion  is  a  continual  and  successive  change  of  place.— 
If  the  body  move  equally,  or  pass  over  equal  spaces  in  equal 
times,  it  is  called  Equable  or  Uniform  Motion.  But  if  it  in- 
crease or  decrease,  it  is  Variable  Motion  ;  and  it  is  called  Ac- 
celerated Motion  in  the  former  case,  and  Retarded  Motion  in 
the  latter.— Also,  when  the  moving  body  is  considered  with 

respect 
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respect  to  some  other  body  at  rest,  it  is  said  to  be  Absolute 
Motion.  But  when  compared  with  others  in  motion,  it  is 
called  Relative  Motion. 

6.  Velocity,  or  Celerity,  is  an  affection  of  motion,  by 
which  a  body  passes  over  a  certain  space  in  a  certain  time. 
Thus,  if  a  body  in  motion  pass  uniformly  over  40  feet  in  4 
seconds  of  time,  it  is  said  to  move  with  the  velocity  of  10  feet 
per  second  ;  and  so  on. 

7.  Momentum,  or  Quantity  of  Motion,  is  the  power  or 
force  in  moving  bodies,  by  which  they  continually  tend  from 
their  present  places,  or  with  which  they  strike  any  obstacle 
that  opposes  their  motion. 

8.  Force  is  a  power  exerted  on  a  body  to  move  it«  or  to 
stop  it.  If  the  force  act  constantly,  or  incessantly,  it  is  a 
Pernianent  Force  :  like  pressure  or  the  force  of  gravity,  ^But 
if  it  act  instantaneously,  or  but  for  an  iinjperceptibly  small  time, 
it  is  called  Impulse,  or  Percussion  :  like  the  smart  blow  of  a 
hammer. 

9.  Forces  are  also  distinguished  into  Motive,  and  Apcele- 
rative  or  Retarding.  A  Motive  or  Moving.  Force,  is  the 
power  of  an  agent  to  produce  motion  ;  and  it  is  equal  or  pro- 
portional to  the  momentum  it  will  generate  in  any  body,  when 
acting,  either  by  percussion,  or  for  a  certain  time  as  a  perma- 
nent ibrce. 

10.  Accelerative,  or  Retardive  Force,  is  commonly  un- 
derstood to  be  that  which  effects  the  velocity  only  ;  or  it  is 
that  by  which  the  velocity  is  Accelerated  or  retarded  ;  and  it 
is  equal  or  proportional  to  the  motive  force  directly,  and  to 
the  mass  or  body  moved  inversely. — So,  if  a  body  of  2  pounds 
weight,  be  acted  on  by  a  motive  force  of  40  ;  then  the  accele- 
rating force  is  20.  But  if  the  same  force  of  40  act  on  an- 
other body  of  4  pounds  weight ;  then  the  accelerating  force 
in  this  latter  case  is  only  10  ;  and  so  is  but  half  the  former, 
and  will  produce  only  half  the  velocity. 

1 1 .  Gravity,  or  Weight,  is  that  force  by  which  a  body 
endeavours  t©  fall  downwards.  It  is  called  Absolute  Gravity, 
when  the  body  is  in  empty  space ;  and  Relative  Gravity, 
when  emersed  in  a  fluid. 

12.  Specific  Gravity  is  the  proportion  of  the  weights  of 
different  bodies  of  eqiial  magnitude  ;  and  so  is  proportional 
to  the  density  of  the  body.  AXIQM^ 
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AXIOMS. 

13.  Every  body  naturally  endeavours  to  continue  in  its 
present  state,  whether  it  be  at  rest,  or  moving  uniformly  in  a 
right  line. 

14.  The  Change  or  Alteration  of  Motion,  by  any  external 
force,  is  always  proportional  to  that  force,  and  in  the  direc- 
tion of  the  right  line  in  which  the  force  acts. 

15.  Action  and  Re-action,  between  any  two  bodies,  are 
equal  and  contrary.  That  is,  by  Action  and  Re-actioa,  equal 
changes  of  motion  are  produced  in  bodies  acting  on  each  other  ; 
and  these  changes  are  directed  towards  opposite  or  contrary 
parts. 
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PROPOSITION!. 

16.  The  Quantity  of  Matter,  in  all  bodies,  is  in  the  Compound 
Ratio  of  their  Magnitudes  and  Densities, 

That  is,  b  is  as  md ;  where  b  denotes  the  body  or  quanti- 
ty.of  matteri  m  its  magnitude,  and  d  its  density. 

For,  by  art.  4,  in  bodies  of  equal  magnitude,  the  mass  or 
quantity  of  matter,  is  as  the  density.  But,  the  densities  re- 
niaining,  the  mass  is  as  the  magnitude  :  that  is,  a  double  mag- 
nitude contains  a  double  quantity  of  matter^  a  triple  magnitude, 
a  triple  quan^ty,  and  so  on.  Therefore  the  mass  is  in  the 
compound  ratio  of  the  magnitude  and  density. 

17.  CoroL  1.  In  similar  bodies,  the  masses  are  as  the  den- 
sities and  cubes  of  the  diameters,  or  of  any  like  linear  dimen- 
sions.—-For  the  magnitudes  of  bodies  are  as  the  cubes  of  the 
diameters,  &c. 

18.  CoroL  2.  The  masses  are  as  the  magnitudes  and  speci- 
fic gravities.— For,  by  art.  4  and  12,  the  densities  of  bodies 
are  as  the  specific  gravities. 

19 »  Scholium.  Hence,  if  b  denote  anybody,  or  the  quan- 
1:itj  of  matter  in  it,  m  its  magnitude,  d  its  density,  g-  its  specific 

gravity. 
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gravity,  and  a  its  diameter  or  other  dimension  ;  then,  a  (pro- 
nounced or  named  fls)  being  the  mark  for  general  proportion, 
from  this  proposition  and  its  corollaries  we  have  these  gene» 
ral  proportions : 

h  cc  md  cc  mg  a  a^c?, 

b       b 
ma  ^  a  -  a  ct^, 

•  _.-.    d      g-     . 

,        b  wwf 

a3  a  -1  oc  m  oc  -~ 

PROPOSITION  II. 

20/ The  Momentum  y  or  Quantity  of  Motion ^  generated  by  a 
Single  Impulse i  or  any  Momentary  Force,  is  as  the  Generating 
Force. 

That  is,  wi  is  as/;  where  w  denotes  the  momenttim,  and 
/the  force. 

Fx)r  every  effect  is  proportional  to  its  adequate  cause.  So 
that  a  double  force  will  impress  a  double  quantity  of  motion  ; 
a  triple  force,  a  triple  motion  ;  arid  so  on.  That  is,  the  iho- 
tion  impressed,  is  as  the  motive  force  which  produces  it. 


PROPOSITION  ni. 

21.  The  Momenta,  or  Quantities  of  Motion,  in  moving  Bodies^ 
are  in  the  Compound  Ratio  of  the  Masses  and  Velocities. 

That  is,  w  is  as  ^-y. 

For,  the  motion  of  any  body  being  made  up  of  the  mo- 
tions of  all  its  parts,  if  the  velocities  be  equal,  the  momenta 
will  be  as  the  masses;  for  a  double  mass  will  strike  with  a 
double  force  ;  a  triple  mass,  with  a  triple  force,  and  so  on. 
Again,  when  the  mass  is  the  same,  it  will  require  a  double 
force  to  move  it  with  a  double  velocity,  a  triple  force  with  a 
triple  velocity,  and  so  on ;  that  is,  the  motive  force  is  as  the 
veloGity  ;  but  the  momentum  impressed,  is  as  the  force  which 
produces  it,  by  prop.  2  ;  and  therefore  the  momentum  is  as 
the  velocity  when  the  mass  is  the  same.  But  the  momentum 
was  found  to  be  as  the  mass  when  the  velocity  is  the  same. 

Consequently 
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Consequently,  when  neither  are  the  same,  the  momentum  is 
in  the  compound  ratio  of  both  the  tttass  and  velocity. 


PROPOSITION  IV. 

22.  In  Uniform  Motions,  the  Spates  described  are  in  the  Com,' 
pound  Ratio  of  the  Velocities  and  the  Times  of  their  Descrip- 
tion^ 

That  is,s  is  as^i?. 

For,  by  the  nature  of  uniform  motion,  the  greater  the  ve- 
locity, the  greater  is  the  space  described  in  any  one  and  the 
saine  time  ;  that  is,  the  space  is  as  the  velocity,  when  the 
times  are  equal.  And  when  the  velocity  is  the  same,  the  space 
will  be  as  the  time  ;  that  is,* in  a  double  time  a  double  space 
will  be  described  ;  in  a  triple  time,  a  triple  space  ;  and  so  on. 
Therefore  universally,  the  space  is  in  the  compound  ratio  of 
the  velocity  and  the  time  of  description. 

23.  CoroL  1.  In  uniform  motions,  the  time  is  as  the  space 
directly,  and  velocity  reciprocally  ;  or  as  the  space  divided 
by  the  velocity.  And  wHen  the  velocity  is  th(5  same,  the  time 
is  as  the  space.  But  when  the  space  is  the  same,  the  time 
is  reciprocally  as  the  velocity. 

24.  CoroL  2.  The  velocity  is  as  the  space  directly  and  the 
time  reciprocally  ;  or  as  the  space  divided  by  the  time.  And 
when  the  time  is  the  same,  the  velocity  is  as  the  space.  But 
when  the  space  is  the  same,  the  velocity  is  reciprocally  as 
the  time. 

Scholium, 

25.  In  uniform  motions  generated  by  momentary  impulse, 
let  6=  any  body  or  quantity  of  matter  to  be  moved, 

y*=  force  of  impulse  acting  on  the  body  6, 
2)  ==  the  uniform  velocity  generated  in  6, 
w  =  the  momentum  generated  in  6, 
5  ==  the  space  described  by  the  body  6, 
t^=  the  time  of  describing  the  spaces  with  the  velpc.  v. 

Then  from  the  last  three  propositions  and  corollaries,  we 
have  these  three  general  proportions,  namely  /a  V/i,  m  <x 
bv.wad  s  <x  t;v  ;  from  which  is  derived  the  following  table  of 
the  general  relations  of  those  six  quantities,  in  unifprnfi  mo- 
tions and  impulsive  or  percussive,  forces  : 

Vol.  II.  16  / «  m 
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\        ^^ 

'  f       m       ft       mt 

7?  V  S  S 

ft       im 
s  oz  t'i>  ac  -y  <x  -T-- 
bo 

s       f       m 

s        bs        bs 

-z?        f       m 

By  means  of  which,  may  he  resolved  all  questions  relating 
to  uniform  motions,  and  the  effectg  of  momentary  or  impulsive 
forces. 

PROPOSITION  V. 

26.  The  Momentum  generated  by  a  Constant  and  Uniform  Force 
acting  for  any  Time,  is  in  the  Compound  Ratio  of  the  Forc^ 
and  Time  of  Acting. 

Thatis,  misBS^; 

For,  supposing  the  time  divided  into  very  small  parts,  by 
prop.  2,  thiB  momentum  in  each  particle  of  time  is  the  same, 
and  therefore  the  whole  momentum  wiU  he  as  the  whole  time» 
or  sum  of  all  the  small  parts.  But  by  the  same  prop,  the  mo- 
mentum for  each  small  time  is  also  as  the  motive  force.  Con- 
sequently the  whole  momentum  generated,  is  in  the  compound 
ratio  of  the  force  and' time  of  acting.  * 

27.  CorolJ  1.  Themotion,  or  momentum,  lost  or  destroyed 
in  any  time,  is  also  in  the  compound  ratio  of  the  force,  and 
time.  For  whatever  momentuni  any  force  generates  in  a  given 
time  ;  the  same  momentum  will  an  eqqal  force  destroy  in  the 
sanie  or  equal  time  ;  acting  in  a  contrary  direction . 

And  the  same  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  conspire  with,  or  oppose  the  motion  of  bodies. 

28»  Corok  2.  The  velocity  generated,  or  destroyed,  in  any 
time,  is  directly  as  the  force  and  time,  and  reciprocally  as  the 
body  or  npiass  of  matter. — For,  by  this  and  the  3d  prop,  the 
compound  ratio  of  the  body  and  velocity,  is  as  that  of  the  force 
and  time  ;  and  therefore  the  velocity  is  as  the  force  and  time 
divided  by  the  body.  Andif  the  body  and  force  be  given,  or 
constant,  the  Telocity  will  be  as  the  time.  ^.^./ 

>  /  PROPOSITION 
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PROPOSITION  VL 

29.  The  Spaces  passed  over  by  Bodies^  urged  hy  any  Constant 
and  Uniform  Forces,  acting  during  any  Times,  are  in  (he  com' 
pound  Ratio  of  the  Forces  and  Squares  of  the  Times  directly^ 
and  the  Body  or  Mass  reciprocally. 

Or,  the  Spaces  are  as  the  Squares  of  the  Times,  when  the  Force 
and  Body  are  given. 

That  is,  s  is  as  ~^,  or  as  t^  when/ and  h  are  given.    For, 
b 

let  V  denote  the  velocity  acquired  at  the  end  of  any  time  t, 

^y  any  given  body  6,  when  it  has  passed  over  the  space  s. 

Then,  because  the  velocity  is  as  the  time,  by  the  last  corol. 

therefore  i  v  is  the  velocity  at  \  t,  or  at  the  middle  point  of 

the  time ;  and  as  the  increase  of  velocity  is  uniform,  the 

same  space  «  will  be  described  in  the  same  time  t,  by  the 

velocity  i  v,  nniformly  continued  from  beginning  to  end. 

But,  in  uniform  motions,  the  space  is  in  the  compound  ratio 

of  the  time  and  velocity  ;  therefore  s  is  as  |^  tv,  or  indeed  5= 

Itv,     But,  by  the  last  corol.  the  velocity  i?  is  as  ^,  or  as 

the  force  and  time  directly,  and  as  the  body  reciprocally. 

Therefore,  s,  or  ^  tv^  is  as"^—;  that  is,  the  space  is  as  the  force 

and  square  of  the  time  directly,  and  as  the  body  reciprocally. 
Or  s  is  as  t^\  the  square  of  the  time  only,  when  6  and  /  are 
given. 

30.  CoroL  1.  The  space  sis  also  as  tv,  or  in  the  compound 
ratio  of  the  time  and  velocity;  6  and /being  given.  For, 
s==±:^tv  is  the  space  actually  described.  But  iiy  is  the  space 
which  might  be  described  in  the  same  time  f,  with  the  last  ve- 
locity t),  if  it  were  uniformly  continued  for  the  same  or  an 
equal  time.  Therefore  the  space  s,  or  ^iv,  which  is  actually 
described,  is  just  half  the  space  tv,  which  would  be  described, 
with  the  last  or  greatest  velocity,  uniformly  continued  for  an 
equal  time  t, 

31.  CoroL  2,  The  space  s  is  also  as  v^,the  square  of  the 
velocity  ;  because  the  velocity  ly  is  as  the  time  t. 


Scholium. 

32.  Propositions  3,  4,  5,  6,  give  theorems  for  resolving  all 
questions  relating  to  motions  uniformly  accelerated.     Thus, 

put 
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h  =  any  body  or  quantity  of  matter^ 
y  =  the  force  constantly  acting  on  it, 
^•=s  the  time  of  its  acting, 
T>  r=  the  velocity  generated  in  the  time ^, 
J  ==  the  space  described  in  that  time, 
tn  =  the  momentum  at  the  end  of  the  time. 
Then,  from  these  fundamental  relations,  m  tchv\m  oc/ii, 

«  fic  tv,  and  v  ec  "^j  we  obtain  the  following  table  of  the  ge- 

lieral  relations  of  uniformly,  accelerated  motions  : 

i.       bs      fs     ft^v  —  

«i  oc  bv  oc/roc  -~oc    -«''- — oc  ^bfs  <x  ^bftv- 

:      V      s        s        s        ms       fs       ftv       v^ 

/m      hv      mo      ms      m^       in^      bv^       bs 
oc  -  oc   — .  ec  —  ec  ;r-  oc  -7—  ec  7--  a  -. —  qc  — -. 
t         t        s        t^v       bs       btv        s         t^ 

s      ft     m     ms      fs      m^  fs     fist 

t       b      b      ft^      m       bft  ^  b        m^ 

ft^      mt     ft^v      mv  m^      bv^       m^v 

s  fx  iv  oc  %  oc  -^  oc  ^ « .  -p  oc  j-r  (ic-T-  «  -7^7  - 

b        b        m        f  of        f         pt 

$      m     bv      bs  bs  ms     m^      . 

ioc  -ic  -^bc  -^oc  — oc  V-T^oc  a/~oc  — r-,  &c. 
V      f      f       m       ^  f       ^  fv       bfv 

33.  And  from  these  proportions  those  quantities  are  to  be 

left  out  which  are  given,  or  which  are  proportional  to  each 

other/    Thus,  if  the  body  or  quantity  of  matter  be  always 

the  same,  then  the  space  described  is  as  the  force  and  square 

of  the  time.     And  if  the  body  be  proportional  to  the  force, 

as  all  bodies  are  in  respect  to  their  gravity  ;  then  the  space 

described  is  as  the  square  of  the  tirfie,  or  square  of  the  velo- 

^'  •' ■•    ■•"  f  ■  ^  ■  ■  '    . 

city;  and  in  this  case,  if  f  be  put  =  r>  t^^  accelerating 

force ;  then  will 

S    OC^V    OC    Ft^     OC    . 

F 

s        "■  ■ 
■jy  oc   -  oc  Ft  oc  ^FS- 

S         V  s 

roc  ~   oc  -  oc  ^  -. 

V      .    F  -F 


THE 
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THE  COMPOSITION  AND  RESOLUTION  OF 
FORCES. 

34.  Composition  of  Forces,  is  the  uniting  of  two  or  more 
forces  into  one,  which  shall  have  the  same  effect ;  or  the  find- 
ing of  one  force  that  shall  be  equal  to  several  others  taken 
together,  in  any  different  directions.  And  the  resolution  of 
Forces,  is  the  finding  of  two  or  more  forces  which,  acting  in 
any  different  directions,  shall  have  the  same  effect  at  any  given 
single  force. 

PROPOSITION  VII. 

35.  If  a  Body  at  a  he  urged  in  the  Directions  kB  and  ac,  hy 
any  two  Similar  Forces,  suchtthat  they  would  separately  cause  ' 
the  Body  to  pass  over  the  Spaces  An,  ag,  in  an  Equal  Time  ^ 
ihemf  both  Forces  act  together,  they  will  cause  the  Body  to 
■move  in  the  same  Time,  through  ah  the  Diagonal  of  the  V a- 
rallelogram  ABCD, 

Draw  ccZ  parallel  to  AB,  and  ii  paral- 
lel to  AC.     And  while  the  body  is  carried  1%      h     B 

over  a6,  or  ccZ  by  the  force  in  that  direc-  A^<-     •        : — ^  ;. 

tion,  let  it  be  carried  over  hd  by  the  force  C*|  -^^^^       i 

in  that  direction  ;  by  which  means  it  will  c' •— .....^^^^^      \ 
be  found  at  d.     Now,  if  the  forces  be       [  ^Ni 

impulsive  or  momentary,  the  motions  will  C    ■-■■•■•-•  -^^ 

be  uniform,  and  the  spaces  described  will  be  as  the  times  of 
description : 

theref.         a6  or  cd  :  ab  or  cd  :  :  time  in  a6  :  time  in  ab, 
and  hd  or  ac  :  bd  or  ac  :  :  time  in  ac  :  time  in  ac  ; 

but  the  time  in  a6  :  =  time  in  ac,  and  the  time  in  ab  == 
time  in  ac;  therefore  a6  :  hd  :  :  ab  :  ed  by  equality :  hence 
the  poiiit  dl  is  in  the  diagonal  AD. 

And  as  this  is  always  the  case  in  every  point  df,  <7,  &;c.  there- 
fore the  path  of  the  body  is  the  straight,  line  a^/d,  or  the  di* 
agonal  of  the  parallelograni. 

But  if  the  similar  forces,  by  means  of  which  the  body  is 
moved  in  the  directions  ab,  ac,  be  uniformly  accelerating 
ones,  then  the  spaces  will  be  as  the  squares  of  the  times  ;  in 
which  case,  call  the  time  in  bd  or  cd,  t,  and  the  time  in  ab  or 
AC,  T ;  then 

it  will  be         Ah  or  cd  :  ab  or  cd  :  :  ^^  .  ^3^ 
and         -         hd  or  ac  :  bd  or  ac  :  :  t'^  :  t^, 
theref,  by  equality,  a6  :  hd  :  :  ab  :  bd  ; 
and  so  the  body  is  always  found  in  the  diagonal,  as  before, 

36.  Carol, 
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36^  Cprol.  I.  If  the  forces  be  not  similar,  by  which  the 
body  is  urged  in  the  directions  ab,  ac,  it  will  move  in  some 
curved  line,  depending  on  the  nature  of  the  forces. 

37.  CoroL  2.  Hence  it  appears  that  the  body  moves  over 
the  diagonal  ad,  by  the  compound  motion,  in  the  very  same 
time  that  it  would  move  over  the  side  ab,  by  the  single  force 
impressed  in  that  direction,  or  that  it  would  move  over  the 
side  AC  by  the  force  impressed  in  that  direction, 

38.  CoroL  3.  The  forces  in  the  directions,  ab,  Ac,  ad,  are 
tiespectively  proportional  to  the  lines  ab,  ac,  ad,  and  in  these 
directions. 

39.  CoroL  4,  The  two  oblique  forces 
AB,  AC,  are  equivalent  to  the  single  di- 
rect force  AD,  which  may  be  compound- 
ed of  these  two,  by  drawing  the  diagonal 
of  the  parallelogram.  Or  they  are  e qui*- 
valeiit  to  the  double  of  ae^  drawn  to  the 
middle  of  the  line  bc.  And  thus  any 
force  mzy  be  compounded  of  two  or  more 
other  forces  ;  which  is  the  n^eahing  of  the  expression  compo" 
sition  of  forces, 

40.  Exam.  Suppose  it  were 
required  to  compound  the  three 
forces  AB,  AC,  ad  ;  or  to  fiiid  the 
direction  and  quantity  of  one 
single  force  which  shallbe  equi- 
valent to,  and  have  the  same  ef- 
fect, as  if  a  body  A  were  acted 
pn  by  three  forces  in  the  directions  ab,  ac,  ad,  and  pro-- 
portional  to  these  three  lines.  First  reduce  the  two  ac,  ad, 
to  one  AE,  by  completing  the  parallelogram  adec.  Then  re- 
duce the  two  AE,  AB  to  one  af  by  the  parallelogram  aefb. 
So  shall  the  single  force  af  be  the  direction,  and  as  the  quan- 
tity, which  shall  of  itself  produce  the  same  elGfect,  as  if  all  the 
three  AB,  AC,  AD  acted  together. 

41.  Coro/.  6.  Hence  also  any  single 
direct. force  ad,  naay  be  resolved  into 
two  oblique  forces,  whose  quantities 
and  directions  are  ab,  ac,  having  the 
same  effect,  by  describing  any  paralle- 
logram whose  diagonal  may  be  ad:  and 
this  is  called  the  resolution  of  forces. 
So  the  force  ad  may  be  resolved  into 
the  two  AB,  AC  by  the  parallelogram 

abdc  \ 
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ABpc  ;  or  into  the  two  ae,  af,  by  the  pariallelogram  aedp  ; 
and  so  on,  for  any  other  two.  And  each  of  these^uaay  be  re-? 
solved  again  into  as  many  others  as  we  please. 

42.  CoroL  6.  Hence  too  may  be 
found  the  effect  of  any  given  force, 
in  any  other  direction,  besides  that 
of  the  line  in  which  it  acts  ;  a^  of  the 
force  AB  in  any  other  given  direction 
CB.  For  draw  ad  perpendicular  to 
CB  ;  then  shall  db  be  the  effect  of  the 
force  AB  in  the  direction  CB.  For  the  given  force  ab  is  equi- 
valent to  the  two  AD,  db,  or  ae  ;  of  which  the  former  ad,  or 
eb,  being  perpendicular,  does  not  alter  the  velocity  in  the  di- 
rection cb  •  and  therefore  db  is  the  whole  effect  of  ab  in  the 
direction  cb.  That  is,  a  direct  force  expressed  by  the  line  d^ 
acting  ia  the  direction  db,  will  produce  the  same  effect  or  mo- 
tion in  a  body  B,  in  that  direction,  as  the  oblique  force  express- 
ed by,  and  acting  in  the  direction  ab,  produces  in  the  same  di- 
rection cb.  And  hence  aiiy  given  force  ab,  is  to  its  effect  in 
db,  as  AFtoDB.  or  as  radius  to  the  cosine  of  the  angle  A bd  of 
inclination  of  those  directions.  For  the  same  reason,  the 
force  or  effect  in  the  direction  ab,  is  to  the  force  or  effect  in 
the  direction  AD  or  eb,  as  ab  to  ad  ;  or  as  radius  to  sine  of 
the  same  angle  abd,  or  cosine  of  the  angle  vai^  of  those  di- 
rections. 

43,  CoroL  7,  Hence  also,  if  the  two  given  forces,  to  be 
compounded,  act  in  the  same  line,  either  both  the  same  way, 
or  the  one  directly  opposite  to  the  other ;  then  their  joint  or 
compounded  force  will  act  in  the  same  line  also,  and  will  be 
equal  to  the  sum  of  the  two  when  they  act  the  same  way,  or 
to  the  difference  of  them  when  they  act  in  opposite  directions  ; 
and  the  compound  force,  T^hether  it  be  the  sum  or  difference, 
will  always  act  in  the  direction  of  the  greater  of  the  two. 


PROPOSITION  vm. 

44.  If  Three  Forces  A,  b,  c,  acting  all  together  in  the  same  Plane, 
keep  one  another  in  Equilibria ;  they  will  he  proportional  to 
the  Three  Sides  de,  ec,  cd,  of  a  Triangle,  which  are  drawn 
Parallel  to  the  Directions  of  the  Forces  ad,  db,  cd. 

Produce  ad,  bd,  and  draw  cf,  ce,  parallel  to  tliem.     Then 

the 
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the  force  in  cD.is  equivalent  to  the 
two  AD,  BD^  by  the  supposition  ;  but 
the  force  cd  is  also  equivalent  to 
the  two  ED  and  ce  or  fd  ;  there- 
fore, if  CD  represent  the  force  c, 
then  ED  will  represent  its  opposite 
force  A,  and  ce,  or  fd,  its  opposite 
force  B.  Consequently  the  three 
forces,  A,  B,  c,  are  proportional  to 
DE,  cE,  CD,  the  three  Fines  parallel 
to  the  directions  in  which  they  act. 

45.  Carol,  1.  Because  the  three  sid'ss  cd,  ce,  de»  are  pro- 
portional to  the  sines  of  their  opposite  angles,  e,  d,c  ;  there- 
fore the  three  forces,  when  in  equilibrio,  are  proportionalto 
the  sines  of  the  angles  of  the  triangl^  made  of  their  lines  of 
direction  ;  namely,  each  force  proportional  to  the  sine  of  the 
angle  made  by  the  directions  of  the  other  two^ 

46.  Carol.  2.  The  three  forces,  actipg  against,  and  keep- 
ing  one  another  in  equilibrio ,  are  also  proportional  to  the  sides 
of  any  other  triangle  made  by  drawing  Imes  either  perpendi- 
cular to  the  directions  of, the  forces,  or  forming  any  given 
angle  with  those  directions.  For  such  a  triangle  is  always 
similar  to  the  fpriner,  which  is  made  bydrawing  lines  parallel 
to  the  directions  ;  and  therefore  their  sides  are  in  the  same 
proportion  to  one  another. 

47.  CaroL  3.  If  any  number  of  forces  be  kept  in  equilibrio 
by  their  actions  agaist  one  another  ;  they  may  be  all  reduced 
to  two  equal  and  opposite  ones.— For,  by  cor.  4,  prop.  7,  any 
two  of  the  forces  may  be  reduced  to  one  force  acting  in  the 
s:ime  plane  ;  then  this  last  force  and  another  may  likewise  be 
reduced  to  another  force  acting  in  their  plane  ;  and  so  on,  till 
atlasttMy  all  be  reduced  to  the  action  of  only  two  opposite 
forces  :  vvbich  will  be  equal,  as  w^ll  as  opposite,  because  the 
whole  are  in  equilibrio  by  the  supposition. 

48.  Coral,  4.  If  one  of  the 
f  )rces,  Hs  c,  be  a  weight,  which  is 
s ustai ned  by  two  strings  drawing  in 
the  directions  da,  db  :  then  the 
force  or  tension  of  the  string  ad, 
is  to  the  weight  c,  or  tension  of  the 
string  DC,  as  de  to  dc  ;  and  the 
force  or  tension  of  the  other  string 
Brr,  i«  to  the  weight  c,  or  tension 
of  CD.  n?  CKtO  co.^  - 

CoroL 
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49.  Corol,  5.  If  three  forces  be  in  equilibrio  by  their  mu^ 
tual  aGtions  ;  the  line  of  direction  of  each  force,  as  dc,  passes 
through  the  opposite  angle  c  of  the  parallelogram  formed  by 
the  directions  of  the  other  two  forces. 

50.  Remark,  These  propertre§,  in  this  proposition  and  its 
corollaries,  hold  true  o{  all  similar  forces  whatever,  whether 
they  be  instantaneous  or  continual,  or  whether  they  act  by 
percussion,  drawing,  pushing,  pressing,  or  weighing ;  and  are 
of  the  utmost  importance  in  mechanics  and  th^  doctrine  of 
forces. 


ON  THE  COLLISION  OF  BODIESo 

PROPOSITION  IX. 

61.  If  (^  Body  strike  or  act  Obliquely  on  a  Plain  Surface,  the 
Force  or  Energy  of  the  Stroke,  or  Action,  is  as  the  SinC  of  the 
Jingle  of  Incidence, 

Or,  the  Force  on  the  Surface  is  to  the  same  if  it  had  acted  Perpen^ 
dicularly,  as  the  Sine  of  Incidence  is  to  kadius. 

Let  AB  express  the  direction  and 
the  absolute  quantity  of  the  obhque 
force  on  the  plane  de;  orlet  agiyen 
body  A,  moving  with  a  certain  velo- 
city, impinge  on  the  plane  at  b  ; 
then  its  force  will  be  to  the  action 
on  the  plane,  as  radius  to  the  sine  of 

the  angle  abd,  or  as  ab,  to  ad  or  bc,  drawing  ad  and  bc  per^ 
pendicular,  and  AC  parallel  to  DE. 

For,  by  prob.  7,  the  force  ab  is  equivalent  to  the  tw;o  forces 
AC,  CB  ;  of  which  the  former  ac  does  not  act  on  the  plane, 
because  it  is  parallel  to  it.  The  plane  is  therefore  only  acted 
on  by  the  direct  force  cb,  which  is  to  ab,  as  the  sine  of  the 
angle  bac,  or  abd,  to  riadius. 

62.  CoroL  1.  If  a  body  act  on  another,  in  any  direction, 
and  by  any  kind  of  force,  the  action  of  that  force  on  the  se- 
cond body,  is  made  only  in  a  direction  perpendicular  to  the 
surface  on  whtch  it  acts.  For  the  force  in  ab  acts  on  de  only 
by  the  force  cb,  and  in  that  direction. 

53.  CoroL  2.  If  the  plane  de  be  not  absolutely  fixed,  it 
will  move,  after  the  stroke,  in  the  direction  perpendicular  to 
its  surface.  For  it  is  in  that  direction  that  the  force  is  ex*- 
erted. 
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64.  If  one  Body  kyitrike  another  Body b^ 'which  is  dther  at  R^ 
or  moving  towards  the  Body  a,  or  moving  from  it^  but  ^itk  ct 
less  Velocity  than  that  of  k.,  then  the  Momentayor  Quantities  of 
Motion,  of  the  two  Bodies,  estimated  in  any  one  Direction ^ 
will  he  the  very  same  after  the  Stroke  that  they  were  hef ore  it. 

Foil,  because  actioiv  and  re-action  are  always  equal,  and  ia 
contrary  directions,  whatever  momentum  the  one  body  gains 
one  way  by  the  stroke,  the  other  must  just  lose  as  much  in 
the  same  direction ;  and  therefore  the  quantity  of  motion  in 
that  direction,  resulting  from  the  motions  of  both  the  bodies^ 
Beniains  stiir  the  same  as  it  was  before  the  stroke. 

55.  Thus,  if  A  with  a  momentum 

of  10,  strike  b  at  rest,  and  commu-      @  — — O  ■        ^ 

uicate  to'itamoinentum  of  4,  in  the     JV.  -B  - 

direction   AB.     Then  A  will  have 

only  a  momentum  of  6  in  that  direction  ;  which,  together  with^ 
^e  momentum  of  b,  viz.  4,  mtike  up  still  the  same  momentuioa 
between  thena  as  before,  namely,  10- 

56.  If  B  were  in  motion  before  the  Stroke  with  a  moment 
turn  of  5,  in  the  same  direction^  arid  reciBive  frpin  a  a^ 
tional  momentum  of  2.     Then  the  motion  of  a  after  the  stroke 
will  be  8,  and  that  of  b,  7  ;  which  between  them  make  15, 
the  same  as  1 0  and  6 ,  the  motion^  before  the  stroke . 

57.  Lastly,  if  the  bodies  move  in  opposite  directions,  and 
meet  one  another,  namely,  a  with  amotion  of  10,  and  b,  of 
5 ;  and  A  communicate  to  b  a  ii)otion  of  6  in  the  direction  ab 
of  its  motion.  Then,  before  the  stroke,  the  whole  motion 
from  both,  in  the'  direction  of  ab,  is  10 — -5  or  5.  But,  after 
the  stroke,  the  motion  of  a  is  4  in  the  direction  ab,  and  the 
motion  of  B  is  6—5  or  I  in  the  same  direction  ab  ;  thereCope 
the  sum  4  4"  1>  or  5,  is  still  the  same  motion  from  both  as  it 
was  before.  ; 

PROPOSITION  XL 

S8.  The  Motion  of  Bodies  incl^defi  in  a  Given  Space^  is  the 
same  with  regard  to  each  other,  whether  that  Space  be  at  Rest, 
or  move  uniforMf  in  (f  Right  Line, 

For,  if  any  force  be  equally  impressed  both  on  the  body 
and  the  line  in  which  it  moves,  this  will  cause  no  change  ia 

the 


Hosted  by  Google 


COLLISION  OF  BOftlES,  $2S 

the  motion  of  the  body  alqng  the  right  line.  For  the  same 
reason,  the  motions  of  all  the  other  bodies,  in  their  several 
directions,  will  still  remain  the  same,  Conseqnently  their 
njotions  among  themselves  wiU  continue  the  same,  whether 
the  including  space  be  at  rest,  or  be  moved  uniformly  for- 
ward. And  therefore  their  mutual  actions  on  one  anotherj 
must  also  remain  the  same  in  both  cases. 

PROPOSITION  XII. 

59.  If  a  Hard  and  Fixed  Plane  be  struck  by  either  a  Soft  or  a 
Hard  Unelastic  Body,  the  Body  mil  continue  on  it .  But  if  th& 
Plane  be  struck  by  a  Perfectly  Elastic  Body,  it  mil  rebound 

,  from  it  again  with  the  same.  Velocity  with  which  it  struck  the 
Plane, 

For,  since  the  parts  which  are  struck,  of  the  elastic  body^ 
suddenly  yield  and  give  way  by  the  force  of  the  blow,  and  as 
suddenly  restore  themselves  again  with  a  force  equal  to  the 
force  which  impressed  them,  by  the  definition  of  elastic  bodies  ; 
the  intensity  of  the  action  of  that  restoring  force  on  the  plane> 
will  be  equal  to  the  force  or  momentum  with  which  the  body 
struck  the  plane.  And,  as  action  and  re-action  are  equal  and 
contrary,  the  plane  will  act  with  the  same  force  on  the  body, 
and  so  cause  it  to  rebound  or  move  back  again  with  the  same 
velocity  as  it  had  before  the  stroke. 

But  hard  or  soft  bodies,  being  devoid  of  elasticity,  by  the 
definition,  having  no  restoring  force  to  throw  them  off  again, 
they  must  necessarily  adhere  to  the  plane  struck. 

60.  CoroL  I .  Th^^ept  of  the  blow  of  the  elastic  body, 
on  the  plane,  is  doubleto  that  of  the  unelastic  one,  the  velo- 
city and  mass  being  equal  in  each. 

For  the  force  of  the  blow  from  the  unelastic  body  is  as  its 
mass  and  velocity,  which  is  only  destroyed  by  the  resistance  of 
the  plane.  But  in  the  elastic  body,  that  force  is  not  only  de- 
stroyed and  sustained  by  the  plane  ;  but  another  also^equal  to 
it  is  sustained  by  the  plane,  in  consequence  of  the  restoring 
force,  and  by  virtue  of  which  the  body  is  thrown  back  again 
with  an  equal  velocity.  And  therefore  the  intensity  of  the  blow 
is  doubled. 

61 .  CoroL  2.  Hence  unelastic  bodies  lose,  by  their  collision, 
only  half  the  motion  lost  by  elastic  bodies;  their  mass  and 
velocities  being  equal.  For  the  latter  communicate  double 
the  motion  of  the  former. 

PROPOSITION 
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PRCHPOS^^'ioN  xni. 

62.  If  an  Elastic  Body  a  impinge  on  a  Firm  Plane  de  at  iM 
Point  By  it  'Will'TehoUnd  from  it  in  an  Angle  equal  to  that  in 
which  it  struck  it ;  or  the  Angle  of  Incidence  will  he  equal  to 
the  Angle  of  Reflection ;  namely^  the  Angle  abd  equal  to  the 
Angle  FBE. 

Let  ab  express  the  force  of* 
the  body  a  ia  the  direction  ab  ; 
Ivhich  let  be  resolved  into  the 
two  AC,  CB,  paijallel  and  perr- 
pendicular  to  the  plane.-^^Take 
BE  and  GF  equal  to  AC,  and  draw 
BF.  Now  action  and  re-action  being  equals  the  plane  Will 
resist  the  direct  force  cb  by  another  bc  equal  to  it,  and  in  a 
contrary  direction  :  whereas  the  other  ac,  being  paralifel  to 
the  plane,  is  not  acted  on  qr  diminished  by  it,  but  still  con^ 
tinues  as  before.  The  body  is  therefore  reflected  from  the 
plane  by  two  forces  bc^  be,  perpendicular  and  parallel  to  the 
plane,  and  therefore  moves  in  the  diagonal  bf  by  composition. 
But,  because  ac  is  equal  to  be  or  cf^  and  that  bc  is  common, 
the  two  itriangles  bca,  bcf  are  mutualjly  similar  and  equal ;  and 
consequently  the  angles  at  a  and  f  are  equal,  as  also  their 
equal  alternate  angles  abd^fbe,  which  are  the  angles  of  inci- 
dence and  reflection. 

I^OPOSITION  XIV. 

63.  To  determine  the  Motion  of  Non-elastic  Bodies  when  they 
strike  each  other  Directly ^  or  in  the  same  Line  of  Direction  \ 

Let  the  non-elastic  body  B,  mov- 
ing with  the  velocity  y  in  the  di- 


rection B65  and  the  body   h  with       g  b  ^ 

the  velocity  v^  strike  each  other. 

Then  because  the  monaentum  of  any  nioving  body  is  as  the 
mass  into  the  velocity,  bv  =  m  is  the  momentum  of  the  bodyj 
B,  and  61;  =  m  the  momentum  of  the  body  fe,  which  let  be 
the  less  powerful  of  the  two  motions.  Then,  by  prop.  10, 
the  bodies  will  both  move  together  as  one  mass  in  the*  direc- 
tion BC  after  the  stroke,  whether  before  the  stroke  the  body 
h  nioved  towards  c  or  towards  B.  Now,  according  as  that 
Inotion  of  ^  was  from  or  towards  e,  that  is  whether  th§ 
motions  tvere  in  the  sam^  or  contrary  ways,  the  momentum 
after  the  stroke,  in  direction  bc,  will  be  the  sum  of  difference 
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of  the  momentums  before  the  stroke  ;  namely,  the  momen- 
tum in  direction  bc  will  be 

By-}-6i>,  if  the  bodies  moved  the  same  way,  or 
BV—^v,  if  they  moved  contrary  ways,  and 
iy  <}nly,  if  the  body  6  were  at  rest. 

Then  divide  each  momentum  by  the  common  mass  of  mat- 
ter B  +  6,  and  the  quotient  will  be  the  common  velocity  after 
the  stroke  in  the  direction  bc  ;  namely,  the  common  velocity 
Will  be,  in  the  first  case, 

Bv-^hv  .,    ,v     ^,Bv— 6v        ,.    ;,     ^'      BV 
-,  m  the  2d       ,\   ,  and  in  th0  3d  - 


B+b  B+6  B+6 

64.  For  example,  if  the  bodies,  or  weights;  Ban4  i,  be  as 
5  to  3  and  their  velocities  V  and  -y,  as  6  to  4,  or  as  3  to  2,  be* 
fore  the  stroke  ;  then  15  and  6  will  be  as  their  momentums, 
and  8  the  sum  of  their  weights  ;  consequently,  after  the 
stroke,  the  common  velocity  will  be  as 

154-6     21 

1-1^— =— or  2|  in  the  first  case, 

16—6      9  . 

o  ■  =  -  or  U  ;n  the  second,  and 

15 

--^  .  -  -  .  -  or  t^  in  the  third. 


PROPOSITION  XV. 

65.  If  two  Perfectly  Elastic  Bodies  impinge  on  one  another : 
their  Relatine  Velocity  'mill  he  the  same  both  Before  and  After 
the  Impulse  :  that  is,  they  will  recede  from  each  other  with  the 
same  Velocity  with  which  they  approached  and  met. 

For  the  compressing  force  is  as  the  intensity  of  the  stroke  ; 
which,  in  given  bodies,  is  as  the  relative  velocity  with  which 
they  meet  or  strike.  But  perfectly  elastic  bodies  restore 
themselves  to  their  former  figure,  by  the  same  force  by  which 
they  were  compressed  ;  that  is  the  restoring  force  is  equal  to 
the  compressing  force,  or  to  the  force  with  which  the  bodies 
approach  each  other  before  the  impulse.  But  the  bodies  are 
impelled  from  each  other  by  this  restoring  force ;  and  there- 
fore this  force,  acting  on  the  same  bodies,  will  produce  a  re- 
lative velocity  equal  to  that  which  they  had  before  :  or  it  will 
make  the  bodies  recede  from  each  other  with  the  same  velo- 
city 
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city  with  which  th^  hefave  gpproacbedJ^  br  i(>  ^  ^  he  e(|ual^ 
distant  from  one  another  at  e^pal  times^  be^^  andaft^  the^ 
impact.  'I 

66,  Remark.  It  is  not  meant  by  this  propc^itidn^  that  each 
body  will  have  the  sami?  velocity  after  the  impulae  as  it  had 
before ;  for  that  will  be  varied  according  to  the  relation  of 
the  masses  of  the^  two  bodies  ;  but  that  the  velocity  of  the 
one  will  be,  after  the  stroke^  as  much  increased  as  that  of  the 
other  is  decreased,  in  one  and  the  same  direction/  So,  if  the' 
elastic  body  b  move  with  a  velocity  y,  and  overtake  the  elas- 
tic body  &  moving  the  same  way  with  the  velocity  i) ;  then 
their  relative  velocity,  or  that  with  which  they  strike^is  v— vV 
and  it  is  with  this  same  velocity  that  they  separate  from  each 
other  after  the  stroke.  But  if  they  meet  each  other,  or  the 
body  6  move  contrary  to  the  body  b  ;^  then  they  meet  and 
strike  with  the  velocity  v+o; ,  and  it  is  with  the  same  velocity 
that  they  separate  and  recede  from  each  other  after  the  stroke. 
Bat  whether  they  move  forward  on  backward  after  the  im- 
pulse, and  with  what  particular  velocities,  are  circumstances 
that  depend  on  the  various  masses  and  velocities  of  the  bo- 
dies before  the  stroke^  and  which  make  the  subject  of  the 
next  proposition. 

PROPOSITTON  XVr. 

67.    To  determine  the  Motiorts  of  Elastic  Bodies  after  Striking 
each  other  directly. 

Let  the  elastic  body  b  move  in       ^     ^  q    

the  direction  bc,  with  the  velocity        S  ^~         C 

V ;  and  let  the  velocity  of  the  other 

body  b  be  v  in  the  same  hue  ;  which  latter  velocity  i?  will  be 
positive  if  6  move  the  same  way  as  b,  but  negative  if  ^  move 
sn  the  opposite  direction  to  b.  Then  their  relative  velocity 
in  the  direction  bc  is  v  —  v  -^  also  the  momenta  before  the 
stroke  are  bv  and  bv,  the  sum  of  which  is  bv  +  bv  in  the  di- 
irectionBc. 

Again,  put  x  for  the  velocity  of  b,  and  ^  for  that  of  by  in 
the  same  direction  Bc,  after  the  stroke;  then  their  relative 
velocity  is  2/— re,  and  the  sum  of  their  momenta  Bx-{-by  in  the 
«ame  direction.  -  . 

But  the  momenta  before  and  after  the  collision,  estimated 
in  the  same  direction,  are  equal,  by  prop.  10,  aS  also  the  re-- 
lative  velocities,' by  the  last  prop.  Whence  arise  these  two 
equations ; 

■,■■,.•■   viz, 
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viz,  BV+-6l^Bx4-%5 

and  T-—  <»=  f-^x'y 
tfee  resolution  of  which  equations  gives 

x:r=^ -^-y ,  the  velocity  of  b, 

—  (b— &)  t?-|-2BV 

y=  S^b — ^^"^^  *^^  ""^^l^city  of  ^, 

both  in  the  direction  bc,  when  v  and  v  are  both  positive,  or 

the  bodies  both  moved  towards  c  before  the  collision.     But  if 

V  be  negative,  or  the  body  b  moved  in  the  contrary  direction 

before  collision,  or  towards  b  ;thenj  changing  the  sign  of  a>^ 

the  saine  theorems  become 

CB-.^b)v'^Uv  ^,        ,  ;,     ^ 
it  =»  -i^ ^-j^ ,  the  velocity  of  b, 

(b — 6)  v+Sbv 

y  =  ^- rir-^ — >  the  veloc.  of  h)  Jn  the  direction  bc* 

B-jro 

And  if  b  were  at  rest  before  the  impact>  making  its  velocity 

t>  =0,  the  same  theorems  give 

B-r-&  ,        -      2b 

^  ^^  rrr  ^»  sind  y  =  — r—  v,  the  velocities  in  this  case . 
b4-6  -       B+B 

And  in  this  case,  if  the  two  bodies  b  and  b  be  equal  to  eacij 

2b        2b 
other;  then  b--^===0,  and --j^  ===—:?=  1 ;  which  give  ar=0, 

Budy^y;  that  is  the  body  b  will  stand  still,  and  the  other 
body  6  will  move  on  with  the  whole  velocity  of  the  former  s 
^  thing  which  we  sometimes  see  happen  in  playing  at  biUiards ; 
and  which  would  happen  much  oftener  if  the  balls  were  per- 
fectly elastic/ 

PROPOSITION  XVII. 

68.  If  Bodies  strike  one  another  Obliquely,  it  is  proposed  to  de- 
termine their  Motions  after  ike  Stroke. 

Let  the  two  bodies  b,  5, 
move  in  the  oblique  directions 
BAj^A,  and  strike  each  other 
at  A,  with  velocities  which  are 
in  proportion  to  the  lines  ba, 
1>A  ;  to  find  their  motions  after 
the  impact.  Let  cah  repre- 
sent the  plane  in  which  the  ^. 
bodies  touch  in  the  point  of  t  - 
concourse;  to  which  draw  the  perpendiculars  bc,  6b,  and 
complete  the  rectangles  ce,  df.  Then  the  motion  in  ba  is  re- 
solved 
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solv:ed4ntotiie  two  Bc,  ca;  and  the  motioiim^A  is  r^soived 
intjO  the  two  5d,  da  ;  of  ;whiGh  the  antecedents  bc,  6d,  are  the 
Telbcities  with  which  they  directly  meet,  and  the  consequent^; 
CA,  DA,  are  parallel ;  therefore  by  these  the  bodies  do  not  im- 
pinge on  each  other,  and  consequently  the  motio^is,  according 
to  these  directions,  will  not  be  changed  by  the  impulse  ;  so 
that  the  velocities  with  which  the  bodies  meet,  are  as  bc  and 
{d,  or  tiieir  equals  ea  and  fa.  The  motions  therefore  of  the 
bodies  B,  6,  directly  striking  ^ach  otherwith  the  velocities  ea,, 
FAj  will  be  determined  by  prop.  16  or  14^  according  as  the 
bodies  are  elastic  or  noh-elastic  ;  which  being  done,  letAGbe 
the  velocity,  so  determined,  of  one  of  them,  as  b  ;  and  since 
there  remains  also  in  the  body  a  force  of  ^loving  in  the  direc- 
tion parallel  to  be,  with  a  velocity  as  be,  make  ah  equal  to 
BE,  and  complete  the  rectangle  gh  ;  then  the  two  motions  in 
ah  and  AG,  or  hi,  are  compounded  into  the  diagonal  ai,  which 
therefore  will  be  the  path  and  velocity  of  the  body  b  after  the 
stroke .  And  after  the  same  manner  is  the  motion  of  the  other 
body  6  determined  after  the  impact. 

If  the  elasticity  of  the  bodies  be  imperfect  in  any  given  de- 
gree, then  the  quantity  of  the  corresponding  lines  must  be  di- 
minished in  the  same  proportion. 


THE  LAW^  OF  GRAVITY  ;  THE  DESCENT  OF  HEAVY 
BODIES  ;  AND  THE >MOTION  OF  PROJEeTILES  IN 
FREE  SPACE. 

PROPOSITION  xvm. 

G9.  £.11  the  properties  of  Motion  delivered  in  Proposition  VI,  its 
Corollaries  and  Scholium,  for  Constant  Forces,  are  true  in  the 
Motions  of  Bodies  freely  descending  by  their  own  Gravity; 
namely,  that  the  velocities  are  as  the  Times,  and  the  Spaces  as 
the  Squares  of  the  Times,  or  as  the  Squares  of  the  Velocities, 

For,  since  the  force  of  gravity  is  uniform,  and  constantly 
the  same,  at  all  places  near  the  earth's  surface,  or  at  nearly 
the  same  distance  from  the  centre  of  the  earth ;  and  since 
this  is  the  force  by  which  bodies  descend  to  the  surface  ;  they 
therefore  descend  by  a  force  which  acts  constantly  and  equal- 
ly ;  consequently  all  the  motions  freely  produced  by  gravity 
are  as  above  specified,  by  that  proposition,  &c. 

SCHOLIUM; 

70.  Now  it  has  been  found,  by  numerous  experiments, 

that 
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that  gravity  is  a  force  of  such  a  natare,  that  all  bodies,  wtother 
light  or  hea?yv  fall  perpendiculafly  through  equal  spaces  in 
the  same  time,  abstracting  from  the  resistance  of  the  air  ;  as 
lead,  or  gold,  and  a  feather,  which  in  an  exhausted  receiver 
fall  from  the  top  to  the  bottom  in  the  same  time.  It  is  also 
found  that  the  velDciti^s  acquired  by  descending,  are  in  the 
exact  proportion  of  the  times  of  descent :  and  further,  that 
the  spaces  desceihded  are  proportional  to  the  squares  of  the 
times ,  and  therefore  to  the  squares  of  the  velocities '.  Hence 
then  it  follows,  that  th6  weights  of  gravities,  of  bodies  near 
the  surface  of  the  earth,  are  proportional  to  the  quantitiies  of 
matter  contain ed  in  them;  and  that  the  spaces,  tiines,  and 
velocities,  generated  by  gravity,  have  the  relations  contained 
in*  the  three  general  proportions  before  laid  down.  Further, 
a$  it  is  found,  by  accurate  experiments,  that  a  body  in  the 
latitude  of  London,  falls  nearly  16^^  feet  in  the  first  second 
of  time,  and  coQsequently  that  at  the  end  of  that  tinie  it  has 
acquired  a  velocity  double,  or  of  32}  feet  by  corol.  1 ,  prop.  6  ; 
therefore  if  g  denote  IGy^^  feet,  the  space  fallen  through  in 
one  second  of  time,  or  2|-  the- velocity  generated  in  that  time  ; 
then,  because  the  velocities  are  directly  proportional  to  the 
tim^es,  and  the, spaces  to  the  squares  of  the  times ;  therefore 
it  wiflbe, 

as  1";  :  f  :  :  %  :  2gt  =  v  the  velocity, 
and    P  :  t^  :  :    g  :    gt^=s  the  space*. 
So  that,  for  the  desceats  of  gravity;  we  have  these  general 
equations,  namely, 

v=2gt=^j-  =^2^gs. 

V   _^  2s  ^__       s> 

^"~iF'~l2  ■*"  47; 

Hence,  because  the  times  are  as  the  velocities,  and  the 
spaces  as  the  squares  of  either,  therefore, 

if  the  tidies  be  as  the  numbs.     1,2,3,    4,    5,  &c. 

the  velocities  will  also  be  as       1,  2j  3,    4,    6,  &c. 

and  the  spaces  as  their  squares  1,  4,  9,  16,  26,  ^c. 

and  the  space  of  each  time  as     1,3,6,    7,    9,  &c. 

namely,  as  the  series  of  the  odd  numbers,  which  are  the 

differences  of  the  squares  denoting  the  whole  spaces.     So 

that  if  the  first  series  of  natural  numbers  be  seconds  of  ti^e^ 

Vol.  II.  18  namely, 
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n8UBely,yie  times  ilisecOQdg        If/     2",      3^,        4^,    &g, 
the  veidcities  in  feet  mUlje       32^,   6^,   96^^  128|,*e. 
^e^aces  in  tiie  whole  times      16^^  64i,  144|v  2^7 J,  &c. 
5ind  the  «pace  for  each  second      I^ts^  i^i*  $0^,  1 12^,  &c. 
^  71.  These  relatijons,  of  the  times,  vel^^^^^      ^ 
ties,  and  spaees,  may  be  aptly  represented 
by  certain  lines    and    georaetrieal    jSgures. 
•J'hus,  if  the  line  ab  4enpte  the  time  of  any: 
body's  dcsc€^nt,  and  Bc^  at  right  angles  to  it, 
the  velocity  gained  at  the  end  of  that  tinae  ; 
by  jpihing  ac,  and  di¥iding  the  time  ab  into 
any  ni^iaaber  of  parts  at  the  points  a,  6,  c; 
then  ^ail  iidy  be,  ef,  parallel  to  bc,  be  the  vfelipibilies  at  t^ie 
points  of  time  a,  6,  ^,  or  at  the  ends  of  the  times,  Aa,  a6, 
AC  ;  because  these  latter  lines,  by  similar  triangleUare:pro^ 
portion^  to  the  former  ac?,  be^  c/*,  and  the  times  are  propor- 
tional to  the  velocities.     Also,  the  area  of  the  triangle  arc 
will  represent  the  space  descended  through  by  the  forijj^  of 
gravity  in  the  time  ab,  in  which  it  generates  the  velocity  bc; 
because  that  area  is  eqi|al  to^AsKBC,  and  the  space  descend- 
e3  is  s  ==4^  or  half  the  p^duct  of  the  time  and  the  last 
velocity/And;  for  the  same  reason,  the  less  triangle^^^ 
A6e,  Acf,  will  represent  the  several  spaces  described  in  the 
corresponding  times  Aa,  a^,  A/?randvelocitiejsa^  those 

triangles  or  spaced  beipg  also  as  the  squarjes  of  their  like  sides 
Act,  jihy  ie,  which  represent  ihe  times,  or  of  ixrf^  be,  efy  which 
represent  the  velocities.  * 


P  a   hi 

\ 

Q 

72.  But  as  areas  are  rather  unnatural 
representations  of  the  spaces  passed  over 
by  a  body  in  motion,  which  ar0  lines,  the 
relations  may  bettei*  be  represented  by 
the  abscisses  and  ordinates  of  a  parabola. 
Thus,  if  pa  be  a  parabpia,  pr  its  axis, 
and  RQ  its  ordinate;  and  pa,  p&,  pg,  &;c. 
parallel  to  Ra»  represent  the  times  from 
the  beginning,  or  the  velocities,  then  ac,  i/,  c§,  &c,  parallel 
to  the  axis  pr,  will  represent  the  spaces  described  by  a  fall- 
ing body  in  those  times  ;  for,  in  a  parabola,  the  abscisses  pA, 
pi;  tk^  &c.  or  ae,  hf,  cgykc.  which  are  the  spaees  described, 
are  as  the  squares  of  the  ordinates,  he,  if.kgi  ^c.  or  Pa,  vh^ 
^c,  &c.  which  represent  the  times  OP  velocities. 

73.  iA»d  becaii^  A^  Mwi|  fi>r  the  destrudtjpn  of  motioiP, 

are 
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are  ihekmie  as  those  for  the^ generatiottc^f  it,  by  equal  fdrces, 
butsuEftiiigki  a  eontrary  diredtioii;  tbereibre, 
^  15^,  1  bodytlirown  dirfectly  upward,  with  any  veloeity  will 
lose  eSqusdvelocittes^ in  equal  times.' 

M^  If  a  body  be  j)rojected  upward,  with  the  velocity  it 
acquired,  in  any  tiine  by  descending  fteely /it  will  lose  all  its 
velocity  in  an  eq[ual  time,  and  will  ascend  just  to  the  kdxiie 
height  iroiti  which  it  fell,  audi  will  describe  eqiial  spac^^  iii 
equal  times,  in  rising  and  fpling,  but  in  an  inverse  order  ;  arid 
it  will  .hav«  equal  velocities  at  any  orie  and  the  sarne  point  of 
the  Une  described,  both  in  aiscetidirig  a^^^ 

3d!,  if  bpies  be  proj^ected"  upward,  with  any  velocities, 
th^  height  sisfeended  to,  will  be  as  the  squares  of  those  veloci- 
ties, or  a$  the  squares  of  the  times  of  ascending,  till  they  lose 
alf  their  Velocities. 

74;    Td  ifflustiM^  for  the  neural  descent  of 

bgriJies  by  a  few  examples,  let  it  ^^^^^^^ 

Isf,  To  find  the  space  descended  by  a  body  in  7  seconds  of 
time,  anii  the  Velocity  acquired.    '     " 

Ans.  788^space;  and  225i  velocity. 

2dfj  To  find'  the  time  of  genferating  a  velocity  of  100  feet 
per  second,  an^d  the  w^hqle  space  descend*^^^^^^^^ 

Ans.  S^^tiitieV  156^  space. 

3^,  To  find  the  time  of  .descending  400  feet,  and  the  velo- 
city at  the  end  of  that  time. 

Ans.  4''ff  time  V  and  160|f  velocity. 


PROPOSITION  xix; 


75.  If  a  Bodxfhe  projected  in  Free  Space  either  Parallel  to  the 
Horizon^  or  in  an  Oblique  Direction^  hy  the  Force  of  Gim- 
Powdery  or  any  other  Impulse ;  it  will  by  this  Motion ^^  in 
Conjunction  with  the  Action  of  Gravity  describe  the  Curve 
Line  of  a  Parabola, 


A.  X 


Let  the  body  be  projected  from  the  point  a,  in  the  direc- 
tion ad,  with  any  uniform  velocity :  then,  in  any  equal  por- 
tions 
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tipBS  of  time,  it  would  by  prop.  4,  des6ribe  ih$  equal  spaces 
AB,  Bc,  CD,  &c.  ill  the  line  ad,  if  it  were  not  drawn  continu- 
ally down  bielow  that  line  by  the  actipp  of  gravity^ '  Draw  be, 
cp,  DG,  &c.  in  the  direction  of  gravity,  or  perpendicular  to 
the  horizon,  and  equal  to  the  spaces  through  whicb.  the  body 
would  descend  by  its  gravity  in  the  same  tiniie  in  which  it  would 
uniformly  pass  over  the  corresponding  spaces  ab,ac,  ad,  &c. 
by  the  projectile  motion.  /Jhen,  since  by  these  two  motions 
the  body  is  carried  over  the  space  ab,  in  the  same  time  as 
over  the  space  be  ,  and  the  space  ac  in  the  sanie  time  as  the 
space  GF,  and  the  space  ad  in  the  same  time  as  thespac^  do, 
&c. ;  therefore,  by  the  composition  of  motions,  at- the  end  of 
those  times,  the  body  will  be  found  resjpectivejy  in  the  points 
E,  F,  G,&c.;an4  consequently  the  real  path  of  the  projectile 
will  be  the  curve  hne  aefg,  &c.  But  the  spaces  ab,ac,  ad, 
&c.  described  by  uniform  motion,  are  as  the  times  of  descrip- 
tion ;  and  the  spaces  be,  cf,  dc,  &c.  describecl  in  the  same  times 
by  the  accelerating  force  of  gravity,  are  as  the  squares  of  the 
times ;  consequently  (he  perpendicular  descents  are  as  tbe 
squares  of  the  spaces  in  ad,  that  is  be,  of,  dg,  &g.  are  res- 
pectively proportional'  to  ab^ ,  ac^ ,  ad^,  &c. ;  which  is  the 
property  of  the  parabola  by  theory  B,  P on.  Sect.  Therefore 
the  path  of  the  projectile  is  the  parabolic  line  aefg,  &c.  to 
which  A|>  is  a  tangent  at  the  point  a. 

76.  Corol,  1.  The  hbrizontal  velocity  of  a  project'de,  is 
always  the  same  constant  quantity,  in  every  point  of  the 
curve;  because  the  hoFizontal  motion  is  in  a  constant  ratio 
to  the  motion  in  ad,  which  is  the  uniform  projectile  motion. 
And  the  projectile  velocity  is  in  proportion  to  the  constant 
horizontal  velocity,  as  radius  to  the  cosine  of  the  angle  dam, 
or  angle:  of  elevation  or  depression  of  the  piece  above  or  be- 
low the  horizontal  line  ah. 

77.  CoroL  2.  The  velocity  of  the  projectile  in  the  direc- 
tion of  the  curve,  or  of  its  tangent  at  any  point  a  is  as  the  se- 
cant of  its  angle  bai  of  direction  above  the  horizon.  For  the 
motion  in  the  horizontal  direction  ai  is  constant,  and  ai  is  to 
AB,  as  radius  to  the  secant  of  the  angle  a  ;  therefore  the  mo- 
tion at  A,  in  AB,is  every  where  as  the  secant  of  th^  angle  a. 

78.  CoroL  3.  The  velocity  in  the  direction  dg  of  gravity 
or  perpendicular  to  the  horizon,  at  any  point  g  of  the  curve, 
is  to  the  first  uniform  projectile  velocity  at  A,  or  point  of 
contact  of  a  tangent,  as  2gd  is  to  ab.  For,  the  times  in  ad 
and  DG  being  equal,  and  the  velocity  acquired  by  freely  de- 
scending 
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scending  througli  pG^  beipg  sujch  as  would  carry  the  body  uni- 
formly over  twice  DG  in  an  eqpal  time,  and  the  spacer  deserib- 
ed  with  uniform  motions  beiBg  as  t^e  velocities,  Jfcherefore  th^ 
space  AD  is  to  tbe  space  2dg^  as  the  projectile  velocity  at  a, 
tp  the  perpendicular  velocity  at  (^. 


PROPOSITIQN  XX. 

79.  llie  Felociiy  in  the  Direction  of  iJie  Curve,  at  any  Point  of 
it  a^A,%s  equal  to  that  which  is  generated  by  Gravity  in  free- 
ly aescending  through  a  t^p  ace  which  is  equal  to  One -Fourth 
of  the  Parameter  ^  the  diameter  of  the  Parabola  at  that 
Point, 


^ 

"> 

C 

y' 

D 

B 

«^. 


H 


Let  i» A  or  ab  be  the  height  due 
t6  the  velocity  of  ^e  projectile 
at  any  point  A,  in  the  direction  of 
the  curve  or  I  angent  ac,  or  the  ve- 
Jocity  acquired  by  falling  through 
that  height ;  and  complete  the 
parallelogram  acdb .  T hen  is  cd 
=AiB  or  AP,  the  height  due  to  the 
velocity  in  the  curve  at  a  and  cd  is  also  the  height  due  to  the 
perpendicular  velocity  at  d,  whick  must  be  eqiial  tc>ifche  former; 
but  by  the  last  coroL  the  velocity  at  a  is  to  the  perpendicular 
velocity  at  b,  as  ac  to  2cd  ;  and  as  these  velocities  are  equals 
therefore  ag  or  bd  is  equal  to  2cd,  or  2ab  ;  and  hencB  ab  or 
AP  is  equal  to  ^bd,  or  J  of  the  parameter  of  the  diameter  ab, 
bv  corol.  to  theor.  13  of  the  Parabola. 


■.H  H  H  H  H 


80.  Corol.  \,  Hence,'and  from  cor.  2, 
theor.  1 3  of  the  parabola,  it  appears  that, 
if  from  the  directrix  of  the  parabola 
which  is  the  path  of  the  projectile,  seve- 
ral lines  HE  be  drawn  perpendicular  to 
the  directrix,  or  parallel  to  the  axis  ;  then 
the  velocity  of  the  projectile  in  the  direction  of  the  curve^ 
at  any  point  e,  is  always  equal  to  the  velocity  acquired  by  a 
body  falling  freely  through  the  perpendicular  line  he.  ' 

81.  CoroL  2.  If  a  body,  after  falhng  through  the  height  pa 
(last  fig,  but  one),  which  is  equal  to  AB,:and  when  it  arrives 
at  A,  have  its  course  changed^  by  reflection  from  an  elastic 
plane  Af,  or  otherwise,  into  any  direction  ac,  without  altering 
the  velocity  ;  and  if  ac  be  taken  ==  2ap  or^AB,  and  the  paral- 
lelogram be  completed  ;  then  the  body  will  describe  the  pa- 
rabola passing  through  the  point  d. 

82.  Corol. 


Hosted  by  Google 


134 


OF  MOf  fOS^  FdRGES,  kc. 


02.  €E?r»of;  SiBecadise  AC  ==^ab  or  2cD  or  ^A^jHQherefore 
AC^==:^AP  X2ec)  or  AF  .  4cD  ;  and  because  all  tfi:e  perpetidiGii- 
lars  E3P,  c©,^Hi  areas  AE^^Ac^^  ag^  ;  therefore  also  Xp  '.  4ef 
=i\AE2,  and  AP  .  4g«  ===  AG?y  &e.  I  and  bediause  tlie  rec^aiij^e 
of  the  extremes  is  equal  to  the  rectan^e  of  the  ineans  of  Ite 
prdportionals ,  therefore  always 


itis  AP 

;  AE  : 

:  AE 

:  4Erv 

and 

AP 

:  AC  ; 

:  AC  : 

4cB^ 

and 

AP 

:  AG  : 

:  AG 

4gh, 

and 

so  on. 

^ 

PROPOSISION  XXI. 

83.  Having  given  the  Direction^  and  the  Impeiu&y  or  AltititAe 
due  to  the  First  Velocity  of  a  Projeetile  i  to  determine  the 
Greatest  Height  to  which  it  will  rise^and  tfy  Ra,ndom  pr  Ho- 
rizontal  Range,  '  ^  , 

Let  AP  be  the  height  due  to  the 
projectile  velocity  at  a,  ag  the  di- 
reCtion,  and  ah  the  horizon.     Qn 
AG  let  fall  ihe  perpendicular  p^*  . 
and  on  AP  the  perpendiGulaF  <^R  f 
so , shall  ARbe  equal  to  the  greyest 
altitude  cv,  and  4€ir  equal  to  the,, 
horizontad  range  AH.     Or,  haying 
drawn  pq  perp.  to  agj  take  ag  =  4A(ftj,  and  draw  gh  perpv  to 
ah;  then  AH  is  the  range. 

For,  by  the  last  corollary,         ap  :  'ag  :  :    ag  :  4gh  ; 
and,  by  similar  triangles,  AP  :  AG  ::    Mi    oh, 

or     -     -     -     -     -     AP  :  AG  :  :  4a^:4gH| 
therefore  ag=4 a^  ;  and  ^  by  similar  triangles,  ah ss4aR. 

Also,  if  V  be  the  vertex  of  the  parabola,  then  ab  or  |AG=i= 
2aq,  or  AQ==-Q,B  ;  consequently  ar=3bv,  which  is  =cv  by  the 
property  of  the  parabola. 

84.  CoroL  1.  Because  the  angle 
^  is  a  right  angle,  which  is  the  angle 
in  a  semicircle,  therefore  if,  oh  ap 
as  a  diameter,  a  semicircle  be  de- 
scribed, it  will  pass  through  the 
point  Q,» 

85.  Coroh  2,  If  the  horizontal  range 
and  the  projectile  velocify  be  given, 

the  ABC 
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the  dii*0ction  of  the  piece  so  as  to  hit  the  object  h,  will  be 
thus  easily  found :  Take  ad  =  |  ah,  draw  dq  perpendicular 
to  AK,  meeting  the  semicircle,  described  on  the  diameter  ap, 
in  .Q  and  q  :  then  a^  or  Aq  will  be  the  direction  of  the  piece, 
^nd  hence  it  appears,  that  there  are  two  directions  ab,  ab, 
which,  with  the  same  projectile  velocity,  give  the  very  sain e 
horizontal  range  ah.  And  these  two  directions  make  equal 
angles  qAD,  qap  with  ah  and  ap,  because  the  arc  pq,  ^  the  arc 

^^'    ■  ■  •  .'  '   ^  V:        ■ 

86.  CeroL  S.  Or,  if  the  range  ah,  and  direction  ab,  be  giv- 
en ;  to  &d  the  altitude  and  velocity  or  impetus.  Take  ad= 
iAHj  and  erect  the  perpendicular  pa,  meeting  ab  in  q  ;  so 
shall  DQ  be  equal  to  the  greatest  altitude  cv.  Also,  erect  ap 
perpendicular  to  ah,  and  qp  to  aq;  so  shall  a?  be  the  height 
due  to  the  velocity. 

^.  CoroL  4.  When  the  body  is  projected  with  the  same 
velocity,  but  in  different  directions :  the  horizontal  ranges 
AH  will  be  as  the  sines  of  double  the  angles  of  elevation.-r- 
0r,  which,  is  the  same,  as  the  rectangle  of  the  sine  and  co- 
sine of  elevation.  For  ad  or  ftct,  which  is  Jah,  is  the  sine 
Qf  the  arc  A^,  which  measures  double  the„  angle  qad  of  eie- 
vatton. 

And  when  the  direction  is  the  same,  but  the  velocities  diffe- 
rent ;  the  horizontal  ranges  are  as  the  square  of  the  veloci- 
ties, or  as  the  height  ap,  which  is  as  the  square  of  the  veloci- 
ty ;  for  the  sine  ad  or  rql  or  Jah  is  as  the  radius  or  as  the 
diameter  ap. 

Therefore,  when  both  are  different,  the  ranges  are  in  the 
compound  ratio  of  the  squares  of  the  velocities,  and  the  sines 
of  double  the  angles  of  elevation. 

M.  Corol.  5.  Tbe  greatest  range  is  when  the  angle  of  ele- 
vation is  45®,  or  half  a  right  angle  ;  for  the  double  of  46  is 
90,  which  has  the  greatest  sine.  Or  the  radius  os,  which  is 
f  of  the  raoge,  is  the  greatest  sine. 

And  hence  the  greatest  range.  Of  that  at  an  elevation  of  45° 
is  just  double  the  altitude  ap  which  is  due  to  the  velocity,  or 
equal  to  4vc.     Consequently,  in  that  case,  c  is  the  focus  of 
the  parabola,  and  ah  its  parameter.     Also,  the  ranges  are 
equal,  at  angles  equally  above  and  below  45^. 

89.  Cbro/.  6.  When  the  elevation  is  15^,  the  double  of 
which,  of  30^,  has  its  sine  equal  to  half  the  radius  ;  conse- 
quently then  its  range  will  be  equal  to  ap,  or  half  the  greatest 
range  at  .the  elevation  of  45*^ ;  that  is,  the  range  at  15*>,  is 
equal  to  the  impetus  or  height  due  to  the  projectile  velocity. 

'  90;  Corol.  7. 
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90.  CoroL  7.  .The  greatest  altitude  cy,  being  equal  to  ar, 
is  as  the  versed  sine  of  double  the  angle  of  elevation,  an^ 
also  as  AP'  or  the  square  of  the  velocity.  Or  as  the  square 
of  the  sine  of  elevation,  and  the  square  of  the  velocity  ;  ^®r 
the  square  of  the  sine  is  as  the  versed  sipe  of  the  double  an- 

91.  Coro].  8.  The  time  of  flight  of  the  projectile,  which  is 
equal  to  the  time  of  a  body  felling  freely  through  •  gh  or 
4w,  four  times  the  altitude,  is  therefore  as  the  square  root 
of  the  altitude,  or  as  the  projectile  velocity  and  sine  of  the 
elevation.     - 

scholium: 

92.  From  the  last  proposition,  and  its  corollaries,  may  be 
deduced  the  following  set  of  theorems,  for  finding  all  the  cir- 
cumstances of  projectiles  on  horizontal  planes,  having  any 
two  of  them  givdn.  Thus,  let  s,  c,  t  denote  the  sine,  cosine, 
and  tangent  of  elevation  ;  SyV  the  sine  and  versed  gihe  of 
the  double  elevatiori ;  li  the  horizontal  range  ;  t  the  time  of 
flight;  V  the  projectile  velocity  ;  h  the  greatest  height  of  the 
projectile  g  =  16y^  feet,  and  a  the  impefus,  or  the  altiiudi^ 
due  to  the  velocity  V.     Then, 


R  ==    2as==     4a5c==_ 


SCV2        gcT^      gT^      4h 

~'vs-^  ~"~r''^T* 


g  ^  ^g      ^  g     ^  g^       -g        : 

,  2 .  ^  4c         4g  Sg         4 

And  from  any  of  these,  the  angle  of  direction  may  be  found. 
Also,  in  these  theorems,  g  may,  in  many  cases,  be  taken  =16, 
without  the  small  fraction  J3,  which  will  be  near  enough  for 
common  use. 

PROPOSITION  XXII. 

93,  To  determine  the  Range   on  an  Oblique  Plane ;   having 
given  the  Impetus  or  Velocity ^  and  the  Angle  of  Direction, 

Let  ae  be  the  oblique  plane,  at  a  given  angle,  either 
above  or  below  the  horizontal  plane  ah  5  ag  the  direction 

of 
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of  ^the  piecfe,  and  ap  the  alti- 
tude due  ta  the  projectile  ve- 
locity at  a. 

By  the  last  proposition,  find 
the  horizohtal  raege  ah  to 
the  given  velocity  and  direc- 
tion ;  draw  HE  perpendicular 
to  AH,  meeting  the  oblique 
plane  in  B  ;  draw  ee  parallel 
to  AG  j  and  PI  parallel  to  HE  ; 
80  shall  the  projectile  pass  through  i,  and  the  range  on  the 
oblique  plane  will  be  Ai.  As  is  evident  by  theor.  15  of  th<i 
Parabola,  where  it  is  proved^  that  if  ah,  ai  be  any  two  lines 
terminated  at  the  curve,  and  ip,  he  parallel  to  the  Jaxis  5  then 
isEF  parallel  to  the  tangent  Ao. 

94.  OiJAerai^e,  without  the  Horizontal  Range. 

©raw  ?Q.  perp.  to  ag,  and  ^d  perp,  to  the  horizontal  plane 
AF,  meeting  the  indiiied  plane  in  k;  take  ae  =  4ak,  draw  ep 
parallel  to  ag,  and  fi  parallel  to  ap  or  na  ;  so  shall  ai  be  the 
ran|eon  the  oblique  plane.  For  ah  =4  ad,  therefore  eh  ia 
parallel  to  FI,  and  so  onj  as  above. 

Otherwise, 

95.  Draw  p^' making  the  angle  ap^  =±  the  aiigle  gai  ;  then 
take  AG  =  4a5',  and  draw  or  perp.  to  ah.  Or,  draw  gfe  perp. 
to  AH,  and  take  ai  =  4a^.  Also  k^  will  be  equal  to  ci)  the 
greatest  height  above  the  plane. 

For,  by  cor.  2,  prop.  20,  ap  :  ag  :  :    ag  :  4gi 
and  by  sim.  triangles,         ap  :  ag  :  :    Aq  :    gi, 
or     -     -     -     -     .     .         ap,  :  AC  :  :  4A5r  :  4gi  ; 
therefore  ag  =  4X9;  and  by  sim.  triangles,  ai=4aA;. 
Also  gk,  or  I  gi,  is  =  to  cv  by  theor.  13  of  the  Parabola, 


9^.  Corol 
Vol.  IL 


If  Ao  be  drawn  perp.  to  the  plane  ai,  and 
19  APbe 
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AP  be  bisected  by  tbe  perpendicular  Sto  ;  then  wiffi  tbe  cen^ 
ti*e  o  describing  a  circle  tbrougb  a  and  p,  tbe  same  will  ais6 
pass  through  f,  because  the  angle  gai,  formed  by  the  tarigent 
At  and  AG,  is  equal  to  the  angle  APgf,  Which  ivillthe^^ 
stand  on  the  same  arc  Ay. 

97.  Corol,  2.  If  there  be  given  the  range  a^  and  th^  telo^ 
city,  or  the  impetus,  the  direction  will  hence  be  easily  found 
thus :  Take  Afe— i^Ai,  draw  %  pctp;  to  Aia,  meeting  the  ciircle 
described  with  the  radius  ao  in  tWo  points  q  and  f ;  then  Ag^  qp 
iy  will  be  the  direction  of  the  piece.  And  hence  it  appeaip* 
that  there  arc  two  directions,  which,  with  the  same  impetusy 
give  the  very  game  range  ai.  And  these  two  directions  make 
^Wal  angles  with  ai,  and  ap,  because  the  arc  pj  is  equal  the 
arc  A^.  They  also  make  equal  angles  with  a  line  drawn  froni 
A  through  s.  bec|iuse  the  arc  sg  is  equal  the  arc  sgr* 

98.  Coral,  3.  Qr^  if  there  be  given  the  range  ai,  and  the 
direction  a^  ;  ta  find  the  velocity  or  imjpetus*  Take  a^  =r 
J  Ai,  and  erect  %  perp.  to  ah,  meeting  the  Mne  of  directicin 
mq;  then  draw  qv  making  the  Z  a^p  =  j/  Akq  ;  so  shall  Aip 
be  the  impetus,  or  the  altitude  due  to  the  projectile  velocity . 

99.  CoroZ.  4.  The  range, on  an  oblique  plane,  with  a  given 
elevation,  is  directly  proportional  to  t^e  rectangle  of  the  co- 
sine oi  the  direotion  pf  tlie  piece  above  the  horizon,  and  the 
sine  of  the  direction  above  the  oblique  plane ,  and  reciprocal- 
ly to  the  square  of  the  cosine  of  thd  angle  of  the  plane  above 
or  below  the  horizon  i 

For,  put  s  =  sin.  Z.7AI  or  AP^, 

e  ==  COS.  Z.5^AH  or  sin.  PA^, 

c  =  COS.  Z-iAH  or  sin.  aA;^  or  Akq  or  a^^p. 

Then,  in  the  triangle  Apg,  c  :  s  :  :  ap  :  a^  ; 

and  in  the  triangle  aA:^:        g:c:  :  a^  :  aA;  ; 

theref.  by  composition,      c^;  cs  :  ;  ap  :  ak=|^ai. 

cs 
So  that  the  oblique  range  ai  =—X4ap4 

IGO.  The  range  is  the  greatest  when  a^  is  the  greatest  ^ 
that  is,  when  kq  touches  the  circle  in  the  middle  points  ; 
and  then  the  line  of  direction  passes  through  s,  and  bisects 
the  angle  formed  by  the  oblique  plane  and  the  vertex.  Also, 
the  ranges  are  equal  at  equal  angles  above  and  below  this  di- 
rection for  the  maximum. 

IQi.  €dr6l.  5.  The  greatest  height  cu  or  kq  of  the  projec- 
tile, 
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tile,  above  the  plane,  is  eqtial  to  -^  X  ap.    And  therefore  it 

is  as  the  impetus  and  square  of  the  sine  of  direction  above 
the  plane  directly,  and  square  of  the  cosine  of  the  plane's  in- 
clination reciprocally. 

For  -  c  (sin.  Aqie)  :  s  (sin.  apj)  :  :  ap  :  a^', 
i'     and  c  (sin.  A%)  :  s  (sin.  Aja^)  :  s  A^f  :  ^y, 

theref.  by  comp.  c?  :  5^  :  ;  ap  :  kq. 

102.  Cdrek  6,    The  time  of  flight  in  the  curve  avi  is  == 

-  2s  •    "  AP  ■-  '        -    '  ''■ 

—\/—%  where  ff=  16 J^  feet.     And  therefore  it  is  as  the 

vyocity  and  siii^  of  direction  above  the  plane  directly,  and 
cosine  of  the  plane'is  inclination  reciprocally.  For  the  time 
of  describing  the  ciirye,  is  equal  to  the  time  of  falling  freely 

through  GJ  or  4kq  or  —  X  ap.     Therefore^  the  time  being 

as  the  square  root  of  the  distance, 

0e  Sis  AP  ■ 

y^;gr : --^y^AP  ::  l'':^--v^-~,  the  time  of  flight. 

;■"'■■;■■.;'  ,  ^  'bcholium.  ■  : ;.  ■  ^ 

103.  From  the  foregoing  corollaries  naay  be  collected  the 
following  set  of  theorems  rielating  to  projects  made  on  any 
given  inclined  planes,  either  above  or  belpw  the  horizpntal 
plane.     In  which  the  letters  denote  as  before,  namely, 

c  =cos.  of  direction  above  the  horizon, 

c  ==  COS.  of  inclination  of  the  plane, 

a  =  sin.  of  direction  above  the  plane, 

R      the  range  on  the  oblique  plane, 

T      the  time  of  flight  j 

V      the  projectile  velocity, 

H     the  greatest  height  above  the  plane, 

a      the  impetus,  or  alt.  due  to  the  velocity  v^ 

£=16J-.feet.     Then,  ^ 

cs     -'  OS     „     sc  ^     4c 

R=— X  4a= ---- v«  =:^t2— — H. 
c*  o^g  s  s 

"~c^  ^  4gc^    ~"4c  4 

'  fifR      5rc         2c    ^ 

y^y^4ag=c^^^T  ^-^gn. 

2s     a     «v  sK     ^     H 

T^~V-="-"         =^—  =  2^-. 

And  from  any  of  these,  the  angle  of  direction  may  be  found, 

FRAC- 
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PRACTICAL  GUNNERY; 

104.  THE  two  foregoing  propositions  contain  the  whofe 
theory  of  projectiles,  with  theorems  for  all  the  cases,  regu- 
iarly  arranged  for  use,  both  for  oblique  and  horizontal  plan^. 
But,  before  they  can  be  applied  to  use  in  resolving  the  seve- 
ral cases  in  the  practice  of  gunnery,  it  is  necegsary  that  some 
more  data  be  laid  down,  as  derived  from  good  experiments 
made  with  balls  or  shells  discharged  from  cannon  or  mortars, 
by  gunpowder,  under  different  circumstances.  For,  without 
such  experiments  and  data,  those  theorems  can  be  of  very 
little  use  in  real  practice,  on  account  of  the  imperfections  and 
irregularities  in  the  firing  of  gunpowder,  and  the  expulsion  of 
balls  from  guns,  but  more  especially  on  account  of  the  enor- 
mous resistance  of  the  air  to  all  projectiles  made  with  any 
velocities  that  are  considerable.  As  to  the  cases  in  which 
projectiles  are  made  with  small  velocities,  or  such  as  do  not 
exceed  200,  or  300,  or  400  feet  per  second  of  time,  they  may 
be  resolved  tolerably  hear  the  truth,  especially  for  the  larger 
shells,  by  the  pai^abolic  theory,  laid  down  above.  But,  m 
cases  of  great  projectile  velocitiesv  that  theory  is  quite  inade- 
<iuate,  without  the  aid  of  several  data  drai^n  from  many  and 
|ood  experiments.  For  so  great  is  the  effect  of  the  resistanc^ 
of  the  air  to  projectiles  of  considerable  velocity,  that  some  of 
those  which  in  the  air  range  only  between  2  and  3  miles  at 
the  most,  would  in  vacuo  range  about  ten  times  as  far,  or  be- 
tween 20  and  30  miles. 

The  effects  of  this  resistance  are  also  various,  according  to 
the  velocity,  the  diameter,  and  the  weight  of  the  projectile. 
So  that  the  experiments  made  with  one  size  of  ball  or  shell, 
will  not  serve  for  another  size,  though  the.  velocity  should  be 
the  same  ;  neither  will  the  experiments  made  with  one  ve- 
locity,  serve  for  other  velocities,  though  the  b^ll  be  the  same. 
And  therefore  it  is  plain  that,  to  form  proper  rules  for^^praeti- 
cal  gunnery,  we  ought  to  have  good  experiments  niade  with 
each  size  of  mortar,  and  with  every  variety  of  charge,  frons 
the  least  to  the  greatest.  And  not  only  so,  but  these  ought 
also  to  be  repeated  at  many  different  angles  of  elevation, 
namely  for  every  single  degreebetween  30^  and  60^  elevation, 
and  at  intervals  of  5^  iabove  §0"*  apd  below  30,  from  the  ver- 
tical direction  to  point  blajifc.  By  such  a  cou^e  of  experi- 
ments it  will  be  found,  that  the  greatest  range,  instead  of  be- 
ing  constantly  that  at  ^n  elevation  of  45^,  as  in  the  parabohc 
theory,  will  be  at  all  intermediate  degrees  between  45  and  30 ; 
:.;  ■■  •  .       -  -  '  being. 
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being  more  or  less,  both  according  to  the  velocity  and  the 
weight  of  the  projectile ;  the  smaller  velocities  and  larger 
shells  ranging  farthest  when  projected  almost  at  an  elevation 
of  46<* ;  while  the  greatest  velocities,  especially  with  the 
smaller  shells,  range  farthest  with  an  elevation  of  about  SO**. 

105.  There  have,  at  different  times,  been  made  certain 
small  parts  of  such  a  course  of  experiments  as  h  hinted  at 
above.  Such  as  the  experiments  or  practice  carried  on  in 
the  year  1773,Qn  Woolwich  Gommon;  in  which  all  the  sizes 
of  mortars  were  used,  and  a. variety  of  small  charges  of  pow- 
der. But  they  were  all  at  the  elevation  of  45<> ;  consequent- 
ly these  are  defe^ctive  in  the  higher  charges,  and  in  all  the 
other  angles  of  elevation^ 

Other  experiments  were  also  carried  on  in  the  same  place 
in  the  years  1784  and  1786,  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  only  one  charge 
€if  powder,  and  that  but  a  small  one  too  ;  so  that  all  those 
nearly  agree  with  the  parabolic  theory.  Other  experiments 
have  also  been  carried  on  with  the  ballistic  pendulum,  at  dif- 
ferent times  ;  from  which  have  been  obtained  some  of  the, laws 
for  the  quantity  of  powder,  the  weight  and  velocity  of  the 
ball,  the  length  of  the  gun,  kc.  Namely,  that  the  velocity  of 
the  ball  varies  as  the  square  root  of  the  charge  directly,  and 
as  the  square  root  of  the  weight  of  ball  reciprbcally ;  and 
'that,  sorne  rounds  being  fired  with  a  medium  length  of  orie- 
pounder  gun,  at  16**  and  46**  elevation,  and  with  2,  4,  8, 
and  12  ounces  of  powder,  gave  nearly  the  velocities,  ranges, 
and  times  of  flight,  as  they  are  here  set  down  in  the  following 
Table. 


Powder. 

Elevation 
of  gun. 

Velocity 
of  ball. 

Range. 

Time  of 
flight. 

oz. 
2 
4 
8 

12 
2 

16^ 

16 

16 

15 

45 

feet. 

860 
1230 
1640 
1680 

860 

feet. 

4100* 

6100 

6000 

6700 

6100 

9'' 
12 
I4i 

21 

106.  But  as  we  are  not  yet  provided  with  a  sufficient 
number  and  variety  of  experiments,  on  which  to  establish 
true  rules  for  practical  gunnery  independent  of  the  parabolic 
theory,  we  must  at  present  content  ourselves  with  the  data,  of 

some 
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14?  OF  fflKil^^,  FORGES^ 

f oipe  citie  certsdn  experimented  range  and  time  of  fUght,  at  a 
giTen  angle  of  eleyation  •  and  then  by  help  of  these^  aiid  the 
f  cil^  in  the  parabolic  theory,  determine  the  lite  circumstaaices 
for  other  elevations  that  are  not  greatly  diflfere^t  from  the 
former,  assisted  by  the  following  practicad  fcuies,'^, 

SOME  PRACTICAL  RULES  IN  GUNNERY^ 

1*  To  find  the  Velocity  of  any  Shot  or  Shell, 

Uvm,  Divide  double  the  vtreighl  of  the  charge  of  powder 
Irjr  the  weight  of  the  shot,  both  in  lbs.  Extract  the  square 
root  of  the  quotient.  Multiply  that  root  by  1600,  and  the 
product  will  be  the  velocity  in  feet,  or  the  niamber  of  feet  the 
tshot  passes  dyer  per  second; 

Or  5a?/— As.  the  root  of  the  weight  of  the  shot,  is  to  the  root 
t)tf  double  the  weight  of  the  powder,  so  is  1600  feet,  to  the 
velocity./ 

II.  Given  tfie  range  at  one  Elevatidn;  to  find  the  Range  at 

Another  Elevation^ 

Rule.  As  the  sine  of  double  the  fir^t  elevation,  is  to  its 
range  ;  so  is  the  sine  of  do|Bbie  another  eieyation,  to  its, 
range.,  ■  •  ■'■'      //■■.'       ...'^V   '' .    V.-  '■. 

III.  Given  the*  Range  for  One  Charge ;  to  find  the  Range  for 

Another  Charge,  or  the  Charge  for  Jlnother  Rdhgt    ' 

Rule.  The  ranges  have  the  same  proportion  as  the  charges  ; 
that  is,  as  one  range  is  to  its  charge,  so  is  any  other  tange  to 
its  charge :  the  elevation  of  the  piece  being  the  same  in  both 
cases. 

107.  Example  I,  If  a  ball  of  1  lb.  acquire  a  velocity  of 
1600  feet  per  second,  when  fired  with  8  ounces  of  powder  ; 
it  is  required  to  find  with  what  velocity  each  of  the  several 
kinds  of  shells  will  be  discharged  by  the  full  charges  of  pow- 
der, viz. 

Nature  of  the  shells  in  inches 
Their  weight  in  lbs .      - 
Charge  of  powder  in  lbs.      - 

Ans.  The  velocities  are    • 

108.  Exam,  2.  If  a  shell  be  found  to  range  1000  yards, 
when  discharged  at  an  elevation  of  45^;  how  far  will  it 

.  range 


,  13 

10 

8 

H 

4f 

196 

90 

48 

16 

8 

9 

4 

*  2 

1 

i 

486 

477 

462 

566 

566 
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t;3d!ige  wlien  the  elevation  is  30*  16',  the  charge  of  pawde^ 
beiog  the  same  ?  Ans.  26X2  feet,  or  871  jardSo 

109.  Exam,  3.  The  range  of  a  shell,  at  46^  elevatioD, 
being  found  to  be  3750  feet ;  at  what  elevation  must  the  piece 
be  set,  to  strike  an  object  at  the  distance  of  2810  feet,  with 
the  same  charge  of  powder  ? 

Ans.  at  24^  16' or  at  65<*  44'. 

110.  Exam.  4-  With  what  impetas,  velocity,  and  chaise 
of  powder,  must  a  13-inch  shell  be  pred,  at  an  elevation  of 
S2<>  12',  to  strike  an  object  at  the  distance  of  3250  feet  ? 

Ans.  impetus  1802,  veloc.  340,  charge  41b,  74  oz, 

111.  Exam,  5.  A  shell  being  found  to  rafige  3500  feet 
when  discharged  at  an  elevsition  of  25^  W ;  how  far  then; 
will  it  range  at  an  elevation  of  36«»  16'  with  the  same  charge 
of  powdfer?  Ans.  4332fe€it. 

112.  Exam.  6.  If,  with  a  charge  of  9ib.  of  powder,  a  shell 
range  4000  feet ;  what  charge  will  suflfice  to  throw  it  3000 
feet,  the  elevation  being  4^^  in  both  cases? 

Ans.  6flb.  of  powder; 

113.  jExam.  7.  What  will  be  the  time  of  flight  for  an^^ 
range,  at  the  elevation  of  45^  ? 

Ans.  the  time  in  sees,  is  i  the  sq.  root  of  the  range  in  feeto 

\14.  Exam.  8.  In  what  time  will  a  shell  range  3260  feet^ 
at  an  elevation  of  32«  ?  Ans.  1 1  Asec.  nearly. 

115.  Exam.  9.  How  far  will  a  shot  range  on  a  plane  which 
ascends  80  15';  and  another  whieh  descends  8^15' ;  the  im- 
petus being  3000  feet,  and  the  elevation  of  the  piece  32°  30'; 

Ans.  4244  feet  on  the  ascent, 
and  6745  feet  on  the  descent- 

116.  Exam.  10.  How  much  powder  will  throw  a  134nch 
shell  4244  feet  on  an  inchned  plane,  which  ascends  8*^  15', 
the  elevation  of  the  mortar  being  32^  SO'  ? 

Ans.  7-3765lb,  or  71b.  60Z. 

117.  Exam.  11.  At  what  elevation  must  a  13-inch  mortar 
be  pointed  to  range  6745  feet  on  a  plane  which  descends  8<* 
15';  the  charge  7|lb.  of  powder  ?  .     Ans.  SS*'  28'. 

118.  Exam.  12.  In  what  time  will  a  1 3-inch  shell  strike  a 
plane  which  rises  8 <>  30',  when  elevated  45^,  and  discharged 
with  an  impetus  of  2304  feet  ?  Ans.   14f  seconds 

THE 
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THE  DESCENT  OF  BOBIES  ON 

AND  tJURVE  SURFACES.— THE  MOTION  OF 
/._  .       PENDULUMS.  > 

PROPOSITION  XXIIL 

119.  if  a  weight  w  be  Sustained  pn  m  Inclined  Plane  ab  by  a 
Power  p,  acting  in  a  Direction  wp.  Parallel  to  the  Plane ^  Then 


Me  might  of  the  Body,  w 
The  Sustaining  Power  Fymd 
The  Pressure  on  the  Plane p  p, 
are  respectively  as 


The  Length  AM, 
The  Heigth  Bc,  and 
The  Base  AC, 
of  the  Plane, 


FoR^  draw  gd  perpendicular 
to  the  plane.  Now  here  are 
three  forces,  keeping  one  an- 
other in  efjuilibrio ;  namely ,  the 
weight^  or  force  of  gravity,  act- 
ing perpendicular  to  ac.  or  pa- 
rallel to  PC ;  the  power  acting 
parallel  to  t)B ;  and  the  pres- 
sure perpendicular  to  ab,  or  parallel  to  dc  :  but  when  three 
forces  keep  one  another  in  equilibrio,  they  are  proportional 
to  the  sides  of  the  triangle  cbd,  inadfe  by  lines  in  the  direc- 
tion of  those  forces,  by  prop.  8 ;  therefore  those  forces  are 
to  one  another  as  bc,  bd,  cd.  Btit  the  twMnangles  ajbcj  cbd, 
are  equiangular,  and  hiive  their  like  sides  proportional;  there- 
for^ the  three  BD,  bc,  CD,  are  to  one  another  respectively  as 
the  three  AB,  BCj  AC  ;  which  therefore  are  as  the  three  forces 

w,p,i7.-^  ,  ; ,  ..'  '.  .■;:/, 

120,  Gorol,  1,  Hence  the  weight  w,  power  p,  and  pressure 
i?,  are  respectively  as  radius,  sine  and  cosine, 
of  the  plane's  elevation  BAc  above  the  Jiorizon. 

For,  since  the  sides  of  triangles  are  as  thesine^  of  their 
opposite  angles,  therefore  the  three  ab,  bc,  ag, 
ate  respectively  as  -     -    -     -    >    sin.  c,  sin.  a,  sjri.  b, 
or  as    -    -     -    -    -    «    -     *     -    radius,  sine,  cosine, 

pftheangle  A  of  elevation. 

Or,  the  three  forces  are  as  ac,  cd,  ad  5  perpendicular  to 
their  directions. 

121 .  Corok  2.  The  power  or  relative  weight  that  urges  a 

BG 

body  w  down  the  inclined  plane  i$  =  —  X  w  ;  or  the  force 

Yfiih 
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mih  which  it  descends,  pr  endeayours  to  descend,  is  as  the 
jsine  of  the  angle  a  of  inclination, 

122.  CoroL  3.  Hence,  if  there  be 
two  planes  of  the  same  heighij  and  twp 
hodies  be  laid  on  them  which  are  pro- 
portional to  the  lengths  of  the  planes ; 
they  will  have  an  equal  tendency  to 
descend  down  the  planes.  And  con- 
sequently they  Will  mutually  sustain  eacltother  if  they  be  cop** 
nected  by  a  string  acting  parallel  to  the  plamest 

12^3.  CorctL  4.  In  like  manner, 
when  the  power  p  acts  in  any 
other  direction  whatever,  wp ;  by 
drawing  ode  perpendicular  to  the 
direction  wp,  the  three  forces  in 
equiiibrio,  namely,  the  weight  w, 
the  power  ?,  and  the  pressure  on 
the  plane,  will  still  be  respectively 
as  AG,  CD,  AD,  drawn  perpendicular 
to  the  4irection  of  those  forces,/ 


KROPpSITION  XXIV, 

124.  [fa  Weigfit  w  on  ait  Inclined  Plane  ab,  be  in  Equitihrib 
with  another  Weight  p  hanging  [freely ;  then  if  they  he  set 
a-movingy  tkeir  Perpendicular  Vel^cities^in  thO't  Placg^wiU 
he  ReciprocaUy  at  those  Weights. 

Let  the  weight  w  descend  a  very 
small  space,  froin  w  io  a,  along  the 
plane,  by  which  the  string  pfw  will 
come  into  the  position  pf a.  Draw 
WH  perpendicular  to  the  horizon  ag, 
and  WG  perpendicular  to  af  :  then 
WH  will  be  the  space  perpendicularly 
descended  hy  the  weight  w  ;  and  ag, 
or  the  differeoGe  between  FA  and  Fw,  ' 
will  be  the  space  perpendicularly  ascended  by  the  weight  p$ 
and  their  perpendicular  velocities  are  as  those  spaces  wh  an4 
AG  passed  over  in  those  directions,  in  the  same  time,  pra^r 
CDE  perpendicular  to  AF,  and  di  perpendicular  to  aQc 

Then, 
in  the  sim.  figs,  agwh  and  aedi,  ag  .  wh  :  :  ae  :  di  ; 

aod  in  the  sim.  tri.  aec,  dig,  ag  :  cd  :  :  ae  :  di  ; 

butj,  by  cor.  4,  prop  23,  ag  :  cd  :  :  w  :  p  ; 

iher^fore,  by  equality,  ag  :  wh  :  ;  w  :  p  ; 

Yqu  XL  ^0  T)i?t 
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That  ii,  theit  p^i^endicular  spaces;  or  Yelbdties,  are  re- 
ciprdcallj  as  their  weights  or  iflassi^&. 

125.  Corol.  1.  Hence  it  follows,  that  if  any  two  hodies  he 
in  equilibrio  on  two  inelined  planes,  and  if  they  be  set  a- 
moiingi  their  perpendicular  velocity  will  be  redprocally  as 
their  weights.  Because  the  perpendicular  weight  which  sus- 
tains the  one,  would  also  stistain  the  other.  , 

it&.  Carol.  2.  And  hence  also,  if  two  bodies  sustain  each 
other  in  ecjuilibriov  on  any  planes,  and  they  be  put  in  motion ; 
then  each  body  multiplied  by  its  perpendicular  velocity,  will 
give  equal  products. 

PROPOSITION  XXV. 

127.  The  Velocity  acquired  by  ei  Body  descending  freely  down 
an  Inclined  Plane  ab,  is  to  the  Velocity  acquired  by  a  Body 
falling  Perpendicularly y  in  the  same  Time  i  as  the  Height  of 
the  Plane  BCy  is  to  its  Length  At,  , 

For  the  force  of  gravity,  both  per- 
pendicularly acid  on  the  plane,  is  con- 
stant; andthe^etwo,by  cproL  2,prpp. 
23,  are  to  each  other  as  m  to  bc.   JBut, 

|>y  art.  28,  the  velocities  generated,  by         .^ 

aby  constant  forces,  in  the  same  time,  A 
aire  &s  those  forces,  Thtferefore  the  velocity  down  ba  is  to 
the  velocity  down  bc,  in  the  saine  time ,  as  the  force  on  b a  to 
the  force  on  Bc  :  that  is,  as  iBG  to  B A. 

128.  CoroL  1.  Hence,  as  the  motion  down  an  inclined 
plane  is  produced  by  a  constant  force,  it  will  be  a  motion 
uniformly  accelerated  ;  and  therefore  the  laws  before  laid 
down  for  accelerated  motions  in  general ^  hold  good  for  mo- 
tions on  inclined  planes  ;  such,  for  instance;  as  the  following  : 
That  the  velocities  are  as  the  times  of  descending  from  rest ; 
that  the  spaces  descended  are  as  the  squares  of  the  velocities, 
or  squares  of  the  times  ;  and  that  if  a  body  be  thrown  up  an 
iliclined  plane i  with  the  velocity  it  acquired  in  descending,  it 
will  lose  ail  its  motion,  and  ascend  to  the  same  height,  in  the 
samje  time,  and  will  repass  any  pointof  the  plane  with  the 
same  velocity  as  it  passed  it  in  descending. 

129.  Gorol,  2.  Hence  also,  the  space  descended  down  an 
inclined  plane,  is  to  the  space  descended  perpendicularly^  in 
the  same  time,  as  the  height  of  the  plane  gb,  to  its  length 
AB,  or  as  the  sine  of  inclination  to  radius.     For  the  spaces 

described 
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described  by  any  forces,  in  the  same  time,  are  as  the  forces^ 
ior  as  the  Velocities. 

130.  Corol,  3.  Consequently  the  yelocities  and  spaces  de- 
scended by  bodies  down  different  inclined  planes/ are  as  the 
sines  of  eletation  of  the  planes. 

\Si,  Corol.  4p  If  CD  be  drawn  perpendicular  to  ab  ;  then 
while  a  body  falls  freely  through  the  perpendicular  space  bc, 
another  body  will  in  the  same  time,  descend  down  the  payt  of 
the  plane  bd.     For  by  similar  triaDgles,       -         -         ^ 
BC  :  BD  :  :  ba  :  Bc,  that  is,  as  the  space  dfescjBnded,  by  cprol.  2^ 

Or,  in  any  right-angled  triangle  bdc, 
having  its  hypothenuse  bc  pe^rpendicular 
to  the  horizon,  a  body  will  descend  down 
any  of  its  thrive  sides  bd,  bc,  dc,  in  the 
same  time.  And  therefore,  if  on  the  di- 
ameter bc  a  circje  be  desrcribed,  the  time 
X)f  descending  down  any  chords  bd,  be, 
BF,  DC,  EG,  Fc,  &c.  will  be  all  equat,  and 
each  equal  to  the  time  of  falling  freely 
thrdugh  the  perpendicular  diameter  bc. 


PROPOSITION  XXVI. 


132.  The  Time  of  descending  down  the  inclined  Plane  ba,  is  to 
the  Time  of  falling  through  the  Height  of  the  Plane  Bc,a«  the 
Length  ^x  i^  to  the  Height  "BC, 

Draw  cd  perpendicular  to  ab. 
Then  the  times  of  describing  bd  and 
BC  are  equal  by  the  last  corol.  Gall 
that  time  t^  and  tl^e  time  of  describ- 
ing ba  call  T; 

Now,  because  the  space  describ- 
ed by  constant  forces,  are  as  the  squares  of  the  times  ;  thjBre- 
fore  t*  :  t^  :  :  bd  :  ba. 

But  the  three  BD,  bc,  ba,  are  in  continual  proportion  ; 
therefore,  bd  ;  BA  :  1  Bc3  ::  BA?  ; 
hence,  by  equality^ ^2;  T?  :  :  bc^  :  ba^, 
or  -         -         t  :  T    :  :  sc    :  ba. 


133.  Corol,  Hence  the  times  of  descending  down  different 
planes  of  the  same  height,  are  to  one  another  as  the  lengths 
of  the  planes. 

PROPOSITION 
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PROPOSITION  XXVII. 

l34<  Jl  Body  acquires  the  Same  Velocity  in  descending  down  an^ 
Inclined  Plane  ba,  as  by  falling  perpendicular  through  the 
Height  of  thB  Plane  bc. 

For,  the  velocities  generated  by  any  constant  forces,  are 
in  the  compound  ratio  of  the  forces  and  times  of  acting, 
feut  if  we  put 

Fto  denote  the  whole  force  of  gravity  in  bc, 
/the  force  on  the  plane  ab, 

t  the  time  of  describing  bc,  and 

T  the  time  of  descending  down  ab  ; 

then  by  art.  1 19,  f  :/ :  :  ba  :  bc  ; 

and  by  art*  132,  if,  :  t  :  :  bc  :  ba  ; 

theref.  by  comp.  f^  :/t  :  :  1  :1. 

That  is  the  compound  ratio  of  the  forces.and  times,  or  the 
iratio  of  the  velocities,  is  a  ratio  of  equality. 

135.  CoroL  1.  Hence  the  velocities  acquired,  by  bodies 
descending  down  any  planes,  from  the  same  height,  to  the 
same  horizontal  line  are  equal. 

136;  CoroL  2.  If  the  velocities  be  equal,  at  any  two  equal 
altitudes,  d,  e  ;  they  will  be  eqtial  at  all  other  equal  altitudes 
A,  c. 

137.  CoroL  3.  Hence  also  the  velocities  acquired  by  de- 
scending down  any  planes,  are  as  the  square  roots  of  the 
heights^ 

PROPOSITION  xxyiii. 

138.  tfa  Body  descend  down  any  Number  of  Contiguous  Planes^ 
•AB,  BC,  CD  ;  it  will  at  last  acquire  the  Same  Velocity^  as  a 
Body  falling  perpendicularly  through  the  Same  Height  ed, 
supposing  the  Velocity  not  alieredby  changing  from  one  Plane 
to  another. 

Produce  the  planes  dc,  cb,  to 
iaaeet  the  horizontal  line  ea  pro- 
duced in  F  and  g.  Then,  by 
art.  135,  the  velocity  at  b  is  the 
Sam6  whether  the  body  descend 
through  AB  or  fb.  And  therefore 
the  velocity  at  c  will  be  the  same, 
Whether  the  body  descend  through  abc  or  thropgh  fc, 
^"'  which 
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wliich  is  also  sigain,  by  art.  136,  the  same  as  by  desGehding 
#irdugh  Gc.  GonsequeBftly  it  will  have  the  same  velocity  at  Oy 
by  descending  through  the  planes  ab,bc,  cd,  as  by  desceiiding 
tbrdngh  the  plane  gd;  supposing  no  obstruction  to  the  mo- 
tion by  the  body  impiDging  on  the  planes  at  b  and  c  t  arid  this 
again,  is  the  same  velocity  as  by  descending  through  the  same 
perpendicular  height  ED. 

1 39.  CoroL  1^  If* the  lines  abcd,  &Gf  be  supposed  indefinite* 
ly  small,  they  will  form  a  curve  Hne,  which  will  be  the  path 
of  \the  body  ;  from  which  it  appears  that  a  body  acquires  also 
the  same  velocity  in  descending  along  any  curve,  as  in  falling 
perpetidicularly  through  the  same  height.    ' 

140,  CoroL  %  Hence  also,  bodies  acquire  the  same  velo- 
city by  descending  from  the  same  height,  whether  they  de-= 
^cend  perpendicularly,  o^  down  any  planes,  or  down  any  curve 
or  curves.  And  if  their  velocities  be  equal,atany  one  height, 
they  willTje  equal  at  all  other  equal  heights.  Therefore  the 
yelocity  acquired  by  descending  down  any  lines  or  curyes,  are 
as  the  square  roots  of  the  perpendicular  heights. 

141»  CoroL  3  And  a  body,  after  its  descent  through  any 
curve,  will  acquire  a  veiocity  which  will  carry  it  to  the  same 
height  through  an  equal  curire,  or  through  any  other  curve 
either  by  running  up  the  smooth  concave  side,  or  by  being 
retained  in  the  curve  by  a  string,  and  vibrating  like  a  pendu- 
lum •  Also,  the  velocities  will  be  equal,  at  all  equal  altitudes  ; 
$nd  the  ascent  arid  descent  will  be  performed  in  the  same  titne, 
if  the  curves  be  the  same. 

PROPOSITION  XXIX. 

142.  The  Time&  in  isohich  Bodies  descend  through  Similar  Paris 
of  Similar  Curves,  abc,  abcj  placed  alike,  are  as  the  Square 
Roots  of  their  Lengths, 

That  is,  the  time  in  ac  is  to  the  time  in  ac,  as  ^  ac  io^ac. 

For,  as  the  curves  are  similar,  they  may 
be  considered  as  made  up  of  an  equal 
number  of  corresponding  parts,  which 
are  every  where,  each  to  each,  propor- 
tional to  the  whole.  And  as  they  are  plac- 
ed alike  >  the  corresponding  small  similar 
parts  will  also  be  parallel  to  each  other. 
But  the  time  of  describing  each  of  these  pairs  of  correspond- 
ing parallel  parts,  by  art.  128,  are  as  the  square  roots  of  their 

lengths, 
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160  or  MOtlQII,  POROS^,  4c. 

leDgths,  wkicH Jby  the  supppaitipii,  ^^mi/A$^s/f^y^^ 
T<|Q^|  fif  the  wfcol^  eurye3.  '  Therefefe^  th^  ^p^^clfB  tinaes  mi 
ift|jipi|aine  ratio  of  yf^^cto  yfac.  ^^^       y^^^^^^^^ 

1^3^  Cbro?,  I,  Because  the  ax^  i«3y  ©b,  qf  ligpiilar eiirvei^ 
ate  as  the  lengths  of  the  siimlar  parts  >4C,ac;  ih  the 

times  of  descent  in  the  cijrves  ac,  ^it?,  are  as -^/r  pc  to  yf  pq, 
or  the  square  roots  of  their  axes. 

J  44.  CoroL  2.  As  it  is  the  same  thing,  whether  the;  hbdies 
run  down  the  snaooth  concave  side  of  the  curves,  o 
to  describe  those  curves  by  vibrating  Kke  a  pendulum,  the 
lengthsbeing  DC,  dc  ;  iherefore  the  times  of  the  vibration  of 
pendulums,  in  similar  arcs  of  any  curves  are  as  the  square 
roots  of  the  lengths  of  the  penduluins. 

iSCHOUTM. 

145.  Having  in  the  last  GoroUary,  mentioned  the  pendulum, 
tmay  not  be  improper  here  to  add  isome  remarks  conceyp- 

,-fcgit.'  .  •'■       -   ■■'      i    ' .    ■;-/:'-  ;    .■  ,     >   :-....:,  ■,         '•'•.     '■.,^^-.- 

A  pendulum  consists  of:  a  ball,  or  aby 
other  heaivy  body  B^thyiigby  a  fine  string 
4[^r  thready  moveabll  Jiabout  a  centre  a, 
^nd  describiiig  the  arc  cbd  ;  by  which 
vibratibn  the  same  motions  happen  to  this 
heavy  body,  as  would  happepiio  any 
body  descending  by  its  gravity  along  the  .  . , 

sphericai  superficies  CBD,  if  that  superfi-  ^ 

cies  were  perfectly  hard  and  smopthl  If  tlie  pepduluna  be 
carried  to  the  situation  ac,  and  then  let  fall,  the  ball  in  de- 
scending will  describe  the  arc  Ob  ;  and  in  th^  point  b  it 
will  have  that  velGcity  which  is  acquired  by  descending 
through  CB,  or  by  a  body  falling  freely  thrpughEB.  This 
velocity  will  be  sufficient  to  cause  the  ball  to  ascend  through 
an  equal  arc  bd,  to  the  same  height  ©  from  whence  it  fell 
ate;  having  there  lost  all  its  motion,  it  will  agaip  begin  to 
descend  by  its  own  gravity  ;  and  in  the  lowest  point  b  it  will 
acquire  the  same  velocity  as  before  ;  which  will  cause  it  to 
^  re-ascend  to  c  ;  and  thus,  by  ascending  and  descending,  it  will 
perform  continual  vibrations  on  the  circumference  cbp.  And 
if  the  motions  of  pendulums  met  with  no  resistance  from 
the  air,  and  if  there  were  no  friction  at  the  centre  of  mor 
tion  A,  the  vibrations  of  pendulums  would  never  cease. 
But  from  these  obstructions,  though  small,  it  happens,  that 
the  velocity  of  the  ball  in  the  point  b  is  a  little  diminished 
in  every  vibration ;  and  consequently  it  does  not  return 
precisely  ta  the  spoe  points  c  or  d ,  but  th^  arcs  described  con- 
tinually 
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tinually  become  shorter  and  shorter,  till  at  length  they  are 
insensible;  unless  the  motion  be  assisted  by  a  mechanical 
contrivance,  as  in  clocks,  called  a  maintaining  power. 

DEFINITION. 

146.    If  thecir-  j^|» 

cumference    of  a         -n  ^ 

circle  be  rolled  on 
a  right  line  begin- 
ning at  any  point 
A,  and  continued 
till  the  same  point 
A  arriye  at  the  line 
agaan,  making  just  one  revolution,  and  thereby  measuring  out 
a  straight  line  aba  equal  to  the  circumference  of  the  circle, 
while  the  point  A  in  the  circumference  traces  out  a  curve: line 
ACAGfA:  then  this  curve  is  called  a  cycloid  •  and  some  of  its 
prcjperties  are  contaiiied  in  the  following  lemma* 
:[    ^-v".'   .."■  /;     LEMMA. 

147i  If  the  generating  or  revolving  circle  be  placed  in  the 
middle  of  the  cycloid,  its  diameter  coinGiding  with  the  axis 
AB,  and  froin  any  point  there  be  drawn  the  tangent  cf,  the  or- 
dinate cde  perp.  to  the  axis,  and  the  chord  of  the  circle  ap  : 
Then  thechief  properties  are  these  : 

The  right  line         cd==  the  circular  arc  ad  ; 

The  cycioidal  arc  ag==:  double  the  chqrd  ad  ; 

The  semi-cycloid  aca=  double  the  diameter  ab,  and 

The  tangent  CF  is  parallel  to  the  chord  AD. 

FROPOSITIOT 

148.  When  a  Pendulum  vibrates  in  a  cycloid ;  the  Time  of  one 
Vibration,  is  to  the  Time  in  which  a  Body  falls  through  half 
the  Jjeitgik  of  the  Penduhim^  as  the  Circumference  of  a  Cirr^ 
cleAs  to  its  Diameter* 

Let  ABa  be  the  cycloid  ; 
DB  its  axis,  or  the  diameter 
ofthegeneratingsemieircle 
DEB  ;  CB  =  2db  the  lehgth 
of  the  pendulum,  or  radius 
of  (iurvature  at  b.  Let  the 
ban  descend  from  i^,  and 
in  vibrating,  describe  the 
arc  pb/.  Divide  fb  into  in- 
numerable small  parts ,  one 
of  which  is  og- ;  draw  fel, 
GM,  ^m^  perpendicular  to 
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DB,  Ob  lb  describe  the  se- 
micircle LMB,  whose  ceii'- 
tre  is  o ;  draw  mp  parallel 
to;DB  ;  also  draw  the  chords 
BE,  BH,  EH,  and  the  radius 

OM. 

Now  the  triangles  beh,  IT^ 
BHK,  are  equiangular;  there-    G^ 
fore  BK  :  BH  :  :  BH  :  be,  or      ^ 

BH2   =  BK  .  BE,  or  BH  =  y^ 

(bk  .  be). 

And  the  equiangular  triangles  mwip,  mon,  give 

Mp  :  Mm  :  :  mn  :  mo.     Also,  by  the  nature  of  the  cycloid,  h/^ 

is  equal  to  og-. 

If  another  body  descend  down  the  chord  eb,  it  will  have 
the  same  velocity  as  the  ball  in  the  cycloid  has  at  the  same 
height.  So  that  k/c  and  Qg  are  passed  over  with  the  same  ve- 
locity, and  consequently  the  time  in  passing  them  will  be  as 
their  lengths  b^,  k^,  or  as  n/ito  kA;,  or  bh,  to  bk  by  similar 
triangles,  or  ^  (bk  ,  be)  to  bk,  or  .^  be  to  ^J  bk,  or  as  ^bl 
to  ^J  bn  by  similar  triangles.  . 

That  is,  the  time  va  Gg^  time  in  k^  :  :  V'  ^^  *  \^  ^^' 
Again,  the  time  of  describing  any  space  with  a  uiliform  mo- 
tiouj  indirectly  as  the  space,  and  reciprocally  as  the  velocity  ; 
also,  the  velocity  in  k  or  k^,  is  to  the  velocity  at  b,  as  y  ek 
to  ^  eb,  or  as  ^  ln  to  ^  lb  ;  and  the  uniform  velocity  for 
eb  is  equal  to  half  that  at  the  point  b,  therefore  the  time  innft  : 

Kk  EB  Nn  LB 

time  m  EB  :  :  — —  :  — -- —  : :  -— —  ;  --— — 

-v/lN      i-v/^B  ^LN      l^v^LB 

(by  sim.  tri)  :  :  Nn  or  mp  :  2^  (bl  ,  ln.) 

That  is,  the  time  in  k^  ;  time  in  eb  :  :  mp  :  2^  (bl  .  ln.) 

But  it  was,  time  in  Gg  :  time  in  kA  :  :  ^  bl  :  -^  bn  ;  theref. 

by  comp.  time  in  g^  :  time  in  eb  :  :  mp  :  ^^(bn  .  Ni,.)  qr  2nm. 

But,  by  sim.  tri.  Mm  :  2om  or  bl  :  :  mp  :  2nm. 

Theref.  time  in  co :  time  in  eb  :  :  mn  :  bl. 

Consequently  the  sum  of  all  the  times  in  all  the  cg's,  is  io 
the  time  in  eb,  or  the  time  in  db,  which  is  the  same  thing,  as 
the  sum  of  all  the  Mm's,  is  to  lb  ; 
that  isy  the  time  in  f^  :  time  io^DB  ;  :  Lm    :  lb, 
and  the  time  in        fb  :  time  in  db  :  :  lmb   :  lb, 
or  the  time  in         fb/*  :  time  in  db  :  :  2lmb  :  lb. 
That  is,  the  time  of  one  whole  vibration, 

is  to  the  time  of  falling  through  half  cb, 
as  the  circumference  of  any  circle, 
is  to  its  diameter. 

140.  Corol. 
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149^.  Cor oL  1.  Hence  all  the  vibrations  of  a  piBtidulum  in 
a  cycloid,  whether  great  or  small,  are  performed  in  the  same 
time,  which  time  is  to  the  time  of  falling  through  the  axis,  or 
half  the  length  of  the  pendulum,  as  3*14lfe,  to  1,  the  ratio  of 
the  circumference  to  its  diameter  ;  and  hence  that  time  is  easily 
found  thus.  Put  p  =  3*14165  and  Zthe  length  of  the  pendu* 
lum,  also  g  the  space  fallen  by  a  heavy  body  in  1"  of  time. 

then  y/g  :  ^\l  :  :  1''  ?  i/  ^  tbe  time  of  falling  through  \l^ 

theref.  1  ;  jp  :  :  \/—'*f  ^/t"^  which  therefore  is  the  time  of 

one  vibration  of  the  pendulum. 

1 50.  And  if  the  pendulum  vibrate  in  a  small  arc  of  a  cii*cle ; 
because  that  small  arc  nearly  coincides  with  the  small  cycloid 
dal  arc  at  the  vertex  b  ;  therefore  the  time  of  vibration  in 
the  small  arc  of  a  circle,  is  nearly  equal  to  the  time  of  vibra- 
tion in  the  cycloidal  arc ;  consequently  the  time  of  vibration 

in  a  small  circular  arc  is  equal  to  p^/  --,  where  I  is  the  radius 

of  the  circle. 

151.  So  that,  if  one  of  these,  g  or  Z,  be  found  by  experi- 
ment, this  theorem  will  give  the  other.  Thus,  if  g,  or  the 
space  fallen  through  by  a  heavy  body  in  1"  of  time,  be  found, 
then  this  theorem  will  give  the  length  of  the  second  pendu^ 
lum.  Or,  if  the  length  of  the  second  pendulum  be  observed 
by  experiment,  which  is  the  easier  way,  this  theorem  will  give 
g  the  descent  of  gravity  in  V\  Now,  in  the  latitude  of 
London^  the  length  of  a  pendulum  which  vibrates  seconds, 
has  been  found  to  be  39|  inches ;  and  this  being  written  for  I 

39JL 
in  theorem,  it  gives  f  v'— -  =  1'' :   hence  is  found  g  =  ^p^ 

l=^xp2  X  39i=193-07  inches  ^  16^^  feet,  for  the  descent  of 
gravity  in  f' ;  which  it  has  also  been  found  to  be,  very  nearly., 
by  many  accurate  experiments. 

SCHOLIUM, 

152.  Hence  is  found  the  length  of  a  pendulum  that  shall 
make  any  number  of  vibrations  in  a  given  time.  Or,  the 
number  of  vibrations  that  shall  be  made  by  a  pendulum  of 
a  given  length.  Thus,  suppose  it  were  required  to  find  the 
length  of  a  half-seconds  pendulum,  or  a  quarter-seconds  pen^ 
dulum  ;  that  is,  a  pendulum,  to  vibrate  twice  in  a  second,  or 
4  times  in  a  second.  Then  since  the  time  of  vibration  is  as 
the  square  root  of  the  length, 

therefore  1  :  i  :  :  ^39}  :  ^l, 

¥0L,    If.        "^  21  .Q^ 
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OT    -    •     1  :  J  :  :  39|  :  -~  =  9f  inches  nearly,  the  length 

of  the  half-seconds  pendulum.     Again  1  :  Jg.  :  :  39|  :  2|  in- 
ches, the  length  of  the  quarter-seconds  pendulum. 

Again,  if  it  were  required  to  find  how  many  vihrations  a 
pendulum  of  80  inches  long  will  make  in  a  minute.    Here 

^80  :  v<39i  :  :  GO'' or  1'  :60v^-g^  =7X^/3 1*3=4 1-96987, 

or  almost  42  vibrations  in  a  minute. 

153.  In  these  propositions,  the  thread  is  supposed  to >-e 
very  fine,  or  of  no  sensible  weight,  and  the  ball  very  small, 
or  all  the  matter  united  in  one  point ;  also,  the  length  of  the 
pendulum,  is  the  distance  from  the  point  of  suspension,  or 
centre  of  motion,  to  this  point,  or  centre  of  the  small  ball; 
But  if  the  ball  be  large,  or  the  string  very  thick,  or  the  yi-- 
brating  bbdy  be  of  any  other  figure  ;  then  the  length  of  the 
pendulum  is  difi*erent,  and  is  measured,  from  the  centre  of 
motion,  not  to  the  centre  of  naagnitude  of  the  bodj,  but  to 
such  a  point,  as  that  if  all  the  matter  of  the  pendulum  were 
collected  into  it,  it  would  then  vibrate  in  the  same  time  as  the 
compound  pendulum ;  and  this  point  is  called  the  Centre  of 
Oscillation ;  a  point  which  will  be  treated  of  in  what  follows. 


THE  MECHANICAL  POWERS,  &c. 

154.  WEIGHT  and  Power,  when  opposed  to  each  other^ 
signify  the  body  to  be  moved,  and  the  body  that  moves  it  ^ 
or  the  patient  and  agent.  The  power  is  the  agent,  which 
moves,  or  endeavours  to  move,  the  patient  or  weight. 

155.  Equilibrium,  is  an  equality  of  action  or  force,  be- 
tween two  or  more  powers  or  weights,  acting  against  each 
other,  by  which  they  destroy  each  other's  effects,  and  remain 
at  rest. 

156.  Machine,  or  Engine,  is  any  Mechanical  instrument 
contrived  to  move  bodies.  And  it  is  composed  of  the  me- 
chanical powers. 

157.  Mechanical  Powers,  are  certain  simple  instruments, 
commonly  emproyed  for  raising  greater  weights,  or  overcom- 
ing greater  resistances,  than  could  be  effected  by  the  natural 
strength  without  them.  These  are  usually  acco'unted  six  in 
number,  viz.  the  Lever,  the  Wheel  and  Axle,  the  Pulley,  the 
Inclined  Plane,  the  Wedge,  and  the  Screw. 

158.  Mechanics, 
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168  Mechanics,  is  the  science  of  forces,  and  the  effects 
they  produce,  when  applied  to  machines,  in  the  motion  of 
bodies. 

159.  Statics,  is  the  science  of  weights,  especially  when  con- 
sidered in  a  state  of  equilibrium. 

160.  Centre  of  Motion,  is  the  fixed  point  about  which  a 
body  moves.  And  the  Axis  of  Motion,  is  the  fixed  line  about 
which  it  moves. 

161.  Centre  of  Gravity,  is  a  certain  point,  on  which  a  bodjr 
being  freely  suspended,  it  will  rest  in  any  position. 


OF  THE  LEVER. 

162.  A  Lever  is  any  inflexible  rod,  bar,  or  beam^  which 
serves  to  raise  Weights,  while  it  is  supported  at  a  point  by  a 
fulcrum  or  prop,  which  is  the  centre  of  motion.  The  lever 
is  supposiedto  bevoid  of  gravity  or  weight,  to  render  thci  de- 
monstrations easier  and  simpler.  There  are  three  kinds  of 
levers* 

163.  A  Lever  of  the  First   "^ S 1-  ^^_-_3_ 

kind  has  the  prop,  c  be- 
tween the  weight  w  and 
the  power  p.  And  of  this 
kind  are  balances,  scales, 
crows,  hand-spikes,  scis- 
sors, pinchers,  &c. 


164.  A  Lever  of  the  Se- 
cond kind  has  the  weight 
between  the  power  and  the 
prop.  Such  as  oars,  rud- 
ders, cutting  knives  that  are 
fixed  at  one  end,  &c. 


C     W_ 


165.  A  Lever  of  the 
Third  kind  has  the  power 
between  the  weight  and 
the  prop.  Such  as  tongs, 
the  bones  and  muscles  of 
animals,  a  man  rearing  a 
ladder,  &c. 


IP 


i 


\5 


166.  A 
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166.  A  Fourth  kind  is  some- 
times added,  called  the  Bended 
Lever,  As  a  hammer  drawing 
&  nail.  ^^ 

167.  In  all  these  instruments  the  power  may  he  represent^ 
^d  by  a  weight,  which  is  its  most  natural  measure,  acting 
downward  :  but  having  its  direction  changed,  when  necessary, 
by  means  of  a  fixed  pulley. 

PROPOSItlON  XXXI. 

168.  Wlien  the  Weight  and  Power  keep  the  Lever  inj^quilibrio^ 
they  are  to  each  other  Reciprocally  m.  the  Distances  of  their 
Lines  of  Direction  from  the  Prop,  l^hat  is,  p  :  w  :  :  en  t 
ce;  where  cd  and  ce  are  perpendicular  to  yvo  and  ao^  th^ 
Directions  of  the  two  Weights ,  or  the  Weight  and  Power  "w, 
and  A.  *         > 

For,  draw  cf  parallel  to  AO5  and 
CB  parallel  to  wo  :  Also  join  co, 
which  will  be  the  direction  of  the 
pressure  on  the  prop  c ;  for  there 
cannot  be  an  equilibriuin  unless  the 
directions  of  the  three  forces  all 
meet  inj  or  tend  to,  the  satoe  point, 
as  o»  Then  J  because  these  three 
forces  keep  each  other  in  .equilibrio, 
they  are  proportional  to  the  sides  of 
the  triangle  cfio  or  cfo>  drawn  in  the 
direction  of  those  forces ;  therefore 
.  u     *    '..«>'  'a  -  »     .  .  >     •  '  ^'     •>    ~p 

But,  because  of  the  parallels,  the 

tvfo  triangles  PDF,  CEB  are  equiangu- 

lary  therefore       r     -     ^     -.   >     -  cp  :  ce  :  :  cf  :  ci3f. 

Hence,  by  equality,       -     -     -     -^  Ptw   :  :  cd  :  ce. 

That  is  each  force  is  reciprocally  proportional  to  the  dis* 
tance  of  its  direction  froin  the  fulcrum. 

And  it  w;ill  be  found  that  this  demonstration  will  serve  for 
all  the  other  kinds  of  levers,  by  drawing  the  lines  as  directed* 

169.  CoroL  1.  When  the  angle  a  is  =^  the  angle  w,  then 
13  CD  :  CE  t  :  cw  :  CA  :  J.p  :  w.  Or  when  the  two  forces  act 
perpendicularly  on  the  lever,  as  two  weights,  &;c.  ;  then,  in 
<5ase  of  an  equilibrium,  d  coincides  with  w,  and  e  with  p  ; 
consequently  then  the  above  proportional  becomes  also  p  :  w 
2  :  cw  :  GA,  or  the  distances  of  the  two  forces  from  the  ful- 
crum, taken,  on  the  lever,  are  reciprocally  proportional  to 
those  forces = 
"      '  '  '     '  170.  CqroL 


cp  :  FO  or  GB. 


Hosted  by  Google 


THE  LEVER. 


tbi 


170.  Coroh  2.  If  any  force  p  be  applied  to  a  lever  at  aj 
its  effect  on  the  lever,  to  turn  it  about  the  centre  of  motion 
c,  is  as  the  length  of  the  lever  ca,  and  the  sine  of  the  angle 
®f  direction  cae.     For  the  perp.  ce  is  as  caXsZ.a. 

171.  CoroL  3*  Because  the  product  of  the  extremes  is 
equal  to  the  product  of  the  means,  therefore  the  product  of 
the  power  by  the  distance  of  its  direction,  is  equal  to  the  prO" 
duct  of  the  weight  by  the  distance  of  its  direction. 

Thatis,  pXce=wXcd.  _ 

172.  CoroL  4.  If  the  lever,  with  the  weight  and  power 
fixed  to  it,  be  made  to  move  about  the  centre  c  ;  the  momen- 
tum of  the  power  will  be  equal  to  the  momentum  of  the 
weight ;  and  their  velocities  will  be  in  reciprocal  proportion 
to  each  other.  For  the  weight  and  power  will  describe  cir- 
cles whose  radii  are  the  distances  cd,  ce-^^  and.  since  the  cir- 
cumferences or  spaces  described,  are  as  the  radii,  and  also 
as  the  velocities,  therefore  the  velocities  are  as  the  radii  cd, 
CE  ;  and  the  momenta,  which  are  as  the  masses  and  velocities, 
are  as  the  masses  and  radii ;  that  is,  as  rXcEandwXcD, 
which  are  equal  by  cor.  3. 

173.  Corol.  5.  In  a  straight  lever,  kept  in  equilibrio  by 
a  weight  and  power  acting  perpendicularly;  then,  of  these 
three,  the  power,  weight,  and  pressure  on  the  prop,  any  one 
is  as  the  distance  of  the  other  two. 

174.  CuroL  6.  If  A  B  C  D  E 
several  weights,  p,  q,  r, 
s,  act  on  a  straight  le- 
ver, and  keep  it  in  equi- 
librio ;  then  the  sum  of 
the  products  on  oneside 
of  the  prop,  wiir  be 
equal  to  the  sum  on  the 

other  side,  made  by  multiplying  each  weight  by  its  distancef 
namely, 

FXAC+€tXBC=RXDC+SXEC. 

For,  the  effect  of  each  weight  to  turn  the  lever,  is  as  the 
weight  multiplied  by  its  distance  ;  and  in  the  case  of  an  equi- 
librium, the  sums  of  the  effects,  or  of  the  products  on  both 
sides  are  equal. 

175.  CoroL  7.  Because,  when    g  r»  x> 

two  weight?  Q  and  r  are  in  equi-     — '    ■  ' — '^ 

librio,  Q, :  R  : :  CD  :  CB  ;  therefore. 


I 


by  composition,  q+R  :  o. : 
and,  Qi+K  I  R 


R 


That 
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That  is,  the  auto  of  the  weights  is  to  either  of  thfem,  as  the 
sum  <?f  their  distances  is  to  the  distanee  of  the  Other. 

SCHOLIUM. 

176.  On  the  foregoing  prin-^ 
ciples  depends  the  nature  of 
scales  and  beams,  for  weigh* 
ing  all  sorts  of  goods.  For, 
if  the  weights  be  equal,  then 
will  the  distances  be  equal  al- 
so, which  gives  the  construc- 
tion of  the  common  scales, 
which  ought  to  have  these  pro- 
perties: 

ist.  That  the  points  of  suspension  of  the  scales  and  the 
centre  of  motion  of  the  beam,  a,  b,  c,  should  be  in  a  straight 
line  :  2c?,  That  the  arms  ab,  bc,  be  of  an  equal  length  :  3d, 
That  the  centre  of  gravity  be  in  the  centre  of  motion  b,  or  a 
little  below  it :  4th^  That  they  be  iti  equilibrio  when  empty  s 
5fAj,  That  there  be  as  little  friction  §s  possible  at  the  centre  b. 
A  defect  in  any  of  these  properties,  makes  the  scales  either 
imperfect  or  false.  B ut  it  often  happehs  that  the  one- side  of 
the  beam  is  made  shorter  than  the  other,  and  the  defect  cover- 
ed by  making  that  scale  the  heavierv  by  which  means  the 
scales  hang  in  equilibrio  when  empty ;  but  when  they  are 
charged  with  any  weip;hts,  so  as  to  be  still  in  equilibrio,  those 
weights  are  not  equal;  but  the  deceit  will  be  detectied  by 
changing  the  weights  to  the  contrary  sides,  for  then  the  equi« 
librium  will  be  immediately  destrSyed. 

177.  To  find  the  true  weight  of  any  body  by  such  a  false 
balance  It— First  weigh  the  body  in  one  scale,  and  afterwards 
weigh  it  in  the  other ;  then  the  mean  proportional  between 
these  two  weights,  will  be  the  true  weight  required.  For,  if 
any  body  b  weigh  w  pounds  or  ounces  in  the  scale  d,  and  only 
w  pounds  or  ounces  in  the  scale  e  :  then  we  have  these  two 
eqiaations,  aamely,  ab  .  6=bc  .  w.       ; 

and  bc  .  6==ab  .  w^ 
the  product  of  the  two  is  ab  .  bc  .  b^=^AB  .  bc  .  ww  ; 
hence  then         -         -         -        &8=wa?, 

and         -        -         -         &3=^w20, 
the  mean  proportional,  which  is  the  true  weight  of  the  body  h. 

178.  The  Roman  Staiera,  or  Steelyard,  is  also  a  lever,  but 
of  unequal  brachia  or  arms,  so  contrived,  that  one  weight 
only  may  serve  to  weigh  a  great  many,  by  sliding  it  back- 
ward 
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ward  and  forward,  to  different  distances,  on  the  longer  arm  of 
the  lever;  and  it  is  thus  constructed  : 


Let  Asbe  the  steelyard,  and  c  its  centre  of  motion,  whence 
the  divisions  must  commence  if  the  two  arms  just  balance 
€ach  otber :  if  not,  slide  the  constant  moveable  weight  i 
along  from  b  towards  c,  till  it  just  balance  the  other  end 
without  a  weight,  and  there  make  a  notch  in  the  beam, 
marking  it  with  a  cipher  0.  Then  hang  on  at  a  a  weight  w 
equal  to  I,  and  slide  i  back  towards  b  till  they  balance  each 
other  ;  there  notch  the  beam,  and  mark  it  with  1.  Then 
make  the  weight  w  double  of  i,  and  sliding  i  back  to  balance 
it;  there  mark  it  with  2.  Do  the  same  at  3,  4,  6,  &c.  by 
making  w  equal  to  3,  4,  5,  &c.  times  i ;  and  the  beam  is 
finished.  Then  to .  find  the  weight  of  any  body  b  by  the 
steelyard ;  take  off  the  weight  w,  and  hang  on  the  body  b 
at  A  :  then  slide  the  weight  i  backward  and  forward  till  it  just 
balance  the  body  b,  which  suppose  to  be  at  the  number  6; 
then  is  b  equal  to  5  times  the  weight  of  i.  So,  if  i  be  one 
pound,  then  bis  5  pounds  ;  but  if  i  be  2  pounds,  then  5  is  10 
pounds  ;  and  so  on. 

OF  THE  WHEEL  AND  AXLE. 
PROPOSITION  XXXIf. 

179.  In  the  IVheel-and-Axle ;  the  Weight  and  Power  will  he 
in  Equilibrio,  when  the  Power  p  is  to  the  Weight  w,  Red" 

.  procally  as  the  Radii  of  the  Circles  where  they  act;  that  is, 
as  the  Radius  of  the  Axle  ca,  where  the  Weight  hangs,  to 
the  Radius  of  the  Wheel  cb,  where  the  Power  acts.  That  is, 
p  :  w  : ;  CA  :  CB. 

HERE  the  cord,  by  which  the  power  p  acts^  goes  about 

the 
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the  circumference  of  the  wheel,  while 
that  of  the  weight  w  goes  round  its 
axle,  or  another  smaller  wheel,  attach- 
ed to  the  larger,  and  having  the  same 
axis  or  centre  c.  So  that  ba  is  a  lever 
moveable  about  the  point  c,  the  power 
p  acting  always  at  the  distance  bc,  and 
the  weight  w  at  the  distance  ga  ;  there- 
fore p  :  w  ::  CA  ;  CB. 

180.  Corol.  1 .  If  the  wheel  be  put 
in  motion ;  then,  the  spaces  moved 
being  as  the  circumferences,  or  as  the  radii,  the  velocity  of 
w  will  be  to  the  velocity  of  p,  as  ca  to  cb  ;  that  is,  the 
weight  is  moved  as  much  slower,  as  it  is  heavier  than  the 
power ;  so  that  what  is  gained  in  power,  is  lost  in  time. 
And  this  is  the  universal  property  of  all  machines  and  en- 
gines. 

ISh  CoroL  2.  If  the  power  do  not  act  at  right  angles 
to  the  radius  cb,  but  obliquely  ;  draw  cd  perpendicular  to 
the  direction  of  the  power ;  then,  by  the  nature  of  th^  lever^ 


p  :  w 


CA  i  cd; 


SCHOLIUM. 

182.  To  this  power  be- 
long all  turning  or  wheel 
machines^of  different  radii. 
Thus,  in  the  roller  turning 
on  the  axis  or  spindle  ce, 
by  the  handle  gbd  ;  the 
power  applied  at  b  is  to 
the  weight  w  on  the  roller 
as  the  radius  of  the  roller 
is  to  the  radius  cb  of  the 

^les!'  And  thesame  for  all  cranes,  capstans,  windlasses,  and 
such  like  ;  the  power  being  to  the  weight,  always  as Jlie  ra- 
S  of 'ever  at  which  the  weight  acts,  to  that  at  which^^ 
power  acts  ;  so  that  they  are  always  n  t^^'^'^PT.  Jlt^^^^^^ 
their  velocities.  And  to  the  same  prmciple  may  be  referred 
the  gimblet  and  auger  for  boring  holes.  ^      ^ 

184.  But  all  this,  however,  is  on  supposition  that^A^^^^ 
or  cords,  sustaining  the  weights,  are  of  no -sensible  thickness. 
Forif  the  thickness  be  considerable,  or  if  there  be  several 
S  uf  tt^i  over  one  another,  on  the  roller  or  barrel ;  then 
wfmust  meaWe  to  the  middle  of  the  outermost  rope,  for 
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the  radius  ©f  the  roller  ;  or,  to  the  radius  of  the  roller  we 
must  add  half  the  thickaess  of  the  chord,  when  there  is  but 
one  fold. 

185.  The  wheel-and-axle  has  a  great  advantage  over  the 
simple  lever,  in  point  of  convenience.  For  a  weight  can  be 
raised  but  a  little  way  bj  the  lever ;  whereas,  by  the  continual 
turning  of  the  wheel  and  roller,  the  weight  may  be  raised  to 
any  height,  or  from  any  depth. 

186.  By  increasing  the  number  of  wheels  too,  the  power 
may  be  multiplied  to  any  extent,  making  always  the  less 
wheels  to  turn  greater  ones,  as  far  as  we  please  ;  and  this  is 
commonly  called  Tooth  and  Pinion  Work,  the  teeth  of  one 
circumference  working  in  the  rounds  or  pinions  of  another, 
to  turn  the  wheel.  And  then,  in  case  of  an  equilibrium,  the 
power  is  to  the  weight,  as  the  continual  product  of  the  radii 
#f  all  the  axles,  to  that  of  all  the  wheels.     So,  if  the  power  f 


turn  the  wheels,  and  this  turn  the  small  wheel  or  axle  r; 
and  this  turn  the  wheel  s,  and  this  turn  the  axle  t,  and  this 
turn  the  wheel  V,  and  this  turn  the  axle  x,  which  raises  the 
weight  w  ;  then  p  :  w  :  :  cb  .  de  .  fg  :  ac  .  bd  .  jef.  And  in 
the  same  proportion  is  the  velocity  of  w  slower  than  that  of  p. 
Thus,  if  each  wheel  be  to  its  axle,  as  10  to  1  ;  then  p  :  w  :  : 
13  :  103  or  as  1  to  1000.  So  that  a  power  of  one  pound  will 
balance  a  weight  of  1000  pounds  ;  but  then,  when  put  in  mo- 
tion, the  powe?*  will  move  1000  times  faster  than  the  weight. 


Vol.  If. 


.S.5 


OF 
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OF  THE  FULLEY. 

187.  A  Pulley  is  a  small  wheel,  commoDly  made  of  wood 
or  brass,  which  turns  about  an  iron  axis  passing  through  the 
centre,  and  fixed  in  a  block,  by  means  of  a  cord  passed  round 
its  circumference,  which  iserves  to  draw  up  any  weight.  The 
pulley  is  either  single^  or  combined  togethetj  to  increase  the 
power.  It  is  also  either  fixed  or  moyeable,  according  as  it 
is  fixed  to  one  place,  or  moves  up  and  down  with  the  weight 
and  power. 

PROPOSITION  xxxni. 

1 88.  If  a  Power  sustain  a  Weight  by  means  of  a  Fixed  Pulley; 
the  Power  and  Weight  are  Equal, 

For,  through  the  centre  c  of  the  pulley 
draw  the  horizontal  diameter  ab  :  then  will 
AB  represent  a  leyer  of  the  first  kind,  its 
prop  being  the  fixed  centre  c;  from  which 
the  points  A  and  b,  where  the  power  and 
weight  acti  being  equally  distant,  the  pow** 
er  p  is  consequently  equal  to  lie  weight  ; 
w.  .;.      ■  '    .     ''     >        •..  '  _,  .'..  :■■:  ■ .      .'  ■'■\ 

189.  O^rdZ.  Hence,  if  the  pulfey  be  put  . 
in  motion,  the  power  p  will  descend  as  fast 
as  the  weight  w  ascends.  So  that  the 
power  is  not  increased  by  the  use  of  the 
fixed  pulley,  even  though  the  rope  go  over 
several  of  them.  It  is,  however,  of  great  service  in  the 
raising  of  weights,  both  by  changing  the  direction  of  the  force, 
for  the  convenience  of  acting,  and  by  enabling  a  person  to 
raise  a  weight  to  any  height  without  moving  from  his  place, 
and  also  by  permitting  a  great  many  persons  at  once  to  exert 
their  force  on  the  rope  at  p,  which  they  could  not  do  to  the 
weight  itself ;  as  is  evident  in  raising  the  hammer  or  weight 
of  a  pile-driver,  as  well  as  on  many  other  occasions. 

PI^POSITION  XXXIV. 

ISO.  If  a  Power  sustain  a  Weight  by  means  of  Oni  Moveable 
Pulley  ;  the  P&weris  but  Half  the  Weight,    -t 

For,  here  ab  may  be  considered  as  a  lever  of  the  second 

kind. 
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kind,  the  power  acting  at  a, 
the  weight  at  c,  and  the  prop 
or  fixed  point  at  B  ;  and  be- 
cause p  :  w  :  :  CB  :  AB,  and 
cb=|ab,  therefore  p=Jw, 
or  w=2p. 

191.  Corot.  1.  Hence  it 
is  evident,  that  when  the 
pulley  is  put  in  motion,  the 
velocity  of  the  power  will 
be  double  the  velocity  of 
the  weight j  as  the  point  p 

moves  twice  as  fast  as  the  point  c  and  weight  w  rises.  It  is 
also  evident,  that  the  fixed  pulley  f  makes  no  difference  in  the 
power  p,  but  is  only  used  to  change  the  direction  of  it,  ifrom 
upwards  to  downwards. 

^192.  Corol.  2.  Hence  we  may  estimate  the  effect  of  a  com- 
bination of  any  number  of  fixed  and  moveable  pulleys  ;  by 
which  we  shall  find  that  every  cord  going  over  a  moveable 
pulley  always  adds  2  to  the  powers ;  since  each  moveable  pul- 
ley's rope  bears  an  equal  share  of  the  weight ;  whileeaehrope 
that  is  fixed  to  a  pulley,  only  increases  the  power  by  unity. 


XT  ,         tw+^sy+w 

Here  n=:iw=--— — — _ 

^2  Q 


OF  THE  INCLINED  PLANE. 
193.  THE  Inclined  Plane,  is  a  plane  inclined  to  the 
horizon,  or  making  an  angle  with  it.  It  is  often  reckoned  one 
of  the  sipaple  mechanic  powers  ;  and  the  double  inclined  plane 
makes  the  wedge.  It  is  employed  to  advantage  in  raising 
heavy  bodies  in  certain  situations,  diminishing  the  powers  that 
ustain  them  by  laying  them  on  the  inclined  planes. 

PROPOSITION 
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PBbPOSITION  XXXV. 

194.  The  Power  gained  by  the  Inclined  Plane^  is  in  Proportion 
as  the  Length  of  the  Plane  is  to  its  Height,  That  is^  when  a 
Weight  w  is  sustained  on  an  Inclined  Plane  ;  nay  by  a  Power 
r  acting  i^  the  Direction  dw,  parallel  to  ike  Plane  ;  then  the 
Weight  w,  is  in  proportion  to  the  Power  p,  as  the  Length  of 
the  Plane  is  io  Us  Height;  that  is,  w  :  p  ::  bc  :  ab.  V 

For>  draw  ab  perp.  to 
the  plane  bc,  or  to  t>w. 
Then  we  are  to  consider 
that  the  body  w  is  sustain- 
ed by  three  forces,  viz. 
1st,  its  own  weight  or  the 
force  of  gravity,  acting  perp.  to  ac,  or  parallel  to  ba  ;  2d,  by 
the  power  p,  acting  in  the  direction  wd,  parallel  to  bc,  or  be  ; 
and  3dly,  by  the  re-action  of  the  plane,  perp.  to  its  face,  or 
parallel  to  the  line  ea.     But  when  a  body  is  kept  in  eqaili- 
brioTby  the  action "bf  three  forces,  it  has  been  proved,  that 
the  intensities  of  these  forces  sire  proportional  to  the  sides 
of  the  triangle  abe  made  by  lines  drawn  in  the  directions  of 
their  actions ;  therefore  those  forces  are  to  one  another  as 
the  three  lines        -         -        -         -         ab,  be,  ae  j  that  is, 
the  weight  of  the  body  wis  as  the  line      ab, 
the  power  p  is  as  the  line         -         -        be> 
and  the  pressure  on  the  plane  as  the  line  ae. 
But  the  two  triangles  abe,  abc  are  equiangular,  and  have 
therefore  their  like  sides  proportional ;  that  is, 
the  three  lines         -         -         -         -         ab,  be,  ae, 
are  to  each  other  respectively  as  the  three  bc,  ab,  ac, 
or  also  as  the  three  -         -         -        bc,  ae,  ce, 

which  therefore  are  as  the  three  forces     w,    p,    jp, 
where  p  denotes  the  pressure  on  the  plane.  „  That  is,  w  :  p  : : 
BC  :  ab,  or  the  weight  is  to  the  power,  as  the  length  of  the 
plane  is  to  its  height. 

See  more  on  the  Inclined  Plane,  at  p.  144,  &c. 

195.  Scholium,  The  Inclined  plane  comes  into  use  in  some 
situations  in  which  the  other  mechanical  powers  cannot  be 
conveniently  applied,  or  in  combination  with  them.  As,  in 
sliding  heavy  weights  either  up  or  down  a  plank  or  other  plane 
laid  sloping  :  or  letting  large  casks  down  into  a  cellar,  or  draw- 
ing them  out  of  it.  Also,  in  removing  earth  from  a  lower 
{situation  to  a  higher  by  means  of  wheel-barrows,  or  other- 
wise, as  in  making  fortij&cations,  &c. ;  incHned  planes,  made 
of  boards,  laid  aslope,  serve  for  the  barrows  to  run  upon. 

Of 
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Of  all  the  various  directions  of  drawing  bodies  up  an  inclined 
plane,  or  sustaining  them  on  it,  the  most  favourable  is  where 
it  is  parallel  to  the  plane  bc,  and  passing  through  the  centre  of 
the  weight;  a  direction  which  is  easily  given  to  it,  by  fixing 
a  pulley  at  p,  so  that  a  cord  passing  over  it,  and  fixed  to  the 
weight,  may  act  or  draw  parallel  to  the  plane.  In  every  other 
position,  it  would  require  a  greater  power  to  support  the  body 
on  the  plane,  or  to  draw  it  up.  For  if  one  end  of  the  line  be 
fixed  at  w,  and  the  other  end  inclined  down  towards  b,  below 
the  direction  ^WD,  the  body  would  be  drawn  down  against  the 
plane,  and  the  power  must  be  increased  in  proportion  to  the 
greater  difficulty  of  the  traction.  And,  on  the  other  hand,  if 
the  line  were  carried  above  the  direction  of  the  plane,  the 
power  must  be  also  increased  ;  but  here  only  in  proportion  as 
it  endeavours  to  lift  the  body  off  the  plane. 

If  the  length  Be  of  the  plane  be  equal  to  any  number  of 
times  its  perp.  height  ab,  as  suppose  3  times  ;  then  a  power 
p  of  1  pound  banging  freely,  will  balance  a  weight  w  of  3 
pounds,  laid  on  the  plane :  and  a  power  p  of  2  pounds,  will 
balance  a  weight  w  of  6  pounds  ;  and  so  on,  always  3  times 
as  much.  But  then  if  they  be  set  a-moving,  the  perp.  descent 
of  the  power  p,  will  be  equal  to  3  times  as  much  as  the  perp. 
ascent  of  the  weight  w.  For,  though  the  weight  w  ascends 
up  the  direction  of  the  oblique  plane,  bc,  just  as  fast  as  the 
power  p  descends  perpendicularly,  yet  the  weight  rises  only 
the  perp.  height  ab,  while  it  ascends  up  the  whole  length  of 
the  plane  bc,  which  is  3  times  as  much  ;  that  is,  for  every  foot 
of  the  perp.  rise,  of  the  weight,  it  ascends  3  feet  up  in  the 
direction  of  the  plane,  and  the  power  p  descends  as  much,  or  3 
feet 


OF  THE  WEDGE. 


196.  THE  Wedge  is  a  piece  o 
wood  or  metal,  in  form  of  half  a  rec- 
tangular prism.  AF  or  bg  is  the 
breadth  of  its  back  ;  ce  its  height ; 
Gc,  BC  its  sides  :  and  its  end  gbc  is 
composed  of  two  equal  inclined 
planes  GCE 5  bge. 
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197.  tVhena  Wedge  is  inEquitibrio^'^  the  Power  acting  against 
(he  B^ack^  is  to  ^e  Force  acting  Perpendieularlyi  against  either 
Sidey  CLS  the  Breadth  of  the  Back  ab,  is  to  the  Length  of  the 
Side  Aq  orBC, 

Foil,  any  three  forces,  which  sustain  one 
another  in  equilibrio  are  as  the  correspond- 
ing sides  of  a  triangle  drawn  perpendicular 
to  the  directions  in  which  they  act.  But 
AB  is  pei?p.  to  the  force  acting  on  the  hack, 
to  urge  the  wedge  forward  ;  and  the  sides 
AC,  Bc  are  perp.  to  the  forces  acting  ou 
them ;  therefore  the  three  forces  are  as  ab, 

AC,  BC. 

198.  CoroL  The  force  on  the  back,  Tab, 
Its  efifect  in  direct,  perp.  to  ac,  J  ac, 
And  its  effect  parallel  to  ab  ;        \  do, 

are  as  the  three  lines  \  whichareper.  to  them. 

And  therefore  the  thinner  a  wedge  is,  the  greater  is  its  ef- 
fect in  splitting  any  body,  or  in  oyercoming  any  resistancie 
against  the  sides  of  the  wedge. 

SCHCMUUM. 

199.  But  it  must  be  obsierved,  that  the  resistance,  or  the 
forces  above-mentioned,  respect  one  side  of  ihe  wedge  only^ 
For  if  those  against  both  sides  be  taken  in,  then,  in  the  fore- 
going proportions,  we  must  take  only  half  the  back  ad,  or  else 
we  must  take  double  the  line  AC  or  DC. 

In  the  wedge,  the  friction  against  the  sides  is  very  greats  at 
least  equal  to  the  force  to  be  overcome,  because  the  wedge 
retains  any  position  to  which  it  is  driven ;  and  therefore  the 
resistance  is  double  by  the  friction.  ^But  then  the  wedge  has 
a  great  advantage  over  all  the  other  powers >  arising  from  the 
force  of  percussion  or  blow  with  which  the  back  is  struck, 
whicli  is  a  force  incomparably  greater  than  any  dead  weight  or 
pressure,  such  as  is  employed  in  other  machines.  And  accord- 
ingly we  find  it  produces  effects  vastly  superior  to  those  of 
any  other  jpower  ;  such  as  the  splitting  and  raising  the  largest 
and  hardest  rocks,  the  raising  and  lifting  the  largest  ship,  by 
driving  a  wedge  below  it,  which  a  man  can  do  by  the  blow  of  a 
mallet :  and  thus  it  appears  that  the  small  blow  of  a  hammer, 
on  the  back  of  a  wedge,  is  incomparably  greater  than  any  mere 
pressure,  and  will  overcome  it, 

OF 
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OF  THE  SCREW. 

200.  THE  Screw  is  one  of  six  mechanical  powers,  chiefly 
u^ed  in  pressing  or  squeezing  bodies  close,  though  sometimes 
also  in  raising  weights. 

The  screw  is  a  spiral  thread  or  groove  cut  round  a  cylin- 
der, and  every  where  making  the  same  angle  with  the  length 
of  it.  So  that  if  the  surface  of  the  cylinder,  with  this  spiral 
thread  on  it,  were  unfolded  and  stretched  into  a  plane,  the 
spiral  thread  would  form  a  straight  inclined  plane,  whose 
length  would  be  to  its  height,  as  the  circumference  of  the  cy- 
linder, is  to  the  distance  between  two  threads  of  the  screw  ; 
as  is  evident  by  considering  that,  in  making  one  round,  the 
spiral  rises  alobgthe  cylinder  the  distance  between  the  two 
threads. 

PROPOSITION  XXXVII.  , 

201.  The  Force  of  a  Power  applied  to  turn  a  Screw  round,  is 
to  the  Force  with  which  it  presses  upward  or  domnward^  set- 
ting aside  the  Fraction,  as  the  Distance  between  Jwo  Threads^ 
is  to  the  Circumference  where  the  Power  is  applied. 

The  screw  being  an  inclined  plane,  or  half  wedge,  whose 
height  is  the  distance  between  two  threads,  and  its  base  the 
circumference  of  the  screw ;  and  the  force  in  the  horizontal 
direction,  being  to  that  in  the  vertical  one,  as  the  lines  per- 
pendicular to  them,  nanaely,  as  the  height  of  the  plane,  or 
distance  of  the  two  threads,  is  to  the  base  of  the  plane,  or 
circumference  of  the  screw  ;  therefore  the  power  is  to  the 
pressure,  as  the  distance  of  two  threads  is  to  that  circumfe- 
rence. But,  by  means  of  a  handle  or  lever,  the  gain  in  power 
is  increased  in  the  propartion  of  the  rjidius  of  the  screw  to 
the  radius  of  the  power,  or  length  of  the  handle,  or  as  their 
circumferences.  Therefore,  finally,  the  power  is  to  the  pres- 
sure, as  the  distance  of  the  threads,  is  to  the  circumference 
described  by  the  power. 

202.  CoroL  When  the  screw  is  put  in  motion  ;  then  the 
power  is  to  the  weight  which  would  keep  it  in  equilibrio,  as 
the  velocity  of  the  latter  is  to  that  of  the  former  ;  and  hence 
their  two  momenta  are  equal,  which  are  produced  by  multi- 
plying each  weight  or  pow^byits  own  velocity.  So  that 
this  is  a  general  property  in  all  the  mechanical  powers,  namely, 
that  the  momentum  of  a  power  is  equal  to  that  of  the  weight 
which  would  balance  it  in  equilibrio  ;  or  that  each  of  them  is 
reciprocally  proportional  to  its  velocity. 

SCHQUUM. 


Hosted  by  Google 


168 


MECHANIGS. 


SCHOLIUM. 

203.  Hence  we  can  easily 
compute  the  force  of  any  ma- 
chine turned  by  a  screw.  Let 
the  annexed  figure  represent  a 
press  driven  by  a  screw,  whose 
threads  are  each  a  quarter  of . 
an  inch  asunder  ;  and  let  the 
screw  be  turned  by  a  handle 
of  4  feet  long,  from  a  to  b  ; 
then,  if  the  natural  force  of  a 
man ,  by  which  he  can  lift,  pull , 
or  draw,  be  150  pounds  ;  and  it  be  required  to  determine  with 
what  force  the  screw  will  press  on  the  boad  at  d,  when  the 
man  turns  the  handle  at  a  and  b,  with  his  whole  force.  Then 
the  diameter  ab  of  the  power  being  4  feet,  or  48  inches,  its 
circumference  is  48  X  3-1 41 6  or  160f  nearly ;  and  the  dis- 
tance of  the  threads  being  }  of  an  inch  ;  therefore  the  power 
is  to  the  pressure  as  1  to  603^  :  but  the  power  is  equal  to 
1501b;  theref.  as  1  :  603i  :  :150:  90480;  and  consequently 
the  pressure  at  d  is  equal  to  a  weight  of  90480  pounds,  inde- 
pendent of  friction. 


204;  Again ,  if  tiie  end- 
less screw  AB  be  turned  by 
a  handle  AC  of  20  inches, 
the  threads  of  the  screW 
being  distant  half  an  inch 
each ;  and  the  screw  turns 
a  toothed  wheel  e,  whose 
pinion  x  turns  another 
wheel  F,  and  the  pinion  m 
of  this  another  wheel  o,  to 
the  pinion  or  barrel  of 
which  is  hung  a  weight  w ; 
it  is  required  to  determine 
what  weight  the  inan  will 
be  able  to  raise,  working  at 
the  handle  c  ;  supposing 
the  dianieters  of  the  wheels 
to  be  18  inches,  and  those 
of  the  pinions  and  barrel  2 
inches ;  the  teeth  and  pin- 
ions being  all  of  a  size. 


Here 
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Here  20X3-1416X2=125-6G4,  is  the  circumference  of 
the  power. 

And  125-664  to  x,  or  251-328  to  1,  is  the  force  of  the  screw 
alone. 

Also,  18  to  2,  or  9  to  1,  being  the  proportion  of  the  wheels 
to  the  pinion^  ;  and  as  there  are  three  of  them,  therefore  9^ 
to  P,  or  729  to  1,  is  the  power  gained  by  the  wheels. 

Consequently  251-328X729,  to  1,  or  183218^  to  1  nearly, 
is  the  ratio  of  the  power  to  the  weight,  arising  from  the  ad- 
vantage  both  of  the  screw  and  the  wheels. 

But  the  power  is  1501b  ;  therefore  150  X  183218^,  or 
27482716  pounds,  is  the  weight  the  man  can  sustain,  which  is 
equal  to  12269  tons  weight. 

But  the  power  has  to  pvercome,  not  only  the  weight,  but 
also  the  friction  of  the  screw,  which  is  very  great,  in  some 
cases  equal  to  the  weight  itself,  since  it  is  sometimes  sufficient 
to  sustain  the  weight,  when  the  power  is  taken  off. 


ON  THE  CENTRE  OF  GRAVITY, 


205.  THE  Centre  of  GRAvixy  of  a  body,  is  a  certain 
point  within  it,  on  which  the  body  being  freely  suspended,  it 
will  rest  in  any  position  ;  and  it  will  always  descend  to  the 
lowest  place  to  which  it  can  get,  in  other  positions. 

PROPOSITION  XXXVIII. 

206.  If  a  Perpendicular  to  ike  Horizon^  from  the  centre  of 
Gravity  of  any  body,  fall  within  the  Base  of  the  Body,  it  will 
rest  in  that  Position;  but  if  the  Perpendicular  fall  without 
the  Base^  the  Body  will  not  rest  in  that  Position^  but  will 
tumble  down. 
For,  if  GB,  be  the  perp. 

from  the  centre  of  gravity 

c,  within  the  base  :  then  the 

body  cann  0 1  fall  over  to  wards 

A  ;  because,  in  turning  on  the 

point  A,  the  centre  of  gravity 

c  would  describe    an    arc 

which  would  rise  from  c  to 

E ;  contrary  to  the  nature  of  that  centre,  which, only  rests 

when  in  the  lowest  place.     For  the  same  reason,  the  body 

will  not  fall  towards  d.     And  therefore  it  will  stand  in  that 

position. 
Vol.  IL  23  l\ut 
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But  if  the  perpendicular  fall  without  the  base,  as  i?6 ;  then 
the  body  will  tumble  over  on  that  side:  because  in  turniDg 
on  the.  point  a^  the  centre  c  descends  by  describing  the  de- 
scending arc  cc.         '   ^ 

20?.  Coroh  L  If  a  perpendicular,  drawn  from  the  centre 
of  gravity^  fall  just  on  the  extremity  of  the  base  ;  the  body 
may  stand;  but  any  the  least  fbree  will  cause  it  to  fall  that 
way,  And  the  nearer  the  perpendicular  is  to  any  side^  or 
^he  nsuprower  the  base  is,  the  easier  it  will  be  made  to  fall,  or 
be  pushed  over  that  way  ;  because  the  centre  of  gravity  has 
the  less  height  to  rise :  which  is  the  reason  that  a  globe  is 
made  to  roll  on  a  smooth  plane  by  any  the  least  force.  But 
the  nearer  the  perpendicular  is  to  the  middle  of  the  base  or 
the  broader  the  base  iS;  the  firmer  the  body  stands. 

208.  CoroZ.  2.  Hence  if  the  centre  of  gravity  of  a  body 
be  supported,. the  whole  body  is  supported.  And  the  place 
of  the  centre  of  gravity  must  be  accounted  the  place  of  the 
body :  for  into  that  point  the  whole  matter  of  the  body  may 
be  supposed  to  be  collected,  and  therefore  all  the  force  also 
with  which  it  endeavours  to  descend. 

209.  Coro^.  3.  From  the  property  which 
the  centre  of  gravity  has,  of  always  descend- 
ing to  the  lowest  point,  is  derived  an  -easy^^ 

echanlcal  method  of  finding  that  centre  i. 

Thus,  if  the  body  be  hung  up  by  any 
point  A,  and  a  plumb  line  ab  be  hung  by  the 
same  point,  it  will  pass  through  the  centre 
of  gravity ;  because  that  centre  is  not  in  the 
lowest  point  till  it  fall  in  the  plumb  Hne. 
Mark  the  line  ab  on  it.  Then  hang  the 
body  up  by  any  other  point  d,  with  a  plumb 
line  DE,  which  will  also  pass  through  the 
centre  of  gravity,  for  the  same  reason  as  ^ 
before  ;  and  therefore  that  centre  must  be 
at  c  where  the  two  plumb  lines  cross  each 
other. 


210.  Or,  if  the  body  be  suspended  by 
two  or  more  cords  GF,  qh,  &c.  then  a  plumb 
line  from  the  point  a  will  cut  the  body  in  its 
centre  of  gravity  G. 


211.  Like- 
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211.  Likewise,- because  a  body  rests  when  its  centre  of 
gravity  is  supported,  but  not  else  ;  we  hence  derive  another 
easy  method  of  finding  that  centre  mechanically.  For,  if  the 
body  be  laid  On  the  edge  of  a  prism,  or  over  one  side  of  a  ta- 
ble, and  moved  backward  and  forward  fill  it  rest,  or  balance 
itself;  then  is  the  centre  of' gravity  just  over  the  line  of  the 
edge.  And  if  the  body  be  then  shifted  into  another  position, 
and  balanced  on  the  edge  again,  this  line  will  also  pass  by  the 
centre  of  gravity  ;  and  consequently  the  inter«ection  of  the 
two  will^give  the  centre  itself. 

PROPOSITION  XXXIX.  '         ^ 

212.  The  common  Centre  of  Gravity  c  of  any  two  Bodies  a,  b, 
divides  the  Line  joining  their  Centres^  into  two  Parts ^  which 
are  Reciprocally  as  the  Bodies , 

That  is,  ac:bc::b:a. 

For,  if  the  centre  of  gravity  c  be  supported,  the.  two 
bodies  a  and  b  will  be  supported,       ^,        t  % 

and  will  rest  in  equilibrio.     But      ^         C  g 

by  the  nature  of  the  lever,  when 

two  bodies  are  in  equilibrio  about  a  fixed  point  c,  they  are 
reciprocally  as  their  distances  from  that  point;  therefore 
A  :  B  :  :  cb  :  ca, 

213.  CoroL  1.  Hence  ab  :  ac  : :  a  +  b  :  b  ;  or,  the  whole 
distance  between  the  two  bodies,  is.  to  the  distance  of  either 
of  them  from  the  common  centre,  as  the  sum  of  the  bodies  is 
to  the  other  body. 

214.  Cqrol,  2.  Hence  also,  ca  .  a=cb  .  b  ;  or  the  two  pro- 
ducts are  equal,  which  are  made  by  multiplying  each  body  by 
its  distance  from  the  centre  pf  gravity. 

215.  CoroL  3.  As  the  centre  c  is  pressed  with  a  force  equal , 
to  both  the  weights  a  and  b,  while  the  points  a  and  b  are  each 
pressed  with  the  respective  weights  a  and  b.  Therefore,  if 
the  two  bodies  be  both  united  in  their  common  centre  c,  and 
only  the  ends  a  and  b  of  the  line  ab  be  supported,  each  will 
still  bear,  or  be  pressed  by  the  same  weights  a  and  b  as  before. 
So  that,  if  a  weight  of  lOOlb.  be  lard  on  abar  at  c,  supported 
by  two  men  at  a  and  b,  distant  from  c,  the  one  4  feet,  and  the 
other  6  feet ;  then  the  nearer  will  bear  the  weight  of  60lb, 

and  the  farther  only  401b.  weight. 

^^^r  CoroL 
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216.  CbiPoL  4.  Since  the  _^  ^ 
effect  of  any  body  to  turn  i]}-^^^^^  ^^  ^^ 
a  lever  about  the  fixed  "jk  jg  ^  ^  E 
point  c,  is  as  that  bo^y  and 
as  its  distance  from  that  point ;  therefore,  if  c  be  the  common 
centre  oif  gravity  of  all  the  bbdies  a,  b,  d,  ie,  p,  placed  in  the 
straight  line  AF  ;  then  is,  ca  .  a  +  cb  .  b  ==  cd  .  d  4^  ce  -  e  + 
CF  .  F  ;  or,  the  sum  of  the  products  on  one  side  equal  to  the 
sum  of  the  products  on  the  other,  made  by  multiplying  each 
body  by  its  distance  from  that  centre.  And  if  several  bodies 
be  in  equilibrium  on  any  straight  lever,  then  the  prop,  is  in  the 
centre  of  gravity. 

217,  CoroZ.  5.  And  though 
the  bodies  be  not  situated  in 
a  straight  hue,  but  scattered 
about  in  any  promiscuous  man- 
ner, the  same  property  as  in  the 
last  corollary  still  holds  true, 
if  perpendiculars  to  any  line 
whatever,  of  be  drawn  through 

the  several  bodies,  and  their  common  centre  of  gi^avity,  name- 
ly, that  ca  :  A  +  c5  =  cd  .  d  +  ce  .  e  4-  c/ ,  f.  For  the 
bodies  have  the  same  effect  on  the  line  o/,  to  turn  it  about  the 
point  c ,  whether  they  are  placed  at  the  points  a,  i>,  d,  c ,  /,  or 
in  any  part  of  the  perpendiculars  Aa,  b&,  nrf,  ec,  f/". 

PROPOSITION  XL. 

218.  If  there  be  three  or  more  Bodies y  and  if  a  line  be  dra'&n 
from  any  one  Body  d  to  the  Centre  of  Gravity  of  the  rest  c  ; 
then  the  Common  Centre  of  Gravity  e  of  all  the  Bodies,  divides 
the  line  cd  into  two  Parts  in  e,  which  are  Reciprocally  Pro- 
portional as  the  Body  d  to  the  sum  of  all  the  other  Bodies, 

That  is,  cE  :  ed  :  :  d  :  a  +6  &c. 

For,  suppose  the  bodies  a  and  b     ^      C  ^ 

to    be  collected  into  the    common     j^    T"^      ^~^B 
centre  ofgravityc,  and  let  their  sum  eV 

be  called  s.     Then,  by  the  last  prop.  V 

€E  :  ED  ::  D  :  s  or  a  +  «  &c»  3>^ 

217.  CoroL  Hence  we  have  a  method  of  finding  the  com- 
mon centre  of  gravity  of  any  number  of  bodies  ;  namely,  by 
first  finding  the  centre  of  any  two  of  them,  then  the  centre 
of  that  centre  and  a  third,  and  so  on  for  a  fourth,  or  fifth, 

PROPOSITION 
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PROPOSITION  XLI. 


220.  If  there  he  taken  any  Point /b^  in  the  Line  passing  through 
the  Centres  of  Gravity  of  two  Bodies;  then  the  sum  of  the  two 
Products,  of  each  Body  multiplied  by  its  Distance  from  that 
Point,  is  equal  to  the  Product  of  the  Sum  of  the  Bodies  mulii' 
plied  by  the  Distance  of  their  Common  Centre  of  Gravity  c 
from  the  same  Point  p. 


That  is^  PA  .  A  +  PB  .  B  =   PC  .  A  +  B. 
For,  by  the  38th,  ca  .  a  =  cb  .  b, 

that  is,  PA— pq.  a=pc— pb  .  b  ;         \f^ 

therefore  by  adding,  ©— — q      ^    @      p 

PA  .  A+PB  .  B  =  PC  .  A+B.  "^ 

221  ♦  CoroZ.  1.  Hence,  the  two  bodies  a  and  b  have  the 
same  force  to  turn  the  lever  about  the  point  p,  as  if  they  were 
both  placed  in  c  their  common  centre  of  gravity. 

Or,  if  the  line,  with  the  bodies,  move  about  the  point  p  ; 
thjs  sum  of  the  momenta  of  a  and  b,  is  equal  to  the  momentuQi 
of  the  sums,  or  a+b  placed  at  the  centre  c. 

222.  CoroL  2.  The  same  is  also  true  of  any  number  of 
bodies  whatever,  as  will  appear  by  cor.  4,  prop.  39,  namely, 

FA  .  A  +  PB  .  B  +  PD  .  D  &C.  =  PC  .  A  +  B  +  D  &C.  whCPC  P 

is  in  any  point  whatever  in  the  line  AC. 

And,  by  cor.  5,  prop.  39,  the  same  thing  is  true  when  the 
bodies  are  not  placed  in  that  line,  but  any  where  in  the  per- 
pendiculars passing  through  the  points  a,  b,  d,  &c.  ;  namely. 

pa  .  A  +  pb  .  B  +  I'd  .  D  &C.  =  PC  .  A  +  B  -f-  D  &c. 

223.  Corol.  3.  And  if  a  plane  pass  through  the  point  p  per- 
pendicular to  the  line  cp;  then  the  distance  of  the  common 
centre  of  gravity  from  that  plane,  is 

PA  .  A  +  PB  .  B  +  pd  .  D  &c.  W     xu 

PC  = —7 — -— ; — ,  that  IS,  equal  to  the  sum 

A— f-  B  +  D  &c. 

of  all  the  forces  divided  by  the  sum  of  all  the  bodies.  Or,  if 
A,  B,  D,  &;c.  be  the  several  particles  of  one  mass  or  compound 
body  ■  then  the  distance  of  the  centre  of  gravity  of  the  body, 
below  any  given  point  p,  is  equal  to  the  forces  of  all  the  par- 
ticles divided  by  the  whole  mass  or  body,  that  is^  equal  to  ail 
the  PA  .A,  pb  .  B,  pd  .  D,  &c.  divided  by  the  body  or  gum  of 
particles  A,  B,  D,  &;c. 

PROPOSITION 
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PROPOSITION  XUI. 

224.  To  find  the  Centre  of  Gravity  ofanf  Bodyy  or  of  any  Sys 
tern  of  Bodies, 


Through  any  point  p  draw 
a  plane,  and  let  pa,  pb,  pdj  &c. 
be  the  distance  of  the  bodies 
A,  B,  D,  &c.  from  the  plane  ; 
then,  by  the  last  cor.  the  dis- 
tance of  the  common  centre  of 
gravity  from  the  plane,  will  be 
pa  .  A+pb  .  B+pd  .  D  &c. 


P    St 


PC= 


A  +  B  +  D  &C. 


Q- 

—7 

^               r      K 

f 

A    \ 

1 

B      \ 

/ 

^       \ 

/  a 

E     &) 

/ 

F     / 

1 

gV 

225.  Or,  if  b  be  any  body,  and  qpr  any  plane  ;  draw  pab 
&c.  perpendicular  to  q,r,  and  through  a,  b,  &c.  draw  innume- 
rable sections  of  the  body  b  parallel 
to  the  plane  ^R.  Let  s  denote  any 
of  these  sections,  and  d  =  pa,  or  pb, 
&c.  its  distance  from  the  plane  qr. 
Then  will  the  distance  of  the  centre 
of  gravity  of  the  body  from  the  plane 

_  sum  of  all  the  rf's       *   j  •/. 

be  PC  =  — — — J— — — .     And  it 

0 

the  distance  be  thus  found  for  two  in- 
tersecting planes,  they  will  give,  the 
point  in  which  the  centre  is  placed. 

226..  But  the  distance  from  one  plane  is  suflScient  for  any 
regular  body,  because  it  is  evident  that  in  such  a  figure,  the 
centre  of  gravity  is  in  the  axis,  or  line  passing  through  the 
centres  of  all  the  parallel  sections. 

Thus,  if  the  figure  be  a  parallelogram,  or  a 
cylinder,  or  any  prism  whatever ;  then  the  axis 
or  line,  or  plane  ps,whicli  bisects  all  the  sec- 
tions, parallel  to  ^r,  will  pass  through  the 
centre  of  gravity  of  all  those  sections,  and 
consequently  through  that  of  the  whole  figure 
c.  Then,  all  the  sections  s  being  equal,  and 
the  body  6  =  ps  .  «,  the  distance  of  the  centre 
willbe  PC  = 

PA  .  S+PB  .  S  +  &C.  __PA+PB  -f  PD  kC,^    _  PA  +  PB  +  &C. 


Xs= 


But 
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But  PA  +  PB  +  &c.  is  the  sum  of  an  arithmetical  pro- 
gression, beginning  at  0,  and  increasing  to  the  greatest  term 
PS,  the  number  of  the  terms  belDg  also  equal  to  ps  ;  there- 
fore the  sum  pa  +  pb  +  &c.  =  ^  ps  .  ps  ;  and  consequently 

JL  pg       pg 

jc  =  - — - —  =  i  PS  ;  that  is,  the  centre  of  gravity  is  in  the 

middle  of  the  axis  of  any  figure  whose  perallel  sections  are 
equaL 

227.  In  other  figures,  whose  parallel  sections  are  not  equal, 
but  varying  according  to  some  generallaw,  it  will  not  Be  easy 
to  find  the  sum  of  all  the  pa  .  5,  pb  .  «',  pd  .  /,  &c.  except  by 
the  general  method  of  Fluxions  ;  which  case  therefore  will  be 
best  reserved,  till  we  come  ta  treat  of  that  doctrine.  It  will 
be  proper  however  to  add  here  some  examples  of  another  me- 
thod of  finding  the  centre  of  gravity  of  a  triangle,  or  any  other 
right-lined  plane  figure. 

PROPOSITION  XLIII. 

228.     To  find  the  Centre  of  Gravity  of  a  Triangle. 

From  any  two  of  the  angles  draw 
lines  ad,  ce,  to  bisect  the  opposite^ 
sides,  so  will  their  intersection  g  be 
the  centre  of  gravity  of  the  triangle. 

For,  because  ad  bisects  bc,  it  bi- 
sects also  all  its  parallels,  namely,  all 
the  parallel  sections  of  the  figure ; 
therefore  jld  passes  through  the  cen- 
tres of  gravity  of  all  the  parallel  sections  or  component  parts 
of  the  figure  ;  and  consequently  the  centre  of  gravity  of  the 
whole  figure  hes  in  the  line  ad.  For  the  same  reason,  it  also 
lies  in  the  line  ce.  Consequently  it  is  in  their  common  point 
of  intersection  g. 

229.  Coral,  The  distance  of  the  point  g,  is  ag  =  |  ad,  and 
CG  ==  I  CE  :  or  AG  =  2gd,  and  CG  =  2ge. 

For,  draw  bp  parallel  to  ad,  and  produce  ce  to  meet  it  in  f. 
Then  the  triangles  aeg,  bef  are  similar,  and  also  equal,  because 
AE  =  BE  ;  consequently  ag  =  bf.  But  the  triangles  cdg,  cbf 
are  also  equiangular,  and  cb  being  =  2cd,  therefore  bf  =  2gd. 
But  BP  is  also  =  AG ;  consequently  ag=^2gd,  or  |ad.  In  like 
manner,  cg  =  2ge  or  4ce. 

^  PROPOSITION 
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PROPOSITION  XLIV. 

,..,■>       .  ■  ■  ■  ■  .-  ■    «    .  ■  -   -  '  .-,  _ 

230.  To  find  the  Centre  of  Gravity  of  a  Trapezium. 
Divide  the  trapezium  abgd  into 
two  triangles,  by  the  diagonal  bd,  and 
find  E,  F,  the  centres  of  gravity  of 
these  two  triangles ;  then  shall  the 
centre  of  gravity  of  the  trapezium  lie 
in  the  lifte  ef  connecting  them.     And 
therefore  if  ef  be  d  i  vided,  in  g ,  in  the 
alternate  ratio  of  the  two  tpangjes,. 
namely,  eg  :  ge  :  :  triangle  bcd  :  triangle  abd,  then  g  will  .be 
the  centre  of  gravity  of  the  trapezium.  ^     • 

231.  Or,  having  found  the  two  points  5;,  f,  if  the  trapezium 
be  divided  into  two  other  triangles  bag,  dac,  by  the  other  dia- 
gonal AC,  and  the  centres  of  gravity  h  and  i  of  these  two  tri- 
angles be  also  found  ;  then  the  centre  ofgravity  of  the  trapezium 
will  also  lie  in  the  line  HI. 

So  that,  lying  in  both  the  lines,  ef,  hi,  it  must  necessarily 
lie  in  their  intersection  G. 

232.  And  thus  we  are  to  proceed  for  a  figure  of  any  great- 
er number  of  sides,  finding  the  centres  of  their  component 
triangles  and  trapeziums,  and  then  finding  the  common  cen- 
tre of  every  two  of  these,  till  they  be  all  reduced  into  one 
only.  '  '■•■■-■■.•■•■■';-."' 

Of  the  use  of  the  place  of  the  centre  of  gravity,  and  the 
nature  of  forces,  the  following  practical  problenas  are  added ; 
viz.  to  find  the  force  of  a  bank  of  the  earth  pressing  against  a 
wall  and  the  force  of  the  wall  to  support  it ;  also  the  push  of 
an  arch,  with  the  thickness  of  the  piers  necessary  to  support 
it ;  also  the  strength  and  stress  of  beams  and  bars  of  timber 
and  metal,  &c. 

PROPOSITION  XLV. 

233.    To  determine  the  Force  with  which  a  Bank  of  Earth,  or 
such  like,  presses  against  a  Wall,  and  the  Dimensions  of  the 
Wall  necessary  to  Support  it. 
Let  acde  be  a  vertical  section  of  a 

bank  of  earth  ;  and  suppose,  that  if  it 

were  not  supported,  a  triangular  part  of 

it,  as  ABE,  would  slide  down,  leaving  it 

at  what  is  called  the  natural  slope  be  ; 

but  that,  by  means  of  a  wall  aefg,  itis 

supported,  and  kept  in  its  place.— -It  13 

required  to  find  the  force  of  abe,  to 

slide  down,  and  the  dimensions  of  the 

wall  aefg,  to  support  it. 


:bc 


Let 
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Let  H  be  the  centre  of  gravity  of  the  triangle  ^be,  throtigh 
whk;h  draw  KHi  parallel  to  the  slope  face  of  the  earth  be, 
Now  the  centre  of  gravity  h  may  be  accounted  the  place  of 
the  triangle  abe,  or  the  point  into  which  it  Is  all  collected. 
Draw  HL  parallel,  and  kp  perpendicular  to  ae,  also  jkl  prep. 
to  IK  or  BE.  Then  if  hl  represent  the  force  of  the  triangle 
ABE  in  its  natural  direction  hl,  jik  will  denote  it^  force  in  its 
direction  hk,  and  pk  the  same  force  in  the  direction  pk  per- 
pendicular to  the  lever  EK,  on  which  it  acts.  How  the  three 
triangles  eab,  hki,,  hkp  are  all  similar  j  therefor^  eb  :  si  :  : 

(hl  :  hk  :  :)  w  the  weight  of  the  triangle  eab  r—  w,  which 

willl)e  th^  force  of  the  triangle  in  the  direction  hk. Then, 
to  find  the  effect  of  this  force  in  the  direction  pk,  it  will  be, 

-^„     ■'        \:--"  '■    ^A  '      .EA  .  AB\"'    .i,:'.-    .  ■■  '■-.'■'".' 

as  HK  :  PK  :  :  eb  :  ab  :  :  —w:  -^ — —- tjy,  the  force  at  k,  m 

.^.,>>'-       ■  -■  ■  KB        ■     .  EB^:'    -       :■:■■  .  ■  /'   ;:•" 

direction  pkj  perpendicularly  on  the  lever  ek,  which  is  equal 
to  I^ae.  But  Jae  .  AB  is  the  area  of  the  triangle  abe  ;  iind  if 
m  be  the  specific  gravity  of  the  earth,  then  |^  ae  .  ab  .  m  is  as 
its  weight.     Therefore       .  "  v 

EA.  ab   .  ea3  .ab2      .  ^.      _  .  .     ^. 

E^a    vi^^  '^^~     2  ffl  is  the  force  acting  at  k  m  di» 

rection  PK.  And  the  efiect  of  this  pressure  to  overturn  the 
the  wall,  is  also  as  the  length  of  the  lever  ke  or  aae*^  :  con- 
sequently  its  effect  is  — -— — -m,  for  the  perpendicular  force 


*  The  principle  now  employed  in  the  Solution  of  this  45th  prop:  is  a  little  dif- 
ferent from  that  formerly  used ;  viz.  by  consideripg  tiiie  triauaiffle  of  earth  abe  as 
acting:  by  lines  IK,  &c.  parallel  to  the  face  of  the  slope  be,  mstead  of  acting  ia 
Erections  parallel  to  the  hwizonAB ;  an  alteration  which  gives  the  length  of  the 
l^ver  BKi  only  the  half  of  what  it  was  in  the  former  way,  viz.  ek  =  ^  ae  instead 
of  fAE:  but  every  thiag  else.remaiiiii^  the  5ame  as  before.  Indeed  this  prob- 
lem has  forriaerly  been  treated  on  a  variety  of  diffefenthypoth^ses,  by  Mr.  Mul- 
ler,  &e.  in  this  county,  and  by  many  Fi-ench  and  other  authors  in  other  countries. 
And  this  has  been  chi^y  owing  to  the  Uncertain  way  in  which' loose  earth  may 
be  supposed,  to  act  in  such  a  case ;  which  on  account  of  its  various  circumstances 
of  tenacity,  friction,  &c.  Will  not  perhaps  admit  of  a  strict  mechanical  certainty. 
On,  these  accounts  it  seems  probable  that,  it  is  to  ^ood  experiments  only,  made  op 
different  kinds  of  earth  and  walls,  that  we  may  proMbly  hope  fora  just  and 
satisfactory  solution  of  the  problem. 

<rhe  above  solution  is  given  only  in  the  most  simple  casie  of  the  problem.  But 
the  same  principle  may  easilj^  be  extended  to  any  other  case  that  may  be  required,- 
ei&er  in:theory  or  practice,  either  with  walls  or  banks  of  earth  of  different  figures, 
aiid  in  differ«nt  situations. 


VorMI  24  against 
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agaiflst,K,  to  overset  tire  wall  aefg.  Which  must  be  balanced 
bj  the  cottnter  resistance  of  the  wallj  in  order  that  it  may  s^t 
least  be  supported.  ' 

Now,  if  M.be  the  centre  of  gravity  of  the  wall,  iptb  whicli 
its  whole  matter  may  be  supposed  to  be  collected,  suidac^ng 
in  the  direction  mnw^  its  effect  will  be  the  same  as  if  a  weigbt 
w  were  suspended  from  the  point  jsr  of  the  lever  fist*  Hence^ 
if  A  be  put  for  the^  area  of  thew^l  ABFOvand  «  its  s^^ 
gravity ;  then  A  i%  will  be  equal  to  the  weight  w^  and  a^ 
n  .  FN  its  effect  on  the  lever  to  prevent  it  from  turning  about 
the  point  F.  And  as  this  effort  must  be  equal  to  that  of  the 
triangle  of  earth,  that  it  may  just  suppprt  it,  which  was  before 

found  equal  to    '      ^     m  ;  therefore  a  ,n  .  fn=    .     .     ^, 
_  6eb*  6eb2 

in  case  of  an  equilibrium. 

S34.  But  nowj  both  the  ^eadth  of  the  wall  FEy  and  the 
lever  fn,  or  place  of  the  ceiitre  of  gravity  M,  will  depend  on 
the  figure  of  the  walli  If  the  wall  be  rectangularj  or  as 
broad  at  top  as  bottom |  then  fn  ==  Jfe,  and  the  area  a  == 
AE  >  FE ;  (jonsequieiitly  the  efibrt  df  the  wiall  a  .  »  i  fn  is  ==: 

Ife^  tAE  ;n ;  which  must  be  =a^  -^  V .      in,  the  e^brt  M 

the  earth.    And  the  resolution  of  ttife  equation  gives  tte 

breadth  of  the  wall  fe  =— — -i/^=AQ\/^>  drawmg  a^ 

EB         3»         ^  Sn 

perp.  to  FB.  So  that  the  breadth  of  the  wall  is  always  pro- 
portional to  the  prep  depth  aq.  of  the  triangle  abe.  But  the 
breadth  must  be  made  a  little  more  than  the  above  value  of  it, 
that  itmay  be  more  than  a  bare  balance  to  the  e8u*th.---ijf  the 
angle  of  the  slope  e  be  45?,  as  it  is  nearly  in  most  cases  ;■ 
.  ,  :   •'  '  A^      m  ..wt-  '•„•  :•  -,m  .  ■'  ., 

235.  If  the  wall  be  of  brick,  its  specific  gravity  is  about 
2000^  and  that  of  the  earth  about  1984  ;  namely,  wto  »asl9B4 

''■'■  '^  ffh  '■'■■  -\ 

to  2000 ;  or  they  may  be  takea  as  equal;  theny^—  ==  1  very 

nearly ;  and  hence^FE  ==i^ae,  or  |ae  nearly.  Tbat  i^, 
whenever  a  brick  rectangular  wall  is  made  to  support  earth, 
its  thickness  must  be  at  least  f  or  yV  of  its  height.    But  if 

the 
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the  wall  be  of  stone,  whose  specific  gravity  is  about  25£0  ; 

then  —  ==^  f,  and  ^  -^  ==  ^^  |  =  895  ;  hence  fe  =  -358  ae 

=  x%  ^^  •  that  is,  when  the  rectangular  wall  is  of  stones  the 
breadth  niust  be  at  least /j  of  its  height. 


E  e 


236.  But  if  the  figure  of  the  wall 
be  a  triangle,  the  outer  side  tapering 
to  a  ppint  at  top.  Then  the  lever  fN 
=  I  FEi  and  the  area  a  =  i  fe  .  ae  | 
consequently  its  effort  a  .  w  .  fn  is  = 
i  fe2  .  AE  .  n\   which  being  put  = 

AE3. AB?  ■  . 

—A    g     w,  the  equation  gives  fe  = 

^  V -;-  =  a^a/ :r- for  the  breadth 

of  the  wall  at  the  bottom,  for  an  equilibrium  in  this  case  also. 
•—If  the  angle  of  the  slope  e  be  45<> ;  then  will  fe  be  =  — ^ 

a/ TT"  ~  ^  AE  */— .     And  when  this  wall  is  of  brick,  then  FE 

==  I  AE  nearly.     But  when  it  is  of  stene ;  then  \  */  ~='447 

_     •  n 
=4  nearly ;  that  is,  the  triangular  stone  wall  must  have  its 
thickness  at  bottom  equal  to  f  of  its  height.     And  in  like  man- 
ner, for  other  figures  of  the  wall  and  also  for  other  figures  of 
the  earth. 

PROPOSITION  XLVI. 

237.  To  determine  the  Thickness  of  a  PieVy  necessary  to  sup- 
port a  given  Atch, 

Let  abgd  be  half  n  T       TID  E 

the  arch,  and  defg  ^^ — — ~ 

the  pier.  Froni  the 
centre  of  gravity  k  of 
the  half  arch  draw  kl 
perp.  DA ;  also  oer, 
and  TKQP  perp.  to  it ; 
also  draw  lq,  and  gi 
perp  to  TP,  or  paral- 
lel to  oKR.  Then  if  kl 
represent  the  weight 
ef  the  arch  BCDA,  in  the  direction  of  gravity,  this  wiH  resolve 
into  KQ,  the  force  acting  against  the  pier  perp.  to  the  joint  sr, 
and  LQ  the  part  of  the  force  parallel  to  the  same.     Now  k^ 

denotes 
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detioles  tie  otiTy  force 
acting perp.  on  the  ann 
GP,  of  fbe  Gtobked  le- " 
ver-j^p;  to  turn  the 
pier  about  the  point  g  ; 
conseq.  Ka  X  gp  will ' 
denote  the  efficacious  ^ 
force:  of  the  arch  to  o- 
vej^turn  the  pier. 

A^in,  the  weight  of 
the  pier  ||  M  the  area 
DF  Xfg^  therefore  D]^  •  fg  •  iFO^orinr^  .  fg^  ,  is  its  efiect  on, 
the  levJfiFG,  to  prevent  tlie  pier  from  being  overset ;  sup- 
posing the  length  of  the  pier,  from  point  to  point,  to  be  no 
more  than  the  thickness  of  the  arch. 

s  But  that  the  pier  and  the  arch  may  be  in  equilibrip,  these 
two  efforts  must  be  equal.     Therefore  we  have  ^df  .  fs^== 

. ..;  '*'  . '  •'- . ,  an  equation,  by  which  will  be  determined  the 

thickness  of  the  pier  fg;  a  dettotingthe  areaof  the  half  arch 
BCDA*.  ■'  "':■"  '  V  "■■■_." 

j^scofnple  i.  Suppose  the  arc  a?m  to  be  a  semicircle  ;  and 
that  c^D  or  OA  oi^  OB==45,  BC^  =^  Hence  ad  •= 

52,  BF==GE=72.  Als^  by  measurfem<ent  are  found  ^k==60'3, 
KL^iO*dy  L<)==29:7,  Ti?=30-?'7,  Kft==24,  the  area  BCDA=a750 
==A  :  and  putting  FG==x  the.  breadth  of  the  pier. 

I'hen  TE===TD-|-  DE  =  30-87  +  a;,  and  kl  :  lo  :  :  te  :  ev 

=2^*584-0-73ar, 
then  ge-.evc=gv=49-42~-7Sa:, 
lastly  pK  :  KL  >  :  gv  :  GP==39-89-T59a:.  : 

These  values  being  now  substituted  in  the  theorem  Jdf. 

fg2=:^^'^^' ^  give   36a:2=«  17665  -<  2^1-^,  or  ^^  + 


*  JVoie.  As  it  is  commosljr  a  troublesome  thing  to  calculate  l3ie  jijace  of  the 
centre  of  gravity  k  of  the  half  arc  adcb,  it  may  be  easily,  and  sufficiently  neari 
found  mechanically  in  the  manner  d^scribedin  art.  2ll,  thus:  Gohstmct  that 
space  AiicB  accurately  by  a  scale  to  the  given  dimensions,  <m  a\piate.  of  any 
uniform  fiat  substance,  or  even  card  papfer ;  then  cut  it  nicely  put;  by  the  ex- 
treme lines,  and  balance  it  over  any  edge  or  the  sides  of  a  table  in  two  positioniS, 
and  theintersection  of  the  two  places  will  give  the  situation  of  the  point  k  ;  them 
the  distances  or  lines  may  be  measured  by  the  scale,  except  those  depending  on 
er  FG,  viz.  the  lines  as  mentioned  jii  the  examples. 


the  breadth  of  the  pier  i 


I'Mx 
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T-26i!j  =  490'7  ;  the  root  of  which  qTuadratic^feqtiatioii  gives 
X  =  18^8  feet  ==  de  or  fg,  the  thickness  of  the  pier  sought. 

Example  2.  Suppose  the  span  to  be  100  feet,  the  height  40 
feet,  the  thickness  at  the  top  6  feet,  and  the  height  of  the  pie^ 
to  the  springer  20  feet,  as  before. 

Here  .the  Sg, 
may  be  considered 
as  a  circular  seg- 
ment, ha.ving  the 
Trersed  "^ihe  ob= 
40,  and  the  right 
sine  OA  or  oc  = 
50;  also  BD  ===  6, 
CF==  20, andfiF  s=  ■ 
66.  Now,  by  the  " 
nature  of  the  cir-  : 

cle,  whose  centre  is  w,  the  radius  wb  == 
OB^-foc?     46a -1-502     ^,/   ,      ' 

2oB     ^       go      "^  51i  ;  hence  ow  =  ^11-40=111 ; 

and  the  area  of  the  semi-segment  obc  is  found  to  be  1491  ; 
which  is  taken  from  tibe  rectangle  odec  =  on  .  oc  ==  46  x  ^0  = 
2300,  there  remains  809  ==  A,  the  area  of  the  space  bdecb^ 
Hence,  by  the  method  of  balancing  this  space,  and  measur- 
ing the  Unes^,  there  will  be  found,  kc  ==  18,  ik  ==  34*6,  ix  — 
42,  KX  =  24,  ox  =  8,  iQ  ^  19^4,  TE  =  ^5*6,  and  th  = 
35-6  4r  X,  putting  a?  ==  eh,  the  breadth  of  the  pier.  Then 
IK  :  KX  ::  TH  :  HV  =  24-7  4-  Q-7x ;  hence  gh—  hv=: 
4 1-3  —  0>7  =  GV,  and  ix  :  ils  :  :  g v  :  gp  ==  34-02  -^d-58ir. 
These  values  being  how  substituted  in  the  theorem  Xef. 

IQ,       GP       a  ■  ■ 

.FG'g  =-;.:,  '.,;    ['r,  gives  33^2  ==  16431 '47  —  263a',  or  x^  + 

8a;  =  467-62,  the  root  of  which  quadratic  equation  gives  a;  = 
18  =  EH  or  FG,  the  breadth  of  the  pier,  and  which  is  probably 
very  near  the  truth. 


ON  THE  STRENGTH  AND  STRESS  OF  BEAMS  OR 
BARS  OF  TIMBER  AND  ^ETAL,  &G. 

238.  Another  use  of  the  cetitre  ipf  gravity,  which  may  be 
here  considered,  is  in. determining  the  strength  and  the 
stress  of  beams  and  bars  of  timber  and  metal,  &c.  in  differ- 
ent positions  ;  that  is,  the  force  or  resistance  which  a  beam 
or  bar  makes,  to  oppose  any  exertion  or  endeavbur  made  to 
i)reak  it :  and  the  force  or  exertion  tending  to  break  it ; 

both 
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both  of  which  will  be  differejQt  accordingto  the  place  and  po- 
silioii  of  the  centres  of  gravity. 

PROPOSITION  XLVII.  ' 

239.  The  Absolute  Strength  of  any  Bar  in  the  Direction  of  its 
Lengthy  is  Directly  Proportional  toihe  Areia  of  its  Transverse 
Sectibn,  ''  '     . »  ■""-■■■        '^\  y-  '      ,      •  '.  ■  •  ■   . 

SujpPosB  the  bar  to  he  suspended  by  one  ettd,  and  hanging 
freely  in  the  manner  of  a  pendulum;  and  suppose  it  to  be 
strained  in  direction  of  its  length,  by  any  force,  or  weight 
acting  at  the  lower  part,  in  the  direction  of  that  lengthy  suffi- 
cient to  breajk  the  bar,  or  to  separate  all  its  pajcticles.  Now, 
as  the  straining  force  acts  in  the  direction  of  the  length  all  the 
particles  in  the  transverse  section  of  the  body,  whereit  breaks, 
are  equally  strained  at  the  same  time  •  and  they  must  all  sepa- 
rate or  break  together,  as  the  b;ar  is  supposed  to  be  of  uniform 
texture.  Thus  then,  the  particies  all  adhering  and  resisti 
with  equal  force,  the  united  strength  of  the  whole,  will  te 
propqrtionad,  to  the  numbef  of  them,  or  as  iM  transverse  sec- 
tion at  the  fracture.  : 

240.  CoroL  1.  Hence  the  various  shapes  of  bai^  makfe  no 
dijeference  in  their  absolute  strength  :  this  depending  only  on 
the  area  of  the  section^  and  miist  be  the  same  in  all  eqtfal 
areas,  whether  ^o^nd,  or  square,  or  oblong,  or  soK^ 

low,&c..-,,-  •:■■■',;■■:.;;■   ■■-■  "~  ■■;„'■■■;■■ -^.^  ■ 

24 1 .  Sor^:  2.  Hence  also,  the  i*solute  strengths  of  differ- 
ent bars,  of  the  same  materials,  are  to  each  other  as  their 
transverse  sections,  whatever  their  shape  or  form  may  be. 

242.  eproZ;  3.  The  bar  is  of  equal  strength  in  every  part 
of  it,  when  of  any  uniform  thickness,  dr  prismatic  shape, 
and  is  equally  liable  to  be^  drawn  asunder  at  any  part  of  its 
length,  whatever  that  length  may  be,  by  a  weight  acting  at 
the  bottom,  independent  of  the  weight  of  the  bar  itself ;  but 
when  considered  with  its  own  weight,  it  is  the  more  disposed 
to  break,  and  with  the  less  additional  appended  weight,  the 
longer  the  bar  is  on  account  of  its  own  weight  increasing 
with  its  length.  And,  for  the  same  reason,  it  will  be  more 
and  more  Uable  to  be  broken  at  every  point  of  its  length,  all 
the  way  in  ascending  or  counting  from  the  bottom  to  the 
top,  where  it  may  always  be  expected  to  part  asunder.  And 
henbe  we  see  the  reason  why  longer  bars  are,  in  this  way 
more  liable  to  break  than  shorter  ones,  or  with  less  ap- 
pended weights.  Hence  also  we  perceive  that,  by  gradually 
increasing  these  weights,  till  the  bar  separates  and  breaks, 

then 
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theR  thelast  or  greatest  weight,  is  the  proper  measure  of  the 
absolute  strength  of  the  bar.  And  the  same  is  the  case  with 
a  ropB,  or  cord,  &c.— So  much  then  for  the  longitudinal 
strength  and  stress  of  bodies.  Proceed  we  now  to  consider 
those  of  their  transverse  actions. 

PROPosmoN  xLviir. 

243.  The  Strength  of  a  Beam  or  Ban  of  Wdodpr  Metal,  ^e. 
in  a  Latierial  or  Transveirse  Direct  ion,  to  resist  ti,  Force  acting 
tateraJiy^is  Proportional  to  the  Area  or  Section  of  the  Beam 
in  that  Flaccy  Drawn  into  the  Distance  of  its  Centre  of  Gra- 
viiyfrorn  the  Place  where  the  Force  act$^  or  where  the  Frac- 
iuremll  end, 

iet  AB  represent  the  beam  ■  \^ 

or  bar,  supported  at  its  two  i^^ 

ends,  and  on  which  is  laid  a 
weight  w,  to  cause  a  trans- 
v^rsjBfrjacture«5e«.  Thefbree 
w  acting  downwards  there,  the 
fracture  will  commence  or  open 

across  the  fibres,  in  the  oppo-    X3  "  ^ 

site  or  lowest  line  a6;  from 

thence,  as  the  weight  presses  down  the  upper  line  ce,  the 
fracture  will  open  more  and  more  below,  and  extend  gradual- 
ly upwards,  successively  to  the  parallel  lines  of  fibres  cc,  dd, 
&c.  till  it  arrive  at,  and  finally  open  in  the  last  line  of  fibres 
6c,  where  it  ends  ;  when  the  Whole  fracture  is  ia  the  form  of 
a  wedge  Widest  at  the  bottom,  and  ending  ia  ail  edge  or  liiie  ee 
at  top.  If  ow  the  area  ac  contains  and  denotes  thesum  of  all 
the  fibres  to  be  broken  or  torn  asunder;  and  as  they  are  sup« 
posed  to  be  aU  equal  to  one  another,  in  absolute  strength,  that 
area  will  denote  the  aggregratc  or  whole  strength  of  all  the 
fibres  in  the  longitudinal  direction,  as  in  the  foregoing  propp- 
sition.  But,  with  regard  to  lateral  strength^  each  fibre  must 
be  considered  as  acting  at  the  extremity  of  a  lever  whose  cen- 
tre of  motion  is  in  the  line  cc:  thus,  each  fibre  in  the  line  ai, 
will  resist  the  fracture,  by  a  force  proportional  to  the  product 
of  its  individual  strength  into  its  distance  ac  from  the  centre 
of  ^motion,  consequeiatly  the  resistance  of  all  the  fibres  in  ahP 
will  be  expressed  by  aft  Xae.  In  like  manner,  the  aggregate 
resistance  of  another  course  of  fibres,  parallel  to  ah,  as  cc, 
will  be^lenoted  by  ccXce  ;  and  a  third,  as  dd  by  dd X de  ;  and 
so  on  throughout  the  whole  fracture.  So  that  the  sum  of  all 
these  products  will  express  the  total  strength  or  resistance  of 

al 
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^?tlie?£breis  o|^of  tfeeibe^^^  part.    But,  by  art  2£2, 

thb  sum  0f  all  theses  prodoeta  is  equal  to  the  foroduct  ©f  the 
area  aed^  iv^^iim  of  gravity  from  ee. 

Hence  the  proposition  is  man^st.  v      ' 

244.  CproL  1.  Hence  it  is  evident  that  the  lateral  strength 
of  a  bar,  must  be  considerable  less  thajtt  the  absolute  longitu- 
dinal strength  considered  in  the  former  proposition,  and  wiU 
be  broken  by  a  jqpiuqb  less  ftrce,  than  i«^as  there  necesgary^  to 
draw^  th^^  bar?^tmder  Ie?y|thwaj^^  one.  c&se 

the  fibres  must  j?e  adl  separated  at  on^ e ,  in  an  instj^it;;  but  in 
the  other,  ihey  are  overcome  and  broken  ope 

after  anbthe^v  and  ift  some  portion  of  tim 
tsJte  a  walkmg  stick,  and  stretching  it  lengthways,  it  vnll  b^jtr 
a  very  great  force  before  it  can  be  drawn  asunder ;  but  again 
taking^such  a  stick,  apply  the  middle  of  it  to  the  bended  kjiee, 
and  with  the  two  hands  drawing  the  end  towards  you,  the  stick 
is  broken  across  fey^ia  small  force. 

?4Su  Cotol.  £.  liv  square  beams,  the  iatetal  strengths  are 
as  the  cubes  x^  the  breadths^ 

246!.  Cortd.  3.  And  iii  general^  the  lateral  strengths  of  any 
bars,  whose  sections  are  similar  figijres,  are  as  the ^^i^^^^ 
tlie  similar  sides  of  the  sectmns. ;  ti  ■ 

247.  Cbroil.  4.  In  cylindrical  ^^^^  lateral  strengtlis 
are  as  thfe  cubes  oftthes  diameters. 

248.  CbroL  5.  In  rectangular  beaiiisy  the  lateral  stren^s 
are  to  each  otKer^  asthe  breadths  and  square  of  the  depths* 

249.  Coroh  6.  Therefore  a  joist  laid  on  its  narrdw^  edge,  is 
stronger  than  when  laid  pnits  flat  side  horizpntal,  in  jprop6r-\ 
tion  as  the  breadth  exceeds  the  thickness,  Thusif  ajoist  be 
10  inches  broad,  by  2|  thick,  then  it  will  bear  4  times  more 
when  laid  on  edge,  than  when  laid  flat.  Which  jshows  the 
propriety  rf  the  modern  method  of  flooring  with  vej^ 

but  deep  joists. 

250.  CbroL  7.  If  a  beam  be  fixed  firmly  by  one  end  into  a 
wallviti^  horizontal  position,  and  the  fracture  be  caused  by  a 
i^eight'suspended  at  the  other  end,  the  process  would  be  the 
Tame,  only  that  the  fracture  would  commence  above,  and  ^r- 
minate  at  the  lower  side  -and  the  prop,  and  aUihe  corolla- 
ries would  ?till  hold  good.  ;     ,       «* 

251.  C?droL  B.  When  a  cylinder  orprism  is  made  hollow,  it 
is  stronger  than  when  solid,  with  an  equal  quantity  of  mat^^ 
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rials  and  length,  in  the  same  proportion  as  its  outer  diameter 
is  greater.  Which  shows  the  wisdom  of  Providence  in  makr 
ing  the  stalks  of  corn,  and  the  feathers  and  bones  of  animals, 
&G.  to  be  hollow.  Also,  if  the  hollow  beam  have  the  holloW 
or  pipe  not  in  the  middle,  but  nearest  to  that  side  Inhere  the 
fracture  is  to  eijd,  it  will  be  so  much  the  stronger. 

252.  Corol^  §.  If  the  beam  be  a  triangular  prism,  it  will 
be  strongest  when  laid  with  the  edge  upwards,  if  the  fractjire 
commence  or  open  first  on  the  under  side;  otherwise  with 
the  flat  side  upwards  ;  beeause  in  either  case  the  centre  o^f 
gravity  is  the  farther  from  the  ending  of  the  fracture.  And 
the  same  thing  is  true,  and  for  the  same  reason,  for  any  other 
shape  of  the  pHsm.  ©n  the  same  account  also,  a  square  beam 
is  stronger  when  laid,  or  when  acting  angle-wise,  than  when 
on  a  flat  side. 

PROFOSITtON  XLIX. 

253.  The  Lateral  Strengths  of  Prismatic  Beams^  of  the  sanm 
rriaterialsy  are  Directly  as  the  Areas  of  the  Sections  and  the 
Distances  of  their  Centres  of  Gravity  ^  and  Imersely  as  their 
Lengths  and  Weights, 

Let  ab  and  cd  represent  the 
two  beams  fixed  horizontally,  by 
their  ends,  into  an  upright  wall 
AC.    Now,  by  the  last  prop,  the 
strength  pf  either  beam,  con-  _______,......,.^ 

sidered  as  without  or  indepen-  C  D 

dent  of  weight  is  as  its  section  drawn  into  the  distance  of  its 
centre  of  gravity  from  the  fixed  point,  viz.  as  5C,  where  s  de- 
notes the  transverse  section  at  a  or  c,  and  c  the  distance  of 
its  centre  of  gravity  above  the  lowest  point  A  or  c.  But  the 
effort  of  their  weight,  w  or  «y,  tending  to  separate  the  fibres 
and  break  the  beam,  are,  by  the  principle  of  the  lever,  as  the 
weight  drawn  into  the  distance  of  the  place  where  it  may  be 
supposed  to  be  collected  and  applied,  which  is  in  the  middle 
of  the  length  of  the  beam  ;  that  is,  the  effort  of  the  weight 
upon  the  beam  is  as  w  X  Jab.     Hence  the  prop,  is  manifest. 

264i  CoroL  1.  Any  extraneous  weight  or  force  also,  any- 
where kpplied  to  the  beam,  will  have  a  similar  effect  to  break 
the  beam  as  its  own  weight;  that  is,  its  effect  will  be  as  -zwX 
d,  as  the  Weight  drawn  into  the  length  of  lever  or  distance 
from  A  where  it  is  applied. 

Vol.  IL  25  255.  Corol 
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266.  CoroL  2.  When  the  beam  is  fixed  at  both  ends,  the 
same  property  will  hold  good,  with  this  difference  only,  that 
in  this  cqise  the  beam  is  of  the  same  strength,  as  another  of  an 
eqaal  section^  an^  only  half  the  lengthv  when  fixed  only  at  one 
end.  For,  if  the  longer  beam  were  bisected,  or  cut  in  halves, 
each  half  would  be  in  the  same  circumstances  T?ith  respect  to 
its  fixed  end,  as  the  shorter  beam  of  equal  length. 

256.  CoroL  S,  Square  pristns  and  cylinders  have  their  lat- 
eral strengths  proportional  to  the  cubes  of  the  depths,  or  di- 
ameters, directly,  and  to  their  lengths  and  weights  inversely, 

CoroL  4,  Similar  prisms  and  cylinders  have  their  strengths 
inversely  proportional  to  their  like  linear  dimensions,  the 
smaller  being  comparatively  larger  in  that  proportion.  ,  For 
their  strength  increases  as  the  cube  of  the  diameter  or  of 
their  length ;  but  their  stress,  from  their  weight  and  length  of 
lever,  as  the  4th  power  of  the  length. 

257.  Scholium.  From  the  foregoing  deductions  it  follows 
that,  in  sirnilar  bodies  of  the  same  texture,  the  force  which 
tends  to  break  them,  or  to  make  them  liable  to  injury  by  ac- 
cidents, in  the  larger  bodies,  increases  in  a  bigher  proportion 
than  the  force  which  tends  to  preserve  them  entire,  or  to  se- 
cure them  against  such  accidentis  ;  their  disadvantage,  or  ten- 
dency to  break  by  their  own  weight,  increasing  in  the  same 
proportion  as  their  length  increases  :  so  that,  though  a  smalller 
beam  may  be  firm  and  secure,  yet  a  large  and  similar  one  may 
be  so  long  as  to  break  by  its  own  weiight.  Hence^  it  is  justly 
concluded,  that  what  may  appear  very  firm  and  successful  in 
a  model  or  small  machine,  may  be  weak  and  infirm,  or  even 
fall  in  pieces  by  its  own  weight,  when  it  is  executed  on  largie 
dimensions  according  to  the  model. 

For,  in  similar  bodies,  or  engines,  or  in  animals,  the  greater 
must  be  always  more  liable  to  accidents,  than  the  smaller,  and 
have  a  less  relative  strength,  that  is,  the  greater  have  not  a 
strength  in  so  great  a  proportion  as  their  magnitude.  A  great- 
er cqlumn,  for  instance,  is  in  much  more  danger  of  breaking 
by  a  fall,  than  a  similar  smaller  one .  A  man  is  in  more  d^n* 
ger  from  accidents  of  this  kind  than  a  child.  An  insect  cau 
bear  and  carry  a  load  naany  times  heavier  titan  itself ;  lyhere^ 
as  a  larger  animal,  as  a  horse,  for  instance,  can  hardly  support 
a  burden  equal  to  his  own  weight. 

From  the  same  principle  it  is  also  justly  inferred,  that 
there  are  necessarily  limits  in  all  the  works  of  nature  and 

art. 
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art,  which  they  cannot  surpass  in  magnitude.  Thus,  for  in- 
stance, were  trees  to  be  of  a  very  enormous  size,  their 
branches  "would  break  and  fall  off  by  their  own  weight.  Large 
animals  hay^  not  strength  in  proportion  to  their  size  :  and  if 
there  were  any  land  animals  much  larger  than  those  we  know, 
they  would  hardly  be  able  to  move,  and  would  be  perpetually 
subjected  to  most  dangerous  accidents. 

As  to  the  sea  animals  indeed  j  the  case  is  different,  as  the 
pressure  of  the  water  in  a  great  measure  sustains  them  ;  and 
accoriiingly  we  find  they  are  vastly  larger  than  land  animals. 

From  what  has  been  said  it  clearly  follows  that  to  make 
bodies  or  engines,  or  animals,  of  equal  relative  strength,  the 
larger  ones  must  have  grosser  proportions,  of  a  higher  de- 
gree of  thickness,  than  they  have  of  length.  And  this  senti- 
ment being  suggested  to  us  by  continual  experience,  we  natu- 
rally join  the  idea  of  greater  strength  and  force  with  the  gross- 
er proportions,  and  of  agility  with  the  more  delicate  ones.  In 
architecture,  where  the  appearance  of  solidity  is  no  less  re- 
garded than  real  firmness  and  strength,  in  order  to  satisfy  a 
judicious  eye  and  taste,  the  various  orders  of  the  colamns 
serve  to  suggest  different  ideas  of  strength.  But  by  the 
same  principle,  if  we  should  suppose  animals  vastly  large, 
from  the  gross  proportions  a  heaviness  and  unwieldiness  would 
arise,  which  would  make  them  useless  to  themselves,  and  dis- 
agreeable to  the  eye.  In  this,  as  in  all  other  cases,  whatever 
generally  pleases  taste,  not  vitiated  by  prejudice  of  educaion, 
or  by  fabulous  and  marvellous  relations,  may  be  traced  till  it 
appears  to  have  a  just  foundation  in  nature. 

PEOPOSITION  L.  ' 

258.  If  a  Weight  he  placed^  or  a  Force  act,  on  any  part  of  a 
Horizontal  heam^  supported  at  both  ends ^  the  Stress  upon  that 
partxsdllhe  as  the  Rectangle  or  Product  of  its  two  Distances 
from  the  supported  ends. 

That  is,  the  stress  upon  the 
beani  AB,  at  c,  by  the  weight  w, 
is  as  AC  X  Bc.  For,  by  the  na- 
ture of  the  lever,  the  effect  of 
the  weight  w,  on  the  lever  ac, 
is  AC  .  w  ;  and  the  effect  of  this 
force  acting  at  c,  on  the  lever 

BC,  is  AC  .  W  .  BC  ==  AC  .  BC  .  W. 

And,  the  weight  w  being  given,  the  effect  or  stress  is  as  ac  . 

BC. 

259.  Corot 


Hosted  by  Google 


18a  67ATicfe- 

259.  Q>r6i.  L  Th0  greatest  streti  is  when  the  weight  wis 
^%  tHe  middle :  for  then  the  rectangle  of  the  two  halves,^ 
4lc  •  Ac  =  iABiAB=iAB2,  IS  tfee  grcf^testv  And  ftom  the 
fiddle  point,  the  stress  is  less  and  less  all  the  way  to  the  ex- 
tremities a  and  b,  where  it  is  nothing. 

260.  CoroL  2.  The  same  tiring  will  ohtain  from  the  weight 
of  the  heam  itself,  or  from  any  other  weight  diffused  equally 
^11  over  it ;  the  stress  in  this  case  being  the  half  of  the 
former.  So  that,  in  all  struptuires,  we  should  avoid  as  much 
as  possible,  placing  weights  pr-strains  in  the  middle  of  beams. 

26  li  CoroL  3.  If  ?j»  be  the  greatest  weight  that  a  beam  can 
sustain  at  its  middle  point ;  and  it  be  required  tq  find  the 
place  where  it  will  support  any  greater  weight  w  ;  that  point 
will  be  found  by  making,  as  w  :w  :  :  |ab  .  Jab,  or  Jabs  : 

AC  .  BG  or  AC  X  (aB  — Ag)  =  AB  .  AC  — AC2. 

PROPOSITION  LI. 

262;  Wfiena  Beam  is  placed  aslope,  its  Strength  in  th^at  position^ 
is  to  its  Strength  when  Horizontal^  to  resist  a  Vertical  Force ^ 
as  the  Square  pf  Radius  is  to  tjie  Sqmn  of  the  Cosine  of  the 
Elevation, 

Let  AB  be  the  beam  standing  aslope,  V 

CF  perp.  to  the  horizon  AFG  ;  then  CD 
is  the  vertical  section  of  the  beam,  and  ^    , 

CE,  perp.  to  AB,  is  the  transverse  sec-  jm 

tion,  and  is  the  same  as  when  in  the  >^  r 

horizontal  position.    Now,  the  strength,  jm^ 

ill  both  positions,  is  as  the  section  drawn         JM^ 
iiito  the  distance  of  its  centre  of  gravity      ^W        L 
from  the  point  G.     But  the  sections,  be-         A        T  ^ 
ing  of  the  same  breadth  j  are  as  their  , 

depths,  CD,  GE  ;  and  the  distances  of  the  centres  of  gravity 
are  as  the  same  depths  ;  therefore  the  strengths  are  as  cd  .  gd 
to  cE  .  cE,  or  gd3  to  CE^ .  But,  by  the  simUar  triangles  cde, 
AFD,  it  is  CD  :  cE  :  :  ad  :  af,  as  radius^  to  the  cosme  of  the 
elevation.  Therefore  the  oblique  strength  is  to  the  trans- 
verse strength^  as  ad^  to  af^  the  square  of  radius  to  the 
square  of  the  cosine  of  elevation. 

263.  Corol.  1 .  The  strength  of  a  beam  increases  from  the 
horizontal  position,  where  it  is  least,  all  the  way  as  it  revolves 
to  the  vertical  position,  where  it  is  the  greatest.  ^ 
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PROPOSITION  LIL 

264.  When  Beams  stand  Aslope y  or  Obliquely,  and  sustaining 
Weights,  either  at  the  Middle  Pointsl  or  in  any  other  Similar 
Situations y  or  Equally  Doused  over  their  Lengths  ;  the  Strains 
upon  them  are  Directly  as  the  Weights,  and  the  Lengths,  and 
the  Cosines  of  Elevation, 

FoR^by  the  inGlined  plane,  the  weight  is  to  the  pressure  on 
the  plane,  as  ac  to  af,  as  radius  to  the  cosine  of  elevation  : 
therefore  the  pressure  is  as  the  weight  drawn  into  the  cosine 
of  the  elevation.  Hence  the  stress  will  be  as  the  length  of 
the  beam  and  this  force ;  that  is,  as  the  weight  X  length  X 
cosine  of  elevation. 

265.  Coroh  Iv  When  the  lengths  and  weights  of  beams  are 
the  same,  the  stress  is  as  the  cosine  of  elevation  ;  and  it  is 
therefore  the  greatest  when  it  lies  horizontal. 

^66.  CqroL  2.  In  all  similar  positions,  and  the  weights  va- 
rying as  the  lengths,  or,  the  beams  uniform  ;  then  the  stress 
varies  as  the  squares  of  the  lengths. 

267.  CoroL  3.  When  the  weights 
are  equal,  on  the  oblique  beam  ab, 
^nd  the  horizontal  one  ac,  and  bq 
is  vertical :  the  stress  on  both  beams 
is  equal.  For,  the  length  into  the 
cosine  of  elevation  is  the  same  in 
both ;  or  AB  X  cos.  a  =  ac  X  ra- 
dius. 


26S.  CoroL  4.  But  if  the  weights  on  the  beams  vary  as 
their  lengths  ;  then  the  stress  will  also  vary  in  the  same  raitio. 

269.  Corol,  5.  And  universally,  the  stress  upon  any  point 
of  an  oblique  beam,  is  as  the  rectangle  of  the  segments  of  the 
beam,  and  the  weight,  and  cosine  of  inclination,  directly  ;  and 
the  length  inversely. 


pROPOSmON 
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PROPOSITION  Lni. 

270.  When  a  Beam  is  to  sustain  any  Weighty  or  Pressure,  or 
Force,  acting.  Laterally ;  then  the  Strength  ought  to  Ite  as  the 
Stress  upon  it;  that  is,  the  Breadth  multiplied  by  the  Square 
of  the  Depth,  or  in  similar  sections ,  the  Cube  of  the  Diameter 9 
in  every  place,  ought  to  be  proportional  to  the  Length  drawn 
into  the  Weight  or  Force  acting  on  it.  And  the  same  is  true 
of  several  Different  Pieces  of  timber  compared  together. 

For  eyery  several  piece  of  timber  or  metal,  a^  well  as 
every  part  of  the  same,  ought  to  have  its  strength  propor- 
tioned to  the  weight,  force,  or  pressure  it  is  tp  support.  And 
therefore  the  strength  ought  to  be  universally,  or  in  every 
part  as  the  stress  upon  it.  But  the  strength  is  as  the  breadth 
into  the  square  of  the  depth  ;  and  the  stress  is  as  the  weight 
or  force  into  the  distance  it  acts  at*  Therefore  these  must  be 
in  constant  ratio.  This  general  property  will  give  rise  to  the 
effect  of  different  shapes  in  beams,  according  to  particular 
circumstances  ;  as  in  the  following  corollaries. 

271.  Corol.  1.  If  ABO  be  a  hori- 
zontal beam,  fixed  at  the  end  ac, 
and  sustaining  a  weight  at  the  otheir 
end  B.  And  if  the  sections  at  all 
places  be  similar  figures  ;  and  de  be 
the  diameter  at  any  place  d  ;  then 
BD  will  be  every  where  as  de^.  So  that  if  adb  be  a  right  line, 
then  BEC  will  be  a  cubic  parabola.  In  which  case  f  of  such 
a  beam  may  be  cut  away,  without  any  diminution  of  the 
strength. — But  if  thebeam  be  bounded  by  two  parallel  planes, 
perpendicular  to  the  horizon  ;  then  bd  will  be  as  de^  ;  and 
then  BEC  will  be  the  common  parabola  in  which  case  a  3d  part 
-of  the  beam  may  be  thus  cut  away. 

272.  Corol,  2.  But  if  a  weight  press  uniformly  on  every 
part  of  AB  ^  and  the  sections  in  all  points,  as  d,  be  similar  ; 
then  bd2  will  be  every  where  as  de^  :  and  then  bec  is  the 
»eniicubical  parabola.  » 

But,  in  this  disposition  of  the 
weight,  if  the  beam  be  bounded  by 
parallel  planes,perpendicular  to  the 
horizon  ;  then  bd  will  be  always  as 
DE  ;  and  bec  a  right  line,  or  abc  a  ^ 
wedge.  So  that  then  half  the  beam 
may  be  cut  away,  without  diminution  of  strength. 

273.  CoroL 
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273.  Cprol  3.     If  the  beam  ab 
be  supported  at  both   ends ;  and      A        I) 
if  it  sustain  a  weight  at  any  vari-       4  ^-^^^ 
able  point  d,  or  uniformly  on  all  E 

parts  of  its  length  ;  and  if  all  the  sections  be  similar  figures ; 
then  will  the  diameter  de3  be  every  where  as  the  rectande 

AD  .  DB,  » 

But  if  it  be  bounded  by  two  parallel  planes,  perpendicular 
to  the  horizon;  then  will  DE^  be  everywhere  as  the  rect- 
angle  AD  ,  i>B,  and  the  curve  aeb  an  eUipsis. 

£74.  CoroL  4.     But  if  a  weight 
be  placed  at  any  given  point  F,  and       A.     1)    F  B 

all  the  sections  be  similar  figures  ;        i^^^^^^^^^^ 
then  will  ad  be  as  de^,  and  ag,  bg  ^^^^^*^ 

be  two  cubic  parabolas. 

But  if  the  beam  be  bounded  by  two  parallel  planes,  per- 
pendicular to, the  horizon  ;  then  ad  is  as  db^  and  ag  and  bg 
are  two  common  parabolas. 

275.  Scholium:     The  relative  strengths  of  several  sorts  of 
wood,  and  of  other  bodies,  as  determined  by  Mr.  Emerson 
are  as  follow ;  .  *"  ' 


107 
50 


Iron  -        - 

Brass         »        =        »        .        _ 

Bone         -        -        ,        .        ^        .        „ 

Box,  Yew,  Plumbtree,  Oak         ...  j  j 

Elm, Ash  -        -        ...        .        ,  g, 

Walnut,  Thorn  -        -         .        .        .        .  ^f 

Red  fir,  Holly,  Elder,  Plane,  Crabtree,  Appletree        7^ 

Beech,  Cherrytree^  Hazle  -        -        .        .  52 

Lead         -        -        -        -        -        .        .  gx 

Alder,  Asp,  Birch>  White  fir,  Willow    -        -  6^ 

Fine  freestone    -         -        .        -         .        _  l 

A  cylindric  rod  of  good  clean  fir,  of  1  inch  circumference 
drawn  lengthways,  will  bear  at  extremity  :tOO  lbs  ;  add  a 
spear  of  fir,  2  inches  diameter,  will  bear  about  7  tons  in  that 
direction. 

A  rod  of  good  iron,  of  an  inch  circumference,  will  bear 
.a  stretqh  of  near  3  tons  weight. 

A  good  hempen  rope,  of  an  inch  circumference,  will  bear 
1000  lbs  at  the  most. 

Hence  Mr.  Emerson  concludes,  that  if  a  rod  of  fir,  or  of 

/  iron, 
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iron,  or  a  rope  of  d  inches  diameter,  were  to  lift  i  of  the  ex- 
treme weight ;  then 

The  fir  would  bear  8f  d^  hundred  weights/ 

The  rope     -     -       22  d^  ditto. 

The  iron  -  -  6|  d^  tons. 
Mr.  Banks,  an  ingenious  lecturer  on  mechanics,  made  many 
experiments  on  the  strength  of  wood  and  metal ;  whence  he 
concludes,  that  cast  iron  is  from  SJ  to  4^  times  stronger  than 
oak  of  equal  dimensions;  and  from  5  to  6f  times  stronger 
than  deal.  And  that  bars  of  cast  iron,  ^ninch  square,  weigh- 
ing 9  lbs,  to  the  yard  in  length,  supported  at  the  extremities, 
hear  on  an  average,  a  load  of  970  lbs.  laterally.  And  they 
bepd  about  an  inch  before  they  break. 

Many  other  experiments  on  the  strength  of  different  ma- 
terials, and  curious  results  deduced  from  them,  may  be  seen 
in  Dr.  Gregory's  and  Mr.  Emerson's  Treatises  on  Mechanics, 
as  well  as  some  inbre  propositions  on  the  strength  and  stress 
of  different  bars. 


ON  THE  CENTRES  OF  PERCUSSION,  OSCILLATION, 
AND  GYRATION. 

276.  THE  Centre  of  Percussion  of  a  body,  or  a  system 
of  bodies,  revolving  about  a  point,  or  axis,  is  that  point,  which 
striking  an  immoveable  object,  the  whole  mass  shall  not  in- 
cline to  either  side,  but  rest  as  it  were  in  equilibrio,  without 
acting  on  the  centre  of  suspension. 

277.  The  Centre  of  Oscillation  is  that  point,  in  a  body- 
vibrating  by  its  gravity,  in  which  if  any  body  be  placed,  or  if 
the  whole  mass  be  collected,  it  will  perform  its  vibrations  in 
the  same  time,  and  with  the  same  angular  velocity,  as  the 
whole  body,  about  the  same  point  or  axis  of  suspension. 

278.,  The  Centre  of  Gyration,  is  that  point,  in  which  if 
the  whole  mass  be  collected,  the  same  angular  velocity  will 
be  generated  in  the  same  time,  by  a  given  force  acting  at  any 
place,  as  in  the  \)ody  or  system  itself. 

279.  The  angular  motion  of  a  body,  or  system  of  bodies, 
is  the  motion  of  a  Une  connecting  any  point  and  the  centre  or 
axis  of  motion  ;  and  is  the  same  in  all  parts  of  the  same  re- 
volving body.  And  in  different  unconnected  bodies  each  re- 
volving about  a  centre,  the  angular  velocity  is  as  the  absolute 
velocity  directly,  and  a&  the  distance  from  the  centre  inverse- 
ly; so  that,  if  their  absolute  velocities  be  as  their  radii  or 
distances,  the  angular  velocities  will  be  equal; 
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fgO»  Tpjlrid  the  Centre  of  Percussioi^  of  a  Body^  or  System 
of  Bmfes. 

Let  th&  body  revolve  about  an  axis 
passing  tbrough  any  point  s  in  the  line 
SGoVp^issing  through  the  centres  of  gra^ 
vity  and  percussion,  g  and  o.  Let  mn 
be  the  section  of  the  body,  or  the  plane 
in  which  the  axis  sgo  moves.  And 
conceive  al|  the  particles  of  the  body  to 
be  reduced  to  this  plane,  by  pierpendi- 
culars  let  fall  from  theni  to  the  plane:  % 
supposition  which  will  not  affect  the 
centres  g,  o,  nor  the  i^pgular  piotion  of 
the^body. 

Let  A  be  the  place  of  one  of  the  particles,  so  reduced  | 
join  s A,  and  draw  ap  perpendicular  to  as,  and  Aa  perpendi^ 
cular  to  sgo  ;  then  AP  will  be  the  direction  of  a's  motion  as 
St  revolves  about  s  ;  and  the  whole  mass  being  stopped  at  o, 
the  body  a  will  urge  the  point  p,  forward,  with  a  force  pro- 
portional to  its  quantity  of  matter  and  velocity,  or  to  its 
matter  and  distance  from  the  point  of  suspension  s  ;  that  is, 
^s  A  .  sa;  and  the  eiBcacy  of  this  force  in  a  directipn  per-* 
pendicular  to  so,  at  the  point  p,is  as  a  .  sa,  by  similar  tri-^ 
angles  ;  also,  the  effect  of  this  force  on  the  lever,  to  turn  it 
about  o,  being  as  the  length  of  the  lever,  is  as  a  .  sa  .  po  =? 
A  .  SA  .  (so—sp)  =  A  .  sa .  so  —  A  .  SA  .  sp  =  A  .  sa  .  so  — 
A  '.  sa3,  In  like  manner,  the  forces  of  b  and  c,  tp  turii  thf? 
system  about  o,  are  as 

J?  .  sb  .  so-^B  ,  SB^,  and 
c  .  sc  .  so— c  .  sc^,  &,c. 

But,  since  the  forces  on  the  contrary  sides  of  o  destroy  one 
another,  by  the  definition  of  this  force,  the  sum  of  the  posi* 
tive  parts  of  these  quantities  must  be  equal  to  the  sum  of  the 
negative  parts, 

that  is,  A  .  sa  .so  +3  .  sb  .  so+c  ,  sc  .  so  &g.  = 
A  .  sa2  4- B  .  sb2 +<3  .  sc2  &c.  ;  and 

A  .  &a2  4-  B  .  SB2  +  C  .  SC8  &C. 


►  hence  so 

Vol.  IL 


sa  4-  B 
J6 


sb  +  c  -  sc  <&c. 


wWch 
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which  is  the  distance  of  the  centre  of  percussion  below  the 
atis  of  motion.  \ 

And  here  it  may  be  observed  that » if  anj'  of  the  points  a,  b, 
&c,:ftll  on  the  contrary  side  of  s,  the  correspoiiding  product 
A  .  sa,  or  B  .  sb,  &c.  must  tifeiraade  negative. 

281.  CoroL  1.  Since,  by  cor.  3^  pr.  40»  Ji  +  b  +  P  &g. 
or  the  body  6  X  the  distance  of  the  centre  of  gravil^:,  so, 
is  => .  sa  +  B  .  sb  H-  d  .so  &c*  which  i^  the  denominator 
of  the  value  of  so  ;  therefore  the  distance  of  the  centre  of 

A  .  SA2  -I-  B  .  SB2  +  C  .  SC2  fee. 

percussion,  is  so  = '        .     .^^r  :,    v^   '  - '     '  *  ; 

SG  X  body  6  c 

252.  Corol,  2.     Since,  by  Geometry,  thepr.  36^  37, 

it  is  Sa2  r=  st^^  -]- GA^  — T  2SG  .  oa,       '  * 

and  SB^  =  sg2>J- gb2  ^  2sG  .  ob,. 

and  sc2  tar  sg^  -j-  oc^  +  2sg  .  gc,  &G.  ; 
and,  by  cor.   5^  pr.  40^  the  sum  of  the  last  terms  is  nothings 
namely,  —  2sg  .  oa  +  2sG  .  oh  +  2sg  ,  gc   &c.  ==  0; 
therefore  the  sum  of  the  others,  or  A  .  sa^  +  b  ;  sb^  &g.  - 

is    ==(A  4-    B  &C.)  .  SG3  +  A  .  GA2  t|-  B  •  <>b2   4-  C  .  GC^  &C. 
or  ==     '}  J^  .  SG2  4-  A:vGA2   +B  .  GB2  +€  .  GC2  &^ 

which  being  substituted  in  the  numerator  of  the  foregoing  va- 
lue of  so,  gives 

b  .  sg2  +  A  .  ga3  -|-  b^  gb2  +  &c. 

so  =  — •  ••'••:  •'■  .  ' j7— — — ■ — —■y        , 

..■/•.■,.  ..  '  .  6>.SG-  :.-  '^-  -  ■,'■   , 

.  A  ;  GA2  -+r  B  .  GB2  +  C  .  GC?  &e. 

OrSO  =  SG+^ 7" — : -~* 

0   .  EG 

253,  CoroL  3.  Hence  the  distance  of  the  centre  of  percus- 
sion always  esLceeds  the  distance  of  the  centre  of  gravity ,  and 

;  ;/  '     ,  A^/,,  ga2  +b.  gb2  &o. 

the  excess  Its  always  go  =  •        — ^-7— — r — - — -^^ 

A  .  GA2  +  B  .   GB2  &C. 

284.     And  hence  also,   sg  .  go  =  the  bodyT""  ' 

that  is  SG,  GO  is  always  the  same  constant  quantity,  where* 
ever  the  point  of  suspension  s  is  placed  ;  since  the  point  g 
and  the  bodies  a,  b,  &e.  are  constant  Or  go  is  always 
reciprocally  as  so,  that  is  go  is  less,  as  sg  is  greater  ■  and 
consequently  the  point  o  rises  upwards  and  approaches  to- 
wards the  point  g,  as  the  point  sis  removed  to  the  greater 
distance  ;  and  they  coincide  when  sg  is  infinite.  But  when  s 
coincides  with  g,  then  go  is  infinite,  or  o  is  at  an  infinite  dis- 

■"^^'  PROPOSITION 
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,  PROPOSITION  LV.  r 

2M.  If  a  Body  A^  at  the  Distance  s  a  from  an  axis  passing 
ihrmgh  s,  be  made  t^  revolve  about  that  axis  by  any  Force 
acting  aty  in  the  Line  sp,  Perpendicular  to  the  Axis  of  Mo- 
Hon:  It  is  required  to  determine  the  Quantity  or  Matter  of 
another  Body  q,,  which  being  placed  at  ^,  the  Point  where  the 
Force  acts,  it  shall  be  accelerated  in  the  Same  Manner,  as 
Xiohejfi  A  revolved  at  the  Distance  sa;  and  consequently,  that 
the  Angular  Velocity  of  a  and  ^  about  s,  may  be  the  Sam^  in 
Both  Cases, 
By  the  riature  of  the  lever,  sa  :  sp  :  :/: 


SP 

— -./,  the  ejSect  of  the,  force/,  acting  at  p, 


A: 


OQ  the  body  at  a  ;  that  is,  the  force/acting  at 
Pj  will  have  the  same  effect  on  the  body  a,  as 

the  force—/,  acting  directly  at  the  point  i. 

But  as  ASP  revolves  altogether  about  the  axis  at  s,  the  abso- 
lute velocities  of  the  points  a  and  s,  or  of  the  bodies  a  and 
d,  will  be  as  the  radii  sa,  sp,  of  the  circle  described  by  theii^. 
Here  then  we  have  two  bodies  a  and  d,  which  being  urged 

directly  by  the  forces/ and  —/,  acquire  velocities  which  are 

-    '   '       sa- 
as  SP  and  sa.     And  since  the  motive  forces  of  bodies  are  as 
their  mass  and  velocity  :  therefore         -         -         .     \. 
SP  >  _.  ..  S^2     - 

—/  :/  :  :  A  .  SA  :  Q  .  sp,  and  sp2  ;  sa^  :  :  a  :Q=i=-_A, 

S-A  ^  ■■  -       gp2       ' 

which  therefore  expresses  the  mass  of  matter  whiph,  being 
placed  at  p,  would  receive  the  same  angular  motion  from  the 
action  of  any  force  at  p,  as  the  body  a  receives.  So  that  the 
resistance  of  any  b6dy  a,  to  a  force  acting  at  any  point  p,  is 
directly  as  the  square  of  its  distance  sa  from  the  axis  of  mo- 
tion, and  reciprocally  as  the  square  of  the  distance  sp  of  the 
point  where  the  force  acts. 

286.  Corol.   I.  Hence  the  force  which  accelerates  the  point 

♦  /*     SP^  /     ' 

p,  is  to  the  force  of  gravity,  as  *^-^—  -  to   1 ,  or  as  /* .  sp3  to 

■■'_■■  A  .  SA^  "^      .  . 

287.  Corol.  2.  If  any  number  of  bodies 
A,  B,  c,  be  put  in  motion,  about  a  fixed 
axis  passing  through  s,  by  a  force  act- 
ing at  p  ;  the  point  p  will  be  accelerated 
in  the  same  manner,  and  consequently  the 
whole  system  will  have  the  same  angular 
velocity,  if  instead  of  the  bodies  a,  b,  c, 

placed 
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»:« 


fki^dat  Ae  dlstancsa  SA,  SB,  sc/tWre^je  snbstitated^^t^^^ 
^.^.^A,  ^ — ^^B, — -c;  these  being  collected  into  the  point  p. 

And  hence,  the  moving  force  being/,  and  the  matter  moved 
a\  SA^+B  .  SB  +c  ,  sc^  _^^_^^  /,  spg 


bfcitig- 


• ;  thcref. 


sp^  '  'A*sa'^4-b.sb2  4-€.sc2 

is  the  accelerating  force ;  which  therefore  is  to  the  accelerat- 
ing foi^ce  of  gravity,  as/  4  sp^  to  A  .  sa^+b  .  sb^+c  *  sea. 

288.  Carol.  3,  The  angula?  velocity  of  the  whole  system 

C^f  bodies,  is  as  ,  ,      ^^^/,    — — •    For  the   absolute 

A  .  SA^  +B  .  SB-  +C  i  SC2 

velocity  of  the  point  p,  is  as  the  accelerating  force,  or  di- 
rectly as  the  motive  force  /,  and  invcirsely  as  the  rnass 

^ — ■         ':  but  the  angular  velocity  is  as  the  absolute  vela* 
sp2.  °         '     ■■■    "'      ,,■;    •'   .  -- 

<:ity  directly,  and  the  radius^  sp  inversely  ;  therefore  the  an* 

gular  velocity  of  p,  prof  the  whole  system,  which  is  the  sam^ 

",  .     '   .  *  ■     f  *  SB."         •    •      '       '^     "  ' 

thing  IS  as- .  r     — ri '^^^ 

*=*         A  ♦  SA^ +B  .  SB*' +0  .  sc2  .        - 


iPROPOSltlON  LH 


^69.     To  determine  the  Centre  of  OscillniidH  of  any  CorHpound; 
Miiss  or  Body  uNyOr  of  any  System  of  JBotiics  a/b,  c,  4^c. 

liEt  to  be  the  planfe  of  vibration,  to  which  let  all  the 
inatter  be  reduced,  by  letting  fall  perpendiculars  from  every 
particle,  to  this  plane.  Let 
G  be  the  centre  of  gravity ^ 
and  b  the  centre  of  oscilla- 
tion ;  through  the  axis  s 
draw  SGO,  and  the  horizon- 
tal line  sg?;  theh  from  every 
particle,  A,  b,p,  &c.  let  fall 
perpendiculars  Aa,  a/>  j  b6j  Bq^ 
t!C,  cr,  to  these  two  lines  ;  and 
join  SA,  SB,  sc  ;  also,  draw 
Gm,  0»,  perpendicular  to  sq. 
Now  the  forces  of  the  weights 
A,  B,  c,  to  turn  the  body; 
about  the  axis,  are  a  .  sjp,  bs 
gg^— -c  .  sr  ;  therefore,  by 
ctv.  3^  prop.  55,  the  angular 

\   ffiotioi^ 
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Mbtion  generated  by  all  these  forces  is^  '  ^^  \'  ^  'Jf'^^  *  !? 

Also  ;  the  angular  yeloc*  any  particle  p,  placed  in  o,  gene* 

rates  m  the  system,  by  its  weight,  is  ^------  of —-^  6t ^ — -' 

jp.so2       so2        SG.  so 

hecauseof  the  similar  triangles  som,  son.  But,  by  the  prob- 
lem, the  yibrations  are  performed  alike  in  both  cases,  and 
therefore,  the^setteo  expressions  must  be  equal  to  each  otherj 

. t  ,  .      ^w              A  *  sp4*B  .  sfl'— c  .  sr  ,■ 

*thatis,  — -^  =  /      ^  ;  and  hence 

SCJ.SO  A  i  Sa2+  B  .   SB2^+  C  *  SC^ 

Sm     .     A  *  SA2  4-  B  .  SB3  +  G  .  JSC^ 

so  =—  X 


SG  A  .  sp -f- b  ,  sgr  —  c  •  sr 

But,  by  con  2,  pr.  41,  the  sumA  .  sjf-f-B  .  sj— c  .  sr— (a+b 
+c)  i  sm ;  therefore  the  distance  so  =i  -     -     ^     -     -     -     - 

a  >  SA^  +  B  *  SB^  +  G  *  SC^  ^  A  .  SA^  4*  B    .    SB^  -\^  C  .  SC* 

SG  .  (a  -f-  b  +  c)  A  ,.  sa  +  B  .  s6  +  c  .  sc 

by  prop.  42,  which  is  the  distance  of  the  centre  of  oscillation 
o,  below  the  axis  of  suspension  ;  where  any  of  the  products 
A  .  sa,  B  .  86,  must  be  negative,  when  a,  &,  &c.  lie  on  the  other 
side  of  s.  So  that  this  is  the  same  expression  as  that  for  the 
distance  of  the  centre  of  percussion,  found  in  prop.  54. 

Hence  it  appears  j  that  the  centres  of  percussion  and  of  os- 
cillation, are  in  the  very  same  point.  And  therefore  the  pro- 
perties in  all  the  corollaries  there  found  for  the  former,  are 
to  be  here  Understood  of  the  latter. 

290.  Corol.  L  If  p  be  any  particle  of  a  body,  6,  and  d  its 
distance  from  the  axis  of  motion  s;  also  g^  o  the  centres  of 
gravity  and  oscillation.  Then  the  distance  of  the  centre  of 
oscillation  of  the  body,  from  the  axis  of  motion,  is      *•    >     - 

sum  of  all  the  prf3 

sgX  the  body  i 

291.  CoroL  i.  If  >  denote  the  matter  In  any  compound 
body,  whose  centres  of  gravity  and  oscillation  are  g  and  o  ; 
»the  body  p,  which  being  placed  at  p,  whei'e  the  force  acts  as 
in  t^ielast  proposition,  and  which  receives  the  same  motion 

from  that  force  ^s  the  compound  body  b,  is  r  =       '  ^?  .  i^, 

-  SP^ 

For,  by  corol.  2,  prop.  54,  this  body  p  is  =        -     -     -     . 
A.SA2  +B.SB2  4-c.  sc2       ^         , 
— ^ —- — -•     But,  by  corol.   I,  prop.   53, 

SG  ,  so  .  6  =  A  .  sa2  -j-  B  /sB^  +  c  .  se*  .  therefore  p  = 

SG  .  so      , 

»?  . 

SCHOLIUM. 
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292.  By  the  metbod  of  Fju^iipiis ;  tlie  centre  of  osciHation , 
for  a  regular  body,  will  be  found  from  eor,  IV  But  for  an 
irregular  one  ;  suspend  it  at  the  given  point ;  and  hang  Up 
also  a  siinple  penduhim  of  such  a  lengthy  that  making  them 
both  vibrate,  they  may  keep  time  together.*  Then  the  length 
of  the  simple  pendulum,  is  equal  to  the  distance  of  the  cen- 
tre of  oscillation  of  the  body,  below  the  point  of  sxispensionr 

293.  Or  it  will  be  still  belter  found  thus  :  Suspend  the 
body  veiry  freely  by  the  given  point,  and  make  it  vibrate  iqi 
small  arcs,  counting  the  number  of  vibrations  it  makes  in  any 
time,  as  a  minute,  by  ^  good  stop  watch  ;  and  let  that  number 
of  vibrations  made  in  a  nainute  be  called' n  :  Then  shall  the 

distance  of  the  centre  of  oscillation,  be  so  =  _. — .. —  inches, 
-'"'.■•'••  ^'  •.  ;■;  '■       '''"'-    '"  wif    V  '  ;v-  ■  ", 

For,  the  length  of  the  pendulum  yibrating  seconds,  or  60  times 
in  a  minute,,  being  391  inches  ;  and  the  lengths  of  pendulums 
being  r;eciproGally.  as  the  square  of  the  numbervof  vibrations 

made  in  the  same  time  j  thereforen^  r^O^  : :  39i  :  -—^-^-.1^ 

'  '..'■  .  -  -.-  "   '    .    ■'      -  ^^:  ■■  ' 

the  length  of  the  pendulum  which  vibrated  n 


nn 

times  in  a  minute,  or  the  distance  of  the  centre  of  oscillation 
below  the  axis  of  motion. 

294,  The  foregoing  determination  of  the  point,  into  which 
all  the  matter  of  a  body  being  collected,  it  shall  oscillate  in 
the  same  mannex  as  before,  only  respects  the  case  in  which 
tlve  body  is  put  in  motion  by  the -gravity  of  its  own  particles, 
and  the  pbint  is  the.  centre  of  osciHation  :' but  when  the  body 
is  put  in  motion  by  some  other  extraneous  force,  instead  of 
its  gravity,  then  the  pbipt  is  difFerent  from  the  former,  and  is' 
called  the  Centre  of  Gyration  ;  which  is  determined  in  the 
following  manner  : 


PROPOSITION 
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iPROPOSmON  LTIL 

t9o^  To  determine  the  Centre  of  Gyration  of  a  Compound  Body 
or  of  a  System  of  Bodies. 

Lit  II  be  th,e  centre  of  gyralioQ,  or 
the  point  int©  which  all  the  particles  a, 
B,  c,  &c.  being  collected,  it  shall  receive 
the  sanae  angular  motion  from  a  force/ 
acting  at  p,  as  the  whole  system  re- 
ceives.'/^. ■  ,    \      -  :  „ .•/ 

Now,  by  cor.  3,  pr.  54,  the  angular 
Telociiy  generated  in  the  system  by  the 
/•  sp" 


force/,  is  as— 


and 


+  B  .  sb2  &c.' 
by  the  same,  the  anguiar  velocity  of  the  systerri  placed  in  a,  is 

f ,  SP  '■  ,  ' 

r-* — r-^r-^— ^  then,  by  making?  these  two  exftres- 

(a.+  B  +  G  &C.)  .   SR2  r  '       -^      ■         ---^  ■ 

si ons  equal  to  each  other,  the  equation  gives    ^    -         - 

A  .  SA2    +  B   .   SB^   +  C  ;  S€2 
SR  =  v^  — 


for  the  distance  of  ilie: 


A  +  B  4- c 
centre  of  gyration  below  the  axis  of  motion. 

^96.  Corol:  1.  Because  A  .  sa^  »+  b  .  sb^  &:c.  ==  sg  .  so  .  b, 
where  G  is  the  centre  of  gravity,  o  the  centre  of  oscillation ^ 
and  b  the  body  a -K  b  +  c  &c.  ;  therefore  SR^  =sg  .  so  ;  that 
is,  the  distahce  of  the  centre  of  gyration,  is  a  mean  propor- 
tional between  those  of  gravity  ^doscillaj^^^^ 

^97,  CoroL  2.  Ifp  denote  any  particle  of  a  body  6,  at  d  dis- 

sumofall  the/^iZ^ 


tance  from  the  axis  of  motion  :  then  sr^  i=  • 


body  b 


H^OPOSITipN  LVIII, 
298.  To  determine  the  velocity  with  which  a  Ball  moves,  which 

being  shot  against  a  Ballistic  Pendulum,  causes  it  to  vibrate 

through  a  gi'o en  Angle. 

The  BaUistic  Pendulum  is  a  heavy  block 
of  wood  MN,  suspended  vertically  by  a  strong 
horizontal  iron  axis  at  s,  to  which  it  is  con- 
nected by  a  6rm  iron  stem.  This  problem 
is  the  application  of  the  last  proposition,  or 
of  prop.  64,  and  was  invented  by  the  very 
ingenious  Blr.  Robins,  to  determine  the  ini- 
tial velocities  of  military  projectiles  ;  a  cir- 
cumstance very  useful  in  that  science  ;  and 
it  is  the  best  method  yet  known  for  deter- 
mining them  wth  any  degree  of  accuracy. 

Let 
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Let  G,  It,  p  be  tilie  centres  of  gravity,  gyration,  and  oscil^ 
lation,  as  aet^rmined  by  the  foregoing  propositions :  and  letp 
be  the  point  where  the  ball  strikes  the  face  of  the  pendnlum ; 
the  momentum  of  which,  or  the  product  of  its  weight  ?ind 
velocity,  is  expressed  by  the  force/,  acting 
at  p,  in  the  foregoing  propositions.  Now, 
Fut  p  =  the  whole  weight  of  the  penduj. 

b  ==  the  weight  of  the  ball,  , 

^  =  SG  the  dist.  of  the  cen.  of  grav. 

o  ==  so  the  dist.  of  the  cen.  of  oscilla> 

r  =  sR^^go  the  dist:  of  cen.  of  gyr. 

i  =  sp  the  dist.  of  the  point  of  impact, 

-z;  =  the  velocity  of  the  ball, 

«  ==  that  of  the, point  of  impact  p. 

c  =  chord  of  the  arc  described  by  o. 
By  prop;  6^,  if  the  mass  f?  be  placed  all  at  r,  the  pen^ 
dulum  will  receive  the  game  motion  from  the  blow  in  the 

sr2  r^        go  , 

point  p  ;  andassp^  ;  sr^  : :;,  ;^  .;^or^  or^  p,     (prop, 

M),  the  msi^s  which  being  placed  at  p,  the  pendulum  wiM  still 
receive  the  same  motion  as  before.^rH^^^  are  two 

quantities  of  matter^  ijamely,  6  and  5^,  the  former  moving 

with  the  velocity  t),  and  striking  the  latter  at  rest;  to  deter- 
mine their  common  velocity  «,  with  which  they  will  jointly 
proceed  forward  together  after  the  stroke.  In  which  case, 
by  the  law  of  the  impact  of  non-elastic  bodies    we  have 

'  hii  "^  sot) 

?£.p  4-  &  :  b  ::v  :v,  and  therefore  y  ==■      l-    ^  ^^^  ^^^^^ 

city  of  the  ball  in  terms  of  t«,  the  velocity  of  the  pdmt  p,  and 
the  known  dimensions  and  weights  of  the  bodies. 

But  now  to  determine  the  value  of  «,  we  must  have  re- 
course to  the  angle  through  which  the  pepdulum  vibrates  ; 
for  when  the  pendulum  descends  down  again  to  the  vertical 
position,  it  \yill  haye  acquired  the  same  velocity  with  which 
it  began  to  ascend,  and,  by  the  layrs  of  falling  bodies,  the 
velocity  of  the  centre  of  Oscillation  is  such,  as  a  heavy  body 
would  acquire  by  freely  falling  through  the  versed  sine  of 
the  arc  described  by  the  same  centre  p^  But  the  chord  of 
th^t  arc  is  c,  and,  its  jpadius  is  b  ;  and  by  the  nature  of  the 
circle,  the^^  chord  is  a  mean  proportional  between  the  versed 

sine  and  diameter,  thereibre  2o  ;  c  : :  c  :  -^,  the  versed  sine 

of  the  arc  described  by  o.    Then,  by  the  laws  of  falling  bodies 
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cc  2/x 

^/^^T2  •  Vq-  •  •  32J  2  e^-^,the  vefiocity  acquired  by  tfeja 

pqint  o  in  descending  through  the  arc  whose  chord  is  c,  where 

,a=16y*2  feet :  and  therefore  o  :  {  :  \  c  ^r—  ;  — */— ^whichi^ 

^  Q      q     o        '    ' 

the  velocity  w,  of  the  point  f. 

Then,  by  substituting  this  yalue  for  %i  the  velocity  of  the 

ball  before  found,  becomes  u=— -~^X  <?*/—-•  So  that  the 

hiQ  ^  o   . 

velocity  of  the  ball  is  directly  as  the  cho^'d  pf  the  ^iric  S^? 

scribed  by  th.e  pendulujn  ip  it§  yibratipn, 

SCHOLIUM, 

299.  In  the  foregoing  solution,  the  change  in  the  centre 
of  oscillation  is  omitted,  which  is  caused  by  the  ball  lodging 
in  the  point  p.  But  the  allowance  for  that  small  change,  aiid 
that  of  some  other  small  quantities,  may  be  seen  in  my  Tracts, 
where  all  the  circumstances  of  this  method  are  treated  at  full 
lepgthc 

300^  For  an  example  in  numbers  of  this  method,  suppose 
the  weights  and  dimensions  to  be  as  follow  :  namely, 


y  =  5701b, 

b  =  18oz.l|dr. 

=iM311b, 
g  =■  78i  inc. 
o  =  84J  inc. 

=  7-065  feet 
i  ==  p4j%  inc. 
c  =18-73  inc. 


Then 

bii+gop^        M31x94-32+78|x84JX570 
Xc=^ — ^ 


bio  M31.X94xVX84f 

18-73 
X— — =:656-56, 

'    ,       2a      .     32i.  -193       ^  ,„^^ 


Therefore  656-56  X 2- 1337  or  1401  feet,  is  the  velocity,  per 
second,  with  whiLch  the  ball  moved  when  it  struck  the  pent 
duluro. 


OF  HYDROSTATICS. 

30 1 .  HyDRosTATics  is  the  science  which  treats  of  the  pres- 
sure, or  weight,  and  equilibrium  pfiyater  and  other  fluids^ 
especially  those  that  are  non-elastic. 

302.  A  fluid  is  elastic,  when  it  can  be  reduced  into  a  less 
volume  by  compression,  and  which  restores  itself  to  its  former 
bulk  again  when  the  pressure  is  removed  ;  as  air.  And  jt  i$ 
non- elastic,  when  it  is  not  compressible  by  such  force ^  a$ 
water,  &c. 

Vol..  II,  ?7  tm* 
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;.       i^ROPC^mON  LIX. 

303.  If  atv^  Pari  of  aFh^d  httdised  higher  ftan  tht  testy  hy 
any  Force,  and  then  left  to  itself;  the  higher  Parts  %dll  de* 
scend  to  the  lower  Places,  and  the  Fluid  xaitl  not  ml,  till  Us 
Surf  ace  he  quite  even  and  leveL 

For,  the  parts  of  a  fluid  being  easily  moveable  eyexy  wa^^ 
the  higher  parts  will  descend  by  their  superior  gravity,  and 
raise  the  lower  parts,  till  the  whole  come  to  rest  in  aleiyel  or 
horizontal  plane. 


304.  CoroL  1.  Hence,  water  that  com- 
municates with  other  water,  by  ibeans  of 
a  ^close  canal  or  pipe,  will  stand  at  the 
same  height  in  both  places.  Like  as  wa- 
ter in  the  two  legs  of  a  syphon. 


305.  Carol,  2.  For  the  same  reason v if 
a  fluid  gravitate  towards  a  centre  ;  it  wili 
dispose  itself  into  a  spherical  figure^  the, 
centre  of  which  is  the  centre  of  fprce. 
Like  the  sea  in  respect  of  the  earth. 


PJROPOSITION  LX. 

306.  When  a  Fluid  is  at  Rest  in  a  Fessel,  the  Base  of  which  is 
Parallel  to  the  Horizon ;  Equal  Parts  of  the  Base  are  Equally 
Pressed  by  the  Fluid,  v 

For,  on  every  equal  part  of. this  base  there  is  an  equal 
column  of  the  fluid  supported  by  it.  And  as  all  the  columns 
are  of  equal  height,  by  the  last  proposition  they  are  of  equal 
weight,  and  therefore  they  press  the  base  equally  j  that  is, 
equal  parts  of  the  base, sustain  an  equal  pressure. 

307;  Coral.  1.  All  parts  of  the  fluid  press  equally  at  the 
same  depth.  For,  if  a  plane  parallel  to  the  horizon  be  con- 
ceived to  be  drawn  at  that  depth  :  then  the  pressure  being 
the  same  in  any  part  of  that  plane,  by  the  proposition,  there- 
fore the  parts  of  the  fluid,  instead  of  the  plane,  sustain  the 
same  pressure  at  the  sapae  depth. 

308.  CoroL  2.  The  pressure  of  tfie  fluid  at  any  depth,  is 
as  the  depth  of  the  fluid.  For  the  pressure  is  as  the  weight, 
and  the  weight  is  as  the  height  of  the  fluid. 

309.  CoroL 
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309»  CoroL  5.  The  pressure  of  the  fluid  on  any  borizott- 
tal  surface  or  plane,  is  equal  to  the  weight  of  a  column  of  the 
fluid,  whose  base  is  equal  to  that  plane,  and  altitude  is  its  depth 
below  the  upper  surface  of  the  fluid. 

PROPOSITION  LXI. 

310.  When  a  Fluid  is  Pressed  by  its  own  Weighty  or  by  any 
other  Force;  at  any  Point  it  Presses  Equally y  in  all  Direct 
tions  whatever. 

This  arises  from  the  nature  of  fluidity,  by  which  it  yields 
to  any  force  in  any  direction.  If  it  cannot  recede  from  any 
force  applied,  it  will  press  against  other  parts  of  the  fluid  in 
the  liirecti on  of  that  force.  And  the  pressure  in  all  direct 
tions  will  be  the  same  :  for  if  it  were  less  in  any  part j  the 
fluid  would  move  that  way,  till  the  pressure  be  equal  every 
^ay.  -, .  V'    .  -  ■  ■ 

311.  Coroh  1 .  In  a  vessel  containing  a  fluid  ;  the  pressure 
is  the  s^me  against;  the  bottom,  as  against  the  sides,  or  even 
upwards  at  the  S£ime  depth. 

312,  CoroL  2.  Hence,  and  from 
the  last  proposition ,  if  abcd  be  a 
vessel  of  water,  and  there  be  taken, 
in  the  base  produced,  de,  to  repre- 
sent the  pressure  at  the  bottom  ; 
joining  ae,  and  drawing  any  paral- 
lels to  the  base,  as  fg,  hi  ;  then 
shall  FG  represent  the  pressure  at 
the  depth  AG,  and  hi  the  pressure 
at  the  depth  ai,  and  soon  ;  because  the  parallels  fg,  hi,  ed, 
by  sim.  triangles  are  as  the  depths  -  -  -  -  ag,  ai,  ad  : 
which  are  as  the  pressures,  by  the  proposition. 

And  hence  the  sum  of  all  the  fg,  hi,  &c,  or  area  of  the 
triangle  ADE,  is  as  the  pressure  against  all  the  points  g,  i,&c. 
that  is,  against  the  line  An/  But  us  every  point  in  the  line  cd 
is  pressed  with  a  force  as  de,  and  that  thence  the  ptessure  on 
the  whole  line  cd  is  as  the  rebtangle  ed  .  dc,  while  that  against 
the  side  is  as  the  triangle  ade  or  ;iAD  .  de  ;  therefore;  the  pres- 
sure on  the  horizontal  line  dc,  is  to  the' pressure  against  the 
vertical  line  da,  as  do  to  ^da.  And  hence,  if  the  vessel  be 
an  upright  rectangular  one,  the  pressure  on  the  bottom,  or 
whole  weight  of  the  fluid,  is  to  the  pressure  against  one  side, 
as  f  he  base  is  to  half  that  side-  Therefore  the  weight  of  the 
fluid  is  to  the  pressure  against  all  the  four  upright  sides,  as 

the 
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ite  b^e  is  toluOf  &^^  sorfacfe.     And  the  sstike  hoUi 

true  also  in  any  upright  vessel,  whateTer  the^ides  be^  or  in  k: 
cyfindiical  vessel,  ^r  in  the  cylinder,  the  weight  oif  the 
fluid,  is  to  the  pressure  against  the  upright  surface,  as  the  ra- 
dius of  the  base  is  to  double  the  altitude. 

Alsd,#heii  the  rectangular  prism  becomes  a  cube^  it  ap- 
pears that  the  weight  of  the  fluid  oh  the  base,  is  double  thd 
pressure  against  one  of  the  upright  sides,  or  half  the  pres- 
sure against  the  whole  upright  surface. 

313,  Qj^oL  3i  The  pressure,  of  a  fluid  against  any  upright 
Surface,  as  the  gate  of  a  sluice  or  canal,  is  equal  lo  half  th^ 
weight  of  a  column  of  the  fluid  whose  base  is  equal  to  the 
surface  pressed,  and  its  altitude  the  Same  as  the  altitude  qf 
that  surface.  For  the  pressure  on  a  horizontal  base  equal  to 
the  upright  Surfafee,  is  equal  to  that  column  ;  and  the  pres- 
sure on  the  upright  surface,  is  but  half  that  on  the  base,  of 
the  same  area i 

So  thati  if  l>  denote  tie  breadth,  anS  <?  thidepth  of  such  ^ 
feate  or  upright  surface  ;  then  the  pressure  against  it,  ife  equal 
to  the  weight  of  the  fluid  whose  magnitude  is46£?3==riAB  .  ad^  . 
Henccy  if  the  fluid  be  water,  a  cubic  feot  dfwtidi  weighs 
1000  ounces^  or  6S|  pounds  ;  and  if  the  depth  ad  be  12  feet, 
the  breadth  AB  W  feet  •  thea  the  content,  or  i-ab  /ad^,  is  144b 
feet ;  and  the  pressure  is  1440000  dunces,  dr  90000  pdund^, 
0r  40^  tons.  - 

HioposmoNto 

Bi4,  The  pressure  of  a  Fluid  on  a  Surface  amjho'si}  immersed 
in  ity  either  Pefpenditula/ty^W  or  (Jhlique;  iii 

Equal  to  the  Weight  of  a  Column  cf  the  Fluid,  whhse  Base  is 
eqmiiothe  Surface  pressed,  and  its  Altitude  equal  to  the 
Depth  of  the  Ce7itre  of  Gravity  of  ilie  Surface  pfessed  below 

/the  Top  or  Surface  of  the  Flvm-  ^      ^      ; 

;Fda^conceiye  the  surface  pressed  to  be  divided  into  innu- 
merable sections  parallel  to  the  horiz^^n ;  and  let  «  denote 
^ny  one  of  those  horizontal  sections,  also  c?  its  distance  or 
<Jepth  below  the  top  surface  of  the  fluid,  thenv  by  art.  3Q9j 
the  pressure  of  the  ifluid  on  the  section  is  equal  to  the  weight 
pf  ^  ;  consequently  the  total  pressure  on  the  whole  surface 
4S  fequal  to  all  the  weights  ds.  But,  if  A  defaote  the  whole 
aurface  pressed,  and  ^  the  depth  of  its  centre  of  gravity  be- 
low m  tap  df  the  ^uid  J  thenj  by  art*  256  or  269,  b§  is  equal 


to 
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id  th6  Slim  of  all  the  ds.  Gonseqiietitlj  the  whole  i)resstir^ 
of  the  fluid  on  the  body  or  surface  bis  equal  to  the  weight  of 
the  bulk  bg  of  the  fluid,  that  is,  of  the  coiumn  whose  base  is 
the  giv^n  surface  4,  and  its  height  is  g-  the  depth  of  the  centre 
of  gravity  in  the  fluid. 

PROPOSITIDI^  LXIIt 

315.  Tke  Pressure  of  a  Fluid,  on  the  Base  of  the  Vesselin^Mch 
it  is  contained,  is  as  the  Base  and  Perpendicular  Altitude: 
/whatever  be  the  Figure  of  the  Vessel  that  contains  it. 

If  the  sides  of  the  base  be  upright,  so  that 
it  be  a  prism  of  a  uniform  width  throughout ; 
then  the  case  is  evident ;  for  then  the  base 
supports  the  whole  fluid,  and%e  pressure  isi 
just  equal  to  the  weight  of  the  fluid i 

BM  if  the  vessel  be  wider  at  top  than  hot; 
torn  ;  then  the  bottom  sustains  or  is  pressed 
by,  only  the  part  contained  within  the  up^ 
right  lines  ac,  bn ;  because  the  parts  Aca, 
fenb  are  supported  by  the  sides  ACj  Bb  ;  and 
those  parts  have  no  other  effect  on  the  part 
aboc  than  keeping  it  in  its  position,  by  the  la* 
tferal  press  lire  against  ac  and  bb,  which  does 
not  alter  its  perpendicular  pressiit'e  downwards.  And  thus 
the  pressure  on  the  bottom  is  less  than  the  weight  of  the  cOn^ 
tained  fluid. 

And  if  the  vessel  b^  widest  at  bottoin ;  then 
the  bottom  is  still  pressed  with  a  weight  whi<ih 
is  equal  to  that  of  the  whole  upright  column 
abnc .  Forj  as  the  parts  of  the  fluid  are  in 
equilibrio,  all  the  parts  have  an  equal  pressure 
at  the  same  depth* ;  so  that  the  parts  within  cC 
and  dp  press  equally  as  those  in  cd,  and  there- 
fore equally  the  same  as  if  the  sides  of  the  vessel  had  gone 
Upright  to  a  and  b,  the  defect  of  fluid  in  the  parts  Aca  and 
BDJ&  being  exactly,  compensated  by  the  downward  pressure 
ot  resistance  of  the  sides  AC  and  bd  against  the  contiguous 
fluid.  And  thus  the  pressure  on  the  base  may  be  made  to 
exceed  the  weight  of  the  contained  fluid,  many  proportion 
whatever. 

So;  that,  in  general,  be  the  vessels  of  any  figure  whatever, 
iriegular  or  irregular,  upright  or  sloping,  or  variously  wide 
and'narrpw  in  different  parts,  if  the  bases  and  perpendicular 
altitudes  be  but  equal,  the  bases  always  sustain  the  same 
pressure*     And  as  that  pressure,  in  the   regular  upright 

vessel, 


aAB 
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i6js«^l,i$  tJiie  wiicfle  c^  wBidb  is  at  the  Base 

anlHaJtitu<ie;  thereftte  the  :^  pressure  iaaUfi^es^i^     that 
sameratio.  ' 

dlQ'  Card.  I.  Hience,  when  the  heighU  are  equal,  the 
pressures  are  as  the  bases.  And  when  the  bases  are  equals 
the  pressure  is  as  the  height.  But  yrhen  both  the  heights  and 
bases  are  equal,  the  pressures  are  equal  in  all,  though  their 
contents  be  ever  so  different 

317>  Cbro/.  2,  The  pressure  oh  the  base  of  any  yessjel  i«^ 
the  same  as  6n  that  of  a  cylinder,  of  an  equal  base  and  height, 

318.  Coro/.i  3.  If  there  be  an  inverted  sy- 
phon, or  bent  tube,  ABc,G6ntaimhg  two  dif- 
ferent *fluids  CD,  ABD,  that  balance  each  other 
or  rest  in  equilibrio  ;  then  their  heights  in 
the  two  legs,  ae,gd,  above  the  point  of  meet- 
ing #ill  be  reciprocally  as  their  densities* 

Fbr,  if  they  do  not  meet  at  the  hottqm, 
the  part  BDba}anGes  the  part  be  ;  and  there- 
fore the  part  cd  balances  the  part  ae;  that  is, 
the  weight  of  GD  is  equal  fo  the  weight  of  ae. 
And  as  tlm  surface  at  d  isihe  satne  where 
they^ct  against  each  ottiei^iheire^  ; 

t:  density  c^Gb:  density  of  AE-^"  ;  .    , 

So,  if  CD  be  water,  and  ae  iiiuictsilyer^  which  is  near  14 
tim^s  heavier ;  then  ten  will  be  ==  14ae  |  that  is,  if  ae  be  1 
in<;h,  cp  will  be  14  inches  ;  if  ae  be  2  inches,  cd Twill  be  2^ 
inches  f  and  so  on.  - 

PEOPOSiTION  LXIV. 
3t9.  If  a  Body  he  Immersed  in  a  Fluid  of  the  same  Dtnsity  or' 

Specifit  Gravity;  it  mil  Rest  in  any  Place  where  it  is  put, 

Bixta  Body  of  Greater  Density  will Svnk;  and  one  of  a  Less 

DensitywillRiseiotheTopy  and  Float.  ^     . 

Th E  body,  being  of  the  same  den- 
sity or  of  the  same  weight  with  the 
like  bulk  of  the  fluid,  will  press  the 
jiuid  under  it,  just  as  much  as  if  its 
space  l^as  filled  vvith  the  fluid  itself. 
The  pressure  then  all  around  it  will 
be  the  same  as  if  the  fluid  were  in 
its  place  5  consequently  there  is  no 
force,  neither  upward  nor  down- 
wardVto  put  the  body  out  of  its  place. 
Arid  therefore  it  wHl  remmn  where- 
ever  it  is  put. 

"  ,   But 
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But  if  tbe  body  be  lighter ;  its  pressure  downward  will  be 
less  than  before,  and  less  than  the  water  upward  at  the  saiixie 
depth ;  therefore  the  great  force  will  oyercome  the  less,  and 
push  the  body  upward  to  A. 

And  if  the  body  be  heavier  than  the  fluid,  the  pressure 
downward  will  he  greater  than  the  fluid  at  the  same  depth  | 
therefore  the  greater  force  will  prevail,  and  carry  the  body 
down  to  the  bottoni  at  c. 

520.  Corpl.  i,  A  body  immersed  in  a  fluid,  loses  as  much 
weight,  as  ab  equal  bulk  of  the  fluid  weighs.  And  the  fluid 
gains  the  saihe  weight.  Thus,  if  the  body  be  of  equal  densi- 
ty With  the  fluid,  it  loses  all  its  weight,  and  so  requires  no 
force  but  th^  fluid  to  sustain  it.  If  it  be  heavier,  its  weight 
in  the  water  will  be  only  the  difference  between  its  own  weight 
and  the  weight  of  the  sam^e  bulk  of  water ;  and  it  requires  a 
force  iq  sustain  it  jnst  equal  to  that  difference.  But  if  it  b^ 
lighter,  it  requires  a  force  equal  to  the  same  diflerence  of 
weights  tq  keep  it  from  rising  up  in  the  fluid* 

32 1 .  CoroL  2 ;  The  weights  lost,  by  iinmerging  the  same  bo- 
dy in  different  fluids,  are  as  the  specific  gravities  of  the  fluids. 
And  bodies  of  equal  weight,  but  different  bulks,  lose  in  the 
same  fluid,  weights  which  are  reciprocally  as  the  specific 
gravities  of  bodies,  or  directly  as  their  bulks. 

322:  a;»ro?.  3.  The  whole  weight  of  a  body  which  wiU 
float  in  a  fluidv  is  equal  to  a$  much  of  tlie  fluid,  as  the  iin^ 
mei^sed,  part  of  the  body  takes  up,  when  it  floats.  For  the 
pressure  under  the  floating  body,  is  just  the  same  as  so  much 
of  the  fluid  as  is  equal  to  the  immersed  part ;  and  therefore 
$he  weights  are  the  same;, 

323.  iCoroZ.^  4.  Hence  the  magnitude  of  the  whole  body, 
is  to  the  magnitude  of  the  part  immersed,  as  the  specific  gra- 
vity of  the  fluid,  is  to  that  of  the  body.  Fnr,  in  bodies  of 
equal  weight,  the  densities,  or  specific  gravities,  are  reeiprO" 
cially  as  their  magnitudes^ 

324.  CoroL  6.  And  beeause  when  the.  weight  of  a  body 
takenin  a  fluid,  is  subtracted  from  its  weight  out  of  the  fluid, 
the  difference  is  the  weight  of  an  equal  bulk  of  the  fluid  ;  this 
therefore  is  to  its  weight  in  the  air,  as  the  specific  gravity  of 
the  fluid,  is  to  that  of  body. 

Therefore,  if  w  be  the  weight  of  a  body  in  air, 
w  its  weight  in  water,  or  any  fluid, 
s  the  specific  gravity  of  the  body,  and 
s  th^  specific  gravity  of  the  fluid  j 

thei? 
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then  w— ^«y  :  w  : :  s  r  s,.  t^bich  propoiiion  will  give  either  of 
those  specific  gravities;  the  one  from  the  other. 

Thus  s==^^ ^«,  the  specific  gravity. of  th^  body  ; 

w— «>  K       -    .      -  w     - 

and  s=— s,  the  specific  gravity  of  the  flaid. 

So  that  the  specific  gravities  of  bodies,  are  as  their  weighty 
in  the  air  directly,  and  their  loss  in  the  same  fliuid  inversdy- 

325.  CoroL  6.  And  hence,  for  two  ^bodies  coppected  to» 
gether,  or  tnixe4  together  into  one  compound,  of  different 
specific  gravities,  we  have  the  following  equations,* denoting 
their  freights  and  specific  gravities,  as  below,  viz, 

H  =  weight  of  the  heavier  body  in  aif,  }  ,  .^^  j^ 

j^  =  weight  of  the  same  in  water,  s  '^      &        j  > 

jL  =  weight  of  the  lighter  body  in  air,  j  ^  its  spec,  gravitv  • 

/  =  weight  of  the  same  in  water,  \  r      &        j  » 

c  =  weight  of  the  compound  in  air,  )  r^^^  gravity " 

c  =  weight  of  the  same  in  water,  y  f     •  &        j  > 
w  =  the  specific^ gravity  of  water.     Then, 


From,  which  equations  may  be  found 
any  of  the  abpye  quantities,  in  terms  of 
the  rest. 

Thus,  froni  one  of  the  first  three 
equations,  is  found  the  specific  gravity 

of  any  body,  as  s=- — -.,  by  dividing  the 

absolute  weight  of  the  body  by  its  loss  in  water,  and  multiply- 
ing by  the  specific  gravity  of  water. 

But  if  the  body  l  be  lighter  than  water ;  then  I  will  be 
negative,  and  we  must  divide  by  l+Z  instead  of  l— Z,  and  to 
find  I  we  must  have  recourse  to  the  compound  mass  c ;  and 
because,  from  the  4th  and  5th  equations,  l— Z=c  — c— h~A, 


1st,  (h 

?d,    fL— Z)   S=^LW^ 

3d,  (c— ic)/=?cts;, 
4th,  H  4"  ^  =  c, 
6th,,  ^  4-  ^  =  c, 
^ ,    H   ,   L       c 

6th.3+j-=; 


LW 


therefore  s=  7 v — ? — -yr  ;   that  is,  divide  the  absolute 

(c  — c)  — (h— /t) 

weight  of  the  light  body,  by  the  difference  between  the  losses 
in  water,  of  the  compound  and  heavier  body,  and  multiply  by 

s/l       '  ' 
the  specific  gravity  of  water.     Or  thus,  s£=- 7^  as  found 

CS  — Hf 

from  the  last  equation. 

Also,  if  it  were  required  to  find  the  quantities  of  two  ingre- 
dients mixed  in  a  compound,  the  4th  and  6th  equations  would 
give  their  values^as  foUows,  viz. 
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H==  P^^^  c,  and  L  =  )^^ 

the  quantities  of  the  two  ingredients  h  and  t,  in  the  com- 
pound c.    And  so  for  any  other  detnand^ 

PROPOSITION  LXV. 
To  find  the  Specific  Gravity  of  a  Body; 

326,  Case  U'-^When  the  body  is  heavier  thanwate¥ :  weiglbi 
it  both  in  water  and  out  of  water,  and  take  the  difference^ 
which  will  be  the  weight  lost  in  water.     Then;  by  corol.  6, 

prop.  64, 5=-— 7,  where  B  is  the  weight  of  the  body  out  of 

water,  b  its.weight  in  water,  s  its  specific  gratity,  and  zit'  the' 

ipecific  gravity  of  water.     That  is, 

As  the  weighMost  in  water, 
Is  to  the  whole  or  absolute  weight, 
S  0  is  the  specific  gravity  of  water , 
To  the  specific  gravity  of  the  body. 

Example.  If  a  piece  of  stone  weigh  lOlb,  but  in  water 
only  6f  lb,  required  its  specific  gravity,  that  of  water  being 
1000?  Ans.  3077. 

327.  Case  ii, — When  the  body  is  lighter  than  waier^  so  that 
it  will  not  sink:  annex  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  compounded  of  the  two  may  sink 
together.  Weigh  the  denser  body  and  the  compound  masss 
separately,  both  in  water  and  out  of  it ;  then  find  how  much 
each  loses  in  water,  by  subtracting  its  weight  in  water  from 
its  weight  in  air  ;  and  subtract  the  less  of  these  remainders 
from  the  greater.     Then  say,  by  proportion, 

As  the  last  remainder. 
Is  to  the  weight  of  the  light  body  in  air, 
So  is  the  specific  gravity  of  water, 
To  the  specific  gravity  of  the  body. 

LW 

That  is,  the  specific  gravity  is  5=  y 1 — ;; — -rr* 

(^C  —  CJ —^H  — /l) 

by  cor.  6,  prop.  64. 

Example.  Suppose  a  piece  of  elm  weighs  15lb  in  air ; 
and  that  a  piece  of  copper,  which  weighs  181b  in  air  and 
161b  in  water,  is  affixed  to  it,  and  that  the  compound  weighs 
61b  water ;  required  the  specific  gravity  of  the  elm  ? 

^  ^  ^        ^  Ans.  600» 

Vol.  IL  28  328.  Case 
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328.  Case  m.^-i'^r  afimd  of  a»y  wr^.-r-Take  a  piece  of 
a  body  of  known  spe^Mp  gravity  ;  weigh  it  both  in  and  put 
of  the  .fluid,  findifig  the  loss  of  weight  by  taking  the  differ^ 
ence  of  the  two  ;  then  «ay. 

As  the  whole  or  absolute  weight, 
Is  to  the  loss  of  Weight, 
So  i§  the  speeific  grayity  pf  the  aolid. 
To' the  specific  gljavity  of  the  fluid. 

Thatfe,  tibe  spec.  grav.  -a?  «==— r— s,  by  eor.  ^,  pr.  64> 

Example.  A  piece  of  cast  iron  weighed  SSy^^^  ounces  m 
ajfluid,  and  40  ounces  out  of  it ;  of  what  specific  gravity  i& 
^^flqiAr  Ans.  iOOO. 

PROPOSITION  l:^vl 

$29.  To  find  tUt  Clv4ntiiies  of  Two  In^  a  Givm 

Compound, 

Tak^  the  three  differeucejB  ©f  every  pair  of  the  three  spe- 
dfic  gravities^  naflieJy,  the  specific  gravities  of  tjhe  compound 
^Hd  each  ipgredient ;  and  tnultiply  each  specific  gravity  by 
the  dijBfefence  pf  the  other  two.     Then  say,  by  proportion, 

As  the  greltesit  product,  ^ 

Is  to  the  whole  weight  0^^^ 

Sp  is  each  of  the  other  two  products, 

iPo  the  weightsr  of  the  two  ingredients. 

That  is,  H  =  f^  "  ^;  ^c  =  the  one,  and  l  ==  >  '     !^,  the 

other,  by  cor.  6j  prop.  64.   . 

Example.  A  pomposition  of  1121b  beipg  made  of  tin  and 
copper,  whose  specific  gravity  is  found  to  be  8784  ;  required 
the  quantity  of  each  iogredient,  the  specific  gravity  of  tin  being 
7320,  and  that  of  copper  90G0  ? 

AnsT^r,  there  is  JOGlb  of  copper, |  .^  ^^  coinposition, 
and  consequently  1 2lb  of  tm,       y  ' 

SCHOLIUM. 

333.  The  specific  gravities  of  several  sorts  of  matter  as 
found  from  experiments,  are  expressed  by  the  numbers  an- 
nexed to  their  names  in  the  following  Table  : 

ATable 
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^11 


Jl  Table  of  Speaific  GrmitieB  of  Bodies. 


Platitta  (puf  e)  -     -  -  ^3000 

Fine  gold      -     «    -  -  19400 

Standard  gold     -     -  -  1 7724 

Qjaicksilver  (pure)  -  -  14000 

Quicksilver  (common)-  13600 

Lead  -     ...     -  -  11325 

Fiiae  silver  -     -    -  -  11091 

Standard  Silver  -    -  -  10535 

Copper    -     -     -     -  -  9000 

Copper  halfpence  -  -  8 9 1 5 

Gun  metal    -     -     -  —  8784 

Cast  brass     -    -     -  «  8000 

Steel  -    -     -     -     -  .  7850 

iron    -    -     "     -     " 

Cast  Iron      -     -     -  -  7425 

Tin     -     -     -     •     -  -  7320 

Clear  crystal  glass  -  -  3160 

Granite   -     ^     -     -  .  3000 

Marble  and  hard  stone  2700 

Common  green  glass  -  2600 

Flint  -     -     -     -     -  -  2570 

Common  stone  -■    -  -  2520 


Clay     -     .     .  -  -  -  2160. 

Brick   -     -     .  -  -  -  2000 

Common  earth  -  -  -  1984 

Nitre    -    -     -  -  -  .  1900 

Ivory   -    >     -  -  -  -  1825 

Brimstone      -  -  -  -  1810 

Solid  gunpowder  -  -  -  3745 

Sand     ...  .  -  .  1529 

Coal     -     -    -  -  •  -  1250 

Box-wood--    .  -  -  .  ioSO 


Sea- water-    -    -    -    -  1030 

Common  water    -    -    •  1000 

Oak      .     -     -     -     -     -     925 

7645  Gunpowder,  close  ihaken  9$7 

"       836 

800 

755 

600 

550 

240 

If 


Ditto,  in  a  loose  heap 

Ash      -     .     -     .     -  - 

Maple  .     .     .     -    -  - 

Elm      .     -     '     -     -  - 

Fir.     -     -     -     -     .  . 

Charcoal  -     -     »     -  - 

Cork    -     -     .     -     -  - 

Air  at  a  mean  state  -  - 


331.  JSI'ote,  The  several  sorts  of  wood  are  supposed  to  be 
^ry.  Also,  as  a  cubic  foot  of  water  weighs  just  1000  ounces 
avoirdupois,  the  numbers  iii  this  table  express  not  only  th6 
specific  gravities  of  the  several  bodied,  but  also  the  weight  of 
a  cubic  foot  of  each,  iu  aToirdupois  dunces;  and  therefore, 
by  proportion,  the  weight  of  any  other  quantity,  ot  the  quan- 
tity of  any  other  weight,  may  b^  known,  as  in  the  next  two 
propositions. 

'  I^ROPOSITION  LXYa^ 

332,  To  find  the  Magnitude  of  any  Body,  from  its  Weights 

As  the  tabular  specific  gravity  of  the  body, 
Is  to  its  weight  in  avoirdupois  puUces, 
So  is  one  cubic  foot,  or  1728  cubic  inches, 
To  its  content  in  feet,  or  inches,  respectively. 
Example  1,  Required  the  content  of  an  irregular  block  of 
common  stone,  which  weighs  1  cwt.  or  1121b  ? 

Ans.  1228|f II  cubic  inches. 

Example  2.  How  many  cubic  inches  of  gunpowder  are  .there 

in  lib  weight?  Ans.  29i  cubic  inches  nearly, 

Exafnple  3.  How  many  cubic  feet  ar^  there  in  a  ton  weight 

of  dry  oak  ?  Ans.  38||j  cubic  feet. 

PROPOSITION 
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raoFpsixiOT  xxviii. 

333.  TojSnd  the  Weight  of  a  Body  from  its  MagnituAt, 

As  one  cubic  foot,  or  1728  cubic  inches, 
Is  to  the  content  of  the  body. 
So  is  the  tabular  specific  gravity,  - 

To  the  Weight  of  the  body. 
Example  1.   Required  the  weight  of  a  block  of  naarblej 
whose  length  is  63  feet,  and  bk-eadth  and  thickness  each  12 
feet ;  being  the  dimensions  of  one  of  the  stones  in  the  walls 
of  Balbeck? 

Ans.  683y^  ton,  which  is  nearly  equal  to  the  burden  of 

an  East-India  ship.       \     '',.' 

Example  ^.  What  is  the  weight  of  1  pint,  ale  nxeasure,  of 

guiipowder?  Ans.  19  oz.  nearly. 

Exa^nple  S,  What  is  the  Tveight  of  a  block  of  dry  oak, 

which  measures  lOfeet  in  length,  3  feet  broad,  and  2i  feet  deep 

or  thick?  Ans.  4336Aflb. 


OF  HYDRAULieS, 

334i  Hydraulics  is  the  science  which  treats  of  the  motioiii 
of  fluids,  arid  the  forces  with  which  they  act  upon  bodies. 

335.  if  a  Fluid  Mun  through  a  Canal  or  River ^  or  Pipe  of  VU'^ 
nous  Widths i  always  filling  it :  the  Velocity  of  the  Fluid  in 
d^erent  Farts  of  it  ab,  cdj^  will  he  reciprocally  as  the  Trims'^ 
verse  Sections  in  those  Parts^ 
That  is,  veloc.  at  a  :  veroc. 
at  c  :  :  CD  :  AB  ;  Where  ab  and 
CD  denote,  not  the  diameters 
at  A  and  f,  but  the  areas  or 
sections  there. 

For,  as  the  channel  is  always  equally  full,  the  quantity  of 
water  running  through  ab  is  equal  to  the  quantity  running 
through  CD,  in  the  same  time  ;  that  is  the  column  through 
AB  is  equal  to  the  column  through  cd,  in  the  same  time;  or 
abX  length  of  it§  column  =cd  X  length  of  its  column  ;  there- 
fore AB  :  CD  :  :  length  of  column  through  cd  :  length  of  co- 
lumn through  AB.  But  the  uniform  velocity  of  the  water,  is 
as  the  space  run  over,  or  length  of  the'  columns  ;  therefore 
AB  :  CD  :  :  velc^ity  through  cd  :  velocity  through  ab. 

336.  Corol,  Hence,  by  observing  the  vejocity  at  any  place 
vABji  the  quantity  of  wstter  discharged  in  a  second,  or  any  other 

time, 
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time,  will  be  found,  namely,  by  multiplying  the  section  ab  by 
the  velocity  there. 

But  if  the  channel  be  not  a  close  pipe  or  tuanel,  kept  al- 
ways full,  but  an  open  canal  or  rivet ;  then  the  yelocity  in 
all  parts  of  the  section  will  not  be  the  same,  because  the 
velocity  towards  the  bottom  and  sides  will  be  diminished  by 
the  friction  against  the  bed  or  channel,  and  therefore  a  me^ 
dium  among  the  three  ought  to  be  taken.  So,  if  the  velocity 
at  the  top  be  ^  -  100  feet  per  minute, 
that  at  the  bottom  -  60 
and  that  at  the  sides     -        60 

3)  210 sum: 
dividing  their  sum  by  3,  gives  70  for  the  mean  velocity,  which 
is  to  be  multiplid  by  the  section,  to  give  the  quantity  discharge 
edin  a  minute. 

,     PROPOSITION  LXX. 

337.  The  Velocity  with  which  a  Fluid  Runs  out  hy  a  Hole  in 
the  Bottom  or  Side  of  a  Vessel^  is  Equal  to  that  which  is  Ge- 
nerated hy  Gravity  through  the  Height  of  the  Water  above  the 
Hole;  that  is,  the  Velocity  of  a  Heavy  Body  acquired  by  Fall- 
ing freely  through  the  Height  ABi 

Divide  the  altitude  ab  into  a  great 
number  of  very  small  parts,  each  being 
1 ,  their  number  a,  or  a  ==  the  altitude 


AB. 

Now,  by  prop.  61,  the  pressure  of 
the  fluid  against  the  whole  B,  by  which 
the  motion  is  generated,  is  equal  to  the 
weight  of  the  column  of  fluid  above  it, 
that  is,  the  column  whose  height  is  ab  or  a,  and  base  the  area 
of  the  hoien.  Therefore  the  pressure  on  the  hole,  or  small 
part  of  the  fluid  1,  is  to  its  weight,  or  the  natural  force  of 
gravity,  as  a  to  1.  But,  by  art,  28,  the  velocities  generated 
in  the  same  body  in  any  time,  are  as  those  forces  ;  and  be- 
cause gravity  generates  the  velocity  2  in  descending  through 
the  small  space  1,  therefore  ,1:  a  :  :  2  :  2a,  the  velocity  ge- 
nerated by  the  pressure  of  the  column  of  fluid  in  the  same 
time.  But  ,2a  is  also,  by  corol.  1,  prop.  6,  the  velocity  ge> 
nerated  by  gravity  in  descending  through  a  or  ab.  That  is, 
the  velocity  of  the  issuing  water,  is  equal  to  that  which  is  ac- 
quired by  a  body  in  falling  through  the  height  ab. 

The 
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The  same  otherwise. 


Becanse  the  momenta,  61-  qoantitiek  of  iftotidii  geft^^^^  ih 
two  given  bodies,  by  the  same  forcie,  diitJiJg  duriiig  thei  sairie 
or  an  equal  time,  are  equal.  And  as  tftre  force  in  thir«^^^ 
the  weight  of  the  stipe  rihcunabent  column  of  the  fltifd^  bveir 
the  hole.  Let  the  one  body  to  be  moved,  be  thiat  c^teinn  it^ 
self,  expreissed  hy  ah,  where  if  denotes  the  altitude  Ai^;  j^^^^^ 
the  area  of  the  hole  ;  and  the  other  bddy  is  the  cbldiiqift  of  the 
fluid  that  runs  out  uniformly  in  oiae  second  sruppose,  with  the 
middle  or  medium  velocity  of  that  inferval  of  tinbe,  #Mch  is 
|fe,  if  2?  be  the  whole  velocity  required.  Then  the  mass  Jftv, 
with  the  velocity  v,  gives  the  q^uaotity  of  motion  ^i^^  X  v  ov 
|^i;2  ^  generated  in  one  second,  in  the  spoutirig  watef :  ako  %; 
or  32J-  feet,  is  the  velocity  generated  ia  the  mass  a%  during 
the  same  interval  of  one  second  ;  consequently  a^  X  %»  o^ 
2a^^,  is  the  motion  generated  in  the  column  ah  in  the  same 
time  of  one  second.  But  as  these  two  momenta  must  be  equal, 
this  gives  lhv^=^2akg  :  hence  them;2=:  4^^;  and  v  '=-2^agy 
for  tlie  value  of  the  veloqity  sought :  which  therefore  is  ex- 
actly the* same  as  the  velocity  generated  by  the  gravity  in  fell- 
ing through  the  space  a:,  or  the  whole  height  of  the  fluid.* 

For  example,  if  the  fluid  were  air,  of  the  whole  height  of 
the  atmosphere,  supposed  uniform,  which  i^  about  5f  miles, 
or  27720  feet  ==«.  then  ^^ag  =,  2^2772GX  16^^  ==1335 
feet  —I?  the  velocity,  that  is,  the  velocity  witB  which  cbinmon 
air  would  rush  into  a  vacuum.  v 

,338.  CoroL  1.  The  velocity,  and  quantity  riin  out,  at  dif- 
ferent depth?,  are  as  the  square  roots  of  the  depths.  For  the 
velocity  acquired  in  falling  through  ab,  is  as  v^ab, 

339:  CoroL  2.  The  fluid  spoqts  out  with  the  same  veloci- 
ty,  Whether  it  be  downward  or  upward,  or  sideways  ;  because 
the  pressure  of  fluids  is  the  same  in  all  directions,,  at  the 
same  depth.  And  therefore,  if  an  adjutage  be  turned  up- 
ward, the  jet  will  ascend  to  the  height  of  the  surface  of  the 
water  in  the  vessel.  And  this  is  confirmed  by  experience, 
by  which  it  is  found  that  jets  really  ascend  nearly  to  the 


*  la  this  investigation  the  author  nses  the  whole  momentum  ahX  2g'  which  is 
g-enerated  in  one  second  by  the  gravity  of  the  mass  aJi;  but  he  Hoesn'ot  use  th^ 
whole  momentum  7iw  X  i^  which  is  also  gen^ated'by  thiEv  same  force  in  the  same 
time,  instead  of  which  lier  uses  only  half  the  latter  momentum ;  on  this,  account 
his  solution  appears  to  rae  to  be  erroneous.  The  two  inbraenta  afi  X  2^-  and  Ay 
X  V  produced  in  one  second  by  the  same  force  ought  to  be  equal,  which  gives  v^ 
=2ao-,  instead  of  the  equation  t;^=4ag"  as  found  by  Dr.  Htitton.  Edl 


height 
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keight  of  the  reservoir,  abating  a  small  quantity  only,  for  the 
friction  against  the  sides,  and  some  resistance  froaa  the  air 
and  from  the  oblique  motion  of  the  fluid  in  the  hole. 

34&.<^oroL  3.  The  quantity  run  out  in  any  time,  is  equal 
to  a  column  or  prism,  whose  base  is  the  area  of  the  hole,  and 
its  length  the  space  described  in  that  time  by  the  velocity  ac- 
quired by  falling  through  the  altitude  of  the  fluid-  And  the 
quantity  is  the  same,  whatever  be  the  figure  of  the  oritice,  if 
it  is  of  the  same  area. 

ThiBrefore,  if  a  denote  the  altitude  of  the  fluid, 
and  A  the  area  of  the  orifice, 
also  |p=^16yj  feet,  or  193  inches  ; 
then  2h^ag  will  be  the  quantity  of  water  discharged  in  a 
second  of  time  ;  or  nearly  S^^^y^a  cubic  feet,  when  a  and  A 
are  taken  in  feet. 

So,  for  example,  if  the  height  a  be  25  inches,  and  the  ori- 
fice^^I  square  inch  ;  then  2fey^a^==2^25X  193=:  139  cli- 
bic  inches,  which  is  the  quantity  that  would  be  discharged  per 
second, 

SCHOLIUM. 

341.  When  the  orifice  is  in  the  side  of  the  vessel,  then  the 
veloqify  is  difierent  in  the  diSe rent  parts  of  the  hole,  being 
less  in  the  upper  parts  of  it  than  in  the  lower.  However, 
when  the  hole  is  but  small,  the  difference  is  inconsiderable, 
and  the  altitude  may  be  estimated  frCm  the  centre  of  the  hole 
to  obtain  the  mean  velocity.  But  when  the  orifice  is  pretty 
large,  then  the  n^an  velocity  is  to  be  more  accurately  com- 
puted by  other  principles,  given  in  the  next  proposition. 

342.  It  is  not  to  be  expected  that  experiments,  as  to  the 
quantity  of  water  run  out,  will  exactly  agree  with  this  theory, 
both  on  account  of  the  resistance  of  the  air,  the  resistance  of 
the  water  against  the  sides  of  the  orifice,  and  the  oblique  mo- 
tion of  the  particles  of  the  water  in  entering  it.  For,  it  is 
not  merely  the  particles  situated  immediately  in  the  column 
over  the  hole,  which  enter  it  and  issue  forth,  as  if  that  column 
only  were  in  motion  ;  but  also  particles  from  all  the  surround- 
ing parts  of  the  fluid,  which  is  in  a  commotion  quite  around  ; 
and  the  particles  thus  entering  the  bole  in  all  directions,  strike 
against  each  other,  and  impede  one  another^s  motion  :  from 
which  it  happens,  that  it  is  the  particles  in  the  centre  of  the 
hole  only  that  issue  out  with  the  whole  velocity  due  to  the 
entire  height  of  the  fluid,  while  the  other  particles  towards 
the  sides  of  the  orifices  pass  out  with  decreased  velocities  ; 
and  hence  the  medium  velocity  through  the  orifice,  is  some- 
what less  than  that  of  a  single  body  only,  urged  with  the  same 
pressure  of  the  superincumbent  column  of  the  fluid.     And 

experiments 
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experimei^ts  on  the  quantity  of  water  discharged  through 
apertures^showlhat  the  quaDtity  must  be  dnDinished,  by  those 
causes,  rather  more  than  the  fourth  part,  when  the  orifice  is 
small,  or  such  as  to  make  the  mean  velocity  nearly  equal  to 
that  in  a  body  falling  through  i  the  height  of  the  fluid  above 
the  opfice. 

343.  Experiments  have  also  been  made  on  the  extent  to 
which  the  spout  of  water  ranges  on  a  horizontal  plane,  and 
compared  with  the  .theory,  by  catcujating  it  as  a  projectile 
discharged  with  the  velocity  acquired  by  descending  through 
the  height  of  the  fluid.  For,  when  the  aperture  is  in  the 
side  of  the  vessel,  the  fluid  spouts  out  horizontally  with  a  uni- 
form velocity^  whieh,  combined  with  the  perpendicular  velo- 
city  from  the  action  of  gravity,  causes  the  jet  to  form  the  curve 
of  a  parabbla.  Then  the  dis- 
tances to  which  the  jet  will  spout 
on  the  horizontal  plane  bg,  will 
be  as  the  roots  of  the  rectangles 
of  the  segments  AC  .  cb,  ad  .  db, 
AE  .  EB.  For_  the  spaces  Bip j  bg, 
are  as  the  times  and  horizdntal 
velocities  ;  but  the  velocity  is  as  , 
y<AC ';  and  the  time  of  the  fall  &  !F 

which  is  the  same  as  the  tiine 
of  moving,  is  as  v^  cb  ;  therefore  the  diiStance  bf  is  as 
^AcTcB  ;  and  the.  distance  bg  as  <y/  ad  .  ps.  And  hence,  if 
two  holes  are  made  equidistant  from  the  top  and  bottom,  they 
will  project  the  water  to  the  same  distance  ;  for  if  ac=eb, 
then  the  rectangle  ac  .  cb  is  equal  the  rectangle  ae  .  eb  ! 
which  makes  EF  the  same  for  both.  Or,  if  on  the  diameter 
ab  a  semicircle  be  described ;  then,  because  the  squares  of 
the  ordinates  ch,  di,  ek  are  equal  to  the  rectangles  ac  .  eb, 
&G. ;  thertfore  the  distances  bf,  bg  are  as  the  ordinates  ch, 
di.  And  hence  also  it  follows,  that  the  projection  from  the 
middle  point  d  will  be  farthest,  for  di  is  the  greatest  ordinate. 

These  are  the  proportions  of  the  distances  :  but  for  the 
absolute  distances,  it  will  be  thus.  The  velocity  through 
any  hole  c,  is  such  as  will  ^arry  the  water  horizontally 
through  a  space  equal  to  2ac  in  the  time  of  falling  through 
AC  :  but,  after  quitting  the  hole,  it  describes  a  parabola,  and 
comes  to  f  in  the  time  a  body  will  fall  through  cb  ;  and 
to  find  this  distance,  since  the  times  are  as  the  roots  of 

the  spaces,  therefore  v'ac  :  V^b  : :  2aq  :  Sy^Ac  .  gb  =^ 

2cH 
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2cH  =^  BWy  the  space  ranged  on  the  horizontal  plane.     And  the 
greatest  range  bg  =  2di,  or  2ad,  or  equal  to  ab. 

And  as  these  ranges  answer  very  exactly  to  the  expferimeuts, 
this  confirms  the  theory,  as  to  the  velocity  assigned. 

I*ROPOSITION  LXXI. 

344.  If  u  Notch  or  Slit  eh  inform  of  a  Parallelogram,  be  cut 
in  the  Side  of  a  Vessel y  Full  of  Water ^  ad  \  the  %iantity^  of 
Water  flowing  through  it,  mil  be  |  of  the  Qjuantitij  flowing 
through  an  equal  Orifice,  placed  at  the  whole  Depth  eg^  or 
at  the  Base;  gh,  in  the  Same  Time  ;  it  being  supposed  that  tlie 
Fessel  is  always^  kept  full. 

For  the  velocity  atoH  is  to  the  velo- 
city at  iL,  as  ^  EG  to  y'  EI ;  that  is,  as 
GH  or  IL  to  IK,  the  ordinate  of  a  para- 
bola ekh^  whose  axis  is  eg.  Therefore 
the  sum  of  the  velocities  at  all  the  points 
I,  is  to  as  many  times  the  velocity  at  g, 
as  the  sunibf  all  the  ordinates  ik,  to  the 
sum  of  jali the  il's  ;  namely,  as  the  area 
of  the  jparabola  egh  j  is  to  the^rea  EiGHP  that  is ^  tke  quanti- 
ty running  through  the  notch  eh,  is  to  the  quantity  running 
through  an  equal  horizontal  area  placed  at  gh;  as  eghke,  to 
EGHF,  or  as  2  to  3  ;  the  area  of  a  parabola  being  |  of  its  cir- 
cumscribing parallelogram. 

345.  CoroZ.  1.  Therneanvelocitydfthe  water  in  the  notch ^ 
is  equal  to  I  of  that  at  gh. 

346,  Cofol.  f.  The  quantity  flowing  through  the  hole  iGHL, 
is  to  that  which  would  flow  through  an  equal  orifice  placed  as 
low  as  GH,  as  the  parabolic  area  igmk,  is  to  the  rectangle  ighl. 
As  appears  from  the  demonstration. 


OF  PNEUMATICS. 

347.  Pneumatics  is  the  scienpe  which  treats  of  the  pro- 
perties of  air,  or  elastic  fluids. 

PROPOSITION  LXXII. 

348.  Air  is  a  Heavy  Muid  Body  ^  and  it  surrounds  the  Earthy 
and  Gravitates  on  all  Parts  of  its  Surface, 

These  propierties  of  air  are  proved  by  experience.-— 

That  it  is  a  fluid,  is  evident  from  its  easily  yielding  to  any 

Vol.  If.  29  the 
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the  least  force  impressed  on  it,  without  making  a  Sensible  re- 
sistance. 

But  when  it  is  naov^d  briskly,  hy  any  jneains,  as  by  a  fan  or 
a  pair  of  bellows  ;  or  wh0n  any  body  is  moved  veirybrisi|ly 
through  h  ;  in  these  cases  we  become  sensible  of  it  as  a  bodiy , 
by  the  resistance  it  makes  in  such  motions,  and  also  by  its  im- 
pelling or  blowing  awjrjr  any  light  substances^.  So  that,  beiug 
capable  of  resisting,  or  moving  other  T3odies,  by  its  impulse,  it 
must  itself  be  a  body,  and  be  heavy,  like  ail  other  bodies;  in 
proportion  to  the  matterit  ^ontaiihs  ;  atid  therefore  it  will  press 
on  all  bodies  that  are  placed  under  it. 

Al^o,  as  it  is  a  fluid,  it  spreads  itself  all  over  on  the  earth  ; 
and,  like  other  fluids,  it  gravitates  arid  presses  everywhere  on 
the  earth's  surface. 

3^9.  The  graviiy  and  pressure  of  the  air 
is  also  evident  from  many  experiments. 
Thus,  for  instance,  if  watery  or  quicksilver, 
be  poured  into  the  tube  ace,  and  the  air  be 
sufiered  to  press  on  it,  in  both  ends  of  the 
tube,  the  fluid  will  rest  at  the  same  heighl 
in  both  legs  :  but  if  the  air  be  drawn  out -of 
one  end  as  ©,  by  any  means ;  then  the  air 
pr^lging  on  the  other  eiid  a,  will  press  down  Q 

the  fluid  ja  this  leg  at  b,  and  rais^  it  up  in  the  other  tP  p,  as 
mucb^^  higher  than  at  b,  as  the  pressure  of  the  air  is  equal  to. 
From  which  it  appears,  not  only  that  the  air  doesi  really  press, 
but  also  how  much  the  intensity  of  tWt  pressure  is  equal  to^ 
And  this  is  the  principal  of  the  barometer. 

PROPOSITION  LXXm. 

350,  The  Air  is  also  an  Eldstic  Fluid,  being  Condensibk  md 
Expansible,  And  the  Law  it  observes  is  thi$,  that  its  Density 
and  Elasticity  are  proportional  to  the  Force  or  Weight  which 
Compresses  it, 

Th^  property  of  the  air  is  proved  by  many  experinaents. 
Thus,  if  the  handle  of  a  syringe  be  pushed  inWard,  it  willcjon- 
dense  the  inclosed  air  into  less  space,  thereby  showing  its 
condensibility.  But  the  included  air,  thus  condensed,  is  felt  to 
act  sttongiy  against  the  hand,  resisting  the  force  compressing 
it  more  and,  more  ;  and  on  withdrawing  the  hand,  the  handle  is 
pushed  back  again  to  where  it  was  at  first.  Wliich  shows  that 
th^  air  is  elasi^. 

351-  Again," 
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351.  Again,  fill  a  strong  bottle  half  full  of 
water;  tben  insert  a  small  glass  tube  into  it, 
putting  its  loWei^  end  down  near  to  the  bot- 
tomV  and  cementing  it  very  close  round  the 
moiitb  of  the  bottle.  Then,  if  air  be  strongs 
ly  injected  through  the  pipe,  as  by  blowing 
with  tbes  mouth  or  bther^isev  it  will  pass 
through  the  water  from  the  lower  end,  as- 
cending into  the  parts  before  occupied  with 
air  at  B,and  the  tvhole  intass  of  air  become 
there  Goodensed,  because  the  water  is  not  ^.v 

compressible  into  a  less  space.  But,  oh  removing  the  force 
which  injected  the  air  a,  the  water  will  begin  to  rise  from 
thence  in  a  jet,  being  pushed  up  the  pipe  by  the  increased 
elasticity  of  the  air  b,  by  which  it  presses  on  the  siitface  of 
the  water,  and  forces  it  through*  the  pipe,  till  as  much  be  Ex- 
pelled as  there  was  air  forced  in  ;  when  the  air  at  swill  be 
reduced  to  the  sgune  density  as  at  firsts  and  the  balance  being 
restored,  the  jet  will  cease. 

362.  ^  Likewise,  if  into  a  jar  of  water 
AB,  be  inverted  an  empty  glass  tumbler 
CD,  or  such-like,  the  mouth  downward  ; 
the  water  will  enter  it,  and  partly  fill  it, 
but  not  near  so  high  as  the  water  in  the 

jar,  compressing  and  condensing  the  air 
into  a  leiss  space  in  the  upper  parts  Cj  and 
causing  the  glasis  to  make  a  sensible  re- 
sistance to  the  hand  in  pushing  it  down. 
Then,  on  removing  the  hand,  the  elasticity  of  the  internal 
condensed  air  throws  the  glass  up  again.     All  these  showing 

that  the  air  is  condensible  and  elastic. 

353.  Again,  to  show  the  rate  or  proportion 

of  the  elasticity  to  the  condensation  :  take  a 

long  crooked  glass  tube,equally  wide  through- 
out, or  at  least  in  the  part  bd,  and  open  at  a, 

but  close  at  the  other  end  b.     Poiir  in  a  Uttle 

quicksilver  at  a,  just  to  cover  the  bottom  to 

the  bend  at  cd,  and  to  stop  the  comnninica- 

tion  between  the  externai  air  and  the  air  in 

BD.     Then   pour  in  more  quicksilver,  and 

mark  the  corresponding  heights  at  which  it 

stands  in  the  two  legs :  so,  when  it  rises  to 

H  in  the  open  leg,  ac,  let  it  rise  to  e  in  the 

close  one,  reducing  its  included  air  from  the 

natural  bulk  bd  to  the  contracted  space  be, 

hy 
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liylJiJtpressure  of  Ibe  cbhunn  He ;  and  when  th^  quicksilver 
sta^%  1  and  k^  in  the  open  leg,  let  it  irigeto  f  and  g  in  the 
others  reducing  the  air  to  the  respective  spaces  bf^sg,  hy  the 
weights  of  the  columns  i/,  Kg*  Then  it  is  always  found,  that 
the  condensations  and  elasticities  are  as  th^  Coinpressing 
weights  or  columns  of  the  quicksilver,  and  the  atmosphere 
together.  So,  if  the  natural  bulk  of  the  air  Bb  he  compress- 
ed into  the  spaces  be^  bf,  bg,  which  are  |,  |,  i^  of  bd,  or  as 
the  numbers  3,  2,  J  :  then  the  atmosphere,  together  with  the 
corresponding  coluJbans  He,  i/^  K^,  are  also  found  to  be  in  the 
same  proportion  reciprocally,  yfz;  a?  x,  x,  |,  pr  as  the  numr 
hers  2, 3,  6.  And  then  HC=iA,  i/=  a,  and  Kg==  3a  ;  where 
A  is  the  weight  of  atrnosphere.  Which  show^  that  the  con- 
densations are  directly  as  the  compressing;  forces.  And  the 
elasticities  are  in  the  same  ratio,  since  the  columns  in  ac  are 
sustained  by  the  elasticities  in  bd. 

From  the  foregoing  principles  may  be  deduced  many  useful 
remarks,  as  in  the  following  corollaries,  viz.  . 

354.  Corol.  1 .  The  space  which 
any  qua;dtity  of  air  is  eonfined  in, 
is  reciprocally  as  the  force  that 
compresses  it, .  So,  the  fprees  which 
confine  a  quantity  of  air  in  the  cy*^ 
lindrical  spaces  ag,  bg  ,  cg  ,  are 
reciprocally  as  the  same,  or  reci- 
procally as  the  heights  AD,  BD,  CD, 
And  therefore  if  to  the  two  perpendicular  lines  da,  d^,  as 
asymptotes,  the  hyperbola  ikl  be  described,  and  the  ordinates 
Ai,  BS,  CL  be  drawn ;  then  the  forces  which  confine  the  air 
inthespaces  _  ag,  bg,  cg, 

will  be  directly  as  the  corresponding  ordinates  At,BK,  cl, 
since  these  are  reciprocally  as  the  abscisses  ad,  bd,  csd, 
by  the  nature  of  the  hyperbola. 

355,  CoroL  2.  All  the  air  near  the  earth,  is  in  a  state  of 
compression  J  by  the  weight  of  the  incumbent  atmosphere. 

366.  CoroL  3.  The  air  is  denser  near  the  earth,  than  in 
high  places.5.  or  denser  at  the  foot  of  a  mountain,  than  at  the 
top  of  it.  And  the  higher  above  the  earth,  the  less  dense 
itis.'  '.    ; ." 

357.  CoroL  4.  The  spring  or  elasticity  of  the  air,  is  equal 
to  the  weight  of  the  atmosphere  above  it ;  and  they  will  pro- 
duce  the  same  effects  :  since  they  always  sustain  and  balance 

each  other.  ^     ,  ^ 

358.  Corol.  5. 
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358.  Carol.  6.  If  the  density  of  the  air  be  increased,  pre= 
serviflg  the  same  heat  or  temperature  its  spring  or  elasticity 
is  also  increased,  andin  the  same,  proportion. 

.359.  Corol,  6.  By  the  pressure  and  gravity  of  ihe  atmos- 
pliere,  on  the  surface  of  the  fluids,  the  fluids  aVe  made  to  rise 
In  any  pipes  or  vessels,  when  the  spring  or  pressure  within 
is  decreased  or  taken  off. 

PROPOSITION  LXXIV. 

360.  JScai  Increases  the  Elotsticity  of  the  Mvy  and  Cold  Ditni^ 
nishes  it.     Or^  Heat  Expands^  and  Cold  Condenses  the  Air. 

This  property  is  also  proved  by  experience. 

361 .  Thits,  tie  a  bladder  very  close  with  some  air  in  it ; 
and  lay  it  before  the  fire  ithefr  as  it  warms,  it  will  more  and 
more  distend  the  bladder,  and  at  last  burst  it,  if  the  heat  be 
continued  and  inereased  high  enough.  But  if  the  bladder  be 
removed  from  the  fire,  as  it  cools  it  will  contract  again,  as  be- 
fore. And  it  was  on  this  principle  that  the  first  air-ballponS 
were  made  by  Montgolfier:  for,  by  heating  the  air  within 
them,  by  a  fire  beneath,  the  hot  air  distends  them  to  a  size 
which  occupies  a  space  in  the  atmosphere,  whose  Weight  of 
common  air  exceeds  that  of  the  balloon. 

362.  Also,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  in- 
verted into  a  vessel  of  water  ;  and  the  whole  be  heated  oyer 
the  fire  or  otherwise  ;  the  air  in  the  top  will  expand  till  it  fill 
the  glass,  and  expel  the  water  out  of  it ;  and  part  of  the  air 
itself  will  follow,  by  continuing  or  increasing  the  heat. 

Many  other  experiments,  to  the  same  effect,  might  be  ad- 
duced, all  proving  the  propierties  mentioned  in  the  proposition. 

SGHOLKJM. 

363.  So  that,  when  the  force  of  the  elasticity  of  air  is  con- 
sidered, regard  must  be  had  to  its  heat  or  temperature;  the 
same  quantity  of  air  being  more  or  less  elastic,  as  its  heat  is 
more  or  less.  And  it  has  been  found,  by  experiment,  that 
the  elasticity  is  increased  by  the  435th  part,  for  each  degree 
of  heat,  of  which  there  are  180  between  the  freezing  and 
boilings  heat,  of  water. 

364.  N.  B,  Water  expands  about  the  g^f  o  o  part,  with  each 
degree  of  heat.  (Sir  Geo.  Shuckburgh,  Philos.  Trans.  1777, 
p.  560,  &c.) 

Also, 
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*Abo,  the 
Spec,  gratr,  of  air  1*201  or  1^  ^  when  the  baipom.  is  29'5, 
water    1000   Vand  the  therm,  is     5B« 
mercury  13^92  )  which  are  their  mean  heights 
.     *  io  this  couhtry. 

Or  thus,  air  1-222  or  If  y    ,       ^,     ,  .    « 

water     1000   ^^^/f^*^^^*^^^^^^ 
mercary  13600J  apd  thermometer     55. , 

PROPOSITION  LXXV. 

365.  The  Weight  or  Pressure  of  the  Atmosphere y  on  any  Base  at 
the  Earth^s  Surface  i  is  Equal  to  the  Weight  of  a  Column  of 
Qukksilver,  cf  the  Same  Base^  and  the  Height  of  whio/i  is  he- 
tween^Q  and  $imches. 

This  is  proved  by  the  barometer,  an  instrament  which 
measures  the  pressure  of  the  air,  and  which  is  described  be* 
low.  For,  at  s6ine  seasons i  and  in  ^me  places,  the  air  sus- 
tains and  balances  a  column  of  mercury,  of  about  28  iiiches : 
but  a^t  other  times  it  balances  a  column  of  29,  or  30^  or  near 
31  inches  high ;  seldom  m  the  extremes  28  or  3  i^  but  coift- 
monly  about  the  means  29  or  30.  A  variation  which  depends 
partly  oh  the  different  degrees  of  heat  in  the  air  near  the  Stir^^ 
face  of  the  earth,  and  part;ly  on  the  commotions  and  changes 
in  the  atmosphere,  from  winds  and  other  causes j  by  which  it 
is  accumulated  in  some  places^  and  depressed  in  others,  beihg 
thereby  rendered  denser  and  heavier,  or :  rarer  and  lighteir ; 
which  changes  in  its  state  are  almost  "continually  happeniiig  in 
any  one  place.  But  the  mediui6  state  is  commonly  about  29J 
or30inchesv  '  ;3 

366.  CoroT.  1.  Hence  the  pressure  of  the  atmosphere  on 
every  square  inch  at  the  earth's  surface,  at  a  medium,  is 
very  near  15  pounds  avoirdupois,  or  rather  1 4f  pounds.  For, 
a  cubic  foot  of  mercury  weighing  13600  ounces  nearly,  an 
inch  of  it  will  weigh  7*866  or  almost  8  ounces,  or  nearly  half 
a  pound,  which  is  the  weight  of  the  atmosphere  for  every 
inch  of  the  barometer  on  a  base  of  sl  square  inch  ;  and  there- 
fore 30  inches,  or  the  medium  height,  weighs  very  near  14| 
pounds. 

367.  CoroL  2.  Hence  also  the  weight  or  pressure  of  the 
atmosphere,  is  equal  to  that  of  a  column  of  water  from  32 
to  35  feet  high,  or  on  a  medium  33  or  34  feet  highi  For, 
water  and  quicksilver  are  in  weight  nearly  as  1  to  13*6; 
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so  that  the  atmosphere  will  balance  a  column  of  water  13'6 
times  as  high  as  one  of  quicksilver ;  consequentlj 

13r6  times  28  inches  ==  38 1  inches,  of  3l|  feet,  * 
13-6  times  29  inches  =  39*4  inches,  or  32f  feet, 
13'6  times  30  inche9=  408  inches,  or  34   feet, 
13*6  times  31  inches  =  422  inches,  or  363.  feet.    > 

And  hence  a  common  sucking  pump  will  not  raise  water 
higher  than  abcmt  33  or  34  f^et.  And  a  siphon  will  not  run, 
if  the  perpendicular  height  of  the  top  of  it  be  mote  than  about 
33  or  34  feet. 

368.  CoroL  3.  If  the  air  were  of  the  same  uniform  den- 
sity at  every  height  up  to*  the  tc^p  of  atniospbere,  as  at  the 
surfacfe  of  the  earth  ;  its  height  would  be  about  S|  miles  at  a 
medium.  For,  the  weights  of  the  same  bulk  of  air  and  water, 
are  nearly  as  l'!^22  to  1000  ;  therefore  as  1-222  :  1000  : :  33| 
fee|: :  27600  feet,  or  6^  miles  iiearly.  And  so  high  the  atr 
mospher^  would  be,  if  it  virere  all  of  uniform  density,  like  wa- 
ter. But,  instead  ^f  that,  from  its  expansive  and  elastic  qua- 
lity, it  bjec^mea  contiiiually^  more>nd  i|iore  r^re,  the  farther 
above  the  earth,  in  a  certain  proportion,  which  will  be  treat- 
ed of  below,  m  also  the  paethod  qf  measuring  heights  by  the 
baronaeter,  which  depends  on  it.    ^ 

369.  CorQl,  4.  From  this  proposition  and  the  last  it  follows, 
that  the  he%ht  is  always  the  same,  of  an  uniform  atnipsphere 
^tpye  any  place,  which  shall  be  all  of  theuiiiform  density 
with  thp  air  there,  and  of  equal  weight  or  pressure  ^ith  the 
real  height  of  the  atmosphere  above  that  place,  whether  it  be 
at  the  same  place,  at  different  times,  or  at  any  different  places 
pr  Keights  above  the  earth  ;  and  that  height  is  always  about 
5i  miles,  or  27600  ffeet,  as  above  found.  For,  as  the  density 
v?^ries  ip  (exact  proportipn  to  the  weight  of  the  column  j  there- 
fore it  requires  a  column  of  the  same  height  in  all  cases, 
to  make  the  respective  weights  or  pressures.  Thus,  if  w 
and  w  be  the  wejghte  of  atmosphere  above  any  places,  d  and 
t^  their  densities,  and  h  and  h  the  heights  of  the  uniform 
columns^  of  th^  samp  densities  and  weights ;  Then  H  X  d 

w  •  w 

=  w,  and  k  y,  d^w  :  therefore  -  bxr  h  is  equal  to  -jor  h.  The 

D  a 

temperature  being  the  same  ^ 


PROPOSITION 
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370.  -  The  DenUty  of  ihe  Atmosphere,  at  Diff^ermi  Height  above 
the  Earthy  Decreases' in  such  Sort  J  that  when  th&^H^^ 
crease  in  Arithmetical  Progression,  the  Densities  Decrease  in 
(xeometrkai'^Progression,        ■    .  / 

Let  the  indeftjite  perpendicular  line  ap, 
erected  6ntfeeeajp&j  be  conceived  to  be  divid« 
edinto  a  great  Bumber  df  ijery  small  ^qual 
parts,  A,  B,  c,  D,  to.  forming  so  many  thin  stra- 
ta of  air  in  the  atmosphere,  all  of  different  den^ 
sity,"griadually  decreasing  from  the  greatest  at 
A  :  thea  the'  density  of  the  several  strata^  a,  Bj 
c,  D^&G.  mW  be  in  geometrical  progression  de^ 
cre^ing.  ,  .  . 

|%|  as  the  strata  A,  B,  c 
tMcfieSs/  the  quantity  of  matter  in  each  of  ^them,  is  as  th^ 
||ias%thMSr  but  the  density  in  any  one,  being  asjhfe  eoin- 
pi^^ng  fiificevis  as  the  weight  or  quantity,  of  all  the  matter 
IkM'&aJrpkce  upward  to^  tojp  of  thie  atmosphere  ;  there- 
fore the  quantity  of  matter  in  each  stratum,  is  rfso  as  the 
whole  quantity  from  that  place  upward.  Now  if  from  Ihe 
whole  weight  at  any  place  ass,  the  weight  or  quantity  in  th^ 
str?LtmQ9i  B  be  subtracted,  theremairider  is  the  weight  at 
iiej^  iir^mcV^t^^^^^  subtracting  a  part 

which  lis  proportional  to  itself^  leaves  the:next  weight ;  or^^ 
whibh  is  the  same  thing,  from  each  density  subt 
Which  is  prbpoi^tion^  to  itself  leaves  the  next  density.  But 
when  smy  quantities  are  continttallyi^^ 
are  proportional  to  themselves,  the  remainders  fdrnn  a  series 
of  continued  piropc^ortals  :  consequently  these  densities  are 
in  geometrical  progression.  1.1.1 

ThuSj  if  the  first  density  be  b^  and  from  each  be  taken 

its  nth  part ;  there  will  then  remain  its  —  part,  or  t^ie  - 
part,  putting  m  for  »—l  ;  and  therefore  the  seriiBS  of  den- 
sities will  be  D,  —  D,^  D,^  t),^D/to.  the  common  ratio 

n      n^       nr       n*  * 

of  the  series  being  that  of  »  to  wi. 

SGHOLIUM. 

37 i.  Because  the  terms  of  an  arithmetical  series,  are  pro- 
portional to  the  logarithms  of  the  terms  of  a  geometrical 
series:  therefore  different  altitudes  above  the  earth's  sur- 
face. 
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faee,  are  as  the  logarithms  of  the  depsities,  or  of  the  weigbte 
of  air,  at  those  altitudes. 
So  that,  if  D  denote  the  density  sit  the  altitude  A? 
and  d    -    the  density  at  the  altitude  a ; 
then  A  being  as  tjbe  log.  of  p,  ^nd  p,  as  the  log.  ofd^ 

the  dif.  of  alt.  A-^a  will  be  as  the  log.  p— log^  d.  or  l^g»^» 

And  if  A=0,  or  p  the  density  at  the  surface  of  the  earth  5 

then  any  altitude  above  the  surface  a,  is  as  the  log,  of  3, 

Or,ingeneral,thielog.  of  ^  is  as  the  altitude  of  the  one  place 

aboveth^  other,  whether  the  |ovyer  pja^e  be  ajt  the  surface  of 
jthe  earth,  or  anywhere  else^ 

And  frbnoi  this  property  is  deriye^the  method  of  dieterpfiiif 
ing  the  heights  of  mountains  and  other  eminences,  by  ^ebaT 
urometer,  which  is  an  instrunoient  that  measures  thje  pressure  or 
density  of  the  air  at  any  place.  For,  by  taking  with  this  inr 
struinent,  the  pressure  or  density,  at  th<e  foot  of  a  hiU  for  in- 
iBitance,  and  again  at  the  top  of  it,  the  difference  of  the  loga- 
rithms pf  these  two  pressures,  or  the  logarithm  of  their  quo*' 
iiejjt,  will  b^  as  the  difference  of  altitude,  or  as  the  height  of 
the  hill ;  supposing  the  temperatures  of  tjhe  air  to  H  the 
same  at  both  places,  and  the  gravity  of  air  not  altered  fey  the 
different  distances  from  the  earth's  centre. 

372.  But  as  this  formula  expresses  only  the  relations  be-, 
tween  different  altitudes  with  resp^t  to  their  densities,  re- 
course mttstbe  had  to  some  experiment,  to  obtain  the  real  air 
titiide  which  corresponds  to  any  given  density,  or  the  density 
which  corresponds  to  a  given  altitude.  And  there  are  varioui? 
experiments  by  which  this  may  be  done.  The  first,  and  most 
natural,  is  that  which  results  from  the  known  specific  gravity 
of  air,  with  respect  t<o  the  whole  pressure  of  the  atmosphere 
on  the  surface  of  the  earth.     Now,  as  the  altitude  a  is  always 

as  log.  -  ;  assume  h  so  that  a==ft  Xlog.  3,  where  ^  will  be  of 

one  constant  value  for  all  altitudes  ;  and  to  determine  that  va- 
lue, let  a  case  be  taken  in  which  we  know  the  altitude  a  coT^ 
responding  to  a  known  density  d;  as  for  instance,  take  a=l 
foot,  or  I  inch,  or  some  such  small  altitude  ;  then,  because  the 
density  d  may  be  measured  by  the  pressure  of  the  atmosphere, 
or  the  uniform  coiomn  of  ^27600  feet,  when  the  temperature 
is  55°  ;  therefore  27600  feet  will  denote  the  density  p  at  the 
Vol.  IL  30  lower 
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lower  place,  and  27599  the  less  density^  at  1  foot  above  rt ; 

eonsequently  I  =  ftXlog.  ~— ~  ;  which,  by  the  nature  of  lo« 

.,,         .  ■        ,^  •43<t29448  k  \ 

garithms,  is  nearly  =  ^  X  — rzrr-r-r —  =  -~ nearlv  ;     and 

B  /  27600  63561  -^  ' 

hence  h  =  63Si51  feet ;  which  gives,  for  any  altitude  in  gene- 
ral, this  theorem,  viz.  a=  63651  ><  log.  ?    or  5=  63551 X  log. 

if'  ■  m" 

—  feet,  or  10692 Xlog.  -  fathoms  :  where  m  is  the  column  of 

m  ■    m 

mercury  which  is  equal  to  the  pressure  or  weight  of  the  at- 
mosphere at  the  bottom,  and  7/i  that  at  the  top  of  the  altitude 
a;  and  where  m  and  m  may  be  taken  in  any  meastire,  either  feet 
or  inches,  &;c. 

373.  Note,  that  this  .formula  is  adapted  to  the  mean  tem- 
perature of  the  air  55?.  But,  for  every  degree  of  tempera- 
ture different  from  this,  in  the  nuedium  between  the  tempera- 
tures at  the  top  and  bottom  of-the  attitude  a,  that  altitude  will 
vary  by  |ts  436th  part ;  which  must  be  added,  when  that  me- 
dium exceeds  65^,  otherwise  subtracted. 

3t4^  Note,  also,  that  a  column  of  30  inches  of  mercury 
varies  its  length  by  about  the  3^^  part  of  an  inch  for  every 
degree  of  heat,  or  rather  ^^y^  of  the  whole  volume. 

376.  But  the  formula  may  be  rendered  much  more  con- 
venient for  use,  by  reducing  the  factor  10592  to  10000,  by 
changing  the  temperature  proportionally  from  55**;  thus, 
as  the  diff.  692  is  the  18th  part  of  the  whole  factor  10692  ; 
and  as  1 8  is  the  24th  part  of  436  ;  therefore  the  correspond- 
ing chaage  of  temperature  is  24*^,  which  reduces  the  55°  to 

SI**.     So  that  the  formula  is,  a  ==  10000  X  log,  ^   fathoms, 

when  the  temperature  is  31  degrees ;  and  for  every  degree 
above  that,  the  result  is  to  be  increased  by  so  many  times  its 
436th  part. 

:  376.  Exam»  1.  To  find  the  height  of  a  hill  wheii  the  pres- 
sure of  the  atmosphere  is  equal  to  29*68  inches  of  mercury 
at  the  bottom,  and  25-28  at  the  top  ;  the  mean  temperature 
being  50°  ?  Ans.  4i378  feet,  or  730  fathoms. 

377.  Exam.  2.  To  find  the  height  of  a  hill  when  the  at- 
mosphere weighs  29-45  inches  of  mercury  at  the  bottom,  and 
26-82  at  the  top,  the  mean  temperature  being  33*^  ? 

Ans.  2386  feet,  or  397^  fathoms. 
378,  Exam,  3, 
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SIB.  Exam.  S.  At  what  altitude  is  the  density  of  the  at- 
mosphere only  the  4th  part  of  what  it  is  at  the  earth's  sur- 
face? Ans.  6020  fathoms. 

By  the  weight  and  pressure  of  the  atmosphere,  the  effect 
and  operations  of  pneumatic  engines  may  he  accounted  for> 
and  explained ;  such  as  siphons,  pumps,  barometers,  &c.;  of 
which  it  may  not  be  iroproperhere  to  gire  a  brief  description. 


OF  THE  SIPHON. 

379.  Th]^  Siphon,  Or  Syphon,  is  any 
bent  tube,  having  its  two  legs  either  of 
equal  or  of  qnequal  length. 

If  it  be  filled  with  water,  and  then  in- 
verted, with  the  two  open  ends  down- 
ward, and  held  level  in  that  position  ; 
the  water  will  remain  suspended  in  it, 
if  the  two  legs  be  equal.  For  the  at- 
mosphere will  press  equally  on  the  sur- 
face of  the  water  in  each  end,  and  sup- 
port them,  if  they  are  not  more  than  34  feet  high  :  and  the 
legs  being  equal,  the  water  in  them  is  an  exact  counterpoise 
by  their  equal  weights  ;  so  that  the  one  has  no  power  to 
move  more  than  the  other ;  and  they  are  both  supjported  by 
the  atmosphere. 

But  if  now  the  siphon  be  a  little  inclined  to  one  side,  so 
that  the  orifice  of  one  end  be  lower  than  that  of  the  other  ; 
or  if  the  legs  be  of  unequal  length,  which  is  the  same  thing ; 
then  the  equilibrium  is  destroyed,  and  the  water  will  all  de- 
scend out  by  the  lower  end,  and  rise  up  in  the  higher.  For, 
the  air  pressing  equally,  but  the  two  ends  weighing  unequally, 
a  motion  must  commence  where  the  power  is  greatest,  and  so 
continue  till  all  the  water  has  run  out  by  the  lower  end.  And 
if  the  shorter  leg  be  immersed  into  a  vessel  of  water,  and  the 
siphon  be  set  a  running  as  above ,  it  will  continue  to  run  till 
all  the  water  be  exhausted  out  of  the  vessel,  or  at  least  as  low 
as  that  end  of  the  siphon.  Or,  it  may  be  set  a  running  with- 
out filling  the  siphon  as  above,  by  only  inverting  it,  with  its 
shorter  leg  into  the  vessel  of  water  ;  then,  with  the  mouth 
applied  to  the  lower  orifice  a,  suck  the  air  out ;  and  tBe  wa- 
ter will  presently  follow,  being  forced  up  in  the  siphon  by  the 
pressure  of  the  air  on  the  water  in  the  vessel, 

OF 


Hosted  by  Google 


t  s^^i 


0F  THE  PUMP, 

I0O.  ^HBRts  are  thre^^ijllrts 
jpf  pumps  :  the  Slicking,  the 
tiiftingf  and  the  Forcing  Pump. 
By  the  first,  water  can  be  raLsed 
pnly  to  about  34  feet,  viz.  by 
the  pressure  of  the  atmoSr 
jphere  j  biit  by  the  others,  to 
any  height ;  but  then  they  re- 
quire mcfre  apparati;s  ^nd  pow- 
er*- '  ■■.•'".■ 

The  atinexed  figure  fepre-^ 
Sents  a  common  sucking  puhip; 
AB  is  the  barrel  of  the  puaip, 
being  a  hollow  cylinderj  made 
0f  metal,  and  siiooth  within,  or 
of  Wodd  ifor  very  common  pur- 
poses, cp  is  the  handle*  mbve- 
$lbl^  about  the  pin  e,  by  mdying 
'the  find  d  up  aqd  down,  df 
an  iroii  rod  tiirning  about  a  pin 
p,  which  conneLcts  it  to  the  end  of  the  handle.  This  rod  i$ 
fix^d  td  the  piston,  bucket,  or  sucker,  fg,  by  which  this  is 
moved  up  and  doTO  within  the  barrel,  which  it  must  fit  very 
tight  and  Gl<5se,  that  ho  air  or  Water  tiiay  pass  between  the 
piston  and  the  sides  of  the  barrel ;  and  for  this  purpose  it  is 
fcottimoniy  armed  with  leather.  The  piston  is  made  hollow, 
()r  it  has  a  perforation  through  it,  the  onfice  of  w^  is  co^ 
viered  by  a  valve  h  opening  upwards .  i  is  a  plug  firmly  fixed 
in  the  IdWei*  part  of  the  barrel,  also  perforated,  and  covered 
by  a  valyie^k  opening  upwards. 

381.  When  the  pump  is  first  to  be  worked,  and  the  water 
|s  below:  the  plug  i ;  taise  the  end  c  of  the  handle,  then  the 
piston  descending,  coiiipresses  the  air  in  hi,  which  by  its 
Spring  shuts  feist  the  valve  55  and  pushes  up  the  valve  h, 
gnd  so  winters  into  the  barrei  above  the  piston.  ^Tfaeh  put-t 
ting  the  end  c  of  the  handle  down  again,  rai$es  the  piston 
^r  sueker,  which  lifts  up  with  it  th6  column  of  air  above  it, 
flie  eiterrial  atmosphere  by  its  pressure  keeping  the  valve  h 
ihut:  the  aij^  in  the  barrtil  h^ing  thus  exhausted,  or  rarefied, 
is  nb  longer  b,  counterpoise  to  that  which  presses  on  ;the  sur- 
face of  the  Water  inf  the  Well ;  this  is  forced  up  the  pipe,  and 
^h^ough  the  Valve  k^  into  the  barrel  of  the  pump.  Then 
^UsHiBig  ^h^  piston  down  again  into  this  water,  eiow  in  the 


Hosted  by  Google, 


THE  Am-.PtJME  m 

featrei  its  weight  shuts  the  lower  valve  k*  and  its  tesistancfe 
forces  up  the  valve  of  the  piston,  and  enters  the  upper  part 
of  the  barrel,  above  the  piston.  Then,  the  bucket  being 
raised,  lifts  up  With  it  the  water  which  had  passed  above  its 
valve,  and  it  runs  out  by  the  cock  t J  and  taking  off  the 
weight  below  it,  the  pressure  of  the  externa!  atmosphere  on 
the  water  in  the  well  again  forces  it  up  through  the  pipe  and 
lower  valve  close  to  the  pistoB,  all  the  way  as  it  ascends,  thus 
keeping  the  barrel  always  full  of  water.  And  thus  by  repeat- 
ing the  strokes  of  the  piston,  a  continued  discharge  is  made 
at  the  cock  u 


OF  THE  AIR-PUMP, 

382.  NfiARiiT  on  the  satne  principles  as  the  Water  pumpi 
is  the  invention  of  the  Air-pump,  by  which  the  air  is  drawn 
out  of  i^ny  vessel,  like  as  water  is  drawn  put  by  the  former. 
A  brass  barrel  ig  bored  and  polished  truly  cylindrical,  and  ex- 
actly fitted  with  a  turned  piston,  so  that  ho  air  can  pass  by 
the  sides  of  it,  and  furnished  witE  a  proper  valve  opening 
upward.  The^  by  lifting  up  the  piston ,  the  air  in  the  close 
vessel  below  it  follows  the  piston,  and  fills  the  barrel ;  and 
being  thus  diflfused  through  a  larger  space  than  before,  when 
it  occupied  the  vessel  or  receiver  only,  but  not  the  barrel, 
it  is  made  rarer  than  it  was  before,  in  proportion  as  the  ca- 
pacity of  the  barrel  and  receiver  together  exceeds  the  re- 
ceiver alone.  Another  stroke  pf  the  piston  exhausts  ane^ther 
barrel  of  this  now  rarer  air,  which,  again  rarefies  it  in  the 
same  proportion  as:  before.  And  so  on,  for  any  number  of 
strokes  ojf  the  piston,  still  exhausting  in  the  same  geometri- 
cal progression,  of  which  the  ratio  is  that  which  the  capacity 
pf  the  receiver  and  barrel  together  exceeds  the  receiver,  till 
thi^  is  exhausted  to  any  proposed  degree,  or  as  far  as  the  na- 
ture of  the  machine  is  capable  of  performing  ;  which  happens 
when  the  elasticity  of  the  included  air  is  so  far  diminished,  by 
Rarefying,  that  it  is  too  feeble  to  push  up  the  valve  of  thepis» 
ton  and  escape. 

383.  From  the  nature  of  this  exhsiusting,  in  geometrical 
progression,  we  may  easily  find  how  miich  the  air  in  the  re- 
ceiver is  rarefied  by  any  number  of  Strokes  of  the  piston  ;  or 
what  number  of  such  strokes  is  necessary,  to  exhaust  the  re- 
ceiver to  any  given  degree.  Ti^us.  if,  the  capacity  of  the  re- 
eeiver  and  barrel  together,  be  to  th^t  pf  the  receiver  alone, 

"   \  "   ''  '  ■-.  ;     '■  ■  SIS 
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as  ]C  to  r,  and  1  denote  the  natural  dehs%  of  the  air  at  first  j 
then  \"-   '  •     ..^>.  '  ''".■.■''"'      \  ;■'''.' 

c  :  r  : :  1  :  —  ,  the  density  after  dne  stroke  of  the  pistOn, 

T      T^  '      •  "     -  '  '  ' 

e  :  T  :  :  ~  ;—,  the  density  after  2  strokes,; 

c  5  r  :  :  —  :  — ,  the  density  after  three  strokes, 

&c.  and -^  the  density  after  n  strokes. 

So,  if  the  barrel  be  equal  to  J  of  the  receiver  ;  then  c  x  r  ii 

6  ;  4  ;  and  — ■=  0-8'^is  =?  <^  the  density  aftei*  n  turns.     And 

if  71  be  20,  then  O-S^ <>==:  -OllS  is  the  density  of  the  included 
air  after  20  strokes  of  the  piston  ;  which  being  the  86y'^  part 
of  1,  or  the  first  density,  it  follows  that  the  air  is  86^VtiDaes 
rarefied  by  the  2Q  strokes. 

384.  Or/if  it  were  required  to  find  the  number  of  strokes 
necessary  to  rarefy  ithe  air  any  number  of  times  ;  because 

^—  is  =  the  proposed  density  d  ;  therefore,  taking  the  loga^-  , 

rithmsv?*  X  log.  ~  =  log.  c?,  and  w  == ,  ^^  .  >  tfee  number  of 

strokes  required.  So  if  r  be  |  of  c,  and  it  be  required  to 
rarify  the  air  100  times  :  then  c^  =yi^  or  0-4  :  and  hence 

n  =  ;  ^^'    .      .==  20|  nearly.    So  that  in  204  stroked  the  air 

willbe  rarefied  100  times. 


OF  THE  DIVING  BELL  &  GONDENSING  MACHINE. 

385.  On  the  same  principles  too  depend  the  operations 
and  effect  6f  the  Condensing  Engine,  by  which  air  may  be 
conijensed  to  any  degree  instead  of  rarefied  as  in  the  air-pump. 
And,  like  as  the  air-pump  rarefies  the  air,  by  extracting  always 
one  barrel  of  air  after  another ;  so  by  this  other  machine,  the 
air  is  condensed,  by, throwing  in  or  adding  always  one  barrel 
of  air  after  another  ;  which  it  is  evident  naay  be  done  by  only 
turning  the  valves  of  the  piston  and  barrel,  that  is,  making 
them  to  open  the  contrary  way,  and  worki«g  the  piston  in  the 
same  manner ;  so  that  as  they  both  open  upward  or  outward  in 

the 
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the  air-pump  or  rarefier,  they  will  both  open  downward  or 
inward  in  the  condenser, 

386.  And  on  the  same  principles,  namely,  of  the  compres- 
sion and  elasticity  of  the  air,  depends  the  use  oif  the  Diving 
Bell,  which  is  a  large  vessel,  in  which  a  person  descends  to 
the  bottom  of  ^e  sea,  the  open  end  of  the  vessel  being  down- 
wai:d ;  only  in  this  case  the  air  is  not  condensjed  by  forcing 
more  of  it  itit^  the  same  space,  as  in  the  condensing  engine  ; 
but  by  compressing  the  same  quantity  tf  air  into  a  less  space 
in  the  bellVbjriliicreasing  always  the  force  which  compresses  it. 

337.  If  a  vessel  of  any  sort  be  inverted  into  water,  and 
pushed  or  let  down  to  any  depth  in  it ;  then  by  the  pressure 
of  the  W^ater  some  of  it  will  ascend  into  the  vessel,  but  not  so 
high  as  the  water  without,  2ind  will  compress  the  air  into  less 
space,  according  to  the  difference  between  the  heights  of  the 
internal  ani^  external  water  ;  and  the  density  and  elastic  force 
of  the  air  will  be  increased  in  the  same  proportion,  as  its  space 
in  the  vessel  is  diminished. 

So,  if  the  tube  ce  be  inverted,  and  pushed  down  into  wa» 
ter,  till  the  external  water  exceed  the  internal,  by  the  height 
AB,  aiid  the  air  of  the  tube  be  reduced  to  the  space  gd  ;  then 
that  air  is  pressed  both  by  a  column  of 
water  of  the  height  ab  ,  arid  by  the  whole 
atmosphere,  which  presses  .on  the  upper 
surface  of  the  water  •  consequently  the 
^pace  CD  is  to  the  whole  space  cs ,  as  the 
weight  of  the  atmosphere  vis  to  the  weights 
hoth  of  the  atmosphere  and  the  column 
€f  water  AB.  So  that  if  ab  be  about  34 
feet,  which  is ,  equal  to  the  force  of  tjhe 
atmosphere,  then  gd  will  be  equal  to  ^ce  ; 
but  if  AB  be  double  of  that,  or  68  feet, 
then  CD  will  be  |CE  ;  and  so  on.  And  hence,  by  knowing  the 
depth  AF,  to  which  the  vessel  is  sunk,  we  can  easily  find  the 
point  D,  to  which  the  water  will  rise  within  it  at  any  time.  For 
let  the  weight  of  the  atmosphere  at  that  time  be  equal  to  that 
of  34  feet  of  wat^r  ;  also,  let  the  depth  af  be  20  feet  and 
the  length  of  the  tube  ce  4  feet :  then  putting  the  height  of 
the  internal  water  DE=a?, 

it  is      S4+AB  :  34  :  :  CE  :  CD, 
thatis  344-AF— DE  :  34  :  :ce  :ce— de, 
or   ■      54— oj  :  34  :  ;  4  :  4^xy  : 

hence,  multiplying  extremes  and  means,  216— 58a;4-ar2==l36, 
and  the  root  is  a:=  >^  2  very  nearly  =  1-4 14  of  a  foot,  or  IT 
inches  pearly ;  being  th©  height  de  to  which  the  water  will 
rise  within  the  tub^l 

388.  But 
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388.  But  if  the  vessel  b(B  iiot 
eqtially  wide  throughout,  hut  of 
any  other  shape,  as  of  a  helHike 
fbrm^Buehasisus^diniliving;  theu         Vp 
the  altitudes  will  pot  observe  the         ^ 
propo^tiba  abdye,  but  the  sjpaces  & 

or  bulks  only  will  respect  that  pro^         g 
portion,  namely,  34+ AB :  34  :  :ca- 
paci^  GKi,  :  iapacify  qHi,  if  it  be  J^ 

common  or  fresh  Wiater;  and  334^^ 
AB  :  33^  :  capacity;  ckl  :  capacity 
CHI,  if  it  be  sea-water.      From 
which  proportion,  the  height. de  may  be  found,  wheu  the  n^s 
tmre  QV  shape  of  the  vessel  or  bell  cki,  is  known. 


OR  THJE  BAJROMETER. 

389.  THE  Barometer  is  an  instrument  for  measuring  th^ 
pressure  of  the  atmosphere^  and  elasticity  of  the  ait",  at  any 
time.  It  is  commonly  made  of  a  glass  tube,  of  near  3  feet 
long,  close  at  one  end,  and  filled  with  mefcury.  When  the 
tube  is  full,  by  stopping  the  open  end  with  the  finger,  thep  in- 
verting the  tube,  and  immersing  that  end  with  the  finger  into 
a  bason  of  quicksilver,  on  removing  the  finger  from  the  ori- 
fice,  the  fluid  in  the  tube  will  descend  into  the  bason ,  till  what 
•  remains  in  the  tube  be.  of  the  same  weight  with  a  column  6f 
the  atmosphere,  which  is  commonly  between  28  and  31  inches 
of  quicksilver ;  and  leaving  an  entire  vacuum  in  the  upper 
end  of  the  tube  above  the  mercury.  For,  as  the  upper  end 
of  the  tube  is  quite  void  of  air,  there  is  no  pressure  down- 
wards but  from  the  column  of  quicksilver,  and  therefore  that 
will  be  an  exact  balance  to  the  counter  pressure  of  the  whole 
column  6f  atmosphere,  acting  oii  the  orifice  of  the  tube  by  the 
quicksilver  in  the  bason.  The  upper  3  inches  of  the  tube, 
namely,  from  28  to  31  inches,  have  a  scale  attached  to  them, 
divided  into  inchjes,  tenths,  and  hundredths,  for  measuring  the 
length  of  the  column  at  all  times,  by  observing  which  division 
of  the  scale  the  top  of  the  quicksilver  is  opposite  to  ;  as  it  as- 
cends and  descends  within  these  limjts  according  to  the  state 
of  the  atmosphere. 
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So  that  the  weight  of  the  qirick- 
silver  in  the  tube,  above  that  in 
the  bason,  is  at  all  times  equal  to 
the  weight  or  pressure  of*  the  co- 
lumn of  atmosphere  aboye  it,  and 
of  the  same  base  with  the  tube ; 
and  hence  the  weight  of  it  may 
at  all  times  be  computed;  being 
nearly  at  the  rate  of  half  a  pound 
avoirdupois  for  every  inch  of  quick- 
silver in  the  tube,  on  every  square 
inch  of  base;  or  more  exactly  it 
is  /^^  of  a  pound  on  the  square 
inch,  for  every  inch  in  the  altitude 
of  the  quicksilver  weighs  just  /^\lb, 
or  nearly  ^  a  pound,  in  the  mean 
temperature  of  56?  of  heat.  And 
consequently,  when  the  barometer 
stands  at  30  inches,  or  2^  feet  high, 
which  is  nearly  the  medium  or 
standard  height,  the  whole  pressure 
of  the  atmosphere  is  equal  to  14| 
pounds,  on  every  square  ineh  of  the  base ;  and  so  in  propor- 
tion for  other  heights. 


OF  THE  THERMOMETER. 

390.  THE  Thermometer  is  an  instrument  for  measuring 
the  temperature  of  the  air,  as  to  heat  and  cold. 

It  is  found  by  experience,  that  all  bodies  expand  by  heat, 
and  contract  by  cold  ;  and  hence  the  degrees  of  expansion 
become  the  measure  of  the  degrees  of  heat.  Fluids  are 
more  convenient  for  this  purpose  than  solids  ;  and  quick- 
silver is  now  most  commonly  used  for  it.  A  verj^  fine  glass 
tube,  having  a  pretty  large  hollow  ball  at  the  bottom,  is 
filled  about  half  way  up  with  quicksilver :  the  whole  being 
then  heated  very  hot  till  the  quicksilver  rise  quite  to 
the  top,  the  top  is  then  hermetically  sealed,  so  as  perfectly 
to  exclude  all  communication  with  the  outward  air.  Then, 
in  cooling,  the  quicksilver  contracts,  and  consequently  its 
surface  descends  in  the  tube,  till  it  come  to  a  certain  point, 
correspondent  to  the  temperature  or  heat  of  the  air.  And 
when  the  weather  becomes  warmer,  the  quicksilver  expands, 

V©L.  II.  31  and 
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and  its  surface  rises  in  the  tube  ;  and 
again  contracts  and  descends  when  the 
weather  becomes  cooler.  So  that,  by 
placing  a  scale  of  any  divisions  Against 
the  side  of  the  tube,  it  will  show  the 
degrees  of  heat  by  the  expansion  and 
contraction  of  the  quicksilver  in  the 
tube  ;  observing  at  what  division  of  the 
scale  the  top  of  the  quicksilver  stands. 
And  the  method  of  preparing  the  scale, 
as  used  in  England,  is  thus  :— Bring  the 
thermometer  into  the  temperature  of 
freezing,  by  immersing  the  ball  in  water 
just  freezing,  or  in  ice  just  thawing,  and 
mark  the  scale  where  the  mercury  then 
stands,  for  the  point  of  freezing.  Next, 
immerge  it  in  boiling  water  ;  and  the 
quicksilver  will  rise  to  a  certain  height 
in  the  tube;  which  mark  also  on  the 
scale  for  the  boihng  point,  or  the  heat 
of  boiling  water.  Then  the  distance  be- 
tween these  two  points,  is  divided  into 
180  equal  divisions,  or  degrees  ;  and  the 
like  equal  degrees  are  also  continued  to  any  extent  below  the 
freezing  point,  and  above  the  boiling  point.  The  divisions 
are  then  numbered  as  follows  ;  namely  at  the  freezing  point 
is  set  the  number  32,  and  consequently  212  at  the  boiling 
point ;  and  all  the  other  numbers  in  their  order. 

This  division  of  the  scale  is  commonly  called  Fahrenheit's. 
According  to  this  division,  65  is  at  the  mean  temperature  of 
the  air  in  this  country  ;  and  it  is  in  this  temperature,  and  in 
an  atmosphere  which  sustains  a  column  of  30  inches  of  quick- 
silver in  the  baronieter,  that  all  measures  and  specific  gravities 
are  taken,  unless  when  otherwise  mentioned  ;  and  in  this  tem- 
perature and  pressure  the  relative  weights,  or  specific  gravi- 
ties of  air,  water  and  quicksilver,  are  as 

If  for  air  C  and  these  also  are  the  weights  of  a  cu- 

1000  for  water,  I  bic  foot  of  each,  in  avoirdupois  ounces, 

13600  for  mercury  ;  ^in  that  state  of  the  barometer  and  ther- 
mometer. For  other  states  of  the  thermometer,  each  of  the^e 
bodies  expands  or  contracts  according  to  the  following  rate, 
with  each  degree  of  heat,  viz. 

Air  about  -  ^^j  part  of  its  bulk, 
Water  about  ^gVe  P^^^^  ^^  its  bulk, 
Mercury  about  ^V?  P^rt  of  its  bulk. 

ON 


Hosted  by 


Google 


[235] 


ON  THE  MEASUREMENT  OF  ALTITUDES  BY  THE 
BAROMETER  AND  THERMOMETER. 

391.  FROM  the  principles  laid  down  in  the  scholium  to 
prop.  76,  concerning  the  measuring  of  altitudes  by  the  baro- 
meter, and  the  foregoing  descriptions  of  the  barometer  and 
thermometer,  we  may  now  collect  together  the  precept^  for 
the  practice  of  such  measurements,  which  are  as  follow  : 

First,  Observe  the  height  of  the  barometer  at  the  bottom 
of  any  height,  or  depth,  intended  to  be  measured;  with  the 
temperature  of  the  quicksilver,  by  means  of  a  thermometer 
attached  to  the  barometer,  and  also  the  temperature  of  the 
air  in  the  shade  by  a  detached  thermometer. 

Secondly,  Let  the  same  thing  be  done  also  at  the  top  of  the 
said  height  or  depth,  and  at  the  same  time,  or  as  near  the 
same  time  as  may  be.  And  let  those  altitudes  of  barometer 
be  reduced  to  the  same  temperature,  if  it  be  thought  neces- 
sary, by  correcting  either  the  one  or  the  other,  that  is,  aug- 
ment the  height  of  Ae  mercury  in  the  colder  teniperature, 
or  diminish  that  in  the  warmer,  by  its  g^Vo  P^rt  for  every  de- 
gree of  difference  of  the  two. 

Thirdly,  Take  the  difference  of  the  common  logarithms  of 
the  two  heights  of  the  barometer,  corrected  as  above  if  ne- 
cessary, cutting  off  3  6gures  next  the  right  hand  for  decimals, 
when  the  log-tables  go  to  7  figures,  or  cut  off  only  2  figures 
when  the  tables  go  to  6  places,  and  so  on  j  or  in  general  re- 
move the  decimal  point  4  places  more  towards  the  right  hand, 
those  on  the  left  hand  being  fathoms  in  whole  numbers. 

Fourthly.  Correct  the  number  last  found  for  the  difference 
of  temperature  of  the  air,  as  follows  ;  Take  half  tlie  sum  of 
the  two  temperatures,  for  the  mean  one  :  and  for  every  de- 
gree which  this  differs  from  the  temperature  31  «^,  take  so 
many  times  the  ^|^  part  of  the  fathoms  above  found,  and  add 
them  if  the  mean  temperature  be  above  31**,  but  subtract  them 
if  the  mean  temperature  be  below  SI*' ;  and  the  sum  or  dif- 
ference will  be  the  true  altitude  in  fathoms  :  or,  being  multi- 
plied by  6,  it  will  be  the  altitude  in  feet. 

392.  Example  1.  Let  the  state  of  the  barometers  and 
thermometers  be  as  follows  ;  to  find  the  altitude,  viz. 


Barom. 

Thermom. 

attach. 

detach. 

Ans.  the  alt.  is 

Lower29-68 

57 

67 

7 19:i  fathoms 

Upper25-28 

43 

42 

393,  Emm, 
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3^3.  Excm:  2.  To  find  tbe  altitude^  when  the  state  of  the 
barometers  and  thermometers  is  as.  follows,  viz. 


Ans.  the  alt.  is 
409  T%  fathoms, 
or  2468  feet. 


Barom. 

Thermom.       \ 

attach. 

detach. 

Lower29-45 

38 

31 

Upper26-82 

41 

33 

ON  THE  RESISTANCE  OF  FLUIDS,  WITH  THEIR 
FORCES  AND  ACTIONS  ON  BODIES. 

PROPOSITION  LXXVn.         , 

394.  If  any  Body  Move  through  a  Fluid  at  Rest,  or  the  Fluid 
Move  against  the  Body  at  Rest;  the  Force  or  Resistance  of 
the  Fluid  against  the  Body\  'will  he  as  the  Square  of  the  Ve* 
locity  and  the  Density  of  the  Fluid.     That  w,  Kccdv^ . 

For,  the  force  or  resistance  is  as  the  quantity  of  matter  or 
particles  strnck,  and  the  velocity  with  which  they  are  struck. 
But  the  quantity  or  number  of  particles  struck  in  any  time, 
are  as  the  velocity  and  the  density  of  the  fluid.  Therefore 
the  resistance,  or  &rce  of  the  fluid,  is  as  the  flehsity  and 
square  of  the  velocity. 

S9b.  CoroL  1.  The  resisJtance  to  any  plane,  is  also  more 
or  less,  as  the  plane  is  greater  or  less ;  and  therefore  the  re- 
sistance on  any  plane,  is  as  the  area  of  the  plane  a,  the  den*- 
sity  of  the  medium,  and  the  square  of  the  velocity.  That  is, 
RQcadv^, 

396.  Carol.  2.  If  the  motion  be  not  perpendicular,  but 
oblique  to  the  plane,  or  to  the  face  of  the  body ;  then  the 
resistance,  in  the  direction  of  motion,  will  be  diminished  in 
the  triplicate  ratio  of  radius  to  the  sine  of  the  angle  of  incli- 
nation of  the  plane  to  the  direction  of  the  motion,  or  as  the 
cube  of  radius  to  the  cube  of  the  sine  of  that  angle.  So  that 
Vio:adv^s^^  putting  1  =  radius,  and  s  =i=  sine  of  the  angle  of 
inclination  cab. 

For,  if  AB  be  the  plane,  ac  the 
direction  of  motion,  and  bc  perpen- 
dicular to  AC  ;  then  no  more  particles 
meet  the  plane  than  what  meet  the 
perpendicular  Bc,  and  therefore  their 
lii^umber  is  diminished  as  ab  to  bc  o£ 
as  \  to  s.    But  the  force  of  each  par 

tide. 
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tide,  striking  the. plane  obliquely  in  the  direction  ca,  is  also 
diminished  as  ab  to  bc,. or  as  1  to  5  ;  therefore  the  resistance, 
which  is  perpendicular  to  the  face  of  the  plane  hy  art  62,  is 
as  1^  to  S3 .  But  again,  this  resistance  in  the  direction  perpen- 
dicular to  the  face  of  the  plane,  is  to  that  in  the  direction  ac, 
by  art  51,  as  ab  to  bc,  or  as  1  to  s.  Consequently,  on  all  these 
accounts^  the  resistance  to  the  plane  when  moving  perpendi- 
cular to  its  face,  is  to  that  when  moving  obliquely,  as  l^  to  5^^ 
©r  1  to  s3.  That  is,  the  resistance  in  the  direction  of  the 
motion,  is  diminished  as  1  to  5 3,  or  in  the  triplicate  ratio  of 
radius  to  the  sine  of  inclination. 

PROPOSITION  LXXVIir. 

397.  The  ileal  Resistance  io  a  Plane^  by  a  Fluid  acting  in  a. 
Difection  perpendicular  to  its  Face,  is  equal  to  the  Weight 
of  a  Column  of  the  Fluid,  pho^e  Base  is  the  Plane,  and  M- 
titude  eqiwl  to  that  'which  is  due  to  the  Velocity  of  the  Motion, 
or  through  Tifhich  a  Heavy  Body  must  fall  to  acquire  that  Ve- 
locity. 

The  resistance  to  the  plane  moving  through  a  fluid,  is  the 
same  as  the  force  of  the  fluid  in  motion  with  the  same  veloci- 
ty, on  the  plane  at  rest.  But  the  force  of  the  fluid  in  motion , 
is  equal  to  the  weight  or  pressure  which  generates  that  motion  ; 
and  this  is  eqnal  to  the  weight  or  pressure  of  a  column  of  the 
fluid,  whose  base  is  the  area  of  the  plane,  and  its  altitude  that 
which  is  due  to  the  velocity. 

398.  CoroL  1.  If  a  denote  the  area  of  the  plane,  1?  the 

velocity,  »  the  density  or  speciflc  gravity  of  the  fluid,  and 

g  ==  16 J^  feet,  or  193  inches.     Then  the  altitude  due  to  the 

V*  «  v^     anv^ 

velocity  V  being  -— ,  therefore  a  X  »  X  -r-=--: — ^  will  be  the 

whole  resistance,  or  motive  force  r. 

399.  CoroL  2.  If  the  direction  of  motion  be  not  perpen- 
dicular to  the  face  of  the  plane,  but  oblique  to  it,  in  any  an- 
gle, whose  sine  is  s.     Then  the  resistance  to  the  plane  will  be 

— ^V 

400.  CoroL  3.  Also,  if  a?  denote  the  weight  of  the  body, 

whose  plane  face  a  is  resisted  by  the  absolute  force  R  ;  then 

R                anv^ s^ 
the  retarding  force/,  or  ^— will  be ~. 

w  4gw 

401.  CoroL  4\  And  if  the  body  be  a  cylinder,  whose  face 
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ot  ead  is  a,  and  radius  r,  moving  in  the  direction  of  its  axis  ; 
because  then  «  =  1  j  and  a  ~  pr^ ,  where  p  =  3*  1416  ;  then 

^— — -will  he  the  resisting  force  r,  and^— — — the  retarding 

4g  "=*  4gw'  ^ 

force/. 

402.  Cor oL  5.  This  is  the  value  of  the  resistance  when 
the  end  of  the  cylinder  is  a  plane  perpendicular  to  its  axis, 
or  to  the  direction  of  motion.  But  were  its  face  an  elliptic 
section,  or  a  conical  surface,  or  any  other  figure  every  where 
equally  inclined  to  the  axis,  or  direction  of  motion,  the  sine 
or  inclination  beings  :  then,  the  number  of  particles  of  the 
fluid  striking  the  face  being  still  the  same,  but  the  force  of 
each  opposed  to  the  direction  of  motion,  diminished  in  the 
duplicate  ratio  of  radius  to  the  sine  of  inclination,  the  resist- 

mg  force  r  would  be  ^ 

PROPOSITION  LXXIX. 

403.  The  Resistance  to  a  Sphere  moving  through  a  Fluids  is 
but  Half  the  Resistance  to  its  Great  Circle,  or  to  the  End  of  a 
Cylinder  of  the  same  Diameter ^  moving  with  an  Equal  Veh' 
city. 

Let  AFEB  be  half  the  sphere,  moving 
in  the  direction  ceg.  Describe  the  para- 
boloid AiEKB  on  the  same  base.  Let  any 
particle  of  the  medium  meet  the  semicir- 
cle in  F,  to  which  draw  the  tangent  fg, 
the  radius  fc,  and  the  ordinate  fih.  Then 
the  force  of  any  particle  on  the  surface  at 
f,  is  to  its  force  on  the  base  at  h,  as  the 
square  of  the  sine  of  the  angle  g,  or  its 
equal  the  angle  fch,  to  the  square  of  radius,  that  is,  as 
hf2  to  cfs.  Therefore  the  force  of  all  the  particles,  or  the 
whole  fluid,  on  the  whole  surface,  is  to  its  force  on  the  circle 
of  the  base,  as  all  the  hf^  to  as  many  times  eF^.  But  cf^ 
is  =  ca3  =  AC  ;  CB,  and  hf^  =  ah  .  hb  by  the  nature  of  the 
circle  :  also,  ah  .  hb  :  ac  •  cb  :  :  hi  :  ce  by  the  nature  of  the 
parabola ;  consequently  the  force  on  the  spherical  surface,  is 
to  the  force  on  its  circular  base,  as  all  the  hi's  to  as  many  ce's, 
that  is,  as  the  content  of  the  paraboloid  to  the  content  of  its 
circumscribed  cylinder,  namely  as  1  to  2. 

404.  CoroL  Hence,  the  resistance  to  the  sphere  is  r  = 

P^HLJL.^  being  the  half  of  that  of  a  cylinder  of  the  same 
^S  diameter. 
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diameter.  For  example,  a  91b  iron  ball,  whose  diameter  is  4 
inches,  when  moving  through  the  air  with  a  velocity  of  1600 
feet  per  second j  would  meet  a  resistance  which  is  equal  to  a 
weight  of  13%lb,  over  and  above  the  pressure  of  the  atmos- 
phere, for  want  of  the  counterpoise  behind  the  wall. 


PRACTICAL  EXERCISES  CONCERNING   SPECIFIC 
GRAVITY. 

The  Specific  Gravities  of  Bodies  are  their  relative  yreights 
eontained  under  the  same  given  magnitude  ;.  as  a  cubic-  foot, 
or  a  cubic  inch,  &c. 

The  specific  gravities  ©f  several  sorts  of  matter,  are  ex- 
pressed by  the  numbers  annexed  to  their  names  in  the  Table 
of  Specific  Gravities,  at  page  211  ;  from  which  the  numbers 
are  to  be  taken,  when  wanted. 

Note.  The  several  sorts  of  wood  are  supposed  to  be  dry. 
Also,  as  a  cubic  foot  of  water  weighs  just  1000  ounces  avoir- 
dupoisj  the  numbers  in  the  table  express,  not  only  the  specific 
gravities  of  the  several  bodies,  but  also  the  weight  of  a  cubic 
foot  of  each  in  avoirdupois  ounces  ;  and  hence,  by  proportion, 
the  weight  of  any  other  quantity,  or  the  quantity  of  any  other 
weight,  may  be  known,  as  in  the  following  problems. 

PROBLEM  I. 
To  find  the  Magnitude  of  an-g  Body ,  from  its  Weight. 

As  the  tabular  specific  gravity  of  the  body, 
Is  to  its  weight  in  avoirdupois  ounces, 
So  is  one  cubic  foot>  or  1728  cubic  inches, 
To  its  content  in  feet,  or  inches,  respectively. 

:  EXAMPLES. 

Exam.  1.  Required  the  content  of  an  irregular  block  of 
common  stone,  which  weighs  1  cwt  or  1121b. 

_Ans.  1228f  cubic  inches. 

Exam.  2.  How  many  cubic  inches  of  gunpowder  are  there 
in  lib  weight  ?  Ans.  29 J  cubic  inches  nearly. 

Exam.  3.  How  many  cubic  feet  are  there  in  a  ton  weight 
of  dry  oak  ?  Ans.  38}||  cubic  feet. 

PROBLEM 
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PROBLEM  fi[. 
To  Find  the  Weight  of  a  Body  from  its  Magnitude* 

As  one  cubic  foots  or  1728  cubic  inches, 
Is  to  the  content  of  the  body, 
So  is  Hs  tabular  specific  gravity, 
To  the  weight  of  the  body. 

EXAMPLES. 

Exam*  1.  Required  the  weight  of  a  block  of  marble,  whose 
length  is  63  feetj  and  breadth  and  thickness  each  12  feet ; 
being  the  dimensions  of  one  of  the  stones  in  the  walls  of 
Balbeck? 

Ans.  683^  ton,  which  is  neatly  e^ual  to  the  burden 

of  an  East- India  ship. 

Exam.  2.  What  is  the  weight  of  1  pint,  ale  measure,  of 

gunpowder?  Ans.  19  oz  nearly. 

Exam.  3.  What  is  the  weight  of  a  block  of  dry  oak,  which 

measures  10  feet  in  length,  3  feet  broad,  and  2|  feet  deep ; 

Ans.  4335;-|lb, 

PROBLEM  IIL 

.    To  find  the  Specific  Gravity  of  a  Body. 

Case  1.  When  the  body  is  heavier  than  water,  weigh  it 
both  in  water  and  out  of  water,  and  take  the  difference,  which 
will  be  the  weight  Ibst  in  water.     Then  say. 

As  the  weight  lost  in  watef , 

Is  to  the  whole  weight. 

So  is  the  specific  gravity  of  water. 

To  the  specific  gravity  of  the  body. 

EXAMPLE. 

A  piece  of  stone  weighed  lOlb,  but  in  water  only  6|^lb,  re- 
quired its  specific  gravity  ?  Ans.  2609. 

6ase  2.  When  the  body  is  lighter  than  water,  so  that  it  will 
not  quite  sink,  affix  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  compounded  of  the  two  may  sink 
together.  Weigh  the  denser  body  and  the  compound  mass 
separately,  both  in  water  and  out  of  it ;  then  find  how  much 
each  loses  in  water,  by  subtracting  its  weight  in  water  from 
its  weight  in  air ;  and  subtract  the  less  of  these  remainders 
from  the  greater.     Then  say, 

As 
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As  th€  last  remainder^ 
is  to  the  weight  of  the  light  bodj  in  air, 
So  is  Ml esp^ci fie  gravity  of  watejr-, 
To  the  specific  gravity  of  the  bod^?; 

EXAMPLE. 
Suppose  a  piece  of  elm  weighs  t5lb  in  air  ;  and  that  a  piece 
of  copper  which  weighs  181b  in  air,  and  i  61b  in. water,  is  affix- 
ed to  it ,  and  that  the  compon  nd  Weighs  615  In  friater  ;  required 
tbe  specific  gravity  of  the  elm?  AnI,  606l 

PROBLEM  IV. 

To  find  the  Quantities  of  Two' Ingredients ,  in  a  given  Compound, 

Take  the  three  differences  of  every  pair  of  the  three 
specific  gravities^,  nartMy,  the.  ^^cific  gravities  of  the  com- 
pound  and  each  ingredient ;  and  multiply  the  difference  of 
every  two  specific  gravities  by  the  third.  Then  say,  as  the 
greatest  product,,  is  to  the  whole,  weight  of  the  eompound, 
so  is  each  of  the  other  products,  to  the  two  weights  of  the  in- 
gredients. 

;  ■"  •  ^■".  ■./■liXAMPLE. 
A  com|)osition  of  1121b  being  made  of  tin  and   copper, 
whose*  specific  gravity  if  found  to  be  8784;  reqfuired  thfe 
quantity  of  each  ingredient,  the  specific  gravity  of  tin  being 
7320,  and  of  copper  9000  ? 

Ans,  there  is  1001b  of  copper  >  .    ^, 

and  conse^ently   12lb  Of  tin  r^  ^^^^^^P^^^^»^^^ 


OF  TBE  WEIGHT  AND  DIMENSIONS  OF  BALLS  AND 
SHELLS, 

The  weight  and  dimensions  of  Balls  and  Shells  might  be 
found  from  the  problems  last  given,  concerning  specific  gravi- 
ty. But  they  may  be  found  still  easier  by  means  of  the  ex- 
perimented weight  of  a  ball  of  a  given  size,  from  the  known 
proportion  6f  similar  figures,  namely,  as  the  cubes  of  their 
diameters. 

PROBLEM  L 
To  find  the  Weight  of  an  Iron  Ball,  from  its  Diameter, 
An  iron  ball  of  4  inches  diameter  weighs  91b,  and  thi^ 
weights  being  as  the  cube^  of  the  diameterSj  it  will  be,  as ^4 
^OL,  U  32  (which 
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(which  is  the  cube  of  4)  is  to  9  its  weight,  so  is  the  cube  of 
the  diameter,  of  any  other  ball,  to  its  weight.  Or,  take  -^^  of 
the  cube  of  the  diameter,  for  the  weight.  Or,  take  |  of  the 
cube  of  the  diameter,  and  ^  of  that  again,  and  add  the  two 
together,  for  the  weight. 

EXAMPLES. 

Exam.  1 .  The  diameter  of  an  iron  shot  being  6*7  inches, 
required  its  weight  ?  Ans.  42-2941b. 

Exam.  2.  What  is  the  weight  of  an  iron  ball,  whose  diame* 
ter  is  5*64  inches  ?  Ans.  241b  nearly. 

PROBLEM  II. 
To  Jind  the  Weight  of  a  Leaden  Ball. 

A  leadien  ball  of  one  inch  diameter  weighs  -^^  of  a  lb ;  there- 
fore as  the  cube  of  1  is  to  -j^,  or  as  14  is  to  3,  so  is  the  cube 
of  thediameterof  a  leaden  ball,  to  its  weight.  Or,  take  j^^^  of 
the  cube  of  the  diameter,  for  the  weight,  nearly. 

"'     ;  EXAMPLES.;    '' 

Exam.  l.  Required  the  weight  ofa  leaden  ball  of  6 -6  inches 
diameter  ?  Ans.  61'6061b. 

Exam.  2.  What  is  the  weight  of  a  leaden  ball  of  6-30  in- 
ches diameter  ?  Ans.  321b  nearly. 

PRdril^Mill.         * 

To  Jind  the  Diameter  of  an  Iron  Ball. 

Multiply  th€5  weight  by  7^,  and  the  cube  root  of  the  pro- 
duct will  be  the  diameter. 

■■     EXAMPLES.' 

Exam.  1.  Required  the  diameter  of  a  421b  iron  ball  ? 

Ans.  6*685  inches. 
Exam.  2.  What  is  the  diameter  of  a  24lb  iron  ball  ? 

Ans.  5'54  inchies/ 

PROBLEM  IV. 

Tojind  (he  Diameter  of  a  Leaden  Ball. 

Multiply  the  weight  by  14,  and  divide  the  product  by  3 ; 
then  the  cube  root  of  the  quotient  will  be  the  diameter. . 

EXAMPLES. 
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EXAMPLES. 

Exam.  1.  Required  the  diameter  of  a  64lb  leaden  ball  ? 

Ans.  6*684  inches. 
Exam.  2,  What  is  the  diameter  of  an  81b  leaden  ball  ? 

Ans,  3-343  inches. 

PROBLEM  V. 
Tojlnd  the  Weight  of  an  Iron  ShelL 

Take  ^^  of  the  difference  of  the  cubes  of  the  external  and 
internal  diameter,  for  the  weight  of  the  shell. 

That  is,  from  the  cube  of  the  external  diameter,  take  the 
cube  of  the  mternial  diameter,  multiply  the  remainder  by  9, 
and  divide  the  produ^  by  64* 

■       EXAMPLES.  /  \    . 

Exam.  I.  The  outside  diameter  of  an  iron  shell  being  IS-Sj 
and  the  inside  diameter  9'  1  inches  ;  required  it  weight  ? 

Ans.   188-941lb. 
Exam.  2.  What  is  the  weight  of  an  iron  shell,  whose  ex- 
ternal and  internal  diameters  are  9*8  and  7  inches  ? 

Ans.  84ilb, 
PROBLEM  VL 

To  find  how  much  Powder  will  Jill  a  ShelL 

Divide  the  cube  of  the  internal  diameter,  in  inches,  by 
57*3,  for  the  pounds  of  powder. 

EXAMPLES. 

Exam.  1.  How  much  powder  will  fill  the  shell  whose  in- 
ternal diameter  is  9*  1  inches  ?  Ans.  IS^glb  nearly. 

Exam.  2,  How  much  powder  will  fill  a  shell  whose  inter- 
nal  diameter  is  7  inches  ?  Ans.  61b. 

PROBLEM  AIL 

To  find  how  much  Powder  will  fill  a  Rectangular  Box, 
Find  the  content  of  the  box  in  inches,  by  multiplying  the 
length,  breadth,  and  depth  all  together.     Then  divide  by  30 
for  the  pounds  of  powder. 

EXAMPLES. 

Exam.  1.  Required  the  quantity  of  powder  that  will  fill  a 
box,  the  length  being  16  inches,  the  breadth  12,  and  the  depth 
10  inches?  Ans.  601b, 

Exam.  2. 
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EsTAtf.  2.  How  much  ipftwMJ?  -^i'l  fill  a  cubieaj  box  whose 
side  i^  12  inph^  ?  Aqs,  67f}b. 

To  find  %(m  miich  Powde^^ 

Multiply  thie  square  of  the  diameter  by  the  length,  then 
iJivide  bj  38*2  fop  the  pounds  0^  powder. 

ExAJf,  I.  Howf^a^ch  ppwder  wjll  tjie  eyjiadfir  Jigld,  whose 
diameter  is  lOinehe^,  jind  length  2i)  J^ebies  ? 

An?;  52ilb  nearly, 
E^^M.  f.  ^Qw  JMjacli  ppwj^ef- can  b^^^ 
linder  whose  diameter  is  4  inches,  and  length  J2  ipches  ? 

Ans.  5y|ylb. 
■  PROJBLEMIX. 

To  find  l^e  Size  of  a  Shell  to  contain  a  Given  Weight  of  Fors)der^ 

Multiply  the  pounds  of  ppv/der  by  67^3,  and  the  cpbe 
root  of  th0  product  will  be  the  diameter  in  inches, 

Exam.  1.  What  is  the  diameter  of  a  shell  that  will  hold  13  J 
pfpowder?  Ans    9*1  inches. 

Exam.  2.  What  is  the  diameter  of  a  shell  to  contain  61b 
otf  powdep  ?  :  -        Aqs.  7  inches. 

BROBLEMX. 

To  find  thfi  Size  of  a,  CubiciXlBoxio  contain  a  given  Weight  of 
Powder^ 

]VIuLTi?LY  the  weight  in  pounds  by  30,  f^nd  tl^e  eube  root 
of  fhp  product  will  be  the  side  of  the  bo^  in  inches, 

EXAMPLES. 

Exam.  1.  Required  the  side  of  a  cubical  box,  to  hold  601b 
of  gunpowder?  Ans.   U '44  inches. 

Exam.  2.  Required  the  side  of  «i  cubical  box ,  to  hold  40C)lb 
of  gunpowder  ?  Ans.  22-89  inches. 

PROBLEM  XI. 

2'a  find  what  Xjengih  of  a  Cylinder  will  he  filled  by  a  given 
Weight  of  Gunpowder. 

Multiply  the  weight  in  pounds  by  38*2,  and  divide  the 
product  by  the  square  of  the  diameter  in  inches,  for  the 

EXAMPLES. 


'M 
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'examples. 

Exam.  1 .  What  leogtli  of  a  SG-potinder  gun,  of  6f  inches 
il^m^i^r,  will  be  filled  with  l^lb  of  gunpowdex. 

Ads.  10*3  14  inches. 

J3lf A^.  2,  What  length  of  a  e^^linder,  o£  8  inches  diameter, 
tnay  be  filled  with  201b  of  powder  ?        .    Ans,  1  l^f  iijches. 


OF  THE  PILING  o/baLLS  AND  SHELLS, 

Irqn  Balls  and  Shells  are  commoDly  piled  by  horizontal 
<!;ourse3,  either  in  a  pyramidical  oi^ia  a  wedge-like  form  :  the 
base  being  either  an  equilateral  triangle,  or  a  square,  or  q 
rectangle.  In  the  triangle  and  square,  the  pile  finishes  in  a 
single  ball  J  but  in  the  rectangle,  it  finishes  in  a  single  row  of 
balls,  like  an  edge. 

In  triangular  and  square  piles,  the  number  of  horizontal 
row^i,  or  qodrses,  is  always  equal  to  the  number  of  balls  in 
one  side  of  the  bQ^tom  row.  And  in  rectangular  piles,  the 
number  of  rows  is  equal  to  the  number  of  balls  in  the  breadth 
of  the  bottom  row.  Also,  the  number  in  the  top  row,  or  edge, 
is  one  more  than  the  difference  between  the  length  and  breadth 
of  the  bottom  row. 

PROBLEM  I.  : 

ToJindihenumherofBdllsinaTrimgularJPi^^ 

.  Multiply  continually  together  the  number  of  balls  in  one 

«ide  of  the  bottom  row,  and  that  number  increased  by  1,  also 

the  same  number  inci-eased  by  2  ;  then  |  of  the  last  product 

will  be  the  answer, 

^     ,  .    71 ,  n+1  .  «+2  :  ^,       ,    , 

Jlnat  is,  — — — - — — —IS  the  number  or  sum,  where  ;i  is 

.'  --"  ^ ' .'  o 

the  number  in  the  bottom  row. 

'  EXAMPLES. 

Exam.  1.  Required  the  number  of  balls  in  a  triangular  pile, 
each  side  of  the  base  containing  SO  balls  ?  Ans.  4960. 

Exam.  2.  How  many  balls  are  in  the  triangular  pile,  each 
§ide  ^  the  ba^e  containing  20  ?•  Ans.  1540. 

PROBLEM 
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moBjjmn. 


Tofindthe  Number  of  Baits  in  a  Squar^^^ 

MuLPiPLY  continually  together  the  number  in  one  side  of 

the  bottom  course,  that  number  increased  by  1 ,  and  double 

the  same  number  increased  by  1 ;  then  ^  of  the  last  product 

will  be  the  answer. 

-,^^  ,  .     n  .  »+l  .  2»-|-l  .     -  , 

That  IS, — 7-^ — IS  the  number. 

EXAMftjES. 

Exam.  1.  How  many  balls  are  in  a  square  pile  of  30  rows  ? 

Ans.  9455. 
Exam.  S.  How  many  balls  are  in  a  square  pile  of  2Q  rows  ? 

Ans.  2870. 

f^ROBLEM  in. 

To^nd  the  J^itmber  of  Balls  in  a  Rectangular  Pile  o 

From  3  times  the  number  in  the  length  of  the  base  row  sub- 
tract one  less  tbian  the  breadth  of  the  s^e,  multiply  the  re- 
mainder by  the  same  breadth,  and  the  product  by  one  more 
than  the  siame,  and  divide  by  6  for  the  answer. 

^^\:  b.  b+A  ,  3i^b+^  .    .  \i  ,         , .    ,, 

That  IS,  — -- — — - — - — —.  IS  the  number  ;  where  I  is  the 
'     ■  ■■  .        b  ^  ■ 

length,  and  b  the  breadth  of  the  lowest  course. 

JVote,  In  all  the  piles  the  breadth  of  the  bottom  is  equal  to 

the  number  of  courses.     And  in  the  oblong  or  rectangular 

pile,  the  top  row  is  one  more  than  the  difference  between  the 

length  and  breadth  of  the  bottom. 

.     EXAMPLES. 

Ex AMi  1.  Required  the  number  of  balls  in  a  rectangular 
pile,  the  length  and  breadth  of  the  base  row  being  46  and  15  ? 

Ans.  4960. 

Exam.  2.  How  many  shot  are  in  a  rectangular  complete 
pile,  the  length  of  the  bottom  course  being  59,  and  its  breadth 
20?  Ans.  11060. 

PROBLEM  IV. 

To  find  the  f{umber  of  Balls  in  an  Incomplete  Pile » 

From  the  number  in  the  whole  pile,  considered  as  com- 
plete, subtract  the  number  in  the  upper  pile  which  is  want- 
ing 
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iag  at  the  top,  both  computed  by  the  rule  for  their  proper 
form  ;  and  the  remainder  will  be  the  number  in  the  frustum , 
or  incomplete  pile. 

EXAMPLES. 

Exam.  1.  To  find  tfee  number  of  shot  in  the  ificomplete 
triangular  pile,  one  side  of  the  bottom  course  being  40,  and 
the  top  course  20  ?  Ahs,  10150, 

Exam,  2.  How  many  shot  are  in  the  incomplete  triangular 
pile,  the  side  of  the  base  feeing  24,  and  of  the  top  8  ? 

Ans.  2516. 

Exam.  3.  How  many  balls  are  in  the  incomplete  square 
pile,  the  side  of  the  base  being  24,  and  of  the  top  8  ? 

Ans,  4760. 

Exam.  4.  How  many  shot  are  in  the  incomplete  rectangu- 
lar pile,  of  12  courses,  the  length  and  breadth  of  the  base 
being  40  and  20  ?  Ans,  6146. 


OF  DISTANCES  BY  THE  VELOCITY  OF  SOUND 

By  various  experiments  it  has  been  found,  that  sound  flies, 
through  the  air,  uniformly  at  the  rate  of  about  1142  feet  in 
1  second  of  time,  or  a  mile  in  4|  or  y  seconds,,  Arid  there- 
fore, by  proportion,  any  distance  may  be  found  corresponding 
to  any  given  time;  namely,  multiplying  the  given  time,  in 
seconds,  by  1142,  for  the  corresponding  distance  in  feet ;  or 
taking  /_  of  the  given  time  for  the  distance  in  miles.  Or  di- 
viding  any  given  distance  by  these  numbers,  to  find  the  cor^ 
responding  time. 

Note,  The  time  for  the  passage  of  sound  in  the  interval  be* 
tween  seeing  the  flash  of  a  gun,  or  lightning,  and  hearing  the 
report,  may  be  observed  by  a  watch,  or  a  small  pendulum^ 
Or,  it  may  be  observed  by  the  beats  of  the  pulse  in  the  wrists 
counting,  on  an  average,  about  70  to  a  minute  for  persons  in 
moderate  health,  or  5i  pulsations  to  a  mile;  and  more  Or  lesf? 
according  to  circumstances, 

EXAMPLES. 

Exam.  1.  After  observing  a  flash  of  of  lightning,  it  was  12 
seconds  before  the  thunder  was  heard  ;  required  the  distance 
of  the  cloud  from  whence  it  came  ?  Ans^  2^  miles. 

Exam.  2,  How  long,  after  firing  the  Tower  guns,  may  the 

report 
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f^pii^cb&tearfafe  Shooter 's^^  to 

beS  ittilesiii  astcaughtlin^^  v  Aqs»  Jl7|sea)Dds^ 

Exam.  3.  After  observing  the  firing  of  a  large  c^iioii  at  a 
distance,  it  was  7  secoiids  before  ihe  report  Was  heard ;  tthat 
was  its  distance  ?  .      Ans.  1^  miie- 

ExAM.  4.  Perceiving  a  man.  at  a  distance  hewing  down  a 
tree  with  an  axe  *  F  remarked  that  6  of  my^  pulsatiptis  passed 
Between  seeng  him  strike  arid  heMbg  the  report  of  the  bit>w  ; 
what  was  the  distance  between  us,  allowing  70  pulses  to  a; 
minute?  Ans.  1  mile. and  198  yards. - 

Exam.  6.  How  far  ofiF  was  the  eioud  from  which  thande^ 
issued,  whose  report  was  5  pulsations  after  the  flash  of  light- 
ning ;eounting  75  to  a  minute  ?  Ans.  1523  yarda. 

Exam.  6,  If  I  see  the^flash  of  a  cannon,  fired  by  a  ship  in 
distress  at  sea,  and  hear  the.  report  33  seconds  after,  how  far 
is  she  off?  Ans.  7j^^  miles. 


PR At^jrCAL  EXERCISES  IN  MECHANICS,  STATICS, 
HYDROSTATICS,  SOUND,  MOTION,  GH  AVITY.PRO. 
JECTILES^  AND  OTHER  BRANCHES  OF  NATURAL 
PHILOSOPHY. 

Q,UESTioN  1.  Required  the  weight  of  a  cast  iron  ball. of  3 
inches  diameter,  supposing  the  weight  of  a  cubic  inch  of  thcj 
metal  tp  be  0-258lb  avoirdupois  ?  Ans.  3^647391b. 

Q,aEST.  2.  To  determine  the  weight  of  a  hollow  spherical 
iron  shell,  5  inches  in  diameter,  the  thickness  of  the  metal 
being  pne  inch  ?  Ans.   l3-2387lb. 

QjJEST.  3.  Being  one  day  Ordered  to  observe  how  far  a 
Dattery  of  cannon  was  from  me,  I  counted,  by  my  watch j  17 
seconds  between  the  time  of  seeing  the  flash  and  hearing  the 
report ;  what  then  was  the  distance  ?  Ans.  3-|  miles. 

Quest.  4*  It  is  proposed  to  determine  the  proportional 
quantities  of  matter  in  the  earth  and  moon  ;  the  density  of  the 
former  being  to  that  of  the  latter,  as  10  to  7,  and  their  diame- 
ters as  7930  to  2160.  Ans.  as  7  Itol  nearly. 

Quest.  5.  What  difierenee  Js  there,  in  point  of  weight, 
between  a  block  of  marblOv  containing  1  cubic  foot  and  a  half, 
and  another  of  brass  of  the  same  dimensions  ? 

Ans.  4961b  14oz. 

Quest,  6  In  the  walls  of  Balbeeic  in  Turkey ,  the  ancient 
lieUopolis,  there  are  three  stones  laid  end  to  end,  now  in  sight, 

that 
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that  measure  in  length  6\  yards  5  one  of  which  in  particular 
is  21  jards  or  63  feet  long,  12  feet  thick,  and  12  feet  broad  : 
now  if  this  block  be  marble,  what  power  would  balance  it,  so 
as  to  prepare  it  for  moving  ? 

Ans.  683y7g  tons,  the  burden  of  an  East-India  ship^ 

QjUEST.  7.  The  battering-ram  of  Vespasian  weighed,  sup- 
pose 1 0,000  pounds ;  and  was  moved,  let  us  ad.iiit,  with  sucih 
a  velocit} ,  by  strength  of  hand,  as  to  pass  through  ^0  feet  in 
one  second  of  time  ;  and  this  was  found  sufficient  to  demoHsh 
the  walls,  of  Jerusalem.  The  question  is,  with  what  velocity 
a  321b  ball  must  move,  to  do  the  same  execution  ? 

•  Ans.  6250  feet 

Quest.  8.  There  are  two  bodies,  of  which  the  one  contains 
25  times  the  matter  of  the  other,  or  is  26  times  heavier  ;  but 
the  less  moves  with  lOOO  tipaes  the  velocity  of  the  greater; 
in  whatproportionthen  are  the  momenta,  or  forces,  with  which 
they  moved  ?  •  ^ 

Ans.  the  less  moves  with  a  force  40  times  greater. 

Quest.  9.  A  body,  weighing  201b,  is  .impelled  by  such  a 
force,  as  to  sendiit  through  a  100  feet  in  a  second  ;  with  what 
velocity  then  would  a  body  of  8Ib  weight  move,  if  it  were 
impelled  by  the  same  force  ?  Ans.  250  feet  per  second. 

Qt;est.  10;  There  are  two  bodies,  the  one  of  which  weighs 
1001b,  the  other  60  ;  but  the  less  body  is  impelled  by  a  force 
8  times  greater  than  the  other  ;  the  proportion  of  the  veloci-^ 
ties,  with  which  these  bodies  move,  is  required  ? 

Ans.  the  veldeity  of  the  greater  to  that  of  the  less^  as  3  to  40. 

Quest.  H:  There  are  two  bodies,  the  greater  contains  8 
times  the  quantity  of  matter  in  the  less,  and  is  moved  with  a 
force  48  times  greater  ;  the  ratio  of  the  velocities  of  these 
two  bodies  is  required  ? 

Ans.  the  greater  is  to  the  less,  as  6  to  L 

Quest.  12.  There  are  two  bodies,  one  of  which  moves  40 
times  swifter  than  the  other  ;  but  the  swifter  body  has  moved 
only  one  minute,  whereas  th|;  other  has  been  in  motion  2 
hours  :  the  ratio  of  the  spaces  described  by  these  two  bodies 
is  required  ? 

Ans.  the  swifter  is  to  the  slower,  as  1  to  3. 

Quest.  13.  Supposing  one  body  to  move  30  times  swifter 
than  another,  as  a'so  the  swifter  to  move  12  minutes,  the  other 
only  1  :  whaf  diifereuce  will  there  be  between  the  spaces 
described  by  them,  supposing  the  last  bas  moved  b  feet  ? 

^  Ans.    1795  feet. 

Quest.  14.  There  are  two  bodies,  the  one  of  which  has 
passed  over  50  miles,  the  other  only  5  ;  and  the  first  had 

Vol.  IL  33  «ioved 
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fiiOted  with  5  times  the  celerity  of  the  second  ;  what  is  the 
ratio  6f  the  times  they  have  heen  in  describing  those  spaces  ? 

Ans.  as  2  to  1. 

Quest.  15v  If  a  lever,  40  eflfective  inches  long,  Will,  by  a 

gertkin  power  thrown  successively  on  it,  in  13  h on rs,  raise  a 

weight  104  feet ;  in  what  tkiie  will  two  other  levers j  each  18 

effective  inches  lon^  raise  an  equal  Weight  73  feet  ? 

-  Ans.  10  hours  8J  minutes. 

Quest.  16.  What  weight  will  a  nian  be  able  to  raise,  who 
presses  with  the  force  of  a  hundred  and  a  half,  on  the  end  of 
an  equipoised  handspike,  100  inches  long;  meeting  with  acoa- 
venieht  prop  exactly  7^  inches  from,  the  lower  end  of  the  ma- 
chine ?  ^'.  Ans.  20721b. 
.  Que^t  17.  A  weight  of  1 1  lb,  raid  on  the  shoulder  of  a  man, 
is  no  greater  burden  to  him  than  its  absolute  weight,  or  24 
Ounces  :  what  difference  will  he  feel  between  the  ^aidvi^eight 
applied  near  his  ell)ow,  at  12  inches  from  the  shoulder,  and  in 
the  palni  of  his  hand,  28  inches  from  the  same ;  and  how  much 
more  must  his  muscles  then  draw  to  support  it  at  right  angles, 
that  is,  having  his  arm  stretched  right  out  ? 

■  Ans.  24lb  avoirdupois. 

-  QjtjESTV  18.  What  weight  hurig  on  at  70  inches  from  the 
centre  of  motion  of  a  steel -yard  will  balance  a  small  gun  of 
91.  cwt,  freely  suspended  at  2  inches  distance  from  the  said 
centre  on  the  contrary  side  ?  Ans.  SOflb. 

Quest.  VX  It  is  proposed  to  divide  the  beam  of  a  steel- 
yard, or  to  find  the  points  of  division  where  the  weights  of 
1,  2,  3,  4,  &c.  lb,  on  the  one  side,  will  just  balance  a  constant 
weight  of  9dlb  at  the  distance  of  2  inches  on  the  other  side 
of  the  fulcrum  ;  tte  Weight  of  the  beam  being  lOiby  and  its 
whole  length  32  inches  ? 

Ans.  30,  15,  10,  7i,  6,.  5,  4f ,  3f ,  31,  S,2-fy;  2^,  &g. 
Quest.  20.  Tw^o  naeri  carrying  a  burden  of  2001b  weight 
between  them,  bung  on  a  pole,  the  ends  of  which  rest  on  their 
shoulders  ;  how  much  of  this  load  is  borne  by  eagh  man.  the 
weight  hanging  6  inches  from  the  middle,  and  the  whole  length 
of  the  pole  being  I  feet?    ^  Ans.   1261b  and  76lb, 

Quest.  21.  If,  in  a  pair  of  scales,  a  body  weigh  90lb  in 
one  scale,  and  only  40lb  in  theother  ;  required  its  true  weight, 
and  the  proportion  of  the  len2;ths  of  the  two  arms  of  the  ba- 
lance beam,  on  eachi?ide  of  the  point  of  suspension  ? 

Ans.  the  weight  6Dlb.  and  the  proportion  3  to  2. 

Quest.  22.  To  find  the  weight  of  a  beam  of  timber,  or 

other  body,  by  means  of  nfian's  own  weight,  or  any  other 

weight.     For  instance,  a  piece  of  tapering  timber,  24  feet 

l©ng,  being  laid  over  a  prop,  or  the-  edge  of  another  beani. 
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is  found  to  balance  itself  when  tbe  prop  is  13  feet  from  the 
less  end  ;  but  removing  the  prop  a  foot  nearer  to  the  said  €tnd, 
it  takes  a  man's  weight  of  21  Oft,  standing  on  the  Jess  end,  to 
hold  it  in  equilibrium.     Reqaired  the  weight  of  the  tree  ? 

Ans.  25201k 

Quest*  23.  If  ab  be  a  cane  or  walking-stick,  40  inches 
lopg,  suspended  by  a  string  so  fastened  to  the  middle  point  d  : 
now  a  body  being  hung  on  at  e,  6  inches  distance  from  d,  is 
balanced  by  a  weight  of  21b,  hung  on  at  the  larger  end  a  ;  but 
removing  the  body  to  f,  one  inch  nearer  to  d,  the  21b  weighs 
on  the  other  side  is  moved  to  g,  within  8  inches  of  d,  before 
the  cane  will  rest  in  equilibria.  Required  the  weight  of  the 
body"?  Ans.  24lb. 

Quest.  24.  If  ab,  bc  be  two  inclined  planes,  of  the  lengths 
of  30  and  40  inches,  and  moveable  about  the  joint  at  b  :  what 
will  be  the  ratio  of  two  weights  p,  q,  in  equilibrio  on  the  planes, 
m  all  positions  of  them  :  and  what  will  be  the  altitude  bd  of 
the  angle  b  above  the  horizontal  plane  ac,  when  this  is  50 
inches  long?    ~^ 

Ans.  BD=^24  ;  and  p  to  q,  as  ab  to  bc,  or  as  3  to  4, 

Quest.  25,  A  lever,  of  6  -feet  long,  is  fixed  at  right  angles 
in  a  screw,  whose  threads  are  i  inch  asunder,  so  that  the 
lever  turns  just  once  round  in  raising  or  depressing  the  screw 
one  inch.  If  then  this  lever  be  urged  by  a  weight  or  force 
of  501b,  with  what  force  will  the  screw  press  ? 

Ans.  226 19 Jib. 

Quest.  26.  Ifanian  can  draw  a  weight  of  1501b.  up  the 
side  of  a  perpendicular  wall,  of  20  feet  high  ;  what  weight 
will  he  be  able  to  raise  along  a  smooth  plank  of  30  feet  long, 
laid  aslope  from  the  top  of  the  wall  ?  Ans.  2251b. 

-Quest.  27,  If  a  force  of  1501b  be  applied  on  the  head  of 
a  rectangular  wedge,  it$  thickness  being  2  inches,  and  the 
length  of  its  side  12  inches  ;  what  weight  will  it  raise  or  ba- 
lance perpendicular  to  its  side  ?  Ans.  9001b. 

Quest.  28.  If  a  round  pillar  of  BO  feet  diameter  be  raised 
on  a  plane  inclined  to  the  horizon  in  an  angle  of  75°,  or  the 
shaft  inclining  15  degrees  out  of  the  perpendicular :  what 
length  will  it  bear  before  it  overset  ? 

Ans.  30  (2+y^3)  or  lll-96r5feet. 

Quest.  29.  If  the  greatest  angle  at  which  a  bank  of  natu- 
ral earth  will  stand  be  45**  ;  it  is  proposed  to  determine  what 
thickness  an  upright  wall  of  stone  must  be  made  throughout, 
JQst  to  support  a  bank  of  12  feet  high  ;  the  specific  gravity  of 
the  stone  being  to  that  of  earth,  as  5  to  4. 

Ans.   4_3^i^or4-29325feet. 

Quest.  30.  If  the  stone  wall  be   made  like  a  wedge^  ^ or 

ha  ing 
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having  its  upright  section  a  triangle,  tapering  to  a  point  at 
top,  hut  its  side  next  the  bank  of  earth  perpendicular  to  the 
horizon  ;  what  is  its  thickness  at  the  bottom,  so  as  to  support 
the  same  bank  ?  Ans.  12^/1  or  6-36656  feet- 

Quest.  31,  But  if  the  earth  will  only  stand  at  an  angle  of 
30  degrees  to  th6  horizontal  line  ;  it  is  required  to  determine 
the  thickness  of  wall  in  both  (he  preceding  cases? 

Ans.  the  breadth  of  the  rectangle  12  ^|,  or  5-36656, 
but  the  base  of  the  triangular  bank  1  ^^j\,  or  6-53667. 

Quest.  32.  To  find  the  thickness  of  an  upright  rectangu- 
lar wall,  necessary  to  support  a  body  of  water ;  the  water 
being  10  feet  deep,  and  the  wall  12  feet  ygh  ;  also  the  spe- 
cific gravity  of  the  wall  to  that  of  the  water  as  1 1  to  7. 

Ans,  4-204374  feet. 

Quest.  33.  To  determine  the  thickness  of  the  wall  at  the' 
bottom,  when  the  section  of  it  is  triangular,  and  the  altitudes 
as  before.  Ans.  5*1492866  feet. 

Quest.  34.  Supposing  the  distance  of  the  earth  from  the 
sun  to  be  95  millions  of  niiles  ;  I  would  know  at  what  distance 
from  him  another  body  must  be  placed,  so  as  to  receive  light 
and  heat  quadruple  to  that  ojf  the  earth  ?    . 

Ans.  at  half  the  distance,  6r  47i  millions. 

Quest.  35.  If  the  mean  distance  of  the  ^un  from  us  be 
106  of  his  diameters  ;  how  much  hotter  is  it  at  the  surface  of 
the  sun,  than  under  our  equator  ? 

Ans.  1 1236  tiroes  hotter. 

Quest.  ^6,  The  distance  between  the  earth  and  .the  sun 

being  accounted  95  millions  of  miles,  and  between  Jupiter  and 

the  sun  495  millions  ,  the  degree  of  light  and  beat  received 

by.  Jupiter,  compared  with  that  of  the  earth,  is  required  ? 

»  Ans.  ojVt'^^  ^^^rfy  2V  ^f  ^^®  earth's  light  and  heat. 

Quest,  37.  A  certain  body  on  the  surface  of  the  earth 
weighs  a. cwt.  or  H2lb;  the  question  is  whither  this  body 
must  be  carried,  that  it  may  weigh  only  101b  ? 

Ans.  either  at  3-3466  semi-diameters,  or  5%  of 

a  semi-diameter,  from  the  centre. 

Quest.  38.  If  a  body  weigh  1  pound,  or  Ji 6  ounces,  on  the 

surface  of  the  earth  ;  what  will  its  weight  be  at  50  miles 

above  it,  taking  the  earth's  diameter  at  7920  miles  ? 

Ans.   15oz.9f  dr.  nearly. 

Quest.  39.  Whereabouts,  in  the  line  between  the  earth 

and  moon,  is  their  common  centre  of  gravity  ;  supposing  the 

earth's  diameter  to  be  7920  miles,  and  the  moon's  2160;  also 

'  ' '•■'■•■-••  j.^^ 
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the  density  of  the  former  to  that  of  the  latter,  as  99  to  68,  o? 
as  10  to  7  nearlj^  and  their  mean  distance  30  of  the  earth's 
diameters  ?  Ans.  633-65  miles  below  the  surface  of  the  earth. 

Quest.  40.  Whereabouts,  between  the  earth  and  moon, 
are  their  attractions  equal  to  each  ofher  ?  Or  where  must 
another  body  be  placed,  so  as  to  remain  susjjended  in  equi- 
librio,  not  being  more  attracted  to  the  one  than  to  the  other  or 
having  no  tendency  to  fall  either  way  ?  their  dimensions  being 
as  in  the  last  question^ 

Ans.  From  the  earth's  centre  26-8  /of  the  earth's 
From  the  moon's  centre    3-2^       diameters. 

QuiiST.  41.  Suppose  a  stone  dropt  into  an  abyss,  should  be 
stopped  at  the  end  of  the  1 1th  second  after  its  dehvery  ;  what 
space  woul^  it  have  gone  through  ?  Ans.  1946^2^  feet. 

Qu^sT.  42.  What  is  the  difference  between  the  depths  of 
two  wells,  into  each  of  which  should  a  stone  be  dropped  at 
the  same  instant,  the  one  will  strike  the  bottom  at  6  seconds 
the  other  at  10  ?  Ans.  1029|  feet. 

QjUEST.  43.  If  a  stone  be  19i  seconds  in  descending  from 
the  top  of  a  precipice  to  the  bottom,  what  is  its  height  ? 

Ans.  6115|ifeet. 

Quest.  44.  In  what  time  will  a  musket  ball,  dropped  from 
the  top  of  Salisbury  steeple,  said  to  be  400  feet  high,  reach 
the  bottom?  Ans.  6  seconds  nearly. 

Quest.  46.  If  a  heavy  body  be  observed  to  fall  through 
100  feet  in  the  last  second  of  time,  from  what  height  did  it 
fall,  and  how  long  was  it  in  motion  ? 

Ans.  time  3|||  sec.  and  height  209||f  |  feet. 

Quest.  46.  A  stone  being  let  fall  into  a  well,  it  was  observ- 
ed that,  after  being  dropped,  it  was  10  seconds  before  the 
sound  of  the  fall  at  the  bottpm  reached  the  ear.  What  is  the 
depth  of  the  well  ?  Ans.  1270  feet  nearly. 

Quest.  47.  It  is  proposed  to  determine  the  length  of  a 
pendulum  vibrating  seconds,  in  the  latitude  of  London,  where 
a  heavy  body  falls  through  16^^  feet  in  the  first  second  of  time  ? 

Ans.  39  11  inches. 
By  experiment  this  length  is  found  to  be  39|^  inches: 

Quest.  48o 
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Q,U£sy.'  4Bw  What  is  ihe  length  of  a  pendulupa  yibrating  ju 
2  secQDids  :  lalso  in  half  a  seiqond,  an4  in  a  tji;iart^JF  second  ? 
/  An3.  the  2  seeopd  pendulum  1561^ 

the  1^  second  pendulum      9|f 
the  i  second  pendulum      2y\\  inches. 
•     •     ■ 
%JEST.  49.  Whatdifference  wilF there  be  in  thie  number  of 
vibrations,  made  bj  a  pendulum  of  6  inches  long,  and  another 
of  12  inehes  long,  in  an  hour's  time  ?  Ans.  26921, 

Quest.  50.  Observed  that  while  a  stone  was  descending, 
to  measure  the  depth  of  a  well,  a  string  and  plummet,  that 
from  the  point  of  suspension,  or  the  place  where  it  was  held, 
to  the  centre  of  oscillation,  measured  just  18  inches,  had  tnade 
8  vibrations,  when  the  sound  from  the  bottom  returned.  What 
was  the  depth  of  the  well  ?  Ans.  412-61  feet 

Quest,  51.  If  a  ball  vibrate  in  the  arcb  of  a  circle,  10  de- 
grees on  each  side  of  the  perpendicular  j  or  a  ball  roll  down 
the  lowest  K)  degrees  of  the  arch  ;  required  the  velocity  at 
the  lowest  point?  the  radius  of  the  circle,  or  length  of  the 
pendulum,  being  20  feet.  Ans.  4-4213  feet  per  second. 

Quest.  52.  If  a  ball  descend  down  a  smooth  inclined 
plane,  whose  length  is  lOO  feet,  and  altitude  10  feet ;  how 
long  will  it  be  in  descending,  and  what  will  be  the  last  velo- 
city ? 

Ans.  the.veloc*  25*364  feet  per  sec.  and  time  7-8852  sec. 

Quest.  53.  If  a  cannon  ball,  of  Hb  weight,  be  fired  against 
a  pendulous  block  of  wood,  and  striking  the  centre  of  oscilla- 
tion, cause  it  to  vibrate  an  arc  whose  chord  is  30  inches  ;  the 
radius  of  that  arc,  or  distance  from  the  axis  to  the  lowest  point 
of  the  pendulum  being  1 18  inches,  and  the  pendulum  vibrating 
in  small  arcs  40  oscillation*  per  minute.  Required  the  velo- 
city of  the  ball,  and  the  velocity  of  the  centre  of  oscillation 
of  the  pendulum,  at  the  lowest  point  of  the  arc;  the  whole 
weight  of  the  pendulum  being  500lb  ?  *. 

Ans.  veloc.  ball  1 956*6054  feet  per  sec. 
and  veloc.  cent,  oscil.  3-9054  feet  per  sec. 

Quest.  54.  How  deep  will  a  cube  of  oak  sink  in  common 
water  ;  each  side  of  the  cube  being  1  foot? 

Ans.  Uy^^  inches. 

Quest.  55.  How  deep  will  a  globe  of  oak  sink  in  water  ; 
the  diameter  being  1  foot  ?  Ans.  9-9867  inches. 

Quest. 


Hosted  by  Google 


IN  NATURAL  PHILOSOPHY.  2&5 


y 


QSESi*.  66.  If  a  cube  of  wood,  floating  in  common  writer^ 
have  three  inches  of  it  dry  above  the  vVater,  and  4yf  3^  inches 
dry  when  in  sea  water  ;  it  is  proposed  to  determine  the  mag- 
nitude of  the  cube,  and  what  sort  of  wood  it  is  made  of? 

Ans.  the  wood  is  oak,  and  each  side  40  incheso 

Quest.  57.  An  irregular  piece  oi  lead  ore  weighs,  in  air 
12  ounces,  but  in  water  only  7  ;  and  another  fragment  weighs 
in  air  14^  ounces,  but  in  water  only  9  ;  required  their  com- 
parative densities,  or  specific  gravities  ? 

Ans.  as  145  to  13^» 

Quest.  68.  An  irregular  fragment  of  glass,  in  the  scales, 
weighs  171  grains,  and  another  of  nbagnet  10^  grains  ;  but  iii 
water  the  first  fetches  up  no  more  than  120  grains,  and  the 
other  79  :  what  tiien  will  their  specific  gravities  turn  out  to 
be  ?  Ans.  glass  to  magnet  as  3933  to  5202, 

or  nearly  as  10  to  13. 

Quest.  69.  Hiero,  king  of  Sicily,  ordered  his  jeweller  to 
make  him  a  crown,  containing  63  ounces  of  gold.  The  work- 
inen  thought  that  substituting  part  silver  was  only  a  proper 
perquisite  ;  which  taking  air,  Archimedes  was  appointed  Xo 
examine  it ;  who  on  putting  it  into  a  vessel  of  water,  found 
it  raised  the  fluid  8*2245  cubic  inches  :  and  having  discover- 
ed that  the  inch  of  gold  more  critically  weighed  1036  ounces, 
and  that  of  silver  but  5*85  ounces,  he  found  by  calculatioa 
what  part  of  the  king's  gold  had  been  changed.  And  you  are 
desired  to  repeat  the  process. 

Ans.  28-8  ounces. 

QtJEST.  60,  Supposing  the  cubic  inch  of  common  glass 
weigh  1-4921  ounces  troy,  the  same  of  sea-water  •59542,  and 
of  brandy  -5368  ;  then  a  seaman  having  a  gallon  of  this  li- 
quor in  a  glass  bottle,  which  weighs  3-84lb  out  of  water,  and, 
to  conceal  it  from  the  officers  of  the  customs,  throws  it  over- 
board. It  is  proposed  to  determine,  if  it  will  sink,,  how  much 
force  will  just  buoy  it  up  ?  Ans.   14-1496  ounces. 

Quest.  ^\,  Another  person  has  half  an  anker  of  brandy 
of  the  same  specific  gravity  as  in  the  last  question  ;  the  wood 
of  the  cask  suppose  measures  |  of  a  cubic  foot ;  it  is  propos- 
ed to  assign  what  quantity  of  lead  is  just  requisite  to  keep  the 
cask  and  liquor  under  water  ?  Ans.  89-743  ounces. 

Quest.  62.  Suppose,  by  measurement,  it  be  found  that  a 
man-of-war,  with  its  ordinance,  rigging,  and   appointments, 

sinks 
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sinks  go  deep  as  to  displace  50000  cubic  feet  of  fresh  water  ; 
what  fe^  the  whole  weight  of  the  vessel  ? 

Ans.  1395yV<:o«^» 

Quest.  63.  It  is  required  to  determine  what  would  be  the 
height  of  the  atmosphere,  if  it  were  every  where  of  the 
same  density  as  at  the  surface  of  the  earth,  when  the  quick- 
silver in  the  baroncieter  stands  at  30  inches  ;  and  also,  what 
would  be  the  height  of  a  water  barometer  at  the  same  time  ? 
Ans.  height  of  the  air  291661  ifeet,  Or  5  6240  miles, 
height  of  water  35  feet. 

Quest.  64.  With  what  velocity  wojald  each  of  those  three 
fluids,  viz.  quicksilver,  water,  and  air,  issue  tbrough  a  small 
orifice  in  the  bottom  of  vessels,  of  the  respective  heights  of 
30  inches,  35  feet,  and  5-5240  pailes,  estimating  the  pressure 
by  the  whole  altitudes,  and  the  air  rushing  into  a  vacuum  ? 

Ans.  the  veloc.  of  quicksilver  1 2*68 1  feet, 
the  veloc.  of  water      -     47-447 
'  the  veloc.  of  air    -     -     1369'8 

Quest.  60.  A  very  large  vessel  of  10  feet  high  (no  matter 
what  shape)  being  kept  constantly  full  pf  water- by  a  large 
supplying  cock  at  the  top  ;  if  9  small  circular  holes,  each  | 
of  an  inch  diameter,  be  opened  in  its  perpendicular  side  at 
every  foot  of  the  depth  :  It  is  required  to  determine  the  se- 
veral distances  to  which  they  will  spout  on  the  horizontal 
plane  of  the  base  and  the  quantity  of  water  discharged  by  all 
of  them  in  10  minutes  ; 


Ans,  the  distances  are 

^36    or 

6-00000 

^/M    - 

8-00000 

^84     - 

9- 16515 

-v/96     - 

9-79796 

-v/lOO  . 

10-00000 

V'96     - 

9-79796 

^84     - 

9-16515 

^64     - 

8-80000 

-v/3.6     - 

6-00000 

and  the  quantity  discharged  in  10  min.  123-8849  gallons.      . 

JSfote.  In  this  solution,  the  velocity  of  the  water  is  supposed 
to  be  equal  to  that  which  is  acquired  by  a  heavy  body  in  fall- 
ing through  the  whole  height  of  the  water  above  the  orifice, 
and  that  it  is  the  same  in  every  part  of  the  holes. 

^  Quest. 
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Quest.  66.  If  the  inner  axis  of  a  hollow  globe  of  copper, 
exhaustedof  air,  be  100  feet ;  what  thickness  must  it  be  of, 
that  it  may  just  float  in  the  air  ? 

An&.  -02688  of  an  inch  thick. 

Quest.  67i  If  a  spherical  balloon  of  copper,  of  ylo  ofsLU 
inch  thick,  h^ve  its  carity  of  100  feet  diameter,  and  be  filled 
with  inflammable  air,  of  ^^^  of  the  gravity  of  common  air, 
what  weight  will  just  balance  it,  aind  prevent  it  from  rising  up 
into  the  atmosphere  ?  Ans.  212731b. 

Quest.  68.  If  a  glass  tube,  36  inches  long,  close  at  top  be 
sunk  perpendicularly  into  water,  till  its  lower  or  open  end  be 
30  inches  below  the  surface  of  the  water ;  how  high  will  the 
water  rise  within  the  tube,  the  quicksilver  in  the  common  ba- 
rometer a;t  the  same  time  standing  at  2  9^  inches  ? 

Ans.  2-26545  inches. 

Quest.  69.  If  a  diving  bell,  of  the  form  of  a  parabolic  co- 
noid, be  lot  down  into  the  sea  to  the  several  depths  of  6,  10, 
15,  and  20  fathoms ;  it  is  required  to  assign  the  respective 
heights  to  which  the  wrater  will  rise  within  it ;  its  axis  and  the 
diameter  of  its  base  being  each  8  feet,  and  the  quicksilver  ia 
the  barometer  standing  at  30'9  inches  ? 

Ans.  at    5  fathoms  deep  the  water  rises  2*03646  feet, 
at  10         -         -         -         .  3-06393 

at  15         -         -         •.         .  3-70^267 

at  20         -         -         .        ^  4-14653 


Vol.  11,  34  ON 
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ON  THE  NATURE  AND  SiOLUTION  OF  EQUAtlONS 
IN  GENERAL. 


1.  Iw  order  to  investigate  the  general  prpiferties  of  the 
higher  equations,  let  there  be  assumed  between  an  unknown 
quantity  X,  and  given  quantities  a,  h^  c,  c?,  an  equation  consti- 
tuted of  the  continued  product  of  uniform  factors  :  thus 

(a--a)  X  (a;-^&)  X  (x^c)  X  (a;— ^)  =0. 
This,  by  performing  the  multiplications,  and  arranging  the 
final  product  according  to  the  powers  or  dimensions  of  x,  be- 
comes     ' 

I  a;3 -j.ctJ  N  x^—abc  "^  »  4"  «^cd  =  0.  .  .  .  (A) 
-{-ac  I      — abd 
4- ad  V     — ctcd 
+hc  {     ^hcd 

+bd  V 

'Now  it  is  obvious  that  the  assemblage  of  terms  which  compose 
the  first  side  of  this  equation  may  become  equal  to  nothing  in 
four  different  ways  ;  namely,  by  supposing  either  «=  a,  or 
X  =  &,  or  a?  ==  c,  or  x  =  dy  for  in  either  case  one  or  other 
of  the  factors  a?— a,  x— 6,  ?^— <^3  a?— J,  willc  be  equal  to  no- 
thing;, and  nothing  multiplied  by  any  quantity  whatever  will 
^ve  nothing  for  the  product.  If  any  other  value  c  be  put 
for  ar,  then  none  of  the  factors  e— a,  e-r6,  e— c,  e— d,  being 
equal  to  nothing,  their  continued  product  cannot  be  equal  to 
nothing.  There  are  therefore,  in  the  proposed  equation,  four 
roots  or  values  of  a; ;  and  that  which  characterizes  these  roots 
is,  that  on  substituting  each  of  them  successively  instead  of  x, 
the  aggregate  of  the  terms  of  the  equation  vanishes  by  the 
opposition  of  the  sighs  +  and—. 

The  preceding  equation  is  only  of  the  fourth  power  or  de- 
gree ;  but  it  is  manifest  that  the  above  remark  applies  to  equa- 
tions of  higher  or  lower  dimensions  :  viz.  that  in  general  an 
equation  of  any  degree  whatever  has  as  many  roots  as  there 
are  units  in  the  exponent  of  the  highest  power  of  the  un- 
known quantity,  and  that  each  root  has  the  property  of  ren- 
dering, by  its  substitution  in  place  of  the  unknown  quantity, 
the  aggregate  of  alL  the  terms  of  the  equation  equal  to  no- 
thing. - 

It  must  be  observed  that  we  cannot  have  all  at  once  a:  =  o, 
ic  =  &,^«r  =  c,  &c.  for  the  roots  of  the  equation  ;  but  that  the 
particular  equations  x  ^  a  =  0,  a;— 6=s  0,  a:;  —  c  =  0,  &g. 
obtain  only  in  a  disjunctive  sense.    They  exist  as  factors  in 

th^ 
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the  same  equation,  because  algebra  gives,  by  one  and  the  same 
formula,  not  only  the  solution  of  the  particular  problem  from 
which  that  formula  may  have  originated,  but  also  the  solution 
of  all  problems  which  have  similar  conditions.  The  different 
roots  of  the  equation  satisfy  the  respective  conditions  :  and 
those  roots  may  differ  from  one  another,  by  their  quantity^ 
and  by  their  woie  of  existence. 

It  is  true,  we  say  frequently  that  the  roots  of  an  equation 
arex  =  a,  a;  ==  b,  x=^Cy  &c.  as  though  those  values  of  a; 
existed  conjunctively  ;  but  this  manner  of  speaking  is  an  ab- 
breviation, which  it  is  necessary  to  understand  in  the  sense 
explained  above. 

2.  In  the  equation  a  all  the  roots  ^re  positive  ;  but  if  the 
factors  which  constitute  the  equation  had  been  re  4-  UyX  +  by 
X  -^  CfX  +  d,  the  roots  would  have  been  negative  or  sub- 
tractive.     Thus 

+ab^x^   +ahc  \  a;+a6ci=:0.  .  .  .  (B) 

-j-bcf       -^-hcd 

+bd\ 

-^cd) 
has  negative  rdots,  those  roots  being  x  =^  '-  a,x  ==  — .  i>, 
a?  ==  —  CyX  =  -^  di  and  here  again  we  are  to  apply  them 
disjunctively. 

3.  Some  equationsi  have  their  roots  in  part  positive,  in  part 
negative.     Such  is  the  following  : 

sc^-^a\  x^A-O'h^  x+abc=^0.  .  ........  (C) 


Here  are  the  two  positive  roots,  viz.  x  =  a,  x  =  b  ;  and  one 
negative  root,  viz.  a;  =  —  c  :  the  equation  being  constituted 
of  the  continued  product  of  the  three  factors,  x^a=^0,  x-^h 
=0,  a;4-c=0. 

From  an  inspection  of  the  equations  a,  b,  c,  it  may  be  in- 
ferred, that  a  complete  equation  consists  of  a  number  of  term.s 
exceeding  by  ww%  the  number  of  its  roots. 

4.  The  preceding  equations  have  been  considered  as  form- 
ed from  equations  of  the  first  degree,  and  then  each  of  them 
contains  so  many  of  those  constituent  equations  as  there  are 
units  in  the  exponent  of  its  degree.  But  an  equation  which 
exceeds  the  second  dimension,  may  be  considered  as  composed 
of  one  or  more  equations  of  the  second  degree,  or  of  the 
third,  &c.  combined,  if  it  be  necessary,  with  equations  of  the 
first  degree,  in  such  manner,  that  the  product  of  all  those 
constituent  equations  shall  form  the  proposed  equation.  In- 
deed, 
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deedf  when  an  equation  is  formed  by  the  suceissive  mtiltipli- 
catiou  of  several  simple  equations,  quadratic  equations,  cubic 
equations,  &c.  are  fornied  ;  which  of  course  may  be  regard- 
ed as  factors  of  the  resulting  equation. 

6.  It  sometimes  happens  that  an  equation  contains  imagina- 
ry foots  ;  and  then  they  will  be  found  also  in  its  constituent 
equations.  This  class  of  roots  always  enters  an  equation  by 
pairs  ;  because  they  maybe  considered  as  containing,  in  their 
expression  at  leasts  one  even  radical  place  before  a  negative 
quantity,  and  because  an  cve»  raidical  is  necsssarily  preceded 
by  the  double  sign  ±.  Let,  for  example,  the  equation  be  a;^ 
-.(2a— 2c)  x3+  (a^+b^  '^4ac+c^+d^)x^  +  {2a^c+U^c^ 
2ac^  --^ad^^x+ia^+hs)  .  (ca-j-c?^)  =  0.  This  may  be  re- 
garded as  constituted  of  the  two  subjoined  quadratic  equa- 
tions, a;^  ^2ax+a^  4*^^  =  0,  nc^  +2ca;+c2  -^d^=^0  :  and  each 
of  these  quadratic  contains  two  imaginary  roots;  the  first 
giving  ic=a  ±  b^  —  1 ,  and  the  second  a? = — c ±  d^  —  1 . 

In  the  equation  resulting  from  the  product  of  these  two 
quadratics,  the  coefficients  of  the  powers  of  the  unknown 
quantity,  and  of  the  last  term  of  the  equation,  are  real  quan- 
tities, though  the  constituent  equations  contain  imaginary 
quantities  ;  the  reason  is,  that  these  latter  disappear  by  means 
of  addition  and  multiplication . 

The  same  will  take  jplace  in  the  equation  (x-^a)  .  {x^-b)  • 
(a;2  -4-2cx-|=^c2  -I-ds  y  si-  0,  which  is  formed  of  two  equations  of 
the  first  degree,  and  one  equation  of  the  second  whose  roots 
are  imaginary. 

These  remarks  being  premised,  the  subsequent  general 
theorems  will  be  easily  established* 

THEOREM  I; 

Whatever  be  the  Species  of  the  Roots  of  an  Equation,  when 
the  Equation  is  arranged  according  to  the  Powers  of  the 
Unknown  quantity,  if  the  First  Term  be  positive,  and  have 
unity  for  its  Coefficient,  the  following  Properties  maybe 
traced  : 

I.  The  first  term  of  the  equation  is  the  unknown  quantity 
raised  to  the  power  denoted  by  the  number  of  roots. 

II.  The  second  term  contains  the  unknown  quantity  raised 
to  a  power  less  than  the,  former  by  unity,  with  a  coefficient 
equal  to  the  sum  of  the  roots  taken  with  contrary  signs. 

III.  The  third  terra  contains  the  unknown  quantity  raised 
to  a  power  less  by  2  than  that  of  the  first  term.»  with  a  coeffi- 
cient equal  to  the  suna  of  all  the  products  which  can  be  form- 
ed by  Knultiplying  all  the  roots  ttvo  atfd  two. 
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IV.  The  fourth  term  contains  the  unknown  quantity  raised 
to  a  power  less  by  3  than  that  of  the  first  term  with  a  coeffi- 
cient equal  to  the  sum  of  all  the  products  which  can  be  made 
by  multiplying  any  three  of  the  roots  with  contrary  signs. 

V.  And  so  on  to  the  last  term,  which  is  the  continued  pro- 
duct of^l  the  roots  taken  with  contrary  signs. 

All  this  is  evident  from  inspection  of  the  equations  exhibit- 
ed in  arts.  1,  2,  3,  5. 

Cor.  1.  Therefore  an  equation  having  all  its  roots  real, 
but  some  positive,  the  others  negative,  will  want  its  second 
term  when  the  sum  of  the  positive  roots  is  equal  to  the  sum 
of  the  negative  roots.  Thus,  for  example,  the  equation  c 
will  want  its  second  term,  if  a +^  =  c. 

Cor.  2,  An  equation  whose  roots  are  all  imaginary,  will 
want  the  second  term,  if  the  sum  of  the  real  quantities  which 
enter  iato  the  expression  of  the  roots^  is  partly  positive^  partly 
negative,  and  has  the  result  reduced  to  nothing,  the  imagina- 
ry parts  mutually  destroying  each  other  by  addition  in  each 
pair  of  roots.  Thus,  the  first  equation  oi  ait.  6  will  want 
the  second  term  if  —  2ct  +  2c  =  0,  or  a  =  c.  The  second 
equation  of  the  same  article,  which  has  its  roots  partly  real, 
partly  imaginary,  will  want  the  second  term  if  6  —  a  -f  2c  ==  0, 
or  a-T-fe  -•=  2c. 

Cor*  3.  An  equation  will  want  its  third  term,  if  the  sum  of 
the  products  of  the  roots  taken  two  and  two,  is  partly  positive, 
partly  negative i  add  these  mutually  destroy  each  other. 

Remcir^M  An  incomplete  equation  may  be  thrown  into  the 
form  of  complete  equations,  by  introducing,  with  the  coefficient 
a  cypher^  the  absent  powers  of  the  unknown  quantity :  thus, 
for  the  equation  x^  -^r  ==0,  may  be  written  or^  +  0  x^  +  0 
X  -^  r  =  0.     This  in  some  cases  will  be  useful.  - 

Cor^  4.  An  equation  with  positive  roots  may  be  transformed 
into  another  which  shall  have  negative  roots  of  the  same  va- 
lue, and  reciprocally.  In  order  to  this,  it  is  only  necessary  to 
change  the  signisof  the  alternate  terms,  beginning  with  the  se- 
cond. Thus,  :^  example,  if  instead  of  the  equation  x^^^Qx^ 
+  Itor—  10  =  Oj^hich  has  three  positive  roots  1,  2,  and  5, 
W6  write  x^r^Bx^  +17a;-l-- 10=0,  this  latter  equation  will  have 
three  negative  roots  a;  =  —  I ,  x  =  —  2,  a:==  r-  5.  In  like  man- 
ner, if  instead  of  the  equationa;^+  ^x^  —  I  Sit  -|-  10  =  0,  which 
has  two  positive  roots  a;  =  1,  x  =  2,  and  one  negative  root 
X  =~5,  there  be  taken  a;^  ~2ir2  —  13a;-  10  =  0,  this  latter 
equation  will  have  two  negative  roots,  a;=— 1,  a;=— -2,  and 
one  positive  root  a: =5. 

.  In  general,  if  there  be  taken  the  two  equations,  (x—a)  X 
(a'_^)X(:r-c)  X  (a?-c^)  X  &c.  =  0,  and  (a;+/7)  X  (os+b)X 

{x+c) 
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(jjc+c)  X{a;+rf)  X  kc,  =0,  of  which  the  roots  arc  the  same 
in.ma^bitude,  but  with  different  signs  :  if  these  equations  be 
developed  by  actual  multiplication,  and  the  terms  arranged 
according  to  the  powers  of  a?,  as  in  arts.  1,  2  ;  it  will  be  seen 
that  the  second  terms  of  the  two  equations  will  be  affected 
with  different  signs,  the  third  terms  with  like  signs^  the, fourth 
terms  with  different  signs,  &c. 

When  an  equation  has  not  all  its  terms,  the  deficient  terms 
must  be  supplied  by  cyjf hers,  before  the  preceding  rule  can  be 
applied. 

Cor,  5.  The  sum  of  the  roots  of  an  equation,  the  sum  of 
their  squares,  the  sum  of  their  cubes,  &c,  may  be  found  with- 
out knowing  the  roots  themselves.  For,  let  an  equation  of 
any  degree  or  dimension,  wi,  be  ai"*  +^'^--*  +iric'^^+Ai»^^ 
j^  &c.  =  0,its  roots  being  a,  6,  c,  d,  &c.     Then  we  shall  have, 

1st.  The  sum  of  the  j5rstpowers  of  the  roots;  thatis,  of  the 
roots  themselves,  or  a+fe4-c4-&c.=-^/;  since  the  coefficient 
of  the  unknown  quantity  in  the  second  term,  is  equal  to  the 
sutti  of  the  roots  taken  with  different  signs. 

2dly.  The  sum  of  the  squares  of  the  roots,  is  equal  to  the 
square  of  the  coefficient  of  the  s^bond  term  made  less  by  twice 
the  coefficient  of  the  third  term  :  viz.  a3+&2+c3+&c.==^ 
=:2g.  For,  if  the  polynomiara+&4-c+  ^c.  be  squared,  it 
will  be  found  that  the  square  contains  the  sum  of  the  squares 
of  the  terms  a,  &,  c,  &c.  phs  twice  the  sum  of  the  products 
formed  by  multiplying  two  and  two  all  the  roots  a,  6,  c,  &c. 
Thatis,  (d+6+c+&c.)2  =a=+i^^+c2  +  &c.  +2  (a6+ac+ 
hc+kcX  But  it  is  obvious,  from  equa.  a,b,  that(a+o  +  c 
+  &e.)2  ==/2 ,  and  {ab  +  «c  +  hc+  &c.)=g.  Thus  we  have 
j3=^a3+624-c2+&G.)+%:  and  consequently  a^+fta+c 

3dly  the  sum  of  the  cubes  of  the  roots,  is  %al  to  3  times 
the  rectangle  of  the  coefficient  of  the  second  and  third  terms 
made  less  by  the  cube  of  the  coefficient  of  the  second  terra^ 
and  3  times  the  coefficient,  of  the  fourth  term  :  viz.  a»  +  b^ 
+ea+&c.=-/3+3/'g— 3/i.  For  we  shall  by  actual  mvolu- 
tion  h^re  (a+6+c+&c;)3=-a^+63+c3+&c.+3(;a+5+c)  X 
(rt6+6c+ac) -3a6c.  But  (a+&+c+&c.)3«=-/3,(a+6+c 
+&c;)  X(afe+ac+&c+&c.)=  -^,  a6c=^L  Hence  th^re- 
fore,-~/3=tt^4'&^+c3+&c.-3/^+3/fc;  and  consequently, 
«.3  4!63+c3+&c.=  — /*  +3/^—3^.  And  so  on,  for  other 
powers  of  the  roots.  THEOREM 
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THEOREM  11. 


In  Every  Equation,  which  contain  only  Real  Roots  : 

I.  If  all  the  roots  are  positive,  the  terms  of  the  equation 
will  be  +  and — ^alternately. 

il.  If  all  the  roots  are  negatiTe,  all  the  terms  will  have  the 
sign+. 

III.  If  the  roots  are  partly  positive^  partly  negative, 
there  will  be  as  many  positive  roots  as  there  are  variationsof 
signs,  and  as  many  negative  roots  as  there  are  permanencies  of 
signs  ;  these  variations  and  permanences  being  observed  from 
one  term  to  the  following  through  the  whole  extent  of  the 
eiquation. 

In  all  these,  either  the  equations  are  complete  in  their  terms^ 
or  they  are  made  so. 

The  first  part  of  this  theorem  is  evident  from  the  examina- 
tion of  equation  a  ;  and  the  second  from  equation  b. 

To  demonstrate  the  third,  we  revert  to  the  equation  c  (art. 
3),  which  has  two  positive  roots>  and  one  negative.  It  may 
happen  that  either  c>a-f-5,  or  c<a+&. 

In  the  first  case,  the  second  term  is  positive,  and  the  third 
is  negative ;  because,  having  c  >  a+6,  we  shall  haye  ac-\-bc  > 

ia+6)2  >ab.  And,  as  the  last  term  is  positive,  we  see  that 
rom  the  first  to  the  second  there  is  a  permianence  of  signs  ; 
from  the  second  to  the  third  a  variation  of  signs  ;  and  froiti 
the  third  to  the  fourth  another  variation  of  signs.  Thus  there 
are  two  variations  and  one  permanence  of  signs  ;  that  is,  as 
many  variations  as  there  are  positive  roots,  and  as  many  per- 
manences as  there  negative  roots.  ♦ 

In  the  second  case,  the  second  term  of  the  equation  is  ne- 
gative, and  the  third  may  be  either  positive  or  negative.  If 
that  term  is  positive,  there  will  be  from  the  first  to  the  second 
a  variation  of  signs  ;  from  the  second  to  the  third  another 
variation  ;  from  the  third  to  the  fourth  a  permanence  ;  mak- 
ing in  all  two  variations  and  one  permanence  of  signs.  If  the 
third  term  be  negative;  there  will  be  one  variation  of  signs 
from  the  first  to  the  second  ;  one  permanence  from  the  second 
to  the  third ;  and  one  variation  from  the  third  to  the  fourth : 
thus  making  again  two  variations  and  one  permanence.  The 
number  of  variations  of  signs  therefore  in  this  case,  as  well 
as  in  the  former,  is  the  same  as  that  of  the  positive  roots  ; 
and  the  number  of  permanencies,  the  same  as  that  of  the  ne- 
gative roots. 

CoroL  Whence  it  follows,  that  if  it  be  known,  by  any  means 
whatever,  that  an  equation  contains  only  real  roots,  it  is  also 

known 
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koown  how  many  of  them  are  positive,  and  how  many  nega- 
tive.  Sdppdse,  for  example^  it  be  known  that,  in  the  equa- 
tion x^  +3x^  —  23a;3  —  27a;2 + 166ar-'  120=0,  all  the  roots  are 
real :  it  may  immediately  be  concluded  that  there  are  three 
positive  and  fwo  negative  roots.  In  fact  this  €!quation  has  the 
three  positive  roots  a?  ==  I,  a;  ===  2,  x  =  3  ;  and  two  negative 
rbots,^^— 4,  a!;=  — 5. 

If  the  equation  were  incomplete,  the  ahsent  terms  must  he 
supplied  4)yadopiing  cyphers  for  coefficients,  and  those  terms 
mustbe  marked  with  the  ambiguous  sign  ±.  Thus,  if  the 
equation  were 

a:«— 20ar34-30x2+19a;— 30=0, 
all  the  roots  being  real,  and  the  second  term  wanting.    It 
must  be  written  thus  : 

a;«  ±0ir* -^20a;3-|-30a;2  +  19x--.30==0. 
Then  it  will  be  seen,  that,  whether  the  second  term  be  posi- 
tive or  negative,  there  will  be  3  variations  and  2  permanen- 
cies of  signs  :  and  consequently  the  equatio^n  has  3  positive 
and  2  negative  roots.     The  roots  in  fact  are,  1,  2, 3,— 1, ^^  6. 

This  rule  only  obtains  with  regard  to  equations  whose  roots 
are  real.  If,  for  example,  it  were  inferred  that,  because  the 
equation  a??  +  2ic  4^  5  =  0  had  two  perman^^^  it 

had  two  negative  roots,  the  conclnMon  would  be  erroneous  t 
for  both  the  roots  of  this  equation  are  imaginary^ 

V  THEOREM  ni.  ._ 

Every  Equation  may  be  Transformed  into  Another  whose 
Roots  shall  be  Greater  or  Less  by  a  Given  Quantity. 

In  any  equation  whatever^  of  which  a;  is  unknown;  (the 
equations  a,  b,  c,  for  example)  make  a;=2r+?n,  2^  being  a  new 
unknown  quantity,  wi  any  given  quantity ,  positive  or  negative  ; 
then  substituting,  instead  of  a;  and  its  powersy  their  values  re- 
sulting from  the  hypothesis  that  a;  =  z  +  w  ;  so  «hall  there 
arise  an  equation,  whose  roots  shall  be  greater  or  less  than 
the  roots  of  the  primitive  equation,  by  the  assumed  quantity  m. 

Cqrol,  The  principal  use  of  this  tl*ansformation,Jis  to  take 
away  any  term  out  of  an  equation.  Thus,  to  transform  an 
equation  into  one  which  shall  want  the  second  term,  let  m  be 

so  assumed  that  wm-  a=  0,  or  m  =  -,  ii  being  the  index  of 

■-..  •   ■■■"■     ,:■.  ■  ■  •   .■  \        ,     n  -*=■ 

the  highest  power  of  the  unknowh  quantity,  and  a  the  coeffi- 
cient of  the  second  term  of  the  equation,  with  its  sign  chang- 
ed -then,  if  the  roots  of  the  traasfdrmed  equation  can  b6 
found,  the  roots  of  the  original  equation  may  also  be  found, 

because  a;=:5f  +  -» 

n  ■    ,    . 

THEOREM 
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THEOREM  IV. 

Every  Equation  may  be  Transformed  into  Another,  whose 
Roots  shall  be  Equal  to  the  Roots  of  the  First  Multiplied  or 
Divided  by  a  Given  Qjuantity, 

1 .  Let  the  equation  he  z^  +  a2^+  hz-^-  c  ==  0  :  if  we  put 

Jz^x^QVz:=.  -,  the  transformed  equation  will  hex^+fax^-^- 

f^bx+f^c=0,o£  which  the  roots  are  the  respective  products 
of  the  roots  of  the  primitive  equation  multiplied  mto  the  quan- 
tity/ *^  y^ 

By  means  of  this  transformation,  an  equation  with  fra<;tional 
quantities,  may  be  changed  into  another  which  shall  be  free 

from  them.     Suppose  the  equation  were  ;^ 34.— -4. wj-^ 

g     h  y  k 

=0  :  multiplying  the  whole  by  the  product  of  the  denomtna^ 
tors,  theipe  would  arise  ^/i^2r34.^^a^a+g-^6^+^^d=0:  then 

assuming  ghkz^x,  or  z^~^^  the  transformed  equa.  would  be 

x^+hkax^'{'g!ik^hbx+g^k^h^d=^0. 

The  same  transformation  may  be  adopted,  to  exterminate 
the  radical  quantities  which  affect  certain  terms  of  an  equa- 
tion. Thus,  let  there  be  given  the  equation  zs-f-a^^^^feri- 
b2-\-c^k :  make  z^k=^x  ;  then  will  the  transformed  equation 
bea;3-fato+M<c+cA;a=0,  in  which  there  are  no  radical 
quantities. 

2.  Take,  for  one  more  example,  the  equation  z^+az^-^ 

h2+c=0.     Make  Tj;=a; ;  then  will  the  equation  be  transform- 

ed  toa;3i--^-}-~4-— =  0,  m  which  the  roots  are  equal  to 

the  quotients  of  those  of  the  primitive  equations  divided  by/. 
It  is  obvious  that,  by  analogous  methods,  an  equation  may 
be  transformed  into  another,  the  roots  of  virhich  shall  be  to 
those  of  the  proposed  equation,  in  any  required  ratio.  But 
the  subject  need  not  be  enlarged  on  here.  The  preceding 
succinct  view  will  suflSce  for  the  usual  purposes,  so  far  as  re- 
lates to  the  nature  and  chief  properties  of  equations.  We  shall 
therefore  conclude  this  chapter  with  a  summary  of  the  most 
useful  rules  for  the  solution  of  equations' of  different  degrees, 
besides  those  already  given  in  the  first  volume. 

Vol.  IL  35  h  Jlules 
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!•  Rules  for  the  Solution  of  Quadratics  hy  Tables  of  Sines  and 
Tangents^ 

1.  If  the  equation  be  of  the  form  x^+px=^q  : 

2 
Make  tan  a  =  -^q ;  then  will  the  two  roots  be, 

a;=+taD^Ay/9 a;=— cot^A^y. 

2.  For  quadratics  of  the  form  x^'^px=q* 

Make,  as  before,  tan  A:=^-^q :  then  will 

X  ==— tan  ^A^q a;=+cot  jA^g 

3.  For  quadratics  of  the  form  a;2-i|--pa;=— j. 

2 
Make  sin  a=  -^q  :  then  will 

x:=^'^tdXi^A\/q a;=5=— .cot  ^A^^r. 

4.  For  quadratics  of  the  forma;^— .pa;—— 9. 

2 
Make  sin  a  ==  -^q :  then  will 

P 
a;=+tan  |A^y a:=+cot  ^A^q- 

2 
In  the  last  two  cases,  if -^/J  exceed  unity,  sin  a  is  imaginary, 

and  consequently  the_  v»lnoa  of  x. 

The  logarrOimic  application  of  these  formulae  is  very  sim- 
ple,    Thus,  in  case  1st.  Find  a  by  making 

10+iog  2+i  log  5^— log  p=log  tan  A. 

Then  log  a;  =^  5  +>  ^^'J  \^±\  }^S  ^^  V^l 
^  i-  (log  cot  iA+^  log  5^  -  1 0). 

Note*  This  method  of  solving  quadratics,  is  chiefly  of  use 

when  the  quantities  p  and  q  are  large  integers,  or  complex 

fractions. 

II.  Rules  for  the  Solution  «f  Cubic  Equations  by  tables  of  Sines^ 
Tangents  and  Secants, , 

!•  For  cubics  of  the  form  x^+px±iq=^0. 

Make  tan  b=^  .  2^^p tan  A=:^tan  |b. 

Then  a?=::p  cot  2a  .  2yi;?. 
2.  For  cubics  of  the  form  x^— pa;±9=0. 

Make  sin  b=^  .  Sy^ip tan  a  =  ytan  ^b. 

Then  a;=q:  cosec  2a  .  2^ip» 
Here,  if  the  value  of  sin  b  should  exceed  unity,  b  would  be 
imaginary,  and  the  equation  would  fall  in  what  is  called 
the  irreducible  case  of  cubics.    In  that  case  we  must  make 

cosec 
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msec  3a  =^  ,  ^ViP  -  and  then  the  three  roots  would  be 

«=  ±  sin  A  .  2  ^  |p. 

a;=  ±  sin  (60^~-a)  .  2^ip. 

a:=  ±vsin  (60«+a)  .  ^v'ijp. 
If  the  value  of  sin  b  were  I,  we  should  have  b =90^,  tan 
A=l  ;  therefore  A  =  46<>,  and  ac=q-2v'Xjp.     But  this  would 
not  he  the  only  root.     The  second  solution  would  give  cosec 

3a=1  ;  therefore  A= —-;  and  then 

a?=  ±  sin  30°  .  2  ^  ij?  =  ±  V  ip. 
x=^  ±  sin  30*^,  2  ^/  ip  =  ±    ^  ip. 

Here  it  is  obvious  that  theiirst  two  roots  are  eqiial,  that  their 
sum  is  equal  to  the  third  mth  a  contrary  sign,  and  thatithis 
third  is  the  one  which  is  produced  from  the  first  solution*. 

In  these  solutions,,  the  double  signs  in  the  value  of  ar,  re- 
late to  the  double  signs  in  the  value  of  j. 

N.  B.  Cardan's  rule  for  the  solution  of  Cubics  is  given  in 
the  first  volume  of  this  cpiirse. 

ill.  Solution  of  Biquadratic  Equations, 
Let  the. proposed  biquadratic  be  x^-^^^px^^^qx^+rx-i-s. 
Now  (a;2r|-pa;4-w)2s=rr*+2pa:3+  •  if 

therefore  (|)2+2?i)a;2+2p7ia:+«2  be  added  to  both  sides  of  the 
proposed  biquadratic,  the  first  will  become  a  Gomplete  square 
{x^  +px+ny  y  and  the  latter  part  {p^+M+q)x^+{^p»^'i^r) 
a?+»3-}-5,  is  a  complete  square  if  4(p2,+2n4-^).(wa  4-5)== 
(2pn+ry ;  that  is,  nmltiplying  and  arranging  the,  terms  accord^ 
ing  to  the  dimensions  of  /i,  if  Sn^'{-4qn^+  {^s^4rp)n'^'4qs 
4-4/7/* 5  —r-  =0.  From  this  equation  let  a  vrfue  of  n  be  ob- 
tained, and  substituted  in  the  equation  (x^ +px'^ny  ^^^p^-i- 
^n-i-q)  x^  -{-  (2pn+r)x'jrn^  -i-s ;  then  extracting  the  square 
root  on  both  sides. 

*  The  tables  of  sines,  tangents,  &c.  besides  their  use  in  trigonometry,  and  iftthe 
solution  of  tile  equations,  are  also  veiy  useful  in  finding  tiie  value  of  algebraic  ex- 
pressions where  extraction  of  roots  would  be  otherwise  required.  Thus,  if  a  and  h 
be  any  two  quantities,  of  Which  a  is  the  greater.    Find  a?,  ar,  &c,  so,  that  tan  x  = 

*/— ,  sin  2  =s  y/~,  sec  y  =  -,  tan  w  t=  —  and  sin  <  =  — :  then  will 
a  a  .      o    ,  a  a 

log  \/(a^  — b^ )  =:log  a  4-  log  sin  y  =  log  5  4-  log  tan  v. 

^^S  \/fa  7"0  )  =log  a^-log  sec  w=  log  04- log  cosec  w. 
^0S.V^(«  +  6)  =  ^log a4"log  sec  a;==!^loga4-"?log24-logcosjy. 
log  v^(a—  6)  zz^ i loga-f-iog  cos  zss^^lbg a-f  2log2-i-log  sin  ty* 

m  ■    -     - 

log  («i:5)'»  =  -[loga-f-log  cos  f +logtan  45*>  +  ^t)]. 

The  first  three  of  thes6  formulae  will  often  be  useful,  when  two  sides  of  a  right-an- 
gled triangle  are  given,  to  find  the  third.  a::^  -f" 
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And  from  these  two  quadratics,  the  four  roots  of  the  given 
biquadratic  may  be  deterflained^. 

Note.  Whenever,  by  taking  away  the  second  term  of  a  bi- 
quadratic, after  the  manner  described  in  cor.  th.  3,  the  fourth 
term  also  vanishes,  the  roots  may  immediately  be  obtained  by 
the  solution  oif  a  quadratic  only. 

A  biquadratic  iriay  also  be  solved  independently  of  cubics, 
in  the  folldwing  cases  : 

1.  When  the  difference  between  the  coefficient  of  the  third 
term,  and  the  square  of  half  that  of  the  second  term  is  equal  to 
the  coefficientof  the  fourth  term,  divided  by  half  that  of  the  se- 
cond. Then  ifp  be  the  coefficient  of  the  second  term,  the  equa- 
tion will  be  reduced  to  a  quadratic  by  dividing  it  by  x^  ii/?a;t. 

2.  When  the  last  term  is  negative,  and  equal  to  the  square  of 
the  coefficient  of  the  fourth  term  divided  by  4  times  that  of  the 
third  term,  W*Ws  the  square  of  that  of  second  :  then  to  complete 
the  square  j  subtract  the  terms  of  the  proposed  biquadratic  from 
(a;2±ipa!?)2,  and  add  the  remainder  to  both  its  sidesj. 

3.  When  the  coefficient  of  the  fourth  term  divided  by 
that  of  the  second  term,  gives  for  ai  quotient  the  square  root 
bf  the  last  term :  then  to  complete  the  square,  add  the  square 
of  half  the  coefficient  of  the  second  term,  to  twice  the  square 

,  *  This  rule,  fpr  solving  biquadratics,  by  conceiving  each  to  be  the  difference  of 
two  squares,  is  frequently  ascribed  to  Dr.  Waring-^  but  its  original  inventor  was 
Mr.  Thomas  Simpson,  formerly  Professbr  of  Mathematics  in  the  Royal  Military 
Academy. 

f  In  this  place  the  author  refers  to  a  biquadratic  of  the  form 

of  which  the  left  Hand  side  is  divisible  by  a;^  -f  ax,  and  the  quotient  is  x^  -f"  ^^ 
-4- 25,  so  that  the  equation  becomes 

(a?2  r|-aa;)  .  (a;^  +  ax -f  25)  ==;c. 
Or,y  we  may  complete  the  square  in  the  proposed  equation  by  adding  5^  to  each 
side,  and  we. have 

a?^4.2aa;^-f-(£jh25>2+2a5a;+52==52+C,       - 

whencea^^rf-aaj+fisaiv^^^ -|-c.    Ed. 

X  In  this  place  the  author  gives  the  solution  of  the  equation 

0?^  4.2aa;^  +  (a^— m^ )  «2— 2m7ia;— 7i^  =  0, 

,.  ^.    .  (^2m?i)^         ,  3 

which  gives -^ — ^: —  =i^nr . 

4{a^—m^)—{2a)'^ 
This  biquadratic,  by  following  title  directions  of  the  author,  or  more  simply  by 
transposition,  becomes 

x^^%ix^-\'a^x^  =  rifi^x^-\'Zmnx-\-ri^, 
from  which,  by  extracting  the  square  root,  we  have  the  quadratic  equation      ^ 
x2  4.aa;  =  i:(»ia;+7i).  fOOt 
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root  of  the  last  term,  multiply  the  sum  by  a;^,  from  the  pro- 
duct take  the  third  term,  and  add  the  remainder  to  hoth  sides 
of  the  biquadratics.* 

4.  The  fourth  term  will  be  made  to  go  out  by  the  usual 
operation  for  taking  away  the  second  term,  when  the  differ- 
ence between  the  cube  of  half  the  coefficient  of  the  second 
term  and  half  the  product  of  the  coefficients  of  the  second 
an:d  third  term,  is  equal  to  the  coefficient  of  the  fourth  term. 
IV.  Euler^s  Rule  for  the  Solution  of  Biquadratics, 

Let  x^  — aa:2— i>a;— c=0,  be  the  given  biquadratic  equation 
Wanting  the  second  term.  Take/=  |a,  g  =  j^d^  -}-  le,  and 
'^  =  eV^^  J  ^r  V  h=ib  :  yvrith  which  values  offg,  /i,  form  the 
cubic  equation,  2'3^/2r24-^z-.  ft  =0.  Find  the  roots  of  this 
cubic  equation,  and  let  them  be  called  j?,g,  r.  Then  shall 
the  four  roots  of  the  proposed  biquadratic  be  these  following  : 
viz. 


When  ^b  is  positive. 
4.  a;=-^p^^5r-|-:^r. 


When  iJ  is  negative 


Note.  1.  In  any  biquadratic  equation  having  all  its  terms, 
if  f  of  the  square  of  the  coefficient  of  the  2d  term  be  greater 
than  the  product  of  the  coefficients;  of  the  Ist  and  3d  terms, 
or  I  of  the  square  of  the  coefficient  of  the  4th  term  be  great- 
er than  the  product  of  the  coefficients  of  the  3d  and  fifth 
terms,  or  f  of  the  square  of  the  coefficient  of  the  3d  term 
greater  than  the  product  of  the  coefficients  of  the  2d  and  4th 
terms  ;  then  all  the  roots  of  that  equation  will  be  real  and  un- 
equal ;  but  if  either  of  the  said  parts  of  those  squares  be  less 
than  either  of  those  products,  the  equation  will  have  imagi- 
nary roots. 

2.  In  a  biquadratic  a;4-f  «a;3+ 1^^  +  cx^  d=0,  of  which 
two  roots  are  impossible,  and  d  an  affirmative  quantity,  then 
the  two  possible  roots  will  be  both  negative,  or  both  affirma- 
tive, according  as  a^-^4ab+Sc,  is  an  affirmative  or  a  negative 
quantity,  if  the  signs  of  the  coefficients  a,  6,  c,  d,  are  neither 
all  affirmative,  nor  alternately  —  and  +.t 

*  The  equation  is  a;*  -}-  2ax^  4.  Bx^-j^2abx  -|-  6^  =  0, 

which  is  evidently  x*  +2ax^-^(a^  ^2b)x^'t^bx^b^  =  (a'-|-26—B)a?^, 
lEorn  which  by  taking  the  root  wc  have  the  quadratic 

t  Various  general  rules  for  the  solution  of  equations  have  been  given  by  De- 
moivre,  Bezout,  Lagrange,  &c. ;  but  the  most  universal  in  their  application  are 
approxmiatmg  rules,  of  which  a  very  sunple  and  useful  one  is  given  in  our  fii-st 
/volume.  / 

EXAMPLES, 
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-  JEXAMipiS. 
Ex.  i.  Find  the  roots  of  the  equation  aj^  ^  _aj  =;  ,. 

by  tables  of  sines  and  tangents. 
7  1695 

Herep  =  tt>  5^  =  mTS'  ^^*^^"^  ^^'^^^^^^^  agrees  with  the 

1st,  form.  Also  tan  ^—Y^j^^^  ^'^^  ^=^^  i^=  V 12716' 
In  logarithms  thus : 

Log.     1695  ==     3-2291697 

Arith.  com.  log.  12716  =     5-8956495 

sum  +  10  ==  19'12'48192 

half  sum  ==     9-6624096 

^  log88  =  ■   1-9444827 

Arith.  com.  log.  7  =^     9-  1549Q20 

sum  >-  1 0  ==  log  tan  a  =  10^66)7943  =  log  tan  77^42'3 1  "f  ; 

log  tan  I A  =  ^9-9061 1 15  =  log  tan  SS^' 51' 15'^  ; 
log  v^^r,  as  above  ==     9-5624096  ^ 

stfm  -  10=ioga;=  —     1-468521 1  =  log  -2941  f 76* 
This  value  of  a:,  viz.  '2941 170,  is  nearly  equal  to  ---.^  To  find 

whether  that  is  the  exact  root,  ta^ke  the  arithmetical  compli-^ 
ment  of  the  last  logarithm,  viz:.  0-53 14379,  and  consider  it  as 
the  logarithm  of  the  denominator  of  a  fraction  whose  nume- 
rator is  unity ;  thus  is  the  fraction  found  to  be  «^^exactly,  and 

5 

this  is  manifestly  equal  to—.     As  to  the  other  root  of  the 

...         "     /   ;      1695  .5  339 

equation,  It  18  equal  to  -  ^^^~  == -—. 

JBic.  2.  Find  the  roots  of  the  cubic  equation. 

,      403     ,     46      ^'         ,  ,,      .  : 
a;3  ^  — _a;-f-  -_  =  0,  by  a  table  of  smes. 

Here  p  =  —--,  a  =  — — ,  the  second  term  is  negative,  and 
^        441    '       147 

4p  ?  >  279^3 :  so  that  the  example  falls  under  the  irreducible  case. 

3X46     441        1        414        1 
Hence,  sm3A  = -~-—X3^3X^=-5  .^^ 

2^^3-441         v^l3^3^ 

The  three  values  of  a;  therefore,  are 
1612 

a:=  sin 
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.    '  ^^        ^1612 

.   "       ^  ,    ,       1612 

The  logarithmic  computation  is  subjoined. 

Log  1612  =  3-2073650 

Arith.    com.    log    1323  =  6-8784402 

sum  -  10  .  .  .  .  .  =  0-0858062 

half  sum  =  0-0429026  const,  log. 

Arith.  com.  const,  log.  =  9-9570974 

log  414  .  .  .  =  2-6170003 

Arith-   com.   log.  403  .  =  7-3946950 

log  sin  3a  .  .  •  ==  9-9687927  ==  log  sin  68<»32'3  S%, 
Log  sin  A  =  9-6891206 
const  log  =0-0429026 

1.  sum  —  10  =  loga;  =  —  1-6320232  =lpg-42g5714=logf. 

Log  sin  (60'='— a)  =9-7810061 
cpnst.log  .  .  .  .  =0-0429026 

2.  Sinn—  10  ==:logar=  -  1-8239087  =log.6666666=log|. 

Log  sin  (60*>+a)  =  9-9966060 
const.log  .  .  .  .  =0-0429026 

3.  sum  —  10  =  log  —  a;  =  O-O395O86=logl-095238=»=log|f « 
So  that  the  three  roots  are  f ,  f ,  and  — If ;  of  which  the  first 
two  are  together  equal  to  the  third  with  its  sign  changed,  as 
they  ought  to  be.  ^ 

Ex,  3.  Find  the  roots  of  the  biquadratic  a;«—25iir2-{-60a?^ 
36=0,  by  Euler's  Rule. 
Here  a=25,  5=— 60,  and  c=36  ;  therefore 

■  25      _625  ,  ^       769        ,,        225 

/-T'€^T6-  +  ^==T6-'^^^V==-4--^ 
Consequently  the  cubic  equation  will  be 
,      25  ^    ,   769        225 

The  three  roots  of  which  are 

2'=-7=»,  and  2r=4=fl',  and  z  =  -~=r  ; 
4  4 

the  square  roots  of  thes«  are  ^p  =  |,  \/9=2  or  f,  -v/r=| » 

Hen^e,  as  the  value  of  ^h  is  negative,  the  four  roots  are 

lst.«fe      t+f-|=.  1, 


2d.a;=      f--l+|=     2, 
3d.  a?  =  ~f +A+|=     3, 

4th.j^=^f«f«-f=^iS-. 


Ex'.  4> 
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Ex,  4.  Produce  a  quadratic  equation  whose  roots  shall  be 
fandf.  Ans.  a;2-|ia:4-}=0. 

,Ex,  6.  Produce  a  cubic  equation  wjbose  roots  shall  be,  2, 
5,  and —3.  Ans.  rt^ -4a:2i^ilx+30=0. 

Ex.  6.  Produce  a  biquadratic  which  shall  hare  for  the  roots 
Ij  4^  —  5,  and  6  respectively. 

Ans.  a;*— 6x-3— 21a;2-j-146x— 120=0. 
£x.  7.  Finda:,whena:2+347a;=22110. 

Ans.  x'^555  0!:=— 402. 

65  325 

Ex.  8.  Find  the  roots  of  the  quadratic  x^ —  -—  x  =  -— . 

Ans.  05=10,  x=  —  -~. 
12 

*>      r.    a  1      ^i.  r         o      264  695 

£a?.  9.  Solve  the  equation  a;3 —-—- a;=  — —. 

^^       /      ^^^  139 

Ans.  a;=6,  a;=:  -~~. 
25 

£0;.  10.  Given  a;'?— 24113a;  —481860,  to  find  a;. 

Ans.  a;=20a;=24093. 

Ex.  11.  Find  the  roots  of  the  equation  a;^  — 3a;  — 1=0. 

Ans.  the  roots  are  sin  70<>,  —  sin  60^,  and  —  sin  10^,  to  a 

Tadius  ==2  ;  or  the  roots  are  twice  the  sines  of  those  arcs  as 

given  in  the  tables, 

^.  12.  Find  the  real  root  of  a;»-ra;-6==0. 

Ans  Iv/'S  X  sec  64«  44^  20'*. 

Ex.  13.  Find  the  real  root  of  25a;3+75a;- 46=0. 

Ans.  2  cot  74^  27'  48^ 

Ear.  14.  Given  a;4  —  8a;3  ~  Ux^  +S4x  -  63=0,  to  find  a;  by 

quadratics.  Ans.  a;=2+  -•  7d:  v'  1 1 +V7T 

Ex.  15.  Given  a;* +36x3 -400a;3^ 31 68a; +  7744  =  0,  to 
find  a;,  by  quadratics.  Ans.  x=l  1  +  ^209. 

Ex.  16.  G;ivena;*+24a;3  — 114a;2— $4a;+l=0tofind  a;. 

Ans.  a;=±  v' 197- 14,  a;=2± -v/6. 
Ex.  17.  Find  a;,  when  a;4-.  12a;— 5=0. 

Ans.  a;  =  l±jy2,  a;=~l±2V-L 
Ex.  18.  Finda;,  whena;*-12a;3+47a;2-.72a;+36=0. 

Ans.  a;=l,  or  2,  or  3,  or6. 
Ex.  19.  Given a;5—6aa;4—80a2a;3—68a2a;2+7a4a;+s=0, 
to  find  x. 

Ans.  a?     -^a,  a;==6ai-a^37,  a;===±a\/lQ--.3a. 
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m  THE  NATURE  AND  PROPERtiJES  <3F 

AND  THE  GONSTRpCTIQN  OF  EQPATiONSv 


.     SECTION  t 
Kature  and  Properties  of  Curves^ 

pEF.  1.  A  curve  is  a  line  whose  several  parts  proceed  iri 
different  directions,  and  aire  successiyely^  posited  towards  dif- 
ferent points  in  space ,  which  also  mkj  be  cut  by  one  right  line 
in  two  or  morie  points.    . 

If  all  the  points  iii  the  curve  may  he  inekded  in  one  plane^ 
the  curve  is  called  ^l  plane  curve ;  but  if  they  cannot  all  be 
comprised  in  one  .planer  then  is  the  curve  one  of  double  cuT" 
vature,  ■  _  ,  ^  •.  •■■^  '  ■  _  ■ 

Since  the  word  direction  implies  straight  lines  j  and  in  strict" 
neas  no  part  of  a  curve  is  a  right  line,  some  geometers  prefer 
defining  enrves  otherwise  :  thus,  in  a  straight  line,  to  he  called 
the  line  of  the  ahscissas,  from  a  certain  point  let  a  line  arbi- 
trarily t^ken  be  called  the  ahseisSa,  and  denoted  (commonly) 
by  a;:  at  the  several  points  corresponding  to  the-difierent 
values  of  a;»  let  straight  lines  be  continually  drawn,  making  a 
certain  angle  t^ith  the  line  of  theaBscissas  :  these  straight  lines 
being  regulated  iii  length  according  to  a  certain  law  or  equa- 
tion, are  called  drdinatesf  and  the  line  or  figure  in  whicfa 
their  extremities  are  continually  found  is,  in  general,  a  cutve 
line.  'This  definitioh  however  is  not  free  from  objection  | 
for  a  right  line  may  be  denoted  by  an  equation  between  its 
abscissas  and  prdinates,  such  as  2/=aa;+6. 

Curves  are  distinguished  into  algebraical  or  geometrical^ 
and  transcendental  of  mechanicaL 

Bef,  9..  Mgehrdical  or  geometrical  citrvesj  are  those  in 
which  the  relations  of  the  abscissas  to  the  ordinates  can  be 
denoted  by  a  common  algebraical  expression  ;  sujch,  for  ex« 
ample,  as  the  equations  to  the  cdnic  sections,  given  in  page 
^3«,  &c^of  voK  2. 

Def,  3.  Transcendental  or  mechanical  curves,  are  such  as 
cannot  be  so  defined  or  expressed  by  a  pure  algebraical  equa-^ 
tion ;  or  when  they  are  expressed  by  an  equation,  having  one 

Vol.  JL  36  of 
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of  its  ^rms  a  irambld  q^a&dty,  or  a  curve  Ime.  Thus^  y  as; 
i^^y$  =  A  •  sia  jc,  f]=A  .  oos  a;,  «^==A%  are  equations, to  tran^ 
j|cendeatal  curyes  i  aiid  the  latter  iaj^arUcular  k  ao  equation 

De)^.  4.  i^vLTves  that  tiirn  ro«nd  a  fixed  point  or  ceiitret 
gradualij  receding  from  it,  are  called  spirnl  Of:  radial  curves, 

Def.  5.  Family  i^r  tribe  of  curves,  is  an  asseiriblage  of 
several  curves  of  different  kinds,  ali  defined  by  the  same 
equation  of  an  indeterminate  degree  ;  but  differeQtly:  accord- 
ing to  the  diversity  of  their  kind.  For  example,  suppose  an 
equation  of  an  indeterminate  degree,  a^—^jt;==?/"*:  if  f/i=2, 
liien  will  ax=^^^  ;  if  «»=3,  then  will  a^oj^^  ;  if  m=4,  then 
is  a^x=^^^  &c.  •  aJi  which  curves  are  said  to  be  of  the  same 
family  OF  tribe.  ^^ 

Def.  6^  Themxls  of  a  figisre  is  a  right  line  passing  through 
tlie  centre  of  a  cnrve,  w^en  it  has  one:  if  it  bisects  the  or- 
diaates,  tt  is  called  a  c?i«ni€lero 

Def,  7,  An  mftuptot^  is  a  riight  line  which  contiriually  ap- 
proaches towardis  a  curve,  but'  niever  can  touch  it,  unless  the 
cnrve  cemid  be  extended  to  ao  infinite  distance- 

Def.  S*  An  abscisisa  and  an  ordinate,  whether  right  or  <ih-^ 
liquev  are,  when  spoken  of  together,  frequently  termed  ^o- 
ordtnMes^  ''''.■„''  ■  '  ' ■  •  '  ':' :-^'\  ■', ,'    •,,■■'■ 

Aftf-  I.  The  most  convenient  mode  of  classing  algebraical 
cnrviis  is  according  to  the  ok-ders  or  diriiensions  of  the  equa^ 
tions  which  express  the  relation  between  the  co-ordinat€ts« 
For  then  the  equation  for  the  same  curve,  remaining  always 
of  the  same  order  so  long  as  each  of  the  assumed  systems  of 
co-ordinates  is  supposed  to  retain  constantly  the  same  ihcli na- 
tion of  ordinate  to  abscissa,  while  referred  to  different  points 
of  the  curve,  however  the  axis  and  ih^  origin  of  the  abscissas, 
or  even  the  ihciiriation  of  the  co-ordinates  in  different  systems, 
may  vary ;  the  same  curve  will  never  be  ratofced  under  dif- 
ferent orders,  accordingto  this  method.  If  therefore  we  take, 
for  a  distinctive  character,  the  number  of  dimensions  which 
the  co-ordinates^  whether  rectangular  or  oblique,  form  in  the 
equation,  we  shall  not  disturb  the  ordier  of  the  classes ,  \yy  change 
ing  the  axis  and  the  origin  af  the  abscissas,  or  by  varying  the 
inclination  of  the  co-ordipates. 

2.  As  algebraists  call  orders  of  different  kinds  of  equations, 
those  which  constitute  the  greater  or  less  number  of  dinien- 
sions.  they  distinguish  by  the  sanlie  name  the  different  kinds 
of  tesuUiDg  lines.  Consequently  the  general  equation  of  the 
first  order  being  0  ===  <6  4-^^  4- yt? ;  we  may  refer  to  the 
first  order  all  the  lines  which,  by  taking  x  and  t^  for  the  co- 
ordinates, witether  rectangular  or  oblique,  give  rise  to  this 

equation. 
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eGfuatian^  But  tbis  e{fnati<?n  coinfrrises  the  yigbi  line  alc^e, 
whicb  is  the  roost  simple  of  all  lines ;  a»d  sihce^  l&r  Ibia  Fea- 
»ott,  the  aacoe  of  cori^e  does  ncft  properly  app^y  to  the  firal 
order,  we  do  not  usually  distiuguisb  the  differeat  otders  1^ 
the  name  of  eoire  lines,  but  simply  by  the  generic  ieriB  ©f 
lines  :  hence  the  first  order  of  line*  doe$  not  coHiprebeBd  a»j 
curves,  but  solely  the  right  line. 

As  for  the  resty  it  is  indifferent  wbetber  the  co-ordii^fes 
are  perpendicular  or  not ;  lor  if  the  ordinales  make  with  tl»e 
ajiis  2m  angle  ^  whose  si«e  is  /tt  and  cosine  »,  we  caa  reler  tlie 
equation  to  that  of  the  rectangular  co-ordinate&5,  by  xSafeing 

w  "^  '         ' '  • '  '   '      '  ■- 

«= -,  and  a!r=— 4'^;  which  will  give  fecF  so  emss^imi  be* 

tweesi  the  peFpendiciilars  ^  and  »# 

Thus  \i  follovrs  ertdently,  thai  tbe  significatioii  &{^^  ^qos- 
tioB  is  not  iiniited  by  supposing  the  ©rdinate^  to  be  rigbtly  ap-^ 
plied :  and  it  wit!  be  the  same  witb  equations  of  superior  car- 
ders y  which  wi il  n©t  be;  less  general  though  the  cuh ordinate^ 
are  perpendicular »  Hence,  since  the  determfnation  ©f  Ibe 
inclination  of  the  ordinates  applied  to  the  axis,  takes  notbing 
from  the  generality  of  a  general  equation  of  s^ny  order  wbat- 
ever,  we  put  no  restriction  on  its  signification  by  supp©©ii3g 
the  co-ordinates  rect3ng<ilar;snd  tbe  etjnation  will  be  of  fee 
sume  order  whether  the  co-ordinates  be  rectangular  or  ©biiqpe. 

3.  All  the  lines  o^  the  second  ord^r  i^jriH  be  ceaiipFi&ed  ia 
the  general  equation w  > 

that  is  to  say,  we  may  class  aaM>ng  l*!^^^  ^^  the  second  order 
all  the  curve  lines  which  this  equation  expi^esses,  arand^de^ 
noting  the  rectangular  co-ordinatesy  These  curve  lines  sre 
therefore  the  most  simple  of  all,  since  there  are  no  cdryes  ia 
the  first  order  of  Tines  ;  it  is  for  this  reason  that  some  writers 
call  them  curves  of  the  first  order.  But  the  curves  included 
in  this  equation  are  better  known  under  the  name  of  cokic 
SECTIONS,  because  they  al!  resuU  from  sections  of  the  coiae. 
The  difie rent  kinds  of  these  lines  are  the  ellipse,  the  circle, 
or  ellipse  with  equal  axes  ;  tbe  parabola,  and  the  hyperbola; 
the  properties  of  all  which  may  be  deduced  with  facility  frorxi 
the  preceding  general  equation.  Or  this  equation  maybe 
l^ansformed  into  tbe  subjoined  one  t 

r+— r-s?+- — r — =^^ 


a£^ 
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and  this  agaiD  may  be  reduced  to  tiie  still  more  simple  form 

Her^,  yrheatiie^Tstteimfie^  i^^^^  ex- 

preased  by  the  equation  is  a  byperbola ;  when  ^2  jg  negative 
the  curire  is  an  ellipse  ;  when  that  term  is  absent,  the  cnrr^ 
is  a  parabola.  When  a;  is  takisn  upon  a  diameter^  the  equa- 
tions reduce  to  those  already  given  in  sec.  4  ch.i. 

The  mode  of  eifecting  these  transformations  is  omitted  for 
the  sake  of  brevity.  This  section  contains  a  summary^  hot 
an  investigmion  of  properties  :  the  latter  would  require  many 
vplumes J  instead  of  a  section. 

4.  Uncjer  lines  of  the  third  order,  or  curves  of  the  secondi 
are  classed  all  those  which  njay  be  expressed  by  the  equatioQ 

And  in  like  manner  we  regard  as  lines  of  the  fourth  orderJ^ 
those  curves  which  are  furnished  by  the  general  equation 
0=  «ft  +/a?  +  yy  +  ^x^-^  ixy  +  ^y^-{'7ix^'^-4x^y  -{-  txy^-^- 
xy^-i-  Xx^-^-l^x^y-^-vx^y^ 
'  taking  always  x  and  y  for  rectangular  co-ordinates.  In  the 
most  generar  equation  of  the  third  order,  there  are  10  con- 
stant quantitres^  and  in  that  of  the  fourth  order  15,  which 
may  be  determined  at  pleasure ;  whence  it  results  that  the 
Mnds  of  lines  of  the  third  order,  and,  much  nniore,  those  of 
the  fourth  order,  are  considerably  more  numerous  than  those 
of  the  second. 

6.  It  will  now  be  easy  to  conceivie,  from  what  has  gone  be- 
fore, what  are  the^  curve  lines  that  appertain  to  the  fifth,  sixthj, 
seventh,  or  any  higher  order ;  but  as  it  is  necessary  to  add  to 
the  general  equation  of  the  fourth  order,  the  terins 

x^  yX^y^x^y^  ,x^y^^xy'^,y^\ 
with  their  respective  constant  co-efficients ,  to  have  the  gene- 
ral equation  comprising  all  the  lines  of  the  fifth  order,  this 
latter  will  be  composed  of  21  terms  :  and  the  general  egua- 
tion  comprehending  all  the  lines  of  the  sixth  order,  will  have 
28  terms  ;  and  so  on,  conformably  to  the  law  of  the  triangii- 
lar  numbers.     Thus  the  most  generalequation  for  lines  of  the 

order  ^5  wul  contam.  ^^ —     v    ^     — -  terms,  and  as  many  con- 

1   ■    .   , '  >4 " 
stant  letters,  which  may  be  dietermined.  at  pleasure. 

6.  Since  the  order  of  the  proposed  equation  between  the 
co-ordinates,  makes  known  that  of  the  curve  line  ;  whenever 
we  have  given  an  algebraic  equation  between  the  co-ordinates 
a;  and  y,  or  t  and  u,  we  know  at  once  to  what  order  it  is  ne- 
cessary to  refer  the  curve  represented  by  that  equation.  If 
the  equation  be  irrational,  it  must  be  freed  from  radi<^s,  and 
•-.;■•  ■-■  ■     .  ■    ■    -:    if 
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if  there  be  fractions,  they  must  be  made  to  disappear  ;  this 
done,  the  greatest  number  of  dimensions  formed  by  the  varia- 
ble quantities  a;  and^,  will  indicate  the  order  to  which  the 
line  belongs.  Thus  the  curve  which  is  denoted  by  this  equa^ 
tion  y^  —  aic==0,  will  be  of  the  second  order  of  lines,  or  of  the 
first  order  of  curves ;  while  the  curve  represented  by  the 
equation  y^  =a;-^(a2  — rr»  ) ,  will  be  of  the  third  order  (that  is, 
the  fourth  order  of  lines),  because  the  equation  is  of  the  fourth 
order  when  freed  from  radicals  ;  and  the  line  whichis  indi- 

cated  by  the  equation  y^       .     ^,  will  be  of  the  third  order, 

or  of  the  second  order  of  curves,  because  the  equation  when 
the  fraction  is  made  td  disappear,  becomes  a^y-^-x^y^a^—ax^ , 
v^herdthe  term  a:* ^contains  three  dimensions.^  * 

7.  It  is  possible  that  one  and  the  salne  equatioh  may  give 
different  curves,  according  as  the  appUcates  or  ord bates  fall 
upon  the  axis  perpendicularly  or  under  a  given  obliqliity. 
For  instance,  this  equBtlon^  y^  =ax  --  x^ ,  gives  a  circle,  wJien 
the  co-ordinates  are  supposed  perpendicular  ;  but  when  the 
co-ordinates  are  oblique,  the  curve  represented  by  the  same 
equation  will  be  an  eliijpse.  Yet  all  these  different  curves  ap- 
pertain to  the  same  order,  because  the  transformation  of  rect- 
angular into  oblique  co-ordinates,  and  the  contrary,  does  not 
affect  the  order  of  the  curve,  or  of  its  equation.  Hence, 
though  the  magnitude  of  the  angles  which  the  ordinates  form 
with  the  axis,  neither  augment^  nor  diminishes  the  generality 
of  the  equatipn,  which  expresses  the  lines  of  each  order  ;  yet, 
a  particular  equation  being  given,  the  curve  which  it  expresses 
can  only  be  determined  when  the  angle  b.etween  the  co-ordii 
nates  is  determined  also. 

8.  That  a  curve  hne  may  relate  properly  to  the  order  in? 
dicated  by  the  equation,  it  is  requisite  that  this  equation  be 
not  decomposable  into  rational  factors  ;  for  if  it  could  be  com- 
posed of  two  or  of  more  such  factors,  it  lyould  then  comprer 
hend  as  many  equations,  each  of  which  would  generate  a 
particular  line,  and  the  reunion  of  these  lines  would  be  all 
that  the  equation  proposed  could  represent.  Those  equations 
then,  which  may  be  decomposed  into  such  factors,  do  not 
comprise  one  continued  curve,  but  several  at  once,  each  of 
which  may  be  expressed  by  a  particular  equation  ;  and  such 
combinations  of  separate  curves  are  denoted  by  the  term  com- 
plex curves. 

Thus,  the  equation  y^==^ay-{'xy''ax,  which  seems  to  apper- 
tain to  a  line  of  the  second  order,  if  it  be  reduced  to  zero  by 
making ^2  ^ay—dy'\-ax  =  0,  will  be  composed  of  the  factors 
(2/— »)  (y— a)=cQ;  it  therefore  comprises  the  two  equations 
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^~ir=0^,  and!  5^-^  a^&.  both  of  wbfch  lireloiig  to  the  rigbt  fise :: 
«S»e  fet  ibrmi&  wkb  tbe~axtsat  the  origif>  oi  ike  abscissas  ai» 
aaa^e  etjinal  to  hdf  a  rigbt  angl:©;  and  Ihd  Seconals  parallel' 
tcP  the  axiss  and  d-rawa  at  a  di&taBce  = «,  Tbese  two  UniBS-, 
coosiflicred'  together,  are  comprised  m  the  proposed  e^^^^*^® 
^2J=r^^,-{^iE i^-^  a i: ..  i n  like  mann er  W e  may  rega rd  as  compl ex 
tkiis^  et^;aation>  Aj^^xy^  —  a^x^  ~-a^3^f;fa;2^-^fx2rr?/=i0  ;  foF  it&\ 
fet®J?B-  i;>ei<ng  (2/— a;)  (^  --  fl')  (2/^  -~'^^)  ==  ^;  instead:  of  detibt- 
»!%  mm  eoxitin ued  line  of  tb e  fou rtb  6 rd e r,  i t  cO rri pri s es  tb^ee 
fc^iirsct  lit^eSy  viz..  two  right  Hnjes^,  aad  one  curve  denotedby  ibe 

%.  We  piay  theFcfbre  iTwiw  at  pleasure  any  eompTex  lines 
wteeveFy  vvbicbsball  contain  2  or  more  rigHt  lin^s  or  cjarves. 
Forv  if  tbe  natuFe'of  eacb  line  is  expressed  by  an  e^uatioia  re* 
ferred^to  tbe  same  axis,  and  to  tbe  same  m>. 

®^ir%ini  of  tbe  abscissas;  and  after  ha:ving 
BTigdlii feed  eacb  equation  to  zero^  Ave  mul-  t 
ixflf  them  one  by  another,  tbere  will  Kn 
re^iklt i*  eori^ples^  e-q usKtion  w bicb  at  once 
ccmaprize^  all  the  lines  assum  ^^^m 
©aaiiipie,.  if' from  tbe  centre  g/^^^^ 
radte  c^  =  atr  a  circle  be  described  ;  and  further,  if  a  right 
In^eiLif  fee  drawn  through  the  c'entre  c  ;;  then  we  may,  for  any 
assoimed  asij^v^^tt  an  equation  wbicb  will  at  once  include  the 
cijrc:fe  aad  the  right  liney  as  ibough  tbese  two  lines  formied  o»- 
Ij  Que,.  ,...••.',  \_  ' 

Suppose  there  be  taken  ibr  an  axis  tbe  drameter  af,  tbat 
fcrms  with  the  right  line  ln  an  angle  equal  to  half  a  right 
ang^l©^:  having  placed  tbe  origin  of  the  abscissas  in  A  make 
tfe  ahscissa  AP  =  a;,  and  the  applicate  or  €>rdiriate  pm=2^  ; 
"we  shall  bave;  for  the  right  line,  pm  ==  cp  ^  a  —  x  ;,  and  since 
tbe  point  Bf  of  the  right  line  falls  on  the  side  of  those  brdi- 
laifKte*  wbicb  are  reckoned  negative/  we  have  2/  ==  -—  a  +>, 
or  yi—x-  +  a  ==  0  :  but ^  for  th e  ci  rcle ,  we  b ave  pm^  =  ap  .  tb  ,. 
anxFiBF  ==  ^a  r-  x,  wliicb  gives  if  ==  Sax  —  x^  „  or  y^  -f  x^ -^ 
$mx^Q\  Mutltiplyiwg  these  two  equattions  together  we  obtaip 
the  complex  equation  of  the  third  order,  - 
■f^  -^  f^x+  yx^  -..a-a  +V/^*  -^  ^axy  +  S&x^  ^  2i0E?p;  =  0^ 
wbiefa  represents,  at  once,  the  circle  and  the  right  line.  Hence, 
we  skill  lind  that  to  the  abscissa  a p=a:,  corresponds  three 
©rdinates,.  naniely,  two  ht  the  circle,  and  one  for  the  right 
fee.  Let,  for  example,  a:=|a,  the  equation  will  become 
f^i+la:^^  —  ^tt2y^aa»  =  0  ;  vdience  we  first  find^+-oa=^% 
and  hy  dividrng  by  this  root  we  obtain  ^2— ffl3  =  0,  the  iw,& 
roots  of  wbicb  being  taken  and  ranked  with  the  former,  giVe 
the  threeJrflo^ing  valuer  of  si;  ;-  . 
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W.e  s^e^etefore  tha^  the  ^Jhole  is,f^|ii'es^s^d  If  ^^^  ^emm^ 
tion,  as  if  the  circle  ^pgetJber  wift  the  i:i^Kt  Jjb^  ^rmei^^ 
^^emnt\Bned  mtye.  ■  ::  V. 

10.  This  difet^nce  between  slssple  arid  CiOOi^^s?  caairf^ 
7  feemg0jiee€stabiished,  itfs  !^ 
coud  order  are  €mier  ccrntinued  curves,  ior  .c^iaaji^x  Ubies 
ibrmed  of  two  dght  lines;  ibr  if  the  ^en^ra-l  eq:uMi^  1^^ 
ralipnal  flictors,  they  raust  be  of  the  lirst  ^r4.er,  mtdms^^ 
q\mnt\y  wUl  denote  right  lines.  l.iqe«^of  the  thM  m^  wM 
beeither  simple,  oy  c^n^fVlex,  Ibrmed  either  <Gf  ^  irt^t  Bta^a 
and  a  line  of  the  second  order,  or  of  three  mgk  Ui^^,  U 
like  inaaner,  liH^s  of  th^  fourth  oj^der  wilfifee^Wnifciniimd  iirf 
simple,  ^r  complect,  comprising  a  ri^ht  MmmS^  fee  .of  tlie 
third  ordef, or  twx)  toes vof  the  se^cbud  ©rder, -or  ^a^lf  fcr 
right  lines.  Complex  \mmofmemk^^^^^ 
wi  1  fee  susceptible  of  an  analogoyis  coiaMnat20.n.  aaad  rf  ;a js^ 
milar  enumeration.  Hence  it  follow^;  tjbat  mrjjoti^  w%gu. 
ever  of  haes  may  comgrts^j,  at  ^nce,  all  the  li^^s  k^  Memm' 
wdery^hat  is  to  say,  that  ihey  m^y  contain  a  cotmplesllw  (©f 
any  inferior  orders  with  one  or  raoi^e^ightli^^,.or  witSi  ^m^ 
#4  the  seco^id,  tfeird,  ^c.m^Ts,  so  that  if  >e  site  tim  mm- 
^ers  of  each  order;  appertaining  to  the  simple  fees,  itKeam 
j^  result  the  niinjh^r  indicating 

De^  a^  Tfeatis  cabled  an4^cr»%^^ 
my^e,  which  approaches  constan|ly  to  some^vmM&^t  ^ 
imt^paraholw  one  which  has  no  asymptote. 

ku^s,  as  w^eaas<)f  the  hrst,  iniioiteiy  drai^n/^iat.'wiM  fc# 
either  the  hyperbolic  or  the  parafeolic  tind^  and  these  ie^s 
ace  best  known,  frop  the  tangents,  $\)r  if  the  pokt  ©f  eoSl 
tacjt  he  at  as  mfi^tte  distance,  the  tangent  rf^  typeA^m  te 
wili  coincide  with  the  asymptote,  aod  the  tangent  of  ^  p^^ 
fcohcleg  Jill  recede  ^ i^^^m,  wHl  vanish  a^d  heoo^j^ 
fQU?id.  I'herefbre  the  asymptote  of  any  kg  is  Ibund  fo^  s^e^ 
flBg  the  tangesit  to  that  leg  at  a  point  infinitely  distai^  ^  -a^i 
the^nrse  or  way  of  aa  infinite  hg,  is  ibund  fey  seeking  the 
position  x^f  any  right  liae  which  is  parallel  U  the  ta^et 
wfeere  the  point  of  contact  goes  off  i?i  infi^Unm:  ibr  this  &laf 
Sme^is  directed  the  ^ame  way  with  the  infinile  leg. 
^^  Sir  Ima€  mwto^Cs^E^dmpi&n  of  ail  Lines  of  ^e  Tlird  Or- 
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n.  All  the  linesW  the  first,  third,  fifth,  and  seventh  oirder, 
or  of  any  odd  order,  have  at  least  two  legs  ot- sides  proceed- 
ing  on  ad  infinitum,  and  towards  contrary  parts.  And  all  lines 
of  the  third  order  have  two  such  legs  or  branches  running  out 
contrary  ways,  and  towards  which  no  other  of  their  infinite 
legs  (ercept  in  the  Cartesian  parabola)  tend.  If  the  legs  are 
of  the  hyperbolic  kind,  let  gas  be  their  asymptote  ;  and  to  it 


let  the  parallelcBc  be  drawn,  terminated' (if  possible)  at  both 
ends  at  the  curve.  Let  this  parallel  be  bisected  in  x,  and 
then  will  the  locus  of  that  point  x  be  the  conical  or  common 
hyperbola  xa,  one  of  whosfe  asymptotes  is  as.  Let  its  other 
asymptote  be  ab.  Then  the  equation  by  which  the  relation 
between  the  ordinate  bc=2/,  and  the  abscissa  AB=a;,  is  deter- 
mined, will  always  be  of  this  form :  viz. 

xy^+eij=^ax^+hx^+cx'{-'d  .  .  (I.) 
Here  the  coefficients  c,  a,  6,  c,  d,  denote  given  quantities, 
affected  with  their  signs  +  and  — ,  of  which  terms  any  one 
may  be  wanting,  provided  the  figure  through  their  defect  does 
not  become  transformed  into  a  conic  section.  The  conical 
hyperbola  xq  may  coincide  with  its  asymptotes,  that  is,  the 
point  X  may  come  to  be  in  the  line  ab  ;  and  then  the  term  + 
ey  will  be  wanting. 

CASE  II. 
13.  But  if  the  right  line  cbc  cannot  be  terminated  both 
ways  at  the  curve,  but  will  come  to  it  only  in  one  point ;  then 
draw  any  line  in  a  given  position  which  shall  cut  the  asymp- 
tote AS  in  A  ;  as  also  any  other  right  line,  as  bc,  parallel  to 

the 
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the  asymptote,  and  meeting  the  curve  in  the  point  c  ;  then 
the  equation  j  by  Whicih  the  telatidii  between  the  ordinate  bc 
arid  th^e  abscissa  ab  is  determined,  will  always  assutne  Ihi^ 
fonn  :  viz,  xy^ax^-^^bx^^cx^d  ,  .  ,  .  (H.) 

CASEm. 

1 4.  If  the  opposite  legs  be  of  thte  parabolic  kind,  di^aw  the 
right  line  cbc,  tertninated  at  both  eftds  (if  possible)  at  the 
carve,  and  ranning  accofdittg  to  the  course  of  the  legs  ;  which 
line  bisect  ins:  then  shall  the  locus  of  b  be  a  right  line.  Let 
that  right  line  be  as ^  terminated  at  any  given  poirit,  as  a  :  then 
the  equation,  by  which  the  relation  between  the  ordinate  bc 
and  the  abscissa  AB  is  determiied,  will  always  be  of  this  form : 

ynt-zax^^hx^^cxi'd  .  ,  .  .  (HI.) 

15.  If  the  right  line  cbc  meet  the  curve  only  ih  one  point, 
and  therefore  cannot  be  terminated  at  the  curve  at  both  end^  ; 
let  the  point  where  it  comes  to  the  curve  be  e,  and  let  that 
right  line  at  the  point  \b,  fall  on  ainy  other  right  line  given  in 
position,  as  AB,  and  terminated  at  any  given  point,  as  a.  Then 
will  the  equation  expressing  the  relation  between  bo  and  ab, 
assume  this  form :  ^ 

y—ax^+hx^-{^cx+d....(p/\) 

16.  In  the  first  case,  or  that  of  equatiori  i,  if  the  ierinax^ 
be  affirmative^  the  figure  will  be  a  triple  hyperbola  with  six 
hyperbolic  legs,  which  will  run  on  infimtely  by  the  three 
asymptotes,  of  which  none  are  parallel,  two  legs  towards  each 
asymptote,  and  towards  contrary  parts  ;  and  these  asymptotes, 
if  the  term  bx^  be  not  wanting  in  the  equation,  Will  riiutually 
intersect  each  other  in  3  points,  forming  thereby  the  triangle 
vd^.  But  if  the  term  6a:2  be  wanting,  they  will  all  converge 
to  th*  same  point,  jhis  kind  of  hyperbola  is  called  refitin- 
danty  becauseitexceeds  the  conic  hyperbola  in  the  number 
of  its  hyperbolic  legs. 

in  every  redundant  hyperbola,  if  neither  the  term  ey  be 
wanting,  nor  Z>^  -  4ac  ==  aey/a,  the  curve  will  have  no  diame- 
ter ;  but  if  either  of  those  occur  separately,  it  will  have  only 
0«c  diameter ;  and  three ^  if  they  both  happen.  Such  diame- 
ter will  always  pass  through  the  intersection  of  two  of  the 
asymptotes,  and  bisect  all  right  lines  which  are  terminated 
each  way  by  those  asytnptotes,  and  which  are  parallel  to  the 
third  asymptote. 

17.  If  tte  redundant  hyperbola  have  no  diameter,  let  the 
four  roots  or  values  of  x  in  the  equation  ax^+bx^+ex^-i^d^ 
+  f  e2  ==  0,  be  sought ;  and  suppose  ttem  to  be  ap,  aw  .  a^, 

Vol.  II.  37  and 
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and  Ajj  (jsee  the  preceding  figure).  Let  the  ordinates  pt ,  jti^ 
ir7,|?e,  be  erected  ;  they  shall  touch  the  curve  in  the  points 
1^  r,  •?,  t,  and  byfta^  of  the  cury^, 

bj  which  its  speciet^t^fiB  be  discorered. 

Thus,  if  all  the  roots  ap,  a^t,  A5r,  Ap,  be  real,  and  hare  the 
same  sign,  and  are  unequal,  the  curve  will  consist  of  three 
hyperbolas  and  an  oval :  viz.  ^ninscribed hyperhola^s  eg  ;  a 
circumscribed  hyperbola,  as  l^^c ;  and  ambigeneal  hyperbola^ 
(i.  e.  lying  within  one  asymptote  and  heyond  another)  as  pt; 
and  an  oval  V?.  Thia  is  reckonied  the  J^rsi^  species.  Other 
relations  of  the  roots  of  the  equation,  give  8  more  different 
species  of  redundant  hyperbolas  without  diameters  ;  12  each 
with  but  owe  diameter  ;  2  eacK  with  tkHe  diameters  ; iand  9 
each  with  three  asymptotes  converging  to  a  common  point. 
Some  of  these  have  ovals,  some  points  of  decussation,  and  in 
some  the  ovals  degenerate  into  nodes  or  knots. 

18.  When  the  term  aa;^  in  equa.  i,  is  negative,  the  figure 
expressed  by  that  equation,  will  be  a  deficient  or  defective  hy- 
perbola j  that  isj'itwillhave  fewer  legs  than  the  complete 
conic  hyperbola.  Such  is  the  marginal 
figure,  representing  Newton -s  33d  spe- 
cies f  which  is  constituted  of  an  angui-r 
neal  or  serpentine  hypetbola,  (both  legs 
approaching  a  common  asymptote  by 
means  of  a  contrary  flexure,  and.  a  cpnr 
^ugs0:eovali  Thereare 6  species  pf  de- 
fective hyperbolas,  eacb  having  but  one 
asymptote,  and  only  two  hyperbolic  legs , 
running  out  Gontrary  ways,  a(Z  ^>J;?«i-  _ 
turn-;  the  asymptote  being  the  first  and  principal  ordinate. 
When  the  term  e^  is  not  absent,  the  figure  will  have  no  dia- 
meter ;  when  it  is  absent,  the  figure  wiH  have  one  diameter. 
Of  this  latter  class  there  are  7  different  species,  one  of  which, 
namely  Newton's  40th  species,  is  exhibited  in  the  i^^ 

19.  If,  in  equation  I,  the  term  ax^ 
be  wanting,  but  bx^  not,  the  figure  ex- 
pressed by  the  equation  remaining, 
will  be  a  jpiirabolic  hyperbola,  having 
two  hyperbolic  legs  to  one  asymptote, 
and  two  parabolic  legs  converging  one 
and  the  same  way.  When  the  term  ey 
is  not  wanting,  the  figure  will  have  no 
diameter  ;  if  that  term  be  wanting,  the 
figure  will  have  one  diameter.  There 
are  7  species  appertaining  to  the  fpraaer  case ;  and  4  to  this 
latter.    ■  '■  '  ^-     ■ 

20.  When 


'  ~  tC-^ 
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20.  When,  in  equa.  i,  the  terms  ax\bx^\,  are  wanting,  or 
when  that  equation  becomes  jrt/2^e2/~ca:-f-d,  it  expresses 
a  figure  consisting  of  three  hyperbolas  opposite  to  one  an^ 
other,  one  lying  between  the  parallel  asyniptotes,  and  the 
other  two  without:  each  of  these  curves  having  three  asymp- 
totes, one  of  which  is^  the  first  and 
principal  ordinate,  the  other  two  pa- 
rallel to  the  abscissa^  and  equally 
distant  from  it;  as  in  the  annexed 
figure  of  Newton's  GOth  species. 
Otherwise  the  said  equation  ex- 
presses two  opposite  circumscribed 
hyperbolas,  and  an  anguiueal  hyper- 
bola between  the  asyeaptptes.  Uncler 
this  class  there  are  4  species,  called 
by  Newton  Hyper5oZwmao/^n  Kyperhold.  By  hyperbplismaB 
of  ^  figure  he  means  to  signify  when  th^  ordinate  comes  out, 
l?y  dividing  the  f  ectangle  under  the  ordinate  of  a  given  conic 
section  and  a  given  right  Uftpj  by  the  common  abscissa. 

21.  When  i;he  term  cx^  is  negative,  the  figure  expressed 
by  the  equa^tion  xt^^  -^-ey^^^ax^  +d,  is  either  a  serpentine 
hyperbola^  l^^yiog  only  one  asymptote,  being  the  principal 
ordinate ;  or  else  it  is  a  cohchoidal  figure.  Under,  this  class 
there  are  3  species,  called  J^^perWwfricep^  an  ellipse. 

22.  When  the.  |erm  ca?2  is  absent,  the  equa.a:«/2^-^^ 
expresses  two  hyperbolas,  lying,  not  in  the  opposite  Angles  of 
the  Asymptotes  (as  in  the  cphiq  hyperboia),  but  in  the  adja- 
cent angles.  Here  there  are  only  2  specie^,  one  consisting  of 
an  inscribed  and  an  ainbigeneai  hyperbola,  the  other  of  twa 
inscribed  hyperbolas .  *  These  two  species  are  called  the  j%- 
perboiismcB  of  a  parabola. 

23.  rnthesecondcase  of  equations,  or  that  of  equation  II, 
there  is  but  one  figure  ;  which  has  four  infidite  legs.  Of 
these,  two  are  hyperbplic  about  on^  asymptote,  tending  to- 
wards contrarjr  parts,  and  two  converging  parabolic  legs, 
making  with  the  former  nearly  the  figure  of  a  indent,  the  fa- 
miliar name  given  to  this  species.  This  is  the  CaWmttw  para- 
bola, by  which  equations  of  6  dimensions  are  sometimes  con- 
structed :  it  is  ^e  6  Sth  species  of  Newton's  enuroera^^^^ 

24.  The  third  caSse  of  equations,  or 
equa  III ,  expresses  a  figure  having  two  pa- 
rabolic legs  running  out  contrary  ways  : 
of  thes^  there  are  5  different  species, 
CsiAedMhergmg  6t  bell-form  parabolas  ; 
of  which  2  have  ovals,  1  is  nodate,  1 
p^ctat€,and  1  cuspidate.     The  figure  shows  Newton's  67th 

species ; 
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species .;  ia  which'  the  oval  muat  divajs^  be  so  small  that  n^ 
rig^lit  line,  which  cuts  it,  twice  caa  cat  the.  parabolic  curve  Qt 
more  than  once. 

26*  In  the  case  to  which  equa,  iv 
refers,  there  is  but  one  species.  It  ex- 
presses the  cubical  parabola  with  con- 
trary legs.  This  curve  may  easily  be 
described  mechanically  by  meaus  of  a 
square  and  an  equilateral  hyperbola.  Its 
most  simple  property  is,  that  rm  (paral-  j^l 
lei  to  A^)  always  varies  as  qn^  —  qrs. 

26.  Thus  according  to  Newton  there  are  72  species  of  lines 
of  the  thii?d  order.  But  Mr.  Stirling  discovered  four  more 
species  of  redundant  hyperbolas  ;  and  Mr.  Stone  two  more 
species  of  deficient  hyperbolas,  expressed  by  the  equation 
yx«=il»a;3-f  ca;+(i  ;  i.  e.  in  the  case  when  6a;«-j-ca:-f-(?=0,  has 
two  unequal  negative  roots,  and  in  that  where  the  equation 
has  two  equal  negative  roots.  So  that  there  are  at  leasf  78 
different  species  of  lines  of  the  third  order.  Indeed  Euler, 
who  classes  all  the  varieties  of  lines  of  the  third  order  under 
16  gener^  species  affirms  that  they  comprehend  more  than  80 
varieties^  of  which  the  preceding  enumeration  necessarily 
comprises  nearly  the  whole. 

,27.  Lines  of  the  fourth  order  are  divided  by  Euler  into 
146  classes  ;  and  these  comprise  more  thafi  6000  varieties  : 
they  all  flow  from  the  different  relations  of  the  quantities  in 
the  10  general  equations  subjoined. 

2-2/^     +Jxy^  +gx^y+kxy^+txy+ky  .  ./ 

S.x^y^+fy^  +gx^y+hy^  +ky      .'.       T -a:?i-j-J;r3  4.^ 

4.x^y^+fy^  'irgy'^  +hxy  -{-iy.     .     .  .f  ex^+dx+a, 

^•2/^    +py^  +gx^'y+h'     •     •     •     •  A 

7.  y*     +ex^y  +fay^  +gxy^  +hy?  +*#+%  \ 

8.  x^y  '\'exy^  +fx^y  +gy^  +hxy+iy       .li=:aa^^^bx^  + 

9.  a;3y  +ei/3.    +fxy^  +gxy  -f  %      •     •     •  i    ex+d, 
lO.x'if  -fei^    +J^y2    ^ga;y  +ky      .     .     .) 

28,  Jiines  of  the  fifth  and.  higher  orders,  <rf  necessity  be- 
come  still  more  numerous  ;  and  present  too  many  varieties  to 
admit  of  any  classification,  at  tea^t  in  moderate  compass. 
Instead,  therefore,  of  dwelling  upon  these  ;  we  shall  give  a 
concise  sketch  of  the  most  curious  and  important  properties 
of  curve  lines  in  general,  as.  they  have  been  deduced  from^  a 
contemplation  of  the  nature  and  mutual  relation  of  the  roots 
of  the  equations  representing  those  curves.    Thus  a,  curve 

being 
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being  cailled  of  n  dimensions^  or  a  line  of  the  ntli  order  when 
its  repiresentattive  equation  jises  to  »  dimensions ;  then  since 
for  every  different  value  of  a;  tbere  are  »  values  of  «/,  ii  will 
commonly  happen  that  the  ordinate  will  cut  the  curve  in  n  or 
in  »— 2,  W-. 4,  &c,  poi^nts,  according  as  the  equation  has  w,  or 
»  — ^,  »— 4,^e.  possible  roots.  It  is  not  however  to  be  in- 
ferred that  a  right  linie  will  cut  a  curve  of  n  dimensions,  in  % 
»-.2,  w— 4,  &Ci  points  only;  for  if  this  were  the  case,  aline 
of  the  2,d  order,  a  conic  section  for  instance ,  could  only  be  cut 
by  a  right  line  in  two  points ;— but  this  is  manifestly  incorrect, 
for  through  a  eonic  parabola  will  be  cut  in  two  points  by  a  right 
fee  oblique  to  the  axisv  yet  a  right  line  parallel  to  the  axis 
canrpnly  cut;  the  curve  in  one  point. 

2a.  Itis  tjcue  in,  genial,  that  iinesv  of  the  »  order  cannot 
be  cut  by  a  right  line  in  more  than  nppiatB;  but  it  does  not 
l^pce  follow,  that  ^^^ 

every  Ufte  of  ^att  ordier ;  it  may  happen  that  the  number  of 
intj^rsecjtloiiaf  is  9%-^li,  »/^  2,  w— 3,  &e.  to  »-Myt,  The  number 
of  intersections  that  any  right  line  whatever  makes  with  a 
giv^n-  curve  line  eajDnot  therefore  determine,  tlie  order  to 
which  a  Qurve;  line*  ap]^ertains.  For,  as  Euler  remarks^  if  the 
nuiiabe]?  of  intersections  be  ==  »,  it  does  not  follow  that  the 
qnrve>elongs  toi^n  prder,  biit  it  may  be  referred  to  some 
aup^rior  order ;  indeed  it  may  happen  that  the  curve  is  not 
algebraic,  bttttranspendentaL  This  case  excepted,  ho  we  ver^ 
Euldr  contends  that  lye  may  always  affirm  positively  that  a 
curve  Kne  wWchis  cut  by  a  right  line  iiL  n  points,  cannot  be^ 
long  to  an  order  of  lines  inferioi^  to  ?i.  Thus,  wlien  a  ri^^ 
line  cuts  a  cur\^e  in  4  points>  it  is  certain  that  the  curve  does 
not  tMBlojjgtoeitMr  the  second  or  third  order  of  lines  ;  but 
whether  it  be  referred  to  the  fourth,  or  a  superior  order^  or 
whether  if  be  transcendental,  is  not  to  be  decided  but  by  ana- 
lysis*. ,■  ■',-•■■';■ 

30.  Mf.  Waring  has  carried  this  enquiry  a  step  further  than 
Euler,  and  h^s^  demonstrated  that  there  are  curves  of  any 
mirober  of  odd^  orders,  ifet  cut  a  right  line  in  2,  4,  6,  &c. 
points  only ;  and  of  any  number  of  even  orders  that  cut  a 
right  Ji^e  in  3,  6,  7,  &<:.  points  only ;  whence  this  author  like - 
wiseiifers,  that  the  ordeit  of  the  curve  cannot  be  announced 
from  tbe  number  of  points  in  which  it  cutsa  right  line.  See 
Ms  Proprietates  Algebraicarum  Curvarnm. 

31,  Every  geometrical  curve  being  continued,  either  re- 
turns into  itself,  or  goes  on  to  an  infinite  distance.  And  if  any 
plane  curve  has  two  infinite  branchesor  legs,  they  join  one 
aBo^er  either  at  a  finite,  or  at  an  infinite  distance. 

M>  In  any  curve,  if  tangents  be  drawn  to  all  points  of  the 

curve  ; 
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cnrre  ;^  and  if  they  always  Gut4li6#iS!Gissa  at  a  finite  distance 
from  its  origin  ;  that  qjurve  has  an  asyniptpte,  othenvise,  not. 

33.  A  line  off  any  order  may  have  as  m  asymptotes  as 
it  has  dimensions,  and  no  more,  -  ; 

34.  An  asymptote  may  intersect  the  curve  in  so  many  pointi^ 
abating  twOj  as  the  equation  of  the  curve;  has  dimensions. 
Thus,  in  a  conic  section,  which  i^  the  second  order  of  lines, 
the  asymptote  does  not  cut  the  curve  at  all ;  in  the^ird  or- 
der it  ^an  only  cut  it  in  one  point ;  in  the  fourth  order  in  two 
points  ;  and  so  on. 

35.  If  a  curve  have  as  many  asymptotes,  as  it  has,  dimen- 
sions, and  a  right  line  he  drawn  to  tint  them  alVth^ 

that  measured  from  the  aspnptotes  to^ihie  etirve;  will  togiether 
be  equal  to  the  parts  iiieasured  in  the  same  direction,  from 
the  curve  to  the  asymptotes. 

,  36^  If  a  ctw^ve  of  n  dimensions  have  w- asyinptotesjthen  tM 
content  of  the-n  abscissas  will  b^  to  the  content  of  the  »or- 
dinates,  in  the  same  ratio  in  the  curve  and  asymptotes  ;  the 
sum  of  their  »  subnormals^  to  ordinates  perpendicular  to  their 
^bscissas^  T^U^Jje  equal J:o  the  curve  and  the  asymptotes  ;  and 
they  will hdv^hesaine  central  and diametralcitrves^ 

3^7.  If  two  ciirves^  of  /z^  and  nt  dimensions  have  a  cbmmon 
asyroptote ;  6r  tbetei^s  of  the  equations  to  the  eurvea^o 
greatest  dinaensi^ns  have  a  corntnon  divisor  |^  then  the  curves 
cannot  intersect  each  <^her  in  »  Xwipmntsj  possible  or  impos- 
sible>>  If  the  two  curves  have  a  common  general  centre^  and 
intersect  each  other  in  w  X  m  points,  then  the  sum  of  the  af-- 
firmative  abscissas,  &c.  to  those  points^  will  be  equal  to  the 
sum  of  the  negative  ;  and  the  sum  of  the  »  subnormals  to. a 
curve  which  has  a  general  centre,  will  be  proportional  to  the 
distance  from  that  centre. 

38.  Linejs  of  the  thirds  fifth,  seventh,  &c,  order,  or  any 
odd  number,  have,  as  before  remarked,  at  least  two  infinite 
legs  or  branches,  running  contrary  ways  ;  while  in  lines  of 
the  seconds  fourth,  sixth,  or  any  even  number  of  dimensions, 
the  figdre  may  return  into  itself,  and  be  contained  within  <;er- 
taihlimits,--  :  ;■    :■         '' :'^^  ■"-.■--' -^ :"."-'.:'" '':y-' 

39.  If  the  right  lines  ap,  PMy  forming  a  given  angle,  apm 
cut  a  geometrical'  line  of  any  order  in  as  many  points  ias  it 
has  dimensions,  the  product  of  the  segments  of  the  first  ter-  ^ 
minatedby  p  and  the  curve,  wiUalways'be  to  the  product  of 
the  segments  of  the  latten,  terminated  by  the  same  poiht  and 
iheciirve,  in  an  invariable iratio^ 

40.  With  respect  to  double;  triple,  quadruple,  and  other 
multiple  points,  or  the  points  of  intersection  of  2,  3j  4,  or 
more  branches  of  a  curve,  their  nature  ^nd  number  may  be 

estimated 
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estimated  by  means  of  the  following  principles.  1.  A  curve  of 
the  »^^ order  is  determinate  when  it  is  subjected  to  pass  throueh 

the  number^       /^      ~^-^l  jpoints.     2.  A  curve  of  the  n 

order  ^  cannot  intersect  a  curve  of  the  m  order  in  more  than 
mri  points.  ,  / 

Hehce  it  follows  thait  a  curve  of  the  second  order,  for  ex- 
ample, can  always  pass  through  5  given  points  (not  in  the 
same  right  line),  and  cannot  meet  a  curve  of  the  m  order  in 
more  than  mri  points  ;  and  it  is  imppssible  that  a  curve  of  the 
m  order  should  have  5  p oints  whose  degrees  of  mu I tipj icity 
makfe;  together  mi6re  than  2wi  points^  Thus,  a  line  of  the 
four;thonier  cannot  have  four  doiible^  because  the  line 

o^thesec^d  order  which  would  pass  through  these  four 
double  points^  and  through  a  Sflh  simplle  point  of  the  curve 
of  the  iburth  dimension,  would  meet  J>  times  ;  which  is!  im- 
possible, since  there  can  only  be  an  int^ersectron  2,  X  4  or  8 
times.,  ^  ' "  --  •       ■  /  -v.' , 

For  the  same  reasoni^  curve  line  of  the  fifth  cannot,  with 
one  triple  pdint,  have  more  than  three  double  points:  and  iri 
a  simil^ar  manner  we  may  reason  for  curves  of  higher  orders. 

Agaiuf^  for  the  known  pro^  that  we  can  always  muke 

aline  of  the  third  order  pass  through  nine  points,  and  that  a 
curve  of  that  order  caniiot  meeta  eurve  of  the  m  order  in  more 
that  3wi  points j  we  inay  conclude  that  a  curve  of  the  m  order 
cannot  have  nine  points,  the  degrees  of  multiplicity  of  which 
make  together  a  number  greater  than  3wi.  Thus,allne  of  the 
fifth  order  cHtinot  have  more  than  6  double  points ;  a  line  of 
the  6th  order,  which  cannot  hive  more  than  bne  quadruple 
point,  cannot  have  with  that  quadruple  poin^  more  than  6  dou- 
ble points;  nor  with  two  triple  points  more  than  5  double 
points  f:  nor  even  with>  one  triple  point  more  than  7  double 
points.  Ajialogous  conclusions  bbtgdn  with  respect  to  a  line 
of  the  fourth  order,  which  we  may  cause  to  pass  through  1 4 
pbints  and  which  can  only  meet  a  curve  of  the  m  order  in 
4  wi  points  i  and  so  on.  / 

41i  The  properties  of  curves  of  a  superior  order,  agree, 
under  certain  modifications,  with  those  of  all  inferior  orders. 
For  though  some  line  or  lines  become  evanescent,  and  others 
become  infinite,  some^oincide,  others  become  equal;  some 
pqints  coincide,  and  others  are  removed  to  an  infinitedistance  ; 
yet,  under  these  circumstances  the  general  properties  still 
hold  good  with  regard  to  the  remaining  quantities  ;  so  that 
whatever  is  demonstrated  generally  of  any  order,  holds  tru6 
m  the  inferior  orders  :  and,  on  the  contrary,  there  is  hardly 
any  property  of  the  inferior  orders,  but  there  is  some  similar 
to  it,  m  the  superior  ones.  For, 
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For,  as  in  the  conic  secfions,  if  two  parallel  lines  are  drawn 
to  terminate  at  the 'section,  the  right  line  that  bisfects  these 
will  bisect  all  other  lines  parallel  to,  them ;  and  is  therefore 
called  a  diameter  of  the  figure,  and  the  bisected  lines  ordi' 
nates^  and  the  intersections  of  the  diameter  with  the  curve 
verticis ;  the  common  intersection  of  all  the  diameters  the 
centre  ;  and  that  iiiameter  which  is  perpendicular  to  the  or- 
dinates,  the  vertex.  So  likewise  in  higher  curves,  if  two 
parallel  lines  be  drawn,  each  to  cut  the  curve  in  the  number 
of  points  that  indicate  the  order  of  the  curve  ;  the  right  line 
that  cuts  these  parallels  so,  that  the  sum  of  the  parts  on  one 
side  of  the  line,  estimated  to  the  curve,  is  equal  to  the  sum 
of  the  parts  on  the  other  ^ide,  it  V  111  cut  in  the  same  mtan'ner 
all  other  lines  parallel  to  them  that  meet  the  curve  in  the 
same  number  of  points  ;  in  this  case  also  the  divided  lines  ate 
called  ordinates^  the  line  so  dividing  them  a  diafncter^  the  in- 
tersection of  the  diameter  and  the  curve  vertices;  the  common 
intersection  of  two  or  more  diameters  the  centre;  the  diame- 
ter perpendicular  to  the,  ordinateSi  if  there  be  any  such^  the 
axis ;  and  when  all  the  diameters  concur  in  one  point,  that  is 
the  general  centre. 

Again,  the  conic  hyperbola,  being  a  line  of  the  second  or- 
der, has  two  asymptotes ij  So  likewise,  that  of  the  third  order 
may  have  three  ;  that  of  the  fourth,  four ;.  and  so  on  ;  and 
they  can  have  no  more.  And  as  the  parts  of  any  right  line 
between  the  hyperbola  and  its  asymptotes  are  equal ;  so  like- 
wise in  the  third  order  of  lines,  if  any  line  be  drawn  cutting 
the  curve  slnd  its  asymptotes  in  three  points  ;  the  sum  of  two 
parts  of  it  falling  the  same  way  from  the  asymptotes  to  the 
curve,  will  be  equal  to  the  part  falling  the  contrary  way  from 
the  third  asymptote  to  the  curve  ;  and  so  of  higher  curves. 

Also,  in  the  conic  sections  which  are  not  parabolic :  as  the 
square  of  the  ordinate,  or  the  rectangle  of  the  parts  of  it  on 
each  side  of  the  diameter,  is  to  the  rectangle  of  the  parts  of 
the  diameter,  terminating  at  the  vertices,  in  a  constant  ratio, 
viz.  that  of  the  latus  rectum,  to  the  transverse  diameter.  So 
in  non-parabolic  curves  of  the  next  superior  order,  the  solid 
under  the  three  ordinates,  is  to  the  solid  under  the  three  ab- 
scissas, or  the  tiistances  to  the  three  vertices  ;  in  a  certain  giv- 
en ratio.  In  which  ratio  if  there  be  taken  thr^e  lines  propor- 
tional to  the  three  diameters,  each  to  each  ;  then  each  of  these 
three  lines  may  be  called  a  latus  rectum^  and  each  of  the  cor- 
responding diameters  a  transverse  diameter.  And,  in  the 
common,  or  Apollonian  parabola,  which  has  but  one  vertex 
for  one  diameter,  the  rectangle  of  the  ordinates  is  equal  to 
the  rectangle  of  the  abscissa  and  latus  rectum  ;  so,  in  those 

curves 
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curves  of  the  second  kind,  or  lines  of  the  third  kind  which 
have  only  two  vertices  to  the  same  diameter,  the  solid  under 
the  three  ordinates,  js  equal  to  the  solid  under  the  two  ab- 
scissas, and  a  given  line,  which  may  he  reckoned  the  latus 
rectum. 

Lastly,  since  in  the  conic  sections  where  two  parallel  lines 
terminating  at  the  curve  both  ways,  are  cut  by  two  other  pa- 
rallels, likewise  terminated  by  the  cure  ;  we  have  the  reGt- 
angle  of  the  parts  of  one  of  the  first,  to  the  rectangle  of  the 
parts  of  one  of  the  second  lines,  as  the  rectangle  of  the  parts 
of  the  second  of  the  former^  to  the  rectangle  of  the  parts  of 
the  second  of  the  latter  pair  passing  also  through  the  com- 
mon point  of  their  division.  So,  when  four  such  lines  are 
drawn  in  a  curve  of  the  second  kind^  and  each  meeting  it  in 
three  points  ;  the  solid  under  the  parts  of  the  first  line,  will 
be  to  that  under  the  parts  of  the  third,  as  the  solid  under  the 
parts  of  the  second,  to  that  under  the  parts  of  the  fourth. 
And  the  analogy  between  curves  of  different  orders  may  be 
carried  much  further :  but  as  enough  is  given  for  the  objects 
of  this  work ;  we  shall  now  present  a  few  of  the  most  useful 
problems. 

PROBLEM  L 

Knowing  the  Characteristic  Property,  or  the  Manner  of  De- 
^  scription  of  a  Curve,  to  find  its  Equation. 

This  in  most  cases  will  beaniatter  of  great  simplicity -be- 
cause the  manner  of  description  suggests  the  relation  between 
the  ordinates  and  their  corresponding  abscissas  ;  and  this  re- 
lation when  expressed  algebxaically,  is  no  other  than  the  equa- 
tion to  the  curve,  Exandples  of  this  problem  have  already  oc- 
curred in  sec.  4  of  vol.  1 :  to  which  the  following  are  now 
added  to  exercise  the  student. 

Ex.  1 .  Find  the  equation  to  the  cissoid  of  Diodes  ;  whose 
manner  of  description  is  as  below. 

From  any  two  points  p,  s,  at  equal 
distances  from  the  extremities  a,  b,  of 
the  diameter  of  a  semicircle,  draw  st, 
gpM,  perpendicular  to  ab.  From  the 
point  T  where  st  cuts  the  semicircle, 
draw  a  right  line  at,  it  will  cut  pm  in 
M,  a  point  of  the  curve  required. 

Now,  by  theor.  87  Geom.  as  ,  sb  =  st^  ;  and  by  the  con- 
struction, AS  .  SB  =  AP  .  PB.      Also  the  similar  triangles  APM, 

AST,  give  ap  :  pm  :  :  as  :  ST  :  :  pb  :  st  = — .    Conse- 

AP 

Vol.  II.  38  quently 
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quentlj  st^  = 


pm2  .  pb2 


2AP.PB  and  laBtlj- 


pm2  .  PB= 


PB 


S=AP  .  AP*5 


AP'^ 

or  PA^  c=  PB  ,  pm2.  Hence  if  the  diameter  ab  ==  J,  ap  =  x, 
pjH=y;  the  equation  is  a; 3  =i^    (d— a;). 

The  complete  cissoid  will  have  another  branch  equal  and 
similar  to  am€i,  but  turned  contrary  ways  ;  being  drawn  by 
means  of  points  t  falling  in  the  other  half  of  the  circle.  But 
the  same  equation  will  comprehend  both  branches  of  the 
curve  ;  because  the  square  of  —  y^  as  well  as  that  of  -(-  y,  is 
positive. 

Cor.  All  cissoids  are  similar  figures  ;  because  the  abscissje 
and  ordinates  of  several  cissoids  will  be  in  the  same  ratio,  when 
either  of  them  is  in  a  given  ratio  to  the  diameter  of  its  gene- 
rating circle. 

Ex.  2.  Find  the  equation  to  the  logarithmic  curve  whose 
fundamental  property  is,  that  when  the  abscissas  increase  or 
decrease  in  arithmetical  progression,  the  corresponding  ordi- 
nates increase  or  decrease  in  geometrical  progression. 

Atis.  ^=a^,  a  being  the  number  whose  logarithm  is  1,  in 
the  systeni  of  logarithms  represented  by  the  curve. 

Ex.  3.  Find  the  equation  to  the  cur^e  called, the  Witch^ 
whose  construction  is  this  :  a  semicircle  whose  diameter  is  ab 
being  given  ;  draw,  from  any  point  p  in  the  diameter,  a  per- 
pendicular ordinate,  cutting  the  semicircle  in  d,  and  terminat- 
ing in  M,  so  that  ap  :  pd  :  :  ab  :  hm  ;  then  is  if  always  a  point 

in  the  curve.  *  j    d'-x 

Ans.  y^=^ay/ . 

PROBLEM  IL 

Given  the  Equation  to  a  Curve,  to  Describe  it,  and  trace  its 
Chief  Properties. 

The  method  of  effecting  this  is  obvious  :  for  any  abscissas 
being  assumed,  the  corresponding  values  of  the  ordinates  be- 
come known  from  the  equation  ;  and  thus  the  curve  may  be 
traced,  and  its  limits  and  properties  developed, 

Ex.  1.  Let  the  equation  y^=a^Xy  or  y=^^a^x  to  a  line  of 
the  third  order  be  proposed. 

First,  drawing  the  two  indefinite  lines 
bh,  DC,  to  make  an  angle  bag  equal  to 
the  assunied  angle  of  the  co-ordinates  ; 
let  th6  values  of  x  be  taken  upon  ac, 
and  those  of  jf  upon  ab,  or  upph  lines 
Parallel  to  ab.  Then,  let  it  be  enquired 
whether  the  curve  passes  through  the 
'  point  A,  or  not.  In  order  to  this,  we 
must  ascertain  what  y  vflM  be  when 


Hosted  by  Google 


EQJJATIONS  TO  CURVES. 


291 


x^O  :  and  in  that  case  3/= 3/(^2  xo),  that  is,  y=0.  There- 
fore the  curve  passes  through  a.  Let  it  next  be  ascertained 
wheither  the  curve  cuts  the  axis  ac  in  any  other  point ;  in  or- 
der to  which,  find  the  value  oif  x  when  yi=0:  this  will  be 
3/^2  a;=0,  or  a:  =  0.  Consequently  the  curve  does  not  cut 
the  axis  in  any  other  point  than  a.  Make  a;  =  ap  =  |a,  and 
the  given  equa.  will  become  y  =  ^1^3=  a^/h  Therefore 
draw  PM  parallel  to  ab  and  equal  to  al/x^  so  will  m  be  a  point 
in  the  curve.  Again,  make  a;  =  ac  =  a  ;  then  the  equation 
will  give  2/=:3/a3=a.  Hence,  drawing  on  parallel  to  ab,  and 
equal  to  ac  or  a,  n  will  be  another  point  in  the  curve.  And 
by  assuming  other  values  of  y]  other  ordinates,  and  conse- 
quently other  points  of  the  curve,  may  be  obtained.  Once 
more,  making  x  infinite,  or  ic  =  co  ,  we  shall  have  y  =  l/{a^ 
Xco  )  ;  that  is,  y  is  infinite  when  x  is  so  ;  and  therefore  the 
curve,  passes  onto  infinity;  And  further,  since  when  a;  is 
'  taken  =»  0,  it  is  also  y=^0,  and  when  a?  ==  o©  ,  it  is  also  2/=«'  ; 
the  curve  ^vill  have  no  asymptotes  that  are  parallel  to  thp  co- 
ordinates.. 

Let  the  right  line  an  be  drawn. to  cut  pm  (produced  if  ne- 
cessary) in  s.  Then  because  cn=  ac,  it  will  be  ps=APr=ia, 
But  PM=a^i=ia^4,  which  is  manifestly  greater  than  Ja  ; 
so  that  PM  is  greater  than  ps,  and  consequently  the  curve  is 
concave  to  the  axis  ac 

Now,  because  in  the  given  equation  y^=^a^x  the  exponent 
of  X  is  odd^  when  x  is  taken  negatively  or  on  the  other  side 
of  A,  its  sign  should  be  changed,  and  the^  reduced  equation 
will  then  be  y  —  s/^a^o:-  Here  if  is  evident  that,  when  the 
values  of  x  are  taken  in  the  negative  way  from  a  towards  d 
but  equal  to  those  already  taken  the  positive  way,  there  will 
result  as  many  negative  values  of?/,  to  fall  below  ad,  and  each 
equal  to  the  corresponding  values  of  ^,  taken  above  ac.  Hence 
it  follows  that  the  branch  amV  will  be  similar  and  equal  to  the 
branch  amn  ;  but  contrarily  posited. 

Ex,  2.  Let  the  lemniscate  be  proposed,  which  is  a  line  of 
the  fourth  order.,  denoted  by  the  equation  a^y^zzsa^x^  —  x'^. 

In  this  equation  we  have  ^=±--^(^2  -.a;^)  ; 

where,  when  x  =  0,y  =  0,  therefore  the  curve 
passes  through  a,  the  point  from  which  the  va- 
lues of  X  are  measured.  When  .r  =  ±  a,  then 
2/  =  0  ;  therefore  the  curve  passes  through  b 
and  c,  supposing  ab  and  ac  each  =  ±  a.  If  x 
were  assumed  greater  than  a,  the  value  of  ?y 
would  become  imaginary  ;  therefore  no  p^rt  of 
the  curve  lies  beyond  b  or  c.     Wheji  .r  =  4«j 
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then  ^=1^^^  •"  ¥«*  =  4^  V  ^ ;  which  is  the  ralu6  of  the 
senai- ordinate  pm  when  ap  =  Jab.  -  And  thus,  hy  assuming 
other  values  of  a:,  other  values  of  y  may  he  ascertained,  and 
the  curve  descrilbed.  It  has  obviously  two  equal  and  similar 
parts,  and  a  double  point  at  a.  A  right  line  may  cut  this 
curve  in  either  2  points,  Or  in  4  :  even  the  right  line  bac  is 
conceived  to  cut  it  in  4  points  ;  because  the  double  point  a  i* 
that  in  which  two  branches  of  the  curve,  viz.  maj?,  and  «aq, 
are  intersected* 

Ex,  3.  Let  there  be  proposed  the  Cowcfeot^  of  the  ancients, 
which  is  a  line  of  the  fourth  order  defined  by  the  equation 

(fits— a;3)  *  (x^by=x^y^,  or  y=:± — ^v^(a2— a?^). 

Here,  if  a;=0,  then  y  becomes  in- 
finite ;  and  therefore  the  ordinate  at 
A  (the  origin  of  the  abscissas)  is  an 
asymptote  to  the  curve.  If  ab  =  b, 
and  p  be  taken  between  a  and  b,  then 
shall  PM  and  pm  be  equal,  and  lie, on 
different  sides  of  the  abscissa  ap.  .  If 
a;=:&,  then  the  two  values  of  y  vanish, 
because  xrrb  =  0,  and  consequently 
the  curve  passes  through  b,  having 
there  a  double  point.  If  ap  be  taken 
greater  than  ab,  then  will  there  be 
two  values  of  y,  as  before  having  contrary  signs  ;  that  value 
which  was  positive  before  being  now  negative,  and  vice  versa. 
But  if  ad  be  taken  =  a,  and  p  c6mes  to  d,  then  the  two  va- 
lues of  y  vanish,  because  in  that  case  ^{a^  —  x^)^=^6.  If  ap 
be  t^ken  greaterihan  ad  or  a,  then  a^  —  a-^  becomes  negative, 
and  the  value  of  y  impossible  :  so  that  the  curve  does  not  go 
beyond  d. 

Now  let  X  be  considered  as  negative,  or  as  lying  on  the 

side  of  A  towards  c.     Then  ^=± \/  {cl^  —  i^^)»     Here 

if  X  vanish,  both  these  values  of  y  become  infinite  ;  and  con- 
sequently the  curve  has  two  indefinite  arcs  on  each  side  the 
asymptote  or  directrix  av.  If  x  increase,  y  manifestly  dimi- 
nishes ;  and  when  x=a,  then  y  vanishes  :  that  is,  if  Ac  =  ad, 
then  one  branch  of  the  curve  passes  through  c,  while  the 
other  passes  through  d.  Here  also,  if  x  be  taken  greater 
than  a,  y  becomes  imaginary  ;  so  that  no  part  of  the  curve 
can  be  found  beyond  c. 

If  a=6,  the  curve  will  have  a  cusp  in  b,  the  node  between 
B  and  D  vanishing  in  that  case.  If  a  be  less  than  6,  then  b  will 
become  a  conjugate  point.  In 


Hosted  by  Google 


EQUATIONS  TO  CURVES.  29^ 

^  In  the  figure,  M'cm'  represents  what  is  termed  the  superior 
conchoid f  and  GsmDMBm  the  inferior  conchoid.  The  point 
i  is  called  the jJoZe  of  the  conchbid  and  the  curve  may  be 
readily  constructed  by  radial  lines  from  this  point,  by  means 

of  the  polar  equation ;?  =  - — ~  ±  a.    It  will  merely  be  re- 
cos  <f> 

^uisite  to  set  off  from  any  assumed  point  a,  the  distance  AB=i  ; 
then  to  draw  through  b  a  right  line  wilm'  making  any  angle  ^ 
with  CB,  and  fromx  the  pointy  where  this  line  cuts  the  direct- 
rix ay  (drawn  perpendicular  to  cb)  set  off  upon  it  lm' =  xw 
=a  ;  so  shall  M'  and  m  be  points  in  the  superior  and  inferior- 
conchoids  respectively. 

Ex,  4,  Let  the  principal  properties  of  the  curve  whose 
equation  is  yx'^=a'^^'i'  ^ ,  be  sought^  when  n  is  an  odd  number, 
and  when  ?i  is  an  even  number. 

Ex.  5.  Describe  the  line  which  is  defined  by  the  equation 
xy+ay-^cyi=bc-^bx, 

ilx,  6.  Let  the  Cardioide,  whose  equation  is  ?/4~6ai/3 -f 
(2a;2  +  12a2)  y2  _  (^Qax^  ^s^t')  2/+  (x^  +3a^ )  x^  =0,  be  pro- 
posed. 

Ex,  7.  Letthe  Trident,  whose  equation  is  iry==aaj^+Sa;2 + 
c.r+c?,  be  proposed. 

Ex.  8.  Ascertain  whether  the  Cissoid  and  the  ?fi^c/i  whose 
equations  are  found  in  the  preceding  problem,  have  asymptotes; 

.     .  PROBLEpm. 

To  determine  the  Equsiion  to  any  proposed  Curve  surface* 

Here  the  required  equation  must  be  deduced  from  the  law 
or  manner  (Dfconstructiohs  of  the  proposed  surface,  the  re- 
ference being  to  t/^ree  co-ordinates,  commonly  rectangular  ones, 
the  variable  quantities  being  or,  ^,  and  z.  Of  these,  two, 
naniely,  x  and  y  v  wiil  be  found  in  one  plane,  and  the  third  z 
will  always  mark  the  distance  from  that  plane. 

Ex.  I.  Let  the  proposed  surface  be  that  of  a  sphere,  fng. 
The  position  of  the  fixed  point  a,  " 

which  is  the  origin  of  the  co-ordinates 
ap,  pm,  mn,  being  arbitrary ;  let  it  be 
supposed,  for  the  greater  convenience, 
that  it  is  at  the  centre  of  the  sphere. 
Let  iviA,  NA,  be  drawn,  of  which  the 
latter  is  manifestly  equal  to  the  radius 
of  the  sphere,  and  may  be  denpted  by  r.  Then,  if  ap  ==  a;, 
PM=?/,  MN  =  ;?;    the  right-angled  triangle  apm  will  give 
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AM2j==AF34^pj4a==a:a4.^a;    in  like  mariner;  the  rigM-angleA 
ti^^le  AMN^  posited  m  a  i^saae  perpendicular  t^ 
will  give  Ai^3  ^^M?  -j^MN^  5  tJ^t  isr  r?  ==a;3  +^i*+;^2 ,  or  )>2  =^^3 
^a;2,— 2^2,  the  equation  to  the  spherical  surfece,  as  required. 

Scholium,  Giirve  surfaces,  as  well  as  plane  etirves,  are 
arranged  in  orders  according  to  the  dinaensions  of  the  equa- 
tions, hy  which  they  are  represented.  And  in  order  to  de- 
termine the  properties  of  curve  surfaces  j  processes  must  he 
em^^loyed,  similar  to  those  adopted  wheii^nvestigating  the 
properties  of  plane  curves.  Thusvin  like  manner  as  in  the 
theory  of  curve  linesv  the  supposition  that  the  ordinate  2/  is 
equal  to  0,  gives  the  point  er  points  where  the  curve  cuts  its 
axis ;  so,  with  regard  to  curve  surfaces  the  supposition  of 
z=0^  will  give  the  equation  of  the  curve  made  by  the  in- 
tersection of  the  surface  and  its  base,  or  the  plane  of  the  co- 
ordinates a;,  y.  Hence,  in  the  equation  to  the  spherical  sur-. 
face,  when  z  =  0,  we  h^ve  x^+y^  =  r^,  which  is  that  of  a 
circle  whose  radius  is  equal  to  that  of  the  sphere.  See  p. 
534voL  1.  ^ 

Ex,  2.  Let  the  curve  surface  proposed  be  that  produced 
by  aparabola  turning  about  its  axis. 

tfere  the  abscissas  x  being  reckoned  frona  the  vertex  or 
suinrnit  of  the  axis  and  on  a  plane  paissing  through  that  axis  ; 
the  twci  other  co-ordiniatesbeingr  as  be%  and  the 

parameter  of  the  generating  parabola  being  p  the  equation  of 
the  parabolic  surface  will  be^^found  to  be  z^'{'y^'--'px=^0» 

Now,  in  this  equation,  if  z  be  suj^osed  =  0,  we  shall  have 
^2  ==^a?,  which  (pa.  534  voL  1)  is  the  equation  to  the  generat- 
ing parabola,  as  it  ought  to  be.  If  we  wished  to  know  what 
would  be  the  cur^e  resulting  from  a  section  parallel  to  that 
which  coincides  with  the  axis,  and  at  the  distance  a  from  it, 
we  must  put  2r=a  ;  this  would  give  y^==px-^a^\  which  is  still 
an  equation  to  a  parabola,  but  in  which  the  origin  of  the  ab- 
scissas is  distant  from  the  vertex  before  assumed  by  the  quan- 
■.,'    a^ 

P     ;  -     /  ;  '■ 

Ex.  3.  Suppose  the  curve  surflice  of  a  right  cone  wfere 
proposed.     " 

Here  we  may  most  conveniently  refer  the  equation  of  the 
surface  to  the  plane  of  the  circular  base  of  the  cone.  In  this 
case,  the  perpendicular  distance  of  any  point  in  the  surface 
from  the  base,  will  be  to  the  axis  of  the  cone,  as  the  distance 
of  the  foot  of  that  perpendicular  from  the  circumference 

(measured 
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(measured  on  a  radius),  to  the  radius  of  the  base  :  that  is,  if 
the  values  of  x  be  estimated  from  the  centre  of  the  baseband 
r  be  the  radius,  z  will  vary  as  r— ^^  (a;3-fy2).  Conse- 
quently, the  simplest  equation  of  the  conic  surface,  will  be 
z  ,r  =  — y^  (a;2  -f  2^2  )^  or  rs  ^^^z+z^  =:x^+y^ . 

Now  from  this  the  nature  of  curves  formed  by  planes  cut- 
ting the  cone  in  different  directions,  may  readily  be  inferred. 
Let  it  be  supposed,  first,  that  the  cutting  plane  is  inclined  to 
the  base  of  a  right-angled  cone  in  the  angle  of  45«,  and  passes 
through  its  centre :  then  will  z-=  x,  and  this  value  of  2  sub- 
stituted for  it  in  the  equation  of  the  surface,  will  giver^-- 
2ric=y2^  which  is  the  equation  of  the  projection  of  the  curve 
on  the  plane  of  the  cone's  base :  and  this  (art.  3  of  this  chap  ) 
is  manifestly  an  equation  to  a  |9ttr€f6Qta. 

Or,  taking  the  thing  more  generally,  let  it  be  supposed  that 
the  cutting  plane  is  so  sitiiated,  that  the  ratio  of  x  to  z  shall 
be  that  bf  1  to  rn:  then  will  mx  =-z^  and  m^  a;2  =;?^,  These 
substituted  for  2r  and  s:^  in  the  equation  of  the  surface,  will 
give,  for  the  equation  of  the  projection  of  the  section  on  the 
plane  of  the  base,  r^  —  2ma;-f  (m®  —  1 )  a;^  =^2 ,  j^f^^  ^jj^g 
equation,  if  m  be  greater  than  unity,  or  if  the  cutting  plane 
jpass  between  the  vertex  of  the  cone  and  the  parabolic  sec- 
tion, will  be  that  of  an  hyperbola :  and  if,  on  the  contrary,  the 
cutting  plane  pass  between  the  parabola  and  the  base,  i.  e.  if 
m  be  less  than  unity,  the  term  (wi^  —  I)a;3  will  be  negative, 
when  the  equation,  will  obviously  designate  any  ellipse, 

SchoL  It  might  here  be  demonstrated,  in  a  nearly  similar 
manner,  that  every  surface  formed  by  the  rotation  of  any 
conic  section  on  one  of  its  axes,  being  cut  by  any  plane  what- 
ever, will  always  give  a  conic  section.  For  the  equation  of 
such  surface  will  not  contain  any  power  of  a:,  y,  or  -?,  greater 
than  the  second  ;  and  therefore  the  substitution  of  any  values 
of  2"  in  terms  of  a;  or  of  y,  will  never  produce  any  powers  of 
X  or  of  y  exceeding  the  square.  The  section  therefore  must 
be  a  line  of  the  second  order.  See  on  this  subject,  Hutton's 
Mensuration,  part  iii,  sect.  4. 

Ex,  3,    Let  the  equation  to  the  curve  surface  be  xyz=a^. 

Then  will  the  curve  surface  bear  the  same  relation  to  the 
solid'nght  angle,  which  the  curve  line  whose  equation  is  xy 
=aa  bears  to  the  ptec  right  angle.  That  is,  the  curve  sur- 
fece  will  be  posited  between  the  three  rectangular  faces 
bounding  such  solid  right  angle,  in  the  same  manner  as  the 
equilateral  hyperbola  is  posited  between  its  rectangular  asymp- 
totes. And  in  like  manner  as  there  may  be  4  equal  equila- 
teral 
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teral  hjperbplas  comprebeaded  betwee^^  recl^gi^lar 

asymptotes,  when  prodaped  both  ways  frpiaa  the  angular  point ; 
so  there  may  be  8  eqiialhyperboloids  posited  within  the  8 
solid  right  angles  which  meet  at  the  same  summit,  and  all 
placed  between  the  same  three  asymptotic  planes. 


SECTION  II. 

On  the  Cmsiruction  of  EquatiMs. 

PROBLEM  L 

To  Construct  Simple  Equations,  Geometrically. 

Here  the  sole*  art  consists  ip  resolving  the  fractions,  to 

which  the  unknown  quantity  is  equal,  into  proportional  terms  ; 

and  then  constructing  the  respective  proportions,  by  means  of 

probs.  8,  9,  10,  and  27  Geometry.     A  few  simple  examples 

will  render  themethod  obvious. 

i.  Let  «==—;  then  c:  a:  :  b:x.     Whence  a;  naay  be 
found  by  constructing  according  to  prob.  9  Geometry. 

2.  Let  a;=%^-     First  construct  the  proportion  d  :  a  :  :  Jj  : 

de 

?^,  which  4th  term  call  ff^  then  a;^^;  ore  :  c  :  yg  :x. 

d  ,     ■  ■     _  /■  ^    ■■ 

3.  Leta:=— ^— .  Then,  since  a^''h^=={a+h)ii {a-^b)  ; 

e  ,..  ■    ,  ■■    . ^ ■  ^ 

it  will  merely  be  necessary  to  construct  the  proportion  c  i  a 
-f-6  :  :  a— &  :  a?. 

4.  Let  x== ^ — =•.    Fmd,  as  m  the  first  case,  g  ==^  -^  ~ 

?L^,  ahd7i=  ^,  so  that  ^  may=  -,    Then  find  by  the  first 
ad  d  Oct  a 

case  =  i—.    So  shall  a;==ff—*,  the  difference  of  those  lines, 

a 
found  by  construction. 

5.  Let  a;=  ?f^~L^.    First  find  ^,  the  fourth  proportion- 

af+bc  b  '  ,       ,, 

al  to  6,  a,  and/,  which  make  =  h.     Then  «  =  "^T—  ^  ^^^ 
by  construction  it  will  beA+c  :  0  -—d  :  la  :  x. 

6.  Let  »= — -^.  Make  the  right-angled  triangle  abc  such 

thjtt 
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that  the  leg  ab  =  a,  bc  =  b  ;  then  ac  =  4/  {ab^ 
^Bc^ )  ===  V^  (^^  +^^ )j  %  *^*  34  Geom.    Heace 

AC^     '  ■  .  ■ 

ifc=. ,      Construct  therefore    the  proportion 

o  .  ■    .    "  ■ 

e  :  AC  :  ;  ac  :  x,  and  the  unknown  quantity  will 
be  found,  as  required. 

(7.2  ml^/'fT 

7.  Let  X  =  -TT—'     First,  find  cd  a    2-r 


^-1-c 


mean  proportional  between  ac=c,  and 
CB  =  (?,  that  is,  find  cd=v<C£^.  Then 
make  ce  =  a,  and  join  de,  which  will 
evidently  be  =V(^^+^^)  •  Next  on 
any  line  eg  set  off  ef=/i+c,  eg  =  ed  ;  and  draw  gh  piarallel 
to  FD,  to  meet  de  (produced  if  need  be)  in  jh.  So  shall  eh  be 
=  Xy  the  third  proportionar  to  /fc+Cy  and  ^  (a^-j-cS),  as  re- 
quired. 

J^ote .  Other  methods  suitable  to  different  cases  which  may 
arise  are  left  to  the  student's  invention »  And  in  all  construc- 
tions the  accuracy  of  the  results,  will  increase  with  the  si^e 
of  the  diagrams  ;  within  convenient  limits  for  operation . 


PROBLEM  H. 


To  Find  the  roots  of  Quadratic  Equations  by  Construction. 

In  most  of  the  methods  commonly  giv- 
en for  the  Gonstruetion  of  quadratics,  it 
is  required  to  set  off  the  square  root  of 
the  last  term  ;  an  operation  which  cah 
only  be  performed  accurately  when  that 
term  is  a  rational  square.  We  shall  here 
describe  a  method  which,  at  the  same 
time  that  it  is  very  simple  in  practice, 
has  the  advantage  of  showing  clearly  the 
relations  of  the  roots,  and  of  dividing  the  third  term  into  two 
factors,  one  of  which  as  least  may  be  a  whole  number. 

In  order  to  this  construction,  all  quadratics  may  be  classed 
under  4  forms  :  viz. 

2.  x^—ax-^bc=0. 

3,  x^-\-ax-\-bc==0.  t 
4.x^'-ax-\-bc==0. 

1 ,  One  general  mode  of  construction  will  include  the  first 
two  of  these  forms.  Let  a;2  Tfax  —  bc^O,  and  b  greater  than 
c.  Describe  any  circle  abd  having  its  diameter  not  less  than 
the  given  quantities  a  and  6  — c,  and  within  this  circle  inscribe 

Vol.  II.  39  ,     two 
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two  chorfs  AB=a,  AB=s6--€,  i>otb  fra^  common  assumed 
ppint  A.  Then  produce  AD  to  ]^io  that  df==c;,  and  about  the 
centre  c  of  the  former  circle,  with  the  radius  cf,  describe  an- 
other circle,  cutting  the  chords  Ab,  Ab,  produced  in  f,  e,  g,  h  : 
so  shall  AG  be  the  ajfirmUiivemd  ah  the  negative  root  of  the 
equation  a;2+ aa;—6c=  0  ;  and  contrariwise  ag  will  be  the  fie- 
gative  and  AH  the  o^rmatt'^c  root  of  the  equation  a?^—. ax— <&c 

.  ==0.  ,  ■,' '.'■-  ;-■  ■  '  '^ ' 

For,  AP  or  AD-|-DF»6,and  df  or  Ati=c  ;  and,  making  ag  or 
BH=a:,  we  shall  haye  AH====a+a; :  and  by  the  property  of  the 
circle  EGFH(theor.  61,  Geom.)  the  rectanglexA .  af=ga  .  ah, 
or  be  ===  (a+ir)  a;,  or  again  by  transposition  a;*  r\-ax^bc  =s  0. 
Also  if  AH  be  =ai=— a;,  we  shall  have  ag  or  bh  or  ah--ab==  —rr 
•r-a  :  and  conseq.  ga  .  ah  =05^4'  axy  as  before.  So  thatj 
whether  ag  be  =  rr,  or  ah?=— a:,  we  shall  always  have  a;2  + 
ase —  bc^^O.  And  by  an  exactly  similar  process  it  may  be 
proved  that  ag  is  the  negative,  and  ah  the  positive  root  of 
a;2— aa;— i>c==0. 

Cor,  In  quadratics  of  the  form  x^  4-«a^— Sc=0,  the  positive 
root  is  always  Zcss  than  the  negative  root ;  and  in  those  of  the 
form  x^  -  ax  -^5c=0,  the  positive  root  is  always^rca^cr  thafe 
the  negative  one. 

2.  The  third  and  fourth  cases  also  aire 
comprehended  under  one  method  of  con- 
struction, wiih  two  concentric  circles.  Let 
x^  +  ax  4-  &c  =  0.  Here  describe  any 
circle  ABD,  whose  diameter  is  not  less  than 
either  of  the  given  quantities  a  and  b^-e; 
and  within  that  circle  inscribe  two  chords^^ 
AB  =  a^  ADs^ft+c,  both  frona  the  same 
point  A.  Then  in  ad  assume  df==c,  and  abontc  the  centre 
of  the  circle  abd,  with  the  radius  cf  describe  a  circle,  cutting 
the  chords  ad,  ab,  in  the  points  f,  e,  g,  h  :  so  shall  ag,  ah, 
be  the  two  pesttive  roots  of  the  equation  a:^  —  aa;+6c==0, 
and  the  two  nc^a^ttje  roots  of  the  eqixniion  x^+ax+hd=0. 
The  demonstration  of  this  also  is  similar  to  that  of  the  first 
case. 

Cor,  1.  If  the  circle  whose  radius  is  cf  just  touches  the 
chord  AB,  the  quadratic  will  have  two  equal  roots  which  can 
only  happen  when  ia2=s=*5c. 

Cor.  2.  If  that  circle  neither  cut  nor  touch  the  chord  ab, 
the  roots  of  the  equation  will  be  imaginary  :  and  this  will 
always  happen,  in  these  two  forms,  when  5c  is  greater 
Ihanja^^ 

PROBLEM 
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PROBLEM  ni. 

To  Find  the  Roots  of  Cubic  and  Biquadratic  Equations,  by 
Construction. 

1.  In  finding  the  roots  of  any  equation,  containing  only  one 
unknown  quantity,  by  construction,  the  contrivance  consists 
chiefly  in  bringing  a  new  unltnown  quantity  into  that  equation  ; 
so  that  various  equations  may  be  had,  each  containing  the  two 
unknown  quantities  ;  and  further,  such  that  any  two  of  them 
contain  ^D^e^^^er  all  the  known  quantities  of  the  proposed 
equation.  Then  from  among  these  eiquations  two  of  the  most 
simple  are  selected,  and  their  corresponding  loci  constructed  ; 
the  intersection  of  those  loci  will  give  the  roots  sought. 

Thus  it  will  be  found  that  cubics  may  be  constructed  by 
two  parabolas,  or  by  a  circle  and  a  parabola,  or  by  a  circle 
and  an  equilateral  hyperbola,  or  by  a  circle  and  an  ellipse, 
&c. :  and  biqtiadratics  by  a  circle  and  a  parabola,  or  by  a  cir- 
cle and  an  ellipse,  or  by  a  circle  and  an  hyperbola,  &c.  Now, 
since  a  parabola  of  given  parameter  may  be  easily  construct- 
ed  by  the  rule  in  cor.  2  th  4  Parabola,  we  select  the  circle 
and  the  parabola,  for  the  construction  of  both  biquadratic  and 
cubic  equatipns.  The  general  method  applicable  to  both, 
will  be  evident  from  the  following  description. 

2.  Let  m''^  am'm  be  a  parabola  whose  A 
axis  is  AP,  m'^  m'gm  a  circle  whose  cen- 
tre is  c  and  radius  cm,  cutting  the  pa- 
rabola in  the  points  M,  m',  m",  m''^:  from 
these  points  draw  the  ordinates  to  the 
axis  MP,  m'p,  mV',  mV  :  and  from  c 
let  fall  CD  perpendicularly  to  the  axis  : 
also  draw  cn  parallel  to  the  axis  :  meet- 
ing PM  in  N.  LetAD==a,  DC=«=fe,  cM=«nj 
the  parameter  of  the  parabola  =  jp, 
AP=a;,  m=y.  Then  (pa.  534  vol.  l)  px  =  y^  :  also  cm^  = 
cn2+nm2,  or  n2=(x^a)2-|-(^Cp6)2  5  that  is,  x^±2ax  +  a^ 
-j-^3  ±,2by+b^==zn2.     Substituting  in  this  equation  for  a;,  its 

value  — ,  and  arranging  the  terms  according  to  the  dimensions 

of  y,  there  will  arise 

y*±{2pa4'p^)y^±^hp3y+{a*+h^'-'n^)p^==0, 
a  biquadratic  equation  whose  roots  will  be  expressed  by  the 
ordinates  pm,  p'm',  p'^m'^  p'V,  at  the  points  of  intersection  of 
the  given  parabola  and  circle. 

3.  To  make  this  coincide  with  any  proposed  biquadratic 
ivhose  second  term  is  taken  away  (by  cor.  theor.  3)  ;  assume 


Hosted  by  Google 


300  CONSTftUGTION  OF  CUBIGS,  &c. 

y^^qy^-\rry  ^  8=  0,     Asstiine  ^io  p  ===  1  ;  then  comparing 
the  terms  of  the  two  equations,  it  will  be,  2<x— - 1  =  j,  or  < 


h^+s,  and  consequently  n^^^a^-^h^  +  s).  Therefore  de- 
scribe a  parabola  whose  parameter  is  1,  and  in  the  axis  take 

AD  =  ^^— :  at  right  angles  to  it  draw  dc  and  ==  — ^r  ;  from 

the  centre  c,  with  the  radiiis  y^  (a2  +b^  +  s),  describe  the 
circle  mVgm,  cutting  the  parabola  in  Jthe  points  m,  m',  m^,  m^'  ; 
then  the  ordinates  pm,  pV,  pV',  p'V%  will  hiss  the  roots  re-^ 
quired.  / 

JVote,  This  method,  of  making  jp  ==1,  has  the  obvious  ad- 
vantage of  requiring  only  one  parabola  for  any  numiber  of 
biquadratics,  the  necessary  variation  being  made  in  tfie  radius 
of  the  circle. 

Cor,  1.  When  dc  represents  a  negative  quantity,  the  ordi- 
nates on  the  same  side  of  the  axis  with  e  represent  the  nega- 
tive roots  of  the  equation  ;  and  the  contrary. 

Coir,  ^.  If  the  circle  touch  the  parabok,  two  ro6t«  of  the 
equation  are  equal ;  if  it  cut  it  only  in  t^o  points,  or  touch  it 
in  one^  two  roots  are  impossible  ;  and  if  the  circle  fall  wholly 
vvithin  the  pairabola,  all  the  roots  are  impossible. 

Cor.  3,  If  a2  ^  ^2  =^3^  or  the  circle  pass  through  the 
point  A,  the  last  term  of  the  equation,  i.  e.  a^ +1)^—11^ 'jp^==^0  ; 
and  therefore  2/*  ±(gj3a4'p^)^^di25p2i^==d 
y^±(2pa  +  p^)y  ±:2bp^  =r=0.  This  cubic  equation  may  be 
made  to  coincide  with  any  proposed  cubic,  wanting  its  second 
term,  and  the  ordinates  pm,  f%'^,  p''W^Vare  its  rdots. 

Thus^  if  the  cubic  be  expressed  generally  by  w3di9'i/±s=t=0. 

By  comparing  the  terms  of  this  and  the  preceding  equation, 

we  shall  have  +  2pa-\-  p^  =  dt  </,  and  ±:2bp^  =  ±5,  or 

' «...  0  s 

-»-a=iMrjz  -:^,  and  /6=:ii:  tt-t-     So  that,  to  construct  a  cubic. 
2p  2p3 

equation,  with  any  gitjm  parabola,  whose  half  parameter  is 
AB^  (see  the  preceding  figure)  j  from  the  point  b  take  in  the 
axis,  (forward  if  the  equation  have  —5',  but  backward  if  ^rbe 

positive)  the  line  BD==—;  then  raise  the  perpendicular  dc 

=»  oTJ'  ^^^  from  c  describe  a  circle  passing  through  the  ver- 

tex  A  of  the  parabola;  the  ordinates  pm,  &c.  drawn  from  the 
points  of  intersection  of  the  circle  and  parabola,  will  be  the 
TOQts  required. 

PROBLEM 
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PROBLEJVIIV. 
To  Construct  an  Equation  of  any  Order  by  means  of  a  Locus 

of.  the  same  Degree  as  the  Equation  proposed,  and  a  Kight 

Line^. 

As  the  general  method  is 
the  same  in  all  equations,  let 
it  be  one  of  the  5th  degree,  as 

ex^a^f=:zO^  Let  the  last  term 
a*/ be  transposed  ;  and,  tak- 
ing one  of  the  linear  divisors, 
/,  of  the  last  term,  make  it 
equal  to  2*,  for  example,  and  divide  the  equation  by  a*  ; 

.,i         x^  ^hx^4'(iex^--a^dx^-^a^.ex 
Will2r=s  — — ,-.:''  r  ^ — — --. —  * 

On  the  indefinite  line  bj^  describe  the  curve  oif  this  equa- 
tion, bmdrlfc,  by  the  method  taught  in  prob.  2,  sect.  1,  of 
this  chapter,  taking  the  values  of  a?  from  the  fixed  point  b. 
The  ordinates  pm,  sr,  &c.  will  be  equal  to  z  ;  and  therefore, 
from  the  point  b  draw  the  right  line  b a  =/,  parallel  to  the 
ordinates  pm,  sr,  and  through  the  point  a  draw  the  inde- 
finite right  line  KG  both  ways,  and  parallel  to  b^.  From  the 
points  in  which  it  cuts  the  curve,  let  fall  the  perpendiculars, 
MP,  RS,  cq:  they  will  determine  the  abscissas  bp,  bs,  bq, 
which  are  the  roots  of  the  equation  proposed.  Those  from 
A  towards  q  are  positive,  and  those  lying  the  contrary  way  are 
negative. 

If  the  right  line  ac  touch  the  curve  in  any  point,  the  cor- 
responding abscissa  ic,  will  denote  two  equal  roots  ;  and  if  it 
do  not  meet  the  curve  at  all,  all  the  roots  will  be  imaginary. 

If  the  sign  of  the  last  term,  a*/,  had  been  positive,  then 
we  must  have  made  z  =-/,  and  therefore  must  have  taken 
BA,='^f9  that  is,  below  the  point  p,  or  on  the  negative  side. 
EXERCISES. 

Ex:  1.  Let  it  be  proposed  to  divide  a  given  arc  of  a  circle 
into  three  equal  parts. 

Suppose  the  radius  of  the  circle  to  be  represented  by  r, 

the  sine  of  the  given  arc  by  a,  the  unknown  sine  of  its  third 

part  by  x,  and  let  the  known  arc,  be  3w,  and  of  course,  the 

required  arc  be  w.     Then,  by  equa.  viii,  ix,  chap,  iii,  we  shall 

have 

.■           .    .-.    ,    V       sin  2i* .  COS  w4-cos  2^ .  sin  7^ 
sm  3t<=:sm  (2w+w)  =  — -— ■ — , 


sin  2«=sin  (  u+v)  = 


2  sin  u .  cos  u 


cas  Stt—cos  (  w+w)  == 


cos2  u — sin2  « 


Putting 
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Putting;  in  the  first  of  these  equations,  for  sin  3w  its  given 
value  a,  and  for  sin  2w,  cos  ^Up  their  values  given  in  the  two 
other  equEU;ionv  there  \f  ill  arise  • 

3  sin  w  .  coss  i* .  sin^  16 

,  o=— .  • 

'  •      ^    •      -  •         .  ■•    ,  ■  ^      •-'.■■■■ 

Then  substituting  for  sin  u  its  value  x,  and  for  cos^  w  its  va- 
lue r^  —x^  and  arranging  all  the  terms  according  to  the  pow- 
ers of  ±,  we  shall  have 

a  cubic  equation  of  the  form  x^  — j3ac4-^=0,  with  the  condition 
that  ^^yp3  -p,  1^2  .  that  is  to  say,  it  is  a  cubic  equation  falling 
under  the  irreducible  case,  and  its  three  roots  are  represent- 
ed by  the  sines  of  the  three  arcs  «,  -w  -I-  120°,  and  w-|-246<*. 
Now,  this  cubic  may  evidently  be  constructed  by  the  rule 
in  prob.  3  cor  3.  But  the  tris.eetion  of  an  arc  niay  also  he 
effected  by  means  of  an  equilateral  hyperbola,  in  the  follow- 
ing manner. 

Let  the  arc  to  be  trisected  be  AB. 
In  the  circle  abc  draw  the  semi- 
diameter  ad,  and  to  Ap  as  a  diame- 
ter, and  to  the  vertex  A,  draw  the 
equilateral  hyperbola  AE  to  which 
the  right  line  ab  (the  chord  of  the  -A. 
arc  to  be  triseqted)  shall  be  a  tangent  in  the  point  a  ;  then 
the  arc  AF,  included  within  this  hyperbola,  is  one  third  of  the 
arc  AB.  - 

For,  draw  the  chord  of  the  arc  ae,  bisect  ad  at  g,  so  that 
G  will  be  the  centre  of  the  hyperbola,  join  df,  and  draw  gh 
parallel  to  it,  cutting  the  chords  ab,  af,  in  i  and  k.  Then, 
the  hyperbola  being  equilateral,  or  having  its  transverse  and 
conjugate  equal  to  one  another,  it  follows  from  Def.  16  Conic 
Sections,  that  every  diameter  is  equal  to  its  parameter,  and 
from  cor.  theor,  2  Hyperbola,  that  gk  ki  ==  ak^  ,  or  that 
GK  :  AK  :  :  ak:  ;  ki  ;  therefore  the  triangles  gk  a.,  a  ki  are 
similar,  and  the  angle  kai  ==  agk,  which  is  manifestly  =  adf. 
Now  the  angle  ADF  at  the  centre  of  the  circle  being  equal  to 
KAI  or  FAB  ;  and  the  former  angle  at  the  centre  being  mea- 
sured by  the  arc  af,  while  the  latter  at  the  circumference  is 
measured  by  half  fb  ;  it  follows  that  af=4fb,  or  =  a  ab,  as 
jt  ought  to  be. 

Ex>  2.  Given  the  side  of  a  cube,  to  find  the  side  of  anether 
of  double  capacity. 

Let  the  side  of  the  given  cube  be  a,  and  that  of  a  double 
one  ^,  then  2a3=2/^-  o^hy  putting  2a=^,  it  wi!i  be  a?=Z>2/3; 
there  are  therefore  to  be  found  two  mean  proportionals  be- 
tween 
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tween  tKe  side  of  the  cube  and  twice  that  side,  and  the  first 
of  those  mean  proportionals  will  be  the  side  of  the  double 
cube.  Now  these  may  be  readily  found  by  means  of  two  pa- 
rabolas ;  thus  :  / 

Let. the  right  lines  ar,  as,  be  joined 
at  right  angles  ;  and  a  parabola  amh  be 
described  about  the  axis  ar,  with  the 
parameter  a  ;  and  another  parabola -ami 
about  the  axis  as,  wth  the  parameter  b  : 
cutting  the  former  in  m.  Then  af=x, 
psf=y,  are  the  two  mean  proportionals 
of  which  2^  is  the  side  of  the  double  cube  riBquired. 

For,  in  the  parabola  amh  the  equation  is  y^^j^^;^  a^d  in  the 
parabola  ami  it  is  3?^  =  by.  Consequently  a  :  y  i  :  y  :  a;,  and^ 
y  V  X  :  :  X  :  b.  Whence  yx  =ab  ;  or,  by  substitution,  y  \/  by 
=ab,  or  by  sqamiigy^b:=:a^b^  ^  or  lastly,  y^=a^b=2a^,diS 
it  ought  to  be.  -  ' 


THE^ 
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THE  DOCTRINE  OF  FLUXIONS. 


DEFINITIONS  AND  PRINCIPLES. 


Art.  1.  In  the  Doctrine  of  Fluxions,  magnitudes  or  quan- 
tities of  all  kinds  are  considered,  not  as  made  up  of  a  number 
of  small  parts,  but  as  generated  by  continued  motion,  by 
means  of  which  th^y  increase  or  decrease.  As,  a  line  by  the 
motion  of  a  point ;  a  surface  by  the  motion  of  a  line ;  and  a 
solid  by  the  motion  of  a  surface.  So  likewise,  time  may  be 
considered  as  represented  by  a  line j  increasing  uniformly  by 
the  motion  of  a  point.  And  quantities  of  all  kinds  whatever, 
which  are  capable  of  increase  and  decrease,  may  in  like  man* 
ner.be  represented  by  geometrical  magnitudes,  conceived  to 
be  generated  by  motion. 

2.  Any  quantity  thus  generated,  and  variable,  is  called  a 
Fluent,  or  a  Flowing  Quantity.  And  the  rate  or  proportion 
according  to  which  any  flowing  quantity  increases,  at  any  po- 
sition or  instant,  is  the  Fluxion  of  the  said  quantity  at  that  po- 
sition or  instant :  and  it  is  proportional  to  the  magnitude  by 
which  the  flowing  quantity  would  be  uniformly  increased  in  a 
given  time,  with  the  generating  celerity  uniformly  continued 
during  that  time. 

3.  The  small  quantities  that  are  actually  generated,  pro- 
duced, or  described,  in  any  small  given  time,  and  by  any  con- 
tinued motion  either  uniform  or  variable,  are  called  Incre- 
ments. 

4.  Hence,  if  the  motion  of  increase  be  uniform,  by  which 
increments  are  generated,  the  increments  will  in  that  case  be 
proportional,  or  equal,  to  the  measures  of  the  fluxions  :  but 
if  the  motion  of  increase  be  accelerated,  the  increment  so 
generated,  in  a  given  finite  time,  will  exceed  the  fluxion: 
and  if  it  be  a  decreasing  motion,  the  increment,  so  generated, 
will  be  less  than  the  fluxion.  But  if  the  time  be  indefinitely 
small,  so  that  the  naotion  be  considered  as  uniform  for  that 
instant ;  then  these  nascent  increments  will  always  be  pro- 
portional, or  equal,  to  the  fluxions,  and  may  be  substituted 
instead  of  them,  in  any  calculation. 

B.  To 


Hosted  by  Google 


305 


FLUXIONS, 

6.  To  illustrate  these  definitions :  Sup-  ^ 

pose  a  point  m  be  conceived  to  move  from    r ^p^^'^n 

thie  position  a,  and  to  generate  a  line  ap,  ^  . 

by  a  motion  any  how  regulated  ;  and  sup- 
pose the  celerity  of  the  point  m,  at  any  position  f,  to  be  such, 
as  would,  if  from  thence  it  should  become  or  continue  uni- 
form, be  sufficient  to  cause  the  point  to  d^feribe,  or  pass  Uni- 
formly ovgr,  the  distance  Tjp,  in  the  given  time  allowed  for 
the  fluxion  :  then  will  the  said  line  vp  represent  the  fluxion 
of  the  fluent,  or  flowing  line,  ap,  at  that  position. 

6.  Again,  suppose  the  right 
line  mnio  move,  from  the  jposi-  B 

tiouAB,  continually  parallel  to 
it^elfVwith  any  continued  n^ 

so  as  to  generate  the  fluent  or 

flowing  rectangle  ab^pj  ivhile         ^K^  T  P     3) 

the  point  m  describes  the  line 

AF :  also,  let  the  distance  rp  be  taken,  as  before,  to  express 
Ihe  fluxion  of  the  line  or  base  ap  ;  and  Gomplete  the  rectan- 
gle -p^qp.  Then,  like  as  rp  is  the  fluxion  of  the  line  ap,  so 
is  pg,  the  fluxion  of  the  flowing  parallelogram  a^  :  both  these 
fluxions,  or  increments^  being  uniformly  described  in  the  s^me 
time. 


m. 


m 


E_ 
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7.  In  like  manner,  if  the  solid 
AERp  be  conceived  to  be  gene- 
rated by  the  plane  p^r,  moving 
from  the  position  abe,  always  pa- 
rallel to  itself,  along  the  line  ad  ; 
and  if  Fp  denote  the  fluxion  of 
the  line  AP  :  Then,  like  as  the 
rectangle  pQgp,  or  pq  X  pp,  denoted  the  fluxion  of  the  flowifig 
rectangle  ABQiP,  so  alsc^  shall  the  fluxion  ©f  the  variable  s^lid, 
Qr  prism  ABERftP,  be  denoted  by  the  prism  PftRr^p,  or  the 
plane  PR  X  vp.  And,  in  both  the  last  two  cascs^  it  appears 
that  the  fluxion  of  the  generated  rect^gle,  o^r  prism,  is  equal 
to  the  product  of  the  generating  linej  or  plane  drawn  iot©  the 
fluxion  of  the  line  along  which  it  moves. 

_  8,  Hitherto  the  generating  lirie,  or  plane,  has  been  consi- 
dered as  of  a  constant  and  invariable  magnitude  ;  in  which 
case  the  fluentv  or  quantity  generated,  is  a  rectangle,  or  9. 
prism,  ^e  former  /being  described  by  the  motion  of  a  line, 
and  the  latter  by  the  motioa  of  a  plane.  So,  in  like  manner 
are  other  figures,  whether  plane  or  solid,  conceived  to  he  de- 
VoL-ir,  40  scribed 
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scribed  by  the  motion  of  a  Variable  Magnitude,  whether  it 
be  a  line  or  a  plane.  Thus,  let  a  variable  line  p^  be  carried 
by  a  parallel  motion  along  ap  ;  or  while  a  point  p  is  carried 
along,  and  desfcribea  the  line  ap,  suppose  another  point,  €t  to 


be  carried  by  a  motion  perpendicular  to  the  former  and  to  de- 
scribe the  line  p^  :  letpq  be  another  position  of  pq,  indefi- 
nitely hear  to  the  former  ;  and  draw  Q,r  parallel  to  ap.  Now 
in  this  case  there  are  several  fluents,  or  flowing  quantitieSj 
with  their  respectiYe  fluxions  :  naniely,  the  line  or  fliiei^t  ap, 
the  flu:^on  of  which  is  pp  or  ^r  I  the  line  or  fluent  pq,  the 
fluxion  of  whichii r^  ;  the  curve  or  obliqpe  line  a q^  described 
by  the  oblique  motion  of  the  point  ^  the  fluxion  of  ^which  is 
ciy  ;  and  laistly;  the  surface  apq.,  described  by  the  variable  line 
p^,  the  fluxion  of  which  is  the  rectfingle  PQ.rp,  or  pq.  X  pp. 
In  the  same  manner  may  any  solid  be  conceived  to  be  describ- 
ed, by  the  motion  of  a  variable  plane  parallel  to  itself,  sub- 
stituting the  variable  plane  for  the  variable  line ;  in  which 
case  the  fluxion  of  the  solid,  at  any  positron,  is  represented 
by  the  variable  plane,  at  that  positionj  drawn  into  the  fluxion 
of  the  line  along  which  it  is  carried. 

9.  Hence  then  it  follows  in  getieral,  that  the  fluxion  of  any 
figure,  whether  plane  orsolid,  at  any  position,  is  equal  to  the 
section  of  iti  at  that  position,  drawn  into  the  fluxion  of  the 
axis,  or  line  along  which  the  variable  section  is  supposed  to 
be  perpendicularly  carried  :  that  is,  the  fluxion  of  the  i^gure 
A^p,  is  equal  to  the  plane  ¥Q,  X  pp ,  when  that  figure  is  a  solid , 
or  to  the  ordinate  pq  X pp,  when  the  figure  is  a  surface. 

10.  It  also  follows  from  the  same  premises,  that  in  any 
curve  or  obliqufe  line  AQ,  whose  absciss  is  ap,  and  ordinate  is 
p^,  the  fluxions  of  thes6  three  form  a  small  right-angled 
plane  triangle  ^qr ;  for  ^r  ==  pp  is  the  fluxion  of  the  absciss 
AP,  qr  the  fluxion  of  the  ordinate  i>Q,  and  q;j  the  fluxion  of 
the  curve  or  right  line  aq.  And  consequently  that,  in  any 
curves  the  square  of  the  fluxion  of  the  curve,  is  equal  to  the 

sum 
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sum  of  the  squares  of  the  fluxions  of  the  ahsciss  atfd  ordinate, 
when  these  two  are  at  right  angles  to  each  other. 

11.  From  the  premises  it  also  appears,  that  fconteoiporane- 
ous  fluents,  or  quantities  that  flow  or  increase  together,  which 
are  always  in  a  constant  ratio  to  each  other^  have  their 
fluxions  also  in  the  same  constant  ratio,  at  eyery  position. 
For,  let  AP  and  BQ.be  two  contempo- 
raneous fluents,  described  in  the  same  —— — —  .»».jp 
time  by  the  motion  of  the  poiuts  p  and  ^  -^ 

%  the  contemporaneous  positions  be-  • — -— — ^_ — _:-.... 

ing  p,  Q,  and  p,  q  ;  and  let  ap  be  to  bq,,  B  Q      ^ 

or  Ap  to  Bq^  constantly  in  the  ratio  of  1 

to  n. 

Then     -     -     -     -     -,    i& 7i:)<a^==b€i, < 

B.ri^nXip==Bq; 
therefore,  by  subtraction,  n  Xp/?=^9r; 
that  is^  the  fluxion  -  pp  :  fluxion  a^' ::  1  :  n, 
thesame  as  the  fluent  ap:  fluent  B^  ::  1  :w, 
or,  the  fluxions  and  fluents  are  in  the  same  constant  ratio.    , 

But  if  the  ratio  of  the  fluents  be  variable,  so  will  that  of 
the  fluxions  be  also,  though  not  in  the  sarne  variable  ratio  with 
the  former,  at  every  position. 

NOTATION,  &c. 

12.  To  apply  the  foregoing  principles  to  the  determination 
of  the  fluxions  of  algebraic  quantities,  by  means  of  which 
those  of  all  other  kinds  are  assigniSd,  it  will  be  necessary  first 
to  premise  the  notation  commonly  used  in  this  science,  with 
some  observations.  As,  first,  that  the  final  letters  of  the 
alphabet  2-,  y,  x,  m,  &c.  are  used  to  denote  variable  or  flowing 
quantities  ;  and  the  initial  letters,  a,  5,  c,  d,kc.  to  denote 
constant  or  invariable  ones  :  Thus,  the  variable  base  ap  of 
the  flowing  rectangular  figure  ABtiP,  in  art.  6,  may  be  repre- 
sented by  X  ;  and  the  invariable  altitude  pq,  by  a  :  also,  the 
variable  base  or  absciss  ap,  of  the  figures  in  art.  8,  maybe 
represented  by  x,  the  variable  ordinate  pq.,  by  2/ ;  and  the  va- 
riable curve  or  line  aqj  by  2r. 

Secondly,  that  the  fluxion  of  a  quantity  denoted  by  a  single 
letter,  is  represented  by  the  same  letter  with  a  point  over  it : 
Thus,  the  fluxion  of  x  is  expressed  by  i,  the  flnxion  of  y  by 
yy  and  the  fluxion  of  z  by  i.  As  to  the  fluxions  of  constant 
or  invariable  quantities,  as  of  a,  byC,  &c.  they  are  equal  to 
aothing,  because  they  do  not  flow  or  change  their  magnitude. 

Thirdly, 
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Thirdly^  thM  the  ificremeBts  of  variable  or  flowing  quanti- 
ties, are  also  denoted  by  the  same  letters  with  a  small '  Over 
ihem :  Thus,  the  increments  of  a?,  y\  z,  are  x\  y\z\ 

13,  From  these  notations,  and  the  foregoing  principles,  the 
q[iiantities  and  their  fluxions,  there  considered,  will  be  denoted 
as  below.     Thus,  in  all  the  foregoing  figures,  put 

the  variable  or  flowing  line     -     -    ap  =  x, 
in  art.  6,  the  constant  line      •    -    t»^  =  ^, 
in  art.  8,  the  variable  ordinate     -    p^  =  y, 
also,  the  variable  line  or  curve  -     a^  ==  ^r : 
Then  shall  the  several  fluxions  be  thus  represented,  namely, 
i  ==  p/)  the  fluxion  of  the  line  AP, 
ax  =  pq,qp  the  fluxion  of  abq,p  in  art.  6, 
yi  ^=pqrp  the  fluxion  of  ap^  in  art.  8, 
z  ==  a9=V'(i^  +y  2  )  the  fluxion  of  a^  ;  and 
ax=  pr  the  fluxion  of  the  soUd  in  art.  7,  if  a  denote  the 

constant  generating  plane  PQR  ;  also, 
«a:  =  B^  in  the  figure  to  art.  11,  and 
•      ni  =  ^f  the  fluxion  of  the  same. 

14.  The  principles  and  notation  being  now  laid  down,  we 
may  proceed  to  the  practice  and  rules  of  this  dbctrine  ;  which 
consists  of  two  principal  parts,  called  the  Direct  and  Inverse 
Method  of  Fluxions  ;  namely,  the  direct  method,  which 
consists  in  finding  the  fluxion  of  any  proposed  fluent  or  flow- 
ing quantity ;  and  the  inverse  method,  which  consists  in  find- 
ing the  fluent  of  any  proposed  fluxion.  As  to  the  former  of 
these  two  problems,  it  can  always  be  determined,  and  that  in 
finite  algebraic  terms;  but  the .  latter,  or  finding  of  fluents, 
can  only  be  efiected  in  some  certain  cases,  except  by  means 
of  infinite  series.— First  then,  of 

THE  piRECt  METHOD  OF  FLUXIONS. 

To  find  the  Fluxion  of  the  Product  or  Rectangle  of  two  Varia- 
ble Quantities, 

15*  Let  AH^p,  =2:;  iC2/»  ^  the  flow- 
ing or  variable  rectangle,  generated 
by  two  lines  P€t  and  r^,  moving  al- 
ways perpendicular  to  each  other, 
from  the  positions  ar  ahd  ap  ;  denot- 
ing the  one  by  x  and  the  other  by  j/ ; 
supposing  dc  anfl  f  tobe  so  related,  Jf  ^^  -^"f, 
tkat  the  curve  line  Aft  may  always 
pass  through  the  intersection  q  of  those  lines,  or  the  opposite 
angle  of  the  rectangle.  Now, 
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Now,  the  rectangle  consists  of  the  two  triiinear  spaces  ap^, 

ARQ,  of  whiGb,  the 

fluxion  of  the  former  is  paXrp,  or  yx, 

that  of  the  latter  is    -     RqXRr,  or  xy,  by  art.  8  ; 

therefore  the  sum  of  the  two  xy  +  ^^,  is  the  fluxion  of  the 

whole  rectangle  soy  or  ar^p. 


The  Same  Otherwise, 


16.  Let  the  sides  of  the  rectangle  a;  and  t/,  by  flowing,  be- 
come t +2;' and  i/ 4*2/^:  then  the  product  of  these  two,  or  xy 
+a^2/"t"y^+^y  will  be  the  new  or  contemporaneous  value  of 
the  flowing  rectangle  fr  or  a;^^ :  subtract  the  one  value  from 
the  other,  and  the  remainder,  rr^/'  +  yx'  -f-  a?y,  will  be  the  in- 
crement generated  in  the  same  time  as  x'  ov  y' ;  of  which  the 
last  term  x*y  is  nothing  or  indefinitely  small,  in  respect  of  the 
Other  two  terms,  because  x'  and  y'  are  indefinitely  small  in 
respect  of  a;  and  y;  which  term  being  therefore  omitted,  there 
remains  .T^-Jryic'  for  the  value  of  the  increment ;  and  hence, 
by  substituting  i  and  y,  for  x'  and  /,  to  which  they  are  pro- 
portional, there  arises  xy  +  yxfoT  the  true  value  of  the  flux- 
ion of  xy  ;  the  same  as  before. 

17.  Hence  may  be  easily  derived  the  fluxion  of  the  pow- 
ers and  products  of  any  number  of  flowing  or  variable  quaur 
tities  whatever  ;  asofxyz,  or  waj^z,  or  vuscyz^Sic,  And  first, 
for  the  fluxion  of  xyz^ :  put /)==a;^,  and  the  whole  given  fluent 
xy2=q^  or  q^=xy2=^pz.  Then,  taking  the  fluxions  of  q==pz, 
by  the  last  article,  they  are  g  ^=^fiz  +  pi: ;  but  p  =  xy,  and  so 
p^xy+xy  by  the  same  article  :  substituting  therefore  these 
values  of  p  and /2  instead  of  them,  in  the  value  of  q  this  be- 
comes gr^^ii/z+^^r^-ari/z,  the  fluxion  of  a;2/-2^  required  ;  which 
is  therefore  equal  to  the  sum  of  the  products,  arising  from  the 
fluxion  of  each  letter,  or  quantity,  multiplied  by  the  product 
of  the  other  two. 

Again  to  determine  the  fluxion  of  wa;^^',  the  continual  pro- 
duct of  four  variable  quantities;  put  this  product,  namely 
nxyz,  or  qu=r^  where  q  =  xyz  as  above.  Then,  taking  the 
fluxions  by  the  last  article,-r=^w  +  gu\  which,  by  substitut- 
ing for  9^  and  ^Jr  their  values  as  above,  becomes  -.  -  -  - 
r====uxyz-jruxyz+uxyz-{-uxyz,  the  fluxion  of  uxyz  as  requir- 
ed :  consisting  of  the  fluxion  of  each  quantity,  drawn  into  the 
products  of  the  other  three. 

In 
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In  the  Yerjr  same  mapiaer  it  is  founds  .t(ia^  the  fluxioa  of 
vuocy 2  is vuxyz^-vuxyz^vui^yz  +  vuxi/z  ?+•  vuxyz  ;  and  so  on, 
for  any  ifumber  of  quantities  whatever  ;  in  whi<;h  it  is  always 
found,  that  there  are  as  many  terms  as  there  are-  variable 
quantities  in  the  proposed  fluent ;  and  that  the|e  terms  con- 
sist of  the  fluxion  of  each  variable  quantity,  multiplied^,  by 
the  product  of  all  the  rest  of  the  quantities. 

18.  Hence  is  easily  derived  the  fluxion  of  any  power  of  a 
variable  quantity,  as  of  ^c^^  or  a; 3,  or  a;*,  &c.  For,  in  the 
product  or  ret^tangle  it'^,  if  x=^yy  then  is  xy=:^xx  or  o:^,  and 
also  its  fluxion  xy+xi/==  a:x+x^  or  ^a;i,  the  fluxion  of  x^ , 

Again,  if  all  the  three  x,  y,  z,he  equal ;  then  is  the  prpduGt 
of  the  three  a?2/2r  ==  a;3  ;  and  consequently  its  fluxion  a:^^4- 
xyz+xyz=xxx-\'xi;X+xxi;  or  3x^xy  the  fluxion  of  x^. 

In  the  same  manner  it  will  appear  that 
the  fluxion  of  x^  is  =  4a;3^,  and 
the  fluxion  of  a;5  is  i=  aa;4i 
the  fluxion  of  a?**  is  F^  ;ia;^---ii  ; 
where  ?i  is  any  positiye  whole  number  whatever. 

"Ifhat  is^  the  fluxion  of  any  positive  integral  power  is  equal 
to  the  fluxion  of  the  root  (i),  multiplied  by  the  exponent  of 
the  power  {n),  and  by  the  power  of  the  saine  root  whose  in- 
dex is  less  by  l,-(a:'»-^^).    . 

And  thus ,  the  fluxion  of  a-^cx  being  ci-, 
that  of  (a  +  cxy  is  2ci   X(tt+ca;  )  or  Stfci-f-gc^arij 
that  of  («  -|-ea;2)3  Is  4cxa:X{O'+cx^)0T  4acxh^ 
that  of  (a;2  4-  2/2)2  is  (4a^^  X (0:2+2/2), 

that  of  (x-  4-^2/2)3  is  (3i  +6cyy  ) X(a?  A-cy^y. 

19.  From  the  conclusions  in  the  same  article,  we  may  also 
derive  the  fluxion  of  any  fraction,  or  the  quotient  of  one  va- 
riable quantity  divided  by  another,  as  of 

X  X 

-.     For,  put  the  quotient  or  fraction -==  q  ;  then,  multiply- 
y  if 

ing  hy  the  denominator,  x=qy  ;  and,  taking  the  fluxions, 
^?===  5'^+9'^j  or^==i—9'^;  and,  by  division, 

r      -     ^  (If J  ■  5C 

gf  =^— —  =^  (by  substituting  the  value  of  q^  or-), 
- — r===        o   '  >  the  fluxion  of  -,  as  required. 

y    y\        "f         ^?  y       - 

That 
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That  is  the  fluxion  of  any  fraction,  is  equal  to  the  fluxion 
of  the  numerator  drawn  into  the  denominator,  minus  the  flux- 
ion of  the  dienominator  drawn  ioto  the  numerator,  and  the  re- 
mainder divided  hy  the  square  of  the  denominator. 

So  that  the  fluxion  of  gg  is  ax'^Mr:ffior''''^''''''y. 

20.  Hence  too  is  easily  derived  the  fluxion  of  any  negative 

integer  power  of  a  variable  quantity,  as  of  a;-'*,  or  —,  which 

is  the  same  thing.  For  here  the  numerator  of  the  fraction 
is  1 ,  whose  fluxion  is  nothing  5  and  therefore,  by  the  last 
article,  the  fluxion  of  such  a  fraction,  or  negative  power, 
is  barely  equal  to  minus  the  fluxion  of  the  denominator, 
divided  by  the  square  of  the  said  denominator.     That  is  the 

fluxion  of  xr-\oT-^is  — — — --  or  —  — ^-  oT-^nx—^-'^  or;  or 

X  X  X 

the  fluxion  of  any  negative  integer   power  of  a  variable 
*  quantity  as  x-^^,  is  equal  to  the  fluxion  of  the  root,  multiplied 
by  the  exponent  of  the  power,  and  by  the  next  power  less  by 
1  ;  the  samie  rule  as  for  positive  powers. 

The  same  thing  is  otherwise  obtained  thus  :  Put  the  pro- 
posed fraction,  or  quotient  -—  =  5' ;  then  is  qxn^=-  1 ;  ai;id  tak- 
ing the  fluxions,  we  have 
<^*a;«+gwa;'^^i:=0,  hence  §'0;'*=— 5'na;"~^i ;  divide  by  x%  then 

q=:^t-.-  =  (by  substituting  ~ for  q),  ^~^or=-na;-"~i t', 

the  same  as  before. 

'  1  ,  'oc 

Hence  the  fluxion  of  x—^  or  -  is— a;~^i»  or  —  — -, 

X  x^ 

1  2i 

that  of        -        x—^oT  -— is-2a;— 3^or— -r-> 
a;2  x^ 

1                           So: 
that  of        -        05— 3  or  — is-Sa— ^i  or^ -, 

x^  ■  x^ 

that  of        -      aar^  or  — is-4aa;— ^i  of — ~j 
x^  x^ 

1  i* 

that  of  (a+ir)~ior  -v—  is  —  (a+a;)— 2^  or  r — —r~, 
^  a+x  \CL+xy 

thatofc(o+3a;2Wor-— i-~--.is  ^  ncxx  X  Ca+3x^)-^ 

.  l^c^x 

21.  Much  in  the  same  manner  is  obtained  the  fluxion  of 
\  ^  any 
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any  fractional  power  of^a  fluent  quantity,  as  of  a*",,  or  ^  a:*". 

For,  put  the  proposed  quantity  x^  =q  ;  then,  raising  each 
side  to  the  n  power,  gives  a7'^*=9"  ; 
taking  the  fluxions,  gives  rax'"'^^i;=ng^~-^  q  ;  then 

dividing  by  nqn^\  gives  g  =  -— ;rzr~= ;^=-  «  -   '^^ 

""^  nx^n' 

Which  is  still  the  same  rule,  as  before,  for  finding  the  fluxion 
of  any  power  of  a  fluent  quantity,  and  which  therefore  is  ge- 
neral, whether  the  exponent  be  positive  or  negative,  integral 

'     3  ' 

or  fractional.     And  hence  the  fluxion  of  ax^  is  f  ax^xy 

J.  i  1-         ^^^  ^^ 

that  of  aa;2  is  |  ax^-^^x^^ax—^iv  =     ^'^2^x  ;  and  that  of 

V^(a2^a;2)  or  (a^  ^a:^)^  is  i(a.g-g:2)^X~2a;a7==  .  ^_^y  ^ 

22.  Having  now  found  out  the  fluxions  of  all  the  ordinary 
forms  of  algebraical  quantities  ;  it  remains  to  determine  those 
of  logarithmic  expressions  and  also  of  exponential  ones,  that  ^ 
is  such  powers  as  have  their  exponents  variable  or  flowing 
quantities.  Add  first,  for  the  fliixion  of  Napier's,  or  the  hy- 
perbolic logarithm. 

23.  iJ^ow,  to  determine  this  from 
the  nature  of  the  hyperbolic  spaces. 
Let  A  be  the  prisciple  vertex  of  an 
hyperbola,  having  its  asymptotes  cd, 
cp,  with  the  ordinates  da,  ba,  pq, 
&c,  parallel. to  them.  Then,  from 
the  nature  of  the  hyperbola  'and  of 
logarithms,  it  is  known,  that  any  space  abpq  is  the  log.  of 
the  ratio  of  cb  to.  cp,  to  the  modulus  abcd.  Now,  put  1=cb 
or  ba  the  side  of  the  square  or  rhombus  db  ;  m  =  the  modu- 
lus, or  cbXba  ;  or  area  of  db,  or  sine  of  the  angle  c  to  the 
radius  1  ;  also  the  absciss  cp  =  a;,  and  the  ordinate  pq,=^. 
Then,  by  the  nature  of  the  hyperbola,  cp  X  pa  is  always  equal 

to  db,  that  is,  a?«==ffi :  hence  ^=  -,  and  the  fluxion  of  the 

..'■•,  ^ 

space,  iyis— =PQ^5p  the  fluxion  of  the  log.  of  a?,  to  the  mo- 
dulus  m.  And,  in  the  hyperbolic  logarithms,  the  modulus  m 
being  l,therefore—,  is  the  fluxion  of  the  hyp.  log.  of  a:; 

X 

which 
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which  is  therefore  equal  to  the  fluxion  of  the  quantity,  divided 
by  the  quantity  itseli^ 
HencethefluxionGfthehyp.log. 

of  1  +a;is--^, 
of  1— a;  is-—-, 
of  a?  +  2fis  — i— , 

Oi  — " 1%  -^ 1 — rr •  ^ — 7— jT^'- — — ') 


of  ax"^  is 


nax''^^^x    nx 


■  ax'\      .-/x  ■ 

*  24,  By  means  of  the  fluxions  of  logarithms,  are  usually 
determined  those  of  exponentidquanti 
which  have  their  exponent  a  flowing  or  variable  letter,  I'hese 
exponentials  are  of  two  kinds,  namely ,  when  the  rpot  is  a  con- 
stant quantity,  as  e*,  and  when  the  root  is  variable  as  well  as 
the  exponent,  as  y^i  V 

25.  In  the  first  case  put  the  exponential,  whose  fluxion  is 
tobe  found,  equal  to  a  single  variable  quantity  ^,  namely  ,;2'—ei ; 
then  take  the  logarithm  of  each,  so  shall  log.  Zi=,xX  log.  e  j 

-''■'•  -■■■  -■  '    '   z  '    ' 

take  the  fluxions  of  these,  so  shall -==^7  X  log.  e,  by  the  last 

Z         .   :         ;    ■  /  " 

article  :  hence  z  =2'iXlog.  c==c^iXlogw  ej  which  is  the  flux- 
ion of  the  proposed  quantity  e*  or  is  ;  and  which  therefore  is 
equal  to  the  «aid  given  quantity  drawn  into  the  fluxion  of  the 
exponent,  and  into  the  log.  of  the  root. 

Hence  also,  the  fluxion  of  (a-f-c)***  is  {a-^-cY''  X  n'x  X  log, 
(a+c). 

26.  In  like  manner,  in  the  second  case,  put  the  given  quan- 
tity y^==^ ;  then  thelogarithms  give  log.  ^-^^f  Xlog,  1/,  and  the 

fluxions  give  -=  x  X  log.  y+x  X  -  ;  hence  z  ==  2'i  X  log.  2/+ 

.-  -'^  ■■  z  y 

— ^  =  (by  substituting  y^  for  z)  ^^i  Xlog.  y+xy'^^^y,  which  is 

the  fluxion  of  the  proposed  quantity  ^^;  and  which  therefore 
consists  of  two  terms,  of  which  the  one  is  the  fluxion  of  the 
given  quantity  considering  the  exponent  as  constant,  and  the 
Other  the  fluxion  of  the  same  quantity  considering  the  root  as 
constant. 


Vql.U/  41  OF 
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Having  exj>laiaed  the  vfi3i!imeT  dt  <c^^ 
ing  the  first  fluxions  of  flowing  Or  satiable  quantities  ;  it  re- 
mains now  to  consider  those  of  the  higher  brde%  as  second^ 
third,  fourth,  &c,  fluxions. 

27.  If  the  rale  or  celerity  with  which  any  flowing  qnantity 
changes  its*  magnitude,  be  constant^  or  the^same  at  e'v^ry  posi- 
tion ;  then  is  the  fluxion  of  it  also  constantly  the  same.  But 
if  the  variation  of  magnitude  be  continually  changing,  either 
increasing  or  decreasing ;  then  will  there  be  a  certain  degree 
of  fluxion  peculiar  to  every  point  or  position  ;  and  the  rate  of 
variation  or  change  in  the  fluxion,  is  called  the  Fluxion  of  the 
Fluxion,  or  the  Second  Fluxion  of  the  given  fluent  quantity* 
III  like  manner,  the  variation  or  fluxion  of  this  second  fluxion, 
is  called  the  Third  Fluxion  of  the  fiirst  propose^  fluent  quaa^ 
tity  ;  and  so  on,  I 

These  orders  of  fluxions  are  denoted  by  the  same  fluent 
letter  with  the  corresponding  number  of  points  over  it; 
namely,  two  points  for  the  second  fluxion,  three  points  for 
the  third  fluxion,  four  points  ibr  the  fourth  fluxiouv  and  so  on. 
So,  the  different  orders  of  the  fluxion  of  a?,  are^^i^^^ 
wherWeach  i^  the  fluxion  of  the  one  next  beibre  it. 

28.  Tbis  descfiptionof  the  higher  orders  of  fluxions  may- 
be' illustrated  by  the  figures  exhibited  iri^rt.^,:  page  SbB; 
where,  if  cr  denote  the  absti^^  ap,  an^^  th<^  ordin^e  jp^  :  an4 
if  the  ordinate  PQ,  or  ^  flow  along  the  iibscisf  AP^x^r  ar,  witha 
uniform  motion  ;  then  the^fluxion  of  i?;,; namely,  xw^p  or  istr^ 
is  a  constant  quantity ,  or  i  =iO,  in  all  the  figure?.  ^  Also,  in 
fig.  1,  in  which  aq,  is  a  rigbtline,  5r==rg',  or  the  fl^ 

is  a  constant  quantity,  ory  =  0  ;  for,  the  angle  q,>  =  the  an- 
gle a^  being  constant,  €tr  is  to  r^,  or  !jcioy,  i%  a  constant  ra- 
tio. But  in  the  2d  fig.  r^',  or  the  fluxion  of  pq,  contipually 
increases  more  and  more;  andinfig.  3  it  continually  decreases 
more  and  naore,  and  therefore  in  both  these  cases  y  has  a  se- 
cond fluxion,  being  positive  in  fig  2,  but  negative  in  fig.  3. 
And  so  on,  fiyr  the  other  orders  of  fluxions* 

Thus  if,  for  instance,  the  nature  of  the  curve  be  ^uch,  that 
x^  Is  every  where  equal  to  a^y ;  then,  taking  the;  fluxions  it  is 
u^y^$x^)k;  and,  considering  i  always  as  a  constakt  quantity, 
and  taking,  always  the  fluxions,  the  equations  of  the  several 
orders  of  fluxions  will  be  as  below,  viiz, 

the  1st  fluxions  a^i^  =3a;2i, 

the  2d  fluxions  a2^  =6afi2  ^ 

the  3d  fluxions  a^^  =6^3, 

the  4th  fluxions  a2  ^=0, 

and  all  the  higher  fluxions  also  =  0,  ornothing. 
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Also,  th«  higber  orders  of  fluxions  are  found  in  the  same 
mannLer  a^  the  lower  ones.     Thus,  V 
the  first  fluxion  of  y^  is     -     -     -     -     Sy^y ; 
its  2d  flux,  or  the  flux,  of  3^^^,  Gon-i 

sidered  as  the  rectangle  ofSy^yy^yr^y+dy^^: 

and  ^,  is      -     -     ----'•). 

and  the  flux,  of  this  again,  or  the  3d  >„  ^  ..  ,  .„    ....  ^.' 

fliix.  of  2^3 ,  is .   .   .   ;  .  ;-    l^""  y +i%w + %  % 

29.  In  the  foregoing  articles,  it  has  been  supposed  that  the 
jfluents  increase,  or  that  their  fluxions  are  positivie  ;  but  it 
often  happens  that  some  fluents  decrease,  and  that  therefore 
their  fluxions  are  negative :  and  whenever  this  is  the  case, 
the  sign  of  the  fluxion  must  he  changed  j  or  made  contrar}^^  to 
that  of  the  fluent;  Bo^  of  the  re«Gtangle  a;^,  when  both  a:  and 
2/ increase  together,  the  fluxion  is  i^+i^V  but  if  of 

them,  as  2/,  d^rease,  >7hUe  the  theii^the 

fluxion  of  ^heing---^,ihe  fluxion  of  a;^  will  in  that  case  be 
'xy—xy.    This  may  be  tliiistrated  by 
the  annexed  rectangle^  APQ,R  ==3 
supposed  to  be  generated  by  the  mo- 
tion of  the  line  p^  from  a  towards  c, 
and  hy  the  mdtidn  of  the  line  rq,  from 
B  towards  A  :    For,  by  the  motion  of 
PQj  froni  A  towards  c,  the  rectatigle 
is  iricreased,  and  its  fluxion  is  +  '^y  '7 
but,  by  the  motioa  of  R€tV  from  b  to- 
wards a,  the  rectangle  is  decreased, 
aiud  the  fluxion  of  the  decrease  is  a;^;  therefore,  taking  the 
fluxion  ai  the  decrease  from  that  of  the  increase,  the  fluxion 
of  the  rectangle  xy^  when  x  increases  aiid  3/  decreases,  is  xy 

IPMARK  BY  THE  EDITOR. 

The  fluxion  of  the  algebraic  quantity  a;y  is  properly  yi-jrrr^ 
in  all  cases  of  increase  or  decrease.  We  should  always  use 
the,  signs  of  the  fluxions  of  algebraic  expressions  a$  those 
signs  arise  from  the  kuo.wn  rules,  without  considering  whether 
the  quantities  increase  or  decrease ;  but  in  denoting,  algebrair 
cally,  the  simple  fluxions  of  geometrical  quantities,  we  should 
prefix  the  sign  minus  to  the  fluxions  of  such  as  decrease  :  and 
thtrs  we  may,  in  any  ease,  use  the  fluxions  of  algebraic  equa- 
tiorts,  together  -with  the  fluxions  derived  from  geometrical 
,  without  embarrasment  or  apprehension  of  error. 

30.  We 
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30.  We  maty  now  i^pnect  all  the  rtilies  together,  which  haTe 
been. demonstrated  in  the  fe^  the 

flnxians  of  all^orts  of  jquantijties;;^    And  ihehce,    V 

1st,  For  the  Jiuxiqn  of  any  Pcmer  of  a  Jiowing  o'uaniity*- — 
lyiuitiply  all  together  th^  exponent  of  the  poweri  the  flnxion 
of  the  root,  and  the  power  next  less  by  1  of  the  same  root. 

2d,  For  the  fluxion  of  the  Rectangle  of  two  quantities, -^Mu^^ 
tiply  each  qOantity  by  the  flaxion  of  the  pther,  and  connect 
the  two  prodiucts  together  by  their  proper  signs.  ^ 
•    3d,  For  the  fluxion  of  the  Continual  product  of  any  number 
(ffUmmg  ^wawtiWM.— Multiply  the  fl^  quantity 

by  the  product  of  all  the  other  quantities,  ^nd  connect  alt  the 
products  together  by  their  proper  signs. 

4th,  For  the  fluxion  of  a  Fracttdn.-^Fvoi^ih  of  the 

numeratpr  dra>yn  into  the  denominator,  subtract  the  fluxion 
of  the  denominator  drawn  into  the  numerator,  and  divide  the 
result  by  the  ^qua:re  of  the  denominator, 

6th,  Or^  the  2df,  3d5,  and  4th  casiBS  may  be  all  included  under 
one^  mid  performed ihm.'r^sike  the  flujjipn  of  the  given  ex- 
pression as  often  as  there  are  yarijible^uantities  in  it,^  sup- 
posing first  only  oiie  of  them  variable^  ^n3  the  ^I'est  constant ; 
then  another  variable,  ^nd  the  rest  eonstant;  and,  sp  on,  till 
they  have  all  in  theiF  turns  b^een  singly  supposed  vari#^ 
connect  all  these  fluxions  tpgetheri^ilJi  their  own  signs,  i^ 

6th,  For  the  fluxion  of  a  Logarithm— Divide  the^^uxion  of 
the  quantity  by  the  quantity  iteeitv  aud  nniultiply  the  result  by 
.  the  modulus  of  the  system  of  logarithm^^^ 

JVo^c.  The  moduluis  of  the  hyperbolic  logarithms  is  1, 
and  the  modulus  of  the  common  logs,  is     .  0'43429448. 

7th ,  For  the  fluxibn  of  an  Exponential  quantity  having  the 
Root  Cons/an^ .--Multiply  altogether,  th  quanti^  the 

fluxion  of  its  exponent,  and  the  hyp.  log.  of  the  root. 

8th ,  JFor  the  fluxion  of  an  Exponential  quantity  having  the 
Root  P'ariable-^'t 6  the  fluxion  of  the  given  quantity,  found 
by  the  1st  rule,  as  if  the  root  only  were  variable^  aid  the  flux- 
ion of  the  sahae  quantity  found  by  the  7th  rule  as  if  the  ex- 
ponent only  were  variable  ;  and  the  sum  will  be  the  fluxion 
for  both  of^  them  variable, 

JStotei  When  the  given  quantity  consists  of  several  terms, 
find  the  fluxion  of  each  term  separately^  and  connect  them  all 
together  with  their  prefer  signs.    / 
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^1.  jPRAGTiCAL  EXAMPLES  TO^EXERCIjSE  THE  JFOREGOINa 


L  The  fluxic^f  aa^i/^s 

2.  Th^hijxioti  of  hxyz  is 

3.  The  fluxion  of  ca;X(aa;--c^)  is 

4.  The  fluxion  of  o;'^^*^  is 
6.  The  fluxion  of  x^y^z^  is 

6.  Thefluxionof  (a:>4-^)X(ic---^Jf)is      . 

7.  The  fluxion  of  2ax^  is 

8.  The  fluxion  of  2x3  is 

9.  Tlie  fluxion  of  3a;*y  is 

10.  the  fluxion  of  4a;%^  is  ^ 

11.  The  fluxion  of  aa?22/^jrr?2/^  is 

12.  The  fluxion  of  Ax"^  '^x^y+3bytis 

13.  The  fluxion  of  !J/a;  or  a;«  is 

14.  The  fluxion  of  l/xr^oT  a:Fis 

15.  The  fluxion  ©f  ^ — —  or  _ora;-~n  is 

16i  The  fluxion  of  ^  acoraj^jsi 

17.  The  fluxion  of  y  rror  a;?  13 

18.  The  fluxion  of  ^0:2  or  a-f^^i^ 

19.  The  fliuxipn  of  ^a;3  or  o;^  is 
20«  The  fliixion  of  |/ic3  OP  a;4  is 

21 .  The  iluxion  of  ^/x*  or  ic^  is 

22.  The  fluxion  of  ^/  (a^  4-  ^^)  or  (a^  -f  x^)*  is 

23.  The  fluxion  of  y  (ct^  w  373)  or^a^  ^a)^is 

24.  The  fluxion  of  y  (2ra:— a:x)  or  (2nc-a;a?)2  is 

25.  The  fluxion  of  ■   }  /       .  or  {«*  -i.  a?^ )   i  ig 

2i>  The  fluxiottof  (a»--a?.T)^  is 


27.  The 
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27-  The  fluxion  of  2x^a^  ±x^  is 

28.  The  fluxioD  of  (a2--.a:2)3>ls 

29.  The  fluxion  of  ^xz,  or  {xz)^  is 

30.  The  fluxion  of  ^xz—  zz  or  (a:^—!?)^  is 

1  i  »  ^ 

31.  The  fluxion  of or  —  ^a;^  is  . 

ais/x 

O/X^  ^ 

32.  The  fluxion  of  — -—  is 

a+x 

33.  The  fluxion  of  —  is 

34.  The  fluxion  of  ^  is 

z 

35.  The  fluxion  of  —  is 

3a; 

36.  The  fluxion  of is 

a-^x 

-'   Z  r 

37.  The  fluxion  of  --V—  is 

x-ir^ 

38.  The  fluxion  of  -—is 

2. 
X^ 

39.  The  fluxion  of  --  is 

40.  The  fluxion  of  ^^-  is    " 

z 

3  * 

41.  The  fluxion  of  — 7—- -r^  is 

42.  The  fluxipn  of  the  hyp.  log.  of  ax  is 

43.  The  fluxion  of  the  hyp.  log.  of  1  +  a:  is 

44.  The  fluxion  of  the  hyp.  log.  of  1  —  a?  is 

45.  The  fluxion  of  the  hyp.  log.  of  x^  is 

46.  The  fluxion  of  the  hyp.  log.  of  ^  2^  is 

47.  The  fluxion  of;  the  hyp.  log.' of  a?"*  is 


48.  The 
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48.  The  fluxion  of  the  hyp.  log.  of-  is 

49.  The  fluxion  of  the  hyp.  log.  of  — ^  is 

I— x 

1  —a; 

50.  The  fluxion  of  the  hyp.  log.  of  is 

51.  The  fluxion  of  c^  is 

52.  The  flaxi«nof  lO^is      , 

53.  The  fluKion  of  (^a+c)'^  is 

54.  The  fluxion  of  100^^  i« 

55.  The  fluxion  of  x-  is 

56.  The  fluxion  of  t/^°'  is 

57.  The  fluxion  of  nc^  is 
68.  The  fluxion  of  (a:y)^^  is 

59.  The  fluxion  of  xi/  is 

60.  The  fluxion  of  i^^  jg 

61.  The  second  fluxion  of  xy  is 

62.  The  second  fluxion  of  xy,  when  i  is  constant,  is 

63.  The  second  fluxion  of  x'^  is 

64.  The  third  fluxion  of  x^^  when  i  is  constant,  is 
€5.  The  third  fluxipn  of  xy  is 


THE  INVERSE  METHOD,  OR  THE  FINDING  OF 
FLUENTS. 

32.  It  has  been  observed,  that  a  Fluent,  or  Flowing  Quan- 
tity, is  the  variable  quantity  which  is  considered  as  increasing 
or  decreasing.  Or,  this  fluent  of  a  given  fluxion,  i^  such  a 
quantity,  that  its  fluxion,  found  according  to  the  foregoing  rules, 
shall  be  the  same  as  the  fluxion  given  or  proposed. 

33.  It  may  further  be  observed,  that  Contemporary  Fluents, 
or  Contemporary  Fluxions,  are  such  as  flow  together,  or  for 
the  same  time. — When  contemporary  fluents  are  ahvays 
equal,  or  in  any  constant  ratio  :  then  also  are  their  fluxions 
respectively  either  equal,  or  in  that  same  constant  ratio. 
That  is,  if  x  =  y,  then  is  jc  =  y  ;  or  if  x  :  y  :  :  n  :  ],  then  is 
X  :  y  :  :  n  :  1  ;  or  if  re  ==7ii/,  then  is  'x=^ny . 

34.  It  is  easy  to  find  the  fluxions  to  all  the  given  forms  of 
fluents ;  but,  on  the  contrary,  it  is  difficult  to  iind  the  fluents 
of  many  given  fluxions  ;  and  indeed  there  are  numberless 

cases 
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cases  in  which  this  cannot  at  all  he  done,  excepting  hy  the 
quadrature  and  rectification  of  curve  lioes,  or  hy  logarithms, 
or  by  infinite  series.  For,  it  is  only  in  certain  particular  forma 
and  cases  that  the  fluents  of  given  fluxions  can  he  found; 
there  being  no  method  of  performing  this.universally,  a  priori^ 
hy  a  direct  investigation,  like  finding  the  fluxion  of  a  given 
fluent  quantity.  We  can  only  therefore  lay  down^afew  rules 
for  such  forms  effluxions  as  we  know,  from  the  direct  method, 
belong  to  such  and  such  kinds  of  flowing  quantities : '  and 
these  rules,  it  is  evident,  must  chiefly  consist  in  perforunng 
such  operations  as  are  the  reverse  of  those  hy  which  the  flux* 
ions  are  found  of  given  fluent  quantities.  The  principal 
cases  of  which  are  as  follow. 

35.  To  find  the  Fluent  of  a  Simple  Fluxion ;  or  of  thai  in  which 
there  is  no  variable  quantity ^  and  only  one  fluxional  quantity. 

This  is  done  hy  barely  substituting  the  variable  or  flowing 
quantity  instead  of  its  fluxion. ;  being  the  result  or  reverse  of 
the  notation  only. — Thus, 

The  fluent  of  a'x  is  ax. 
The  fluent  of  ay  4-  2y  is  ay  +  %.. 
The  fluent  of  ^/a^+x^i^  ^a^^x^' 

36.  When  any  Porter  of  a  flowing  quantity  is  Multiplied  hy  the 

Fluxion  of  ffie  Root ;  , 

Then,  having  substituted,  as  before,  the  flowing  quantity 
for  its  fluxion,  divide  the  result  by  the  new  index  of  the  pow- 
er. Or,  which  is  the  same  thing,  take  out  or  divide  by  the 
fluxion  of  the  root ;  add  1  to  the  index  of  the  power ;  and 
divide  by  the  index  so  increased.  Which  is  the  reverse  of 
the  1st  rule  for  finding  fluxions. 

So,  if  the  fluxion  proposed  be         -         -  3a;^i 

Leavfe  out,  or  divide  by,  i  then  it  is         -  SrK^  ; 

add  1  to  the  index,  and  it  is  -        -  ^x^  ; 

divide  by  the  index  6,  and  itis         -         -  %x^  ot\x^  ; 

which  is  the  fluent  of  the  proposed  fluxion  Sx^x* 

In  like  manner, 

The  fluent  of  2arri  is  aa;. 

The  fluent  of  3x^^  is  x^,         ^  ^ 

The 
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The  fluent  of  Ax^x  is  ^xi. 
The  fluent  of  2^4  ^  is  i2^f 

The  fluent  of  az^  i  is  /_az  ^  . 

The  fluent  of  a;2"i-f- 3^3^  jg  ^x^+^yi^ 

The  fluent  of  »^-ii  is  ira?^ 
The  fluent  of  mj^^^y  is 

The  fluent  of--  ot  z-^z  is 
The  fluent  of  ^  is 

The  fluent  of  (a  +  x^x  is 
The  fluent  of  (a* -\"y^)y^y  is 
The  fluent  of  (a3+2r3)4^2^  jg 

The  fluent  of  (a"+a?n)"a;°-iii  is 
The  fluent;  of  (rt2 -1-2^2)3 j,^  ig 

The  fluent  of        ^^ 


\/(a^+^2v 


The  fluent  of     ^^     \  is 

37.  TFAcw  the  Root  wider  a  Vinculum  is  a  Compound  (Quantity ; 
and  the  Index  of  the  part  or  factor  Without  the  Vinculum^  in^ 
creased  by  1,  is  some  Multiple  of  that  under  the  Vinculum  : 

Put  a  single  variable  letter  for  the  compound  root ;  and  sub- 
stitute its  powers-  and  fluxion  instead  of  those  of  the  same 
value,  in  the  given  quantity  ;  so  will  it  be  reduced  to  a  simpler 
form,  to  which  the  preceding  rule  can  then  be  applied. 

Thus,  if  the  given  fluxion  be  f~  {a^  +  x^yx^i,  where  3, 
the  index  of  the  quantity  without  the  vinculum,  increased  by 
1,  making  4,  which  is  just  the  double  of  2,  the  exponent  of 
x^  withinthe  vinculum ;  therefore,  putting 2r=a2  4-a?2  ^  thence 
ic^  =z  -  a3,  the  fluxion  of  which  is2xx=z;  hence  then  a; » 
a  =  ^x^z  =  |z  {z  —  a2)j  and  the  given  fluxion  f,  or  Ca^  + 

^^yx^^/is  ^^z^i{z'-a^),OT  =\z^'z  ^^a^^-s^;  and  hence 

the  fluent  P  h  =  ^^z^  -^  ^^a^z^='3z^{^z  —  -.^as)      Or,  by 
substituting  the  value  of  2r  instead  of  it,  the  same  fluent  is  3 

{a^+x^yx  (tV«2  -JLa2),  or  A(«^+»^)  X  (cc^-faa). 
Vol.  II.  42  In 
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In  like  manner  for  the  following  Examples. 


To  find  the  fluent  of  ^a+cxXx^k 
To  find  the  fluent  of  {a+cxYx^k 
To  fiod  the  ifluent  of  (a+cx^)^Xdx^i, 


czz  ,     .     .-.y^ 


To  find  the  fluent  of-- ~  or  (a+z)   ^cz'z. 


-z  i 


To  find  the  fluent  of —=—:  ov ia-^-zA-^Hz^^-^^k 
To  find  the  fluent  of  "^ -v/^^^^  or  (o^  +z^ "^z^^L 
To  find  the  fluent  of  "^  V^"^-^ ^°  pr  (a^x^fx^'^^k 

SB.  When  ihere  are  several  Terms  ^involving  Two  or  more  Fa- 
rlablc  Quantities,  having  the  Fluxion  of  each  multiplied  by 
the  other  Quantity  Or  Quantities : 

Take  the  fluent  of  each  term,  as  if  there  were  only  one 
variable  quantity  in  it,  namely,  that  whose  fluxion  is  contain- 
ed in  it,  supposing  all  the  others  to  be  constant  in  that  term  5 
thenif  the  fluents  of  all  th^term^,  so  found,  be  the  very  same 
^juantity  in  all  of  them;  that  quantity  will  be  the  fluent  of  the 
whole.  Which  is  the  reverse  of  the  5th  rule  for  finding  flux- 
ions :  Thus,  if  the  given  fluxion  be  xy  +  xy,  then  the  fluent 
of  a?y  is  xy,  supposing  y  constant :  arid  the  fluent  of  xy  is  also 
a?!/  supposing  x  constant :  therefore  xy  is  the  required  fluent 
of  the  given,  fluxion  xy^xy: 

In  like  manner, 

The  fluent  of  '(xfyzr\rxyZ'^^yz  \>&  xyz^ 
The  fluent  of  2iy«  4-^^y  is  «^y. 
The  fluent  of  ia-^v^  4.^3^ 

ThefluentofJ^ori^^is    . 

2/        y    y^ 

The  fluent  of  ^^^-^-^^^"^^^^  o,^^  h 

y  y/y    ^y\/y 


m.  When 
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39.  Whei^  the  given  Fluxional Expression  is  in  this  Form     ■    ^. 

namely y  a  Fraction^  including  Two  Quantities ^  being  the  Flux^ 
ion  of  the  Former  of  them  drawn  into  the  latter ^  iniwus  the 
Fluxion  of  the  latter  irani>n  into  the  former^  and  divided  by 
the  Square  of  the  latter : 

Then,  the  fluent  is  the  fraction  -,  or  the  former  quantity 
ilmded  by  the  latter.     That  is, 

^t/  *™  Xu  X 

The  fluent  of  ^-^  js  ~«    Andy  in  like  manner, 

The  fluent  of  lir^^i^^^^^ 

Though,  indeed,  the  examples  of  this  case  may  be  perform- 
ed by  the  foregoing  one.     Thus,  the  given  fluxion      -    -     - 

Sl^M^  reduces  to  ^ — —  or  ^ ^a?v  v~^ ;  of  which, 

r         ■      y  2f'     y  • 

the  fluent  of-  is  -  supposing  2/  constant ;  and 

.'■■.'        '    -'X '  "  -     '  " 

the  fluent  of  — .a:^^--^  jg  ^jg^  ^uy-i  or -,  when  x  is  constant : 

X  ic'V   "  Xif 

therefore,  by  that  case,  ~  is  the  fluent  of  the  whc^le  • --^. 

y  y 

40.  When  the  Fluxion  of  a  Quantity  is  Divided  by  the  Quanti- 

ty itself  : 

Tteh  the  fluent  is  equal  to  the  hyperbolic  logarithm  of  that 
quantity  ;  or,  which  is  the  same  thing,  the  fluent  is  equal  to 
2'30258509  multiplied  by  the  common  logarithm  of  the  same 
quantity. 

So,  the  fluent  of-  or  xr^x,  is  the  hyp.  log.  of  x. 

X 

The  fluent  of —  is  2  X  hyp.  log.  of  a:,  or  ==  hyp.  log  x^. , 
The  fluent  of—,  is  aXhyp.  log.  .r,  or  =  hyp  log.  of  x^. 
The  fluent  of -^,  is 
The  fluent  of  ^^,  is 


4i,  Many 


Hosted  by  Google 


324  FINDlifG  OF  FLtfENTiS. 


41.  Muny  fluents  may  he  found  by  the  Direct  Method  thus  : 

Take  the  fluxion  again  of  the  given  fluxion,  or  the  second 
fluxion  of  the  fluent  sought ;  into  which  suhstitutei  —   for  x 

^  for  y  5  &c. ;  that  is,  make  a:,  ^ ,  «>  as  also  y,  y,  y,  &c.  to 

be  in  continual  propprtion,  or  so  that  a;  :  a  :  :  i  :  '«,  and  -  - 
y  :  y  :  :  y  :  y,  &G. ;  then  divide  the  square  of  the  given  flux- 
ional  expression  by  the  second  fluxion,  just  found,  and  the  quo- 
tient Will  be  the  fluent  required  in  many  cases. 


y 


Or  the  same  rule  may  he  otherwise  delivered  thus: 

In  the  given  fluxion  f,  v^^rite  a:  for  i,  yfor  y,  &c.,  and  call 
the  result  g,  taking  also  the  fluxion  of  this  quantity  g  ;  then 
make  g  :  f  :  :  g  :  f  ;  so  shall  the  fourth  proportional  f  he  the 
fluent  sought  in  many  cases. 

It  may  be  proved  if  this  be  the  true  fluent,  by  taking  the 
fluxion  of  itagain,'whichifitagre€i  with  the  proposed  fluxion, 
Will  show  that  the  fluent  is  right ;  ptherwise,  it  is  wrong. 

■■  ^     ■;.  .  y    EXAMPLE.:':       ,  -   \       \ 

Exam.  1.  Let  it  be  required  to  find  the  fluent  of  nx^-^x* 

Here  f  ==wa;"~^  i.  Write  x  for  a;,  then  nx^x  or  nx^  =g  4 
the  fluxion  of  this  is  G=w^a;°-~ii ;  therefore  g  :  f  :  :  g  :  f, 
becomes  n^a;"— 1^  :  nx'^—^jc  :  :nx^  :  x^=  f,  the  fluent  sought. 

Exam.  2.  To  find  the  fluent  of  i  ^-|-a;y . 

Here  f  =  i  y-^ory ;  then,  writing  x  for  x  and  yfor  ^,  it  is 
xy-^-^ry  or  2xy=G',  hence  c=2i2/+^% ;  then  g  :  t  :  '  g  :  f, 
becomes  ^'xy-^^ocy  :  icy-^-xy  : :  ^ocy  :  xy=F^  the  fluent  sought. 

42.  To  find  Fluents  hy  means  of  a  Table  of  Forms  of  FliMcions 
and  Fluents. 

In  the  following  Table  are  contained  the  most  usual  forms 
of  fluxions  that  occur  in  the  practical  solution  of  problems, 
with  their  corresponding  fluents"  set  opposite^  to  them;  by 
means  of  which,  namely,  by  coniparing  any  proposed  fluxion 
with  the  corresponding  form  in  the  table,  the  fluent  of  it  will 
fee  found. 

Forms. 
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Forms. 

Fluxions^ 

Fluents. 

I 

a:°-'a      ^ 

—  or-a;° 

II 

(a±a;°)»-V-»i 

III 

a^-iff 

I         ■    cc"'^ 

{a±x^y+^ 

mnar'^^(u±rx'^)'^ 

IV 

(a±a;»)"— >«• 

mna         a;™» 

/j,mn+l 

V 

{myx-f-nxy )  X  x^-^y'^\ 
or(— +— irW 

^     y 

^"^" 

VI 

mx'^^Siy?z^i'nx^y^^^yz^'\-TX^\fz'--'^z^ 
or  {mxyz-^-nxyz-^rxyz  )a;°^"^^  2/°""^^''""^ 

^  a;        y       zr    " 

xP^/V 

VII 

-  or  x-^x 

X 

log.  of  :«?• 

VIII 

x^^x 

±:-log.bf  a  ±0^ 

n 

«-£:% 

IX 

a;-ia7 

—  log.  of 

(i±:Xn 

x: 

-         .                  .      ■ 
i  ■■■    -.   ■  .  ^ 
x^^^x 

a-^x^ 

XI 

iP^""-^i. 

2                                a? 
— — -  X  arc  to  tan  ^  -,  or 

?i^a                   .a 

a+x" 

?*^a                            a+a' 

XII 

a:2"-ii. 

o'----     ■-  -.   ' 

^±a  +  a;« 

-log.  of  ^a°  4-  ^±a+a:' 

Forim 
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Forms, 


xm 


XIV 


Fluxions^ 


a;2«-ii 


y'a-x" 


x-'jc 


\/«:±la5° 


Fluents^ 


•2"  -itn- 

-  X  arc  to  sin.  4/-^,  or 
**  a 

-  X  arc  to  vers.  — 
n  a 


XV 


XVI 


XVII 


ar-^i 


v^-a+ar" 


2  x^ 

---  X  arc  to  secant  */  — ,  or 

1     x/  *  .      Sa— a:" 

X   arc  to  cosip. 


x^dx^x^ 


c^'^x 


n^a 

rc° 

1    . 
-circ, 

seg. 

to  diam. 

dk 

vers. 

a: 

Cnx 

€ 

«  l0g. 

XVI II   i:y^log:y'{''Xy^-^y 


Mote,  The'lpgarithms,  in  the  above  forms,  are  the  hyper- 
bolic ones,  which  are  found  by  multiplying  the  coihmon  loga^ 
rithms  by  2-302686092994.  And  the  arcs,  whose  sine,  or 
tangent,  &c.  are  mentioned,  have  tbe  radius  1,  and  are  those 
in  the  common  tables  of  sines,  tangents,  and  secants.  Also, 
the  numbers  wij  w,  &c.  and  to  be  some  real  quantities,  as  the 
forms  fail  when  7n==0,  or  w?==Q,  &c. 

The  Use  of  the  fotegoing  Table  of  Forms  of  Fluxions  and  Fluents. 

43.  in  using  the  foregoing  table,  it  is  to  be  observed,  that 
the  first  column  serves  only  to  show  the  number  of  the  forms ; 
in  the  second  column  ate  the  several  forms  of  fluxions,  which 
are  of  different  kinds  or  classes, ;  and  in  the  third  or  last  go- 
luran,  are  the  corresponding  fluents. 

The  method  of  using  the  table,  is  this.  Having  any 
fliixion  given i  to  find  its  fluent :  First,  Compare  the  given 
fluxion  with  the  sevei-al  forms  of  fluxions  in  the  second  co- 
lumn of  the  table,  till  one  of  the  forms  be  found  that  agrees 
with  it ;  which  is  done  by  comparing  the  terms  of  the  given 
fluxion  with  the  like  parts  of  the  tabular  fluxion,  namely,- 
the  radical  quantity  of  the  one,  with  that  of  the  other  ;  and 

the 
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the  exponents  of  the  variable  quantities  of  each,  both  within 
and  without  the  vinculum  ;  all  which,  being  found  to  ngree  or 
correspond,  will  give  the  particular  values  of  the  general 
quaatities  in  the^  tabular  forni :  then  substitute  these  particu- 
lar values  in  the  general  or  tabular  form  of  the  fluent,  and  the 
result  will  be  the  particular  fluent  of  the  given  fluxion  :  after 
it  is  multiplied  by  any  coefficient  the  proposed  fluxion  may 
have. 

EXAMPLES. 

Exam.  1.  To  iSnd  the  fluent  of  the  fluxion  3 A. 
This  is  found  to  agree  with  the  first  form.     And,  by  com- 
paring the  fluxions,  it  appears  that  x  ==  x,  and  w  —  1  =  f ,  or 


«=| ;  which  being  substituted  in  the  tabular  fluent,  or  "a;», 

gives,  iifter  multiplying  by  Sythe  coeflicient,  3X^x^,  or  ^xf, 
for  the  fluent  sought. 

Exam.  2.  To  find  the  Huent  of5x^x^/c^--x^,ov  Sx^i  (cs— a;3)^. 

This  fluxion,  it  appears,  belongs  to  the  2d  tabular  form  ; 
for  a  =  c^^  and  —  a:°==  —  a;*,  and  »==  3  under  the  vinculum, 
also  m—  1=^,  or  m=f,  and  the  exponent  **—*  of  ic^-"^  with* 
out  the  vinculum,  by  tising  3  for  w,  is  u  —  1=2,  which  agrees 
with  x^  in  the  given  fluxion  :  so  that  all  the  parts  of  the  form 
are  found  to  correspond.  Then  ^  substituting  these  values  into 
the  general  fluent, —— (a— a;")"*. 

it  becomes  -f  X|(c3-a;3)S=:_  y  (cs^xs)*. 

Exam.  3.  To  find  the  fluent  (^~^^. 

This  is  found  to  agree  with  the  8th  form  ;  where  -  -  - 
4;a;"==+a;3  in  the  denominator,  or  n—3  ;  and  the  numerator 
x^—^  then  becomes  x^ ,  which  agrees  with  the  numerator  in 
the  given  fluxion  ;  also  a=^\\  Hence  then,  by  substituting  in 
the  general  or  tabular  fluent,  ^  log.  of  a  -f  ««,  it  becomes  ^ 
log.  l+«3.  ^ 

Exam.  4,  To  find  the  fluent  of  afl;*i. 

Exam.  6,  -To  find  the  fluent  of  2  (\0+x^)^xi. 

Exam.  6.  To  find  the  fluent  of --^-^|. 

{c^+x^y 

Exam.  7.  To  find  the  fluent  of  7^^^, 

(fi'-'xy  Exam.  8. 
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Exam.  8.  To  fitodkthe  fluent  of  *^i^^^ 

Exam.  9.  To  fina  the  fluent  of  -^^r. 

Exam.  10.  To  find  the  fluent  of  (^^-?^)a;32^2. 

■" '  ■.  ^   ,y 

Exam.  11.  To  find  the  fluent  of  (-+#-)  a;2/^ 

■3rr  3      '' 

Exam.  12.  To  find  the  fluent  of  — -  or  -x-^x. 

ax      a 

Exam.  13.  To  find  the  fluent  of  /  ^ 


3-2a; 


Exam.  14.  To  find  the  fluent  of —^  or  ~^. 

2a;— a;2        ^-x 

Exam.  15.  To  find  the  fluent  of        I  ^  or:r-    «» .o> 

a;r-3a;3       1  — Po;^ 

_3a^":  ■  :"■•■■   ■  ';■/" 
l-a?^' 


Exam.  16.  To  find  the  fluent  of 


■■' '-     ■"  ..'        ...■..:.  ^.  . 
Exam.  17.  To  find  the  flueM  of  -—--^ . 

2irrb 


Exam.  18.  To  find  the  fluent  of 


1+a;** 


Exam.  J9.  To  find  the  fluent  of 


2+a;5 
Exam.  20.  To  And  the  fluent  of - 


v^l+a:^ 
Exam.  21.  To  find  the  fluent  of  -     ^^ 


Exam.  22.  To  find  the  fluent  of  . 

Exam,  23.  To  find  the  fluent  of      ^"^     > 


Exam.  24.  To  find  the  fluent  of  —===== 


Exam.  25.  To  find  the  fluent  of       ^^ 


^ax^-^x^ 
Exam.  26.  To  find  the  fluent  of    \Ll=. 


^   ExaJu  27. 
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Exam.  27.  To  find  the  fluent  of —±™:zr:. 

Exam.  28.  To  find  the  flaent  of  ^x^^^x-^x^. 

Exam.  29.  To  find  the  fiuent  of  axx^ 

Exam.  30.  To  find  the  fluent  of  Sa^^i. 

Exam.  31,  To  find  the  fluent  of  32*i  log.  z  +  Sxz'^'-^i, 

Exam.  32.  To  find  the  fluent  of  (1 +a;3)a'i7. 

Exam.  33.  To  find  the  fluent  of  (2  +  a?*)  aj^i 
Exam.  34.  To  find  the  fluent  of  x^x^/a^  +^a 


To  Jind  Fluents  hy  Infinite  Series. 

44.  When  a  given  fluxion,  whose  fluent  is  required,  is  so 
complex,  that  it  cannot  be  made  to  agree  with  any  of  the 
forms  of  the  foregoing  table  of  cases,  nor  made  out  from  the 
general  rules  before  given  ;  recourse  may  then  be  had  to  the 
method  of  infinite  series  ;  which  is  thus  performed  : 

Expand  the  radical  or  fraction,  in  the  given  fluxiou,  into 
an  infinite  series  of  simple  terms,  by  the  methods  given  for 
that  purpose  in  books  of  algebra  ;  viz.  either  by  division  or 
extraction  of  roots,  er  by  the  binorhiM:  ffi^  &c. ;  and 
multiply  every  term  by  the  fluxional  l#er/and  by  such  sim- 
ple variable  factor  as  the  given  fluxion#lAxp^ession  may  con- 
tain. Then  take  the  fluent  of  each  term  separately,  by  the 
foregoing  rules,  connecting  them  altogether  by  their  proper 
signs  ;  and  the  series  will  be  the  fluent  sought,  after  it  is  mul- 
tiplied by  any  constant  factor  or  coefiicient  which  may  be 
contained  in  the  given  fluxional  expression. 

45.  It  is  to  be  noted  however,  that  the  quantities  must  be 
so  arranged,  as  that  the  series  produced  may  be  a  converging 
one,  rather  than  diverging :  and  this  is  effected  by  placing  the 
greater  terms  forernost  in  the  given  fluxion.  When  these  are 
known  or  constant  quantities,  the  infinite  series  will  be  an 
ascending  one  ;  that  is,  the  powers  of  the  variable  quantity 
will  ascend  or  increase;  but  if  the  variable  quantity  be  set 
foremost,  the  infinite  series  produced  will  be  a  descending  one, 
or  the  powers  of  that  quantity  will  decrease  always  more  and 
more  in  the  succeeding  terms,  or  increase  in  the  denominators 
of  them^  which  is  the  same  thing. 

Voxo  IT,  43  For 
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For  example,  ta  find  the  flueiit  of- 


Here^  by  dividing  the  iiiamerator  by  the  denominator,  the 
proposed  fluxion  becomes  i—^^i+3aj2i:~  5a; 3^4^^ 
then  the  fluents  of  all  the  terms  being  taken;  give      -     -     - 
X  — a;2  +0?^  —fa;*  +|a?^  —  &g.  for  the  fluent  sought^ 

Again,  to  find  the  fluent  of  iV  1  "-^^* 
Here,  by  extracting  the  root,  or  expanding  the  radical 

quantity  y  1  ^  x^ ,  the  given  fluxion  becomes  -  -  -  -  - 
V~ii^i--¥a?^i--iV^^i--&c.  Then  the  fluents  of  all  the 
terms,  being  taten,  give  a;-:-^a;^— 5^^a;«— jf^a;''— &c.  for  the 
fluent  sought. 

OTHER  EXAMPLES.  ^ 


Exam.  1,  To  find  the  fluent  of -^  both  in  an  ascending  and 

,_■/■■■.■/..■'  a^x       ■ 

descending  series. 

Exam.  2.  To  fittd  the  fluent  of>-^  in  both  series. 
■■■■'-;  •,  a-f-x      '     ■  •   ,    ' 

Exam.  3.  To  find  the  fluent  of  ,        ^7' 

{a—xy    • 

-  ■'"■  ^--   »■      ■    "^  ■    '■ ''   I— x2'-|-2a;*' ■   ■ 
Exam.  4.  To  find  the  fluent  of     _,  „  ^' 

Exam.  5.  Given  z=?=^^^  f  ^,  to  find  z> 

Exam.  6.  Given  z=—r—3^^o  hndz. 

Exam.  7.  Given  2:=  Si V a+^o  find z. 
ExAMi  8.  Given  z  = .  ^x^^a^^-  x^ ,  to  find  ^. 
ExABf.  ^.  Given  2:==  4i'v/a3—ai2,  to  finder. 

Exam.  10.  Given  2= — — ^ ,  to  find  g. 

^a;2^a3  ;:. 

Exam.  11.  Given  z=fe3;^a3—i%  to  find  z. 

Exam.  12,Givenz=  — ±=:zz=,  to  finder. 
^ax^xx 

Exam.  13.  Given  z=  2^^^+-a?^4-a:^,  to  find  2". 

Exam.  14.  Given  r  ^  5i  Vaaj^a;^,,  to  find  2^. 

■      :  ■■■  V  •  ■         ■      To 
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To  Correct  the  Fluent  of  any  Given  Fluxion, 

46.  The  fluxion  found  from  a  giren  fluent,  is  always  per- 
fect and  complete  ;  but  the  fluent  found  from  a  given  fluxion 
is  not  always  so  ;  as  it  often  wants  a  correction,  to  ihake  it 
contemporaaeous  with  that  required  by  the  problem  under 
consideration,  &c. :  for,  the  fluent  of  any  given  fluxion,  as  i 
maybe  either  a;,  which  is  found  by  the  rule,  or  it  may  be  ac+c, 
or  X  —  c,  that  is  x  plus  or  minus  some  constaut  quantity  c ;  be- 
cause both  a;  and  a;ic  have  the  same  fluxion  i,  and  the  flnding 
of  the  constant  qujmtity  c,  to  be  added  or  subtracted  with  the 
fluent  as  found  by  the  foregping  rules,  is  called  correcting  the 
fluent. 

Now  this  correctioti  is  to  be  determined  from  the  nature  of 
the  problem  in  hand,  by  which  we  come  to  know  the  relation 
which  the  fluent  quantities  have  to  each  other  at  some  certain 
point  or  time.  •  Reduce,  therefore,  the  general  fluentialequa" 
tion,  supposed  to  be  found  by  the  foregoing  rules,  to  that  point 
or  time  ;  then  if  the  equation  be  true,  it  is  correct ;  but  if  not, 
it  warits  a  correction  ;  and  the  quantity  of  the  correction,  is 
the  difference  between  the  two  general  sides  of  the  equation 
when  reduced  to  that  particular  point.  Hence  the  general 
rule  for  the  correction  is  this  : 

Connect  the  constant,  but  indeterminate,  quantity  c,  with 
one  side  of  the  fluential  equation,  as  determined  by  the  fore- 
going rules  ;  then,  in  this  equation,  substitute  for  the  variable 
quantities,  such  values  as  they  are  known  to  have  at  any  par- 
ticular state,  place,  or  time  ;  and  then,  from  that  particular 
state  of  the  equatbn,  find  the  value  of  c,  the  constant  quan- 
tity of  the  correction. 


EXAMPLES. 


47.  Exam.  1.     To  find  the  correct  fluent  of  i=ax^i. 

The  general  fluent  is  z=^ax^ ,  or  z==ax*  +  c,  taking  in  the 
correction  c. 

Now,  if  it  be  known  that  2r  and  a;  begin  together,  or  thatz 
is  =0,  when  a:  =  0  ;  then  writing  0  for  both  x  and  z,  the  ge- 
neral equation  becomes  0=0+c,  or  =c  ;  so  that,  the  value 
of  c  being  0,  the  correct  fluents  are  z=ax^ . 

But 
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Bat  if  ^  be  =0,  when  a;  18=  t,  aoy  known  quantity ;  then 
substituting  0  for  2r,  knd  h  for  a;,  in  tbe  general  equation ,  it  be- 
comes 0===a5*+c,  and  hence  we  find  c=  ;  which  being 
Wntten  folic  in  the  general  fluential  equation, it  becomes  :?= 
ax^  — ai* r^r  the  coirect  toehts^ 

Or,  if  it  be  known  that  if  is  ===  some  quantity  ^,  when  a:  is 
=«=some  other  quantity  as  b;  then  substitpting  d  for  z,  and  b 
f©r  ir,  in  the  general  flttentml  equation  2'===fl;x4+c,  it  becomes 
€?=:a6*  -|-c ;  and  hence  is  deducied  the  value  of  the  correction, 
namely,  ;ct==i^wal»*  •  consequently,^  writing  this  value  for  c  in 
thegenet^  equation,  it  becomes  f==aaff^^^^—  a&*  +  4,  for  the 
correct  ejpatidnpf  the  B^ 

48.  jLndhenQe  arises  another  easy  and  general  way  of  cor- 
recting the  fluents,  which  is  this  :  In  the  general  equation 
of  the  fluents  write  the  particular  values  of  the  quantities 
which  they  ar^knqwn  to  have  at  any  certain  time  or  position  j 
then  subtract  the ;  sides  of  the  resulting  particular  equatiott 
from  the  cprresponding  sides  of  the  general  one,  and  the  re^ 
mainders  lyill  give  the  porrept  equation  of  the  fluents  sought. 

Spythe  general  equation  being:  i==^a^^  ; 
write  di^^ 

hence,  by  subtraction,    -    2^(i==F#^--ai^^  ; 
or  2^===ax*--a6*-f.^,  the  correct  flu^e^ts  as  before. 

Exam,  2,  Tp  find  the  correct  fluents  of  z=  5a:i ;;?  being 
==  0  when  a;  is  ==  (^. 

Exam,  3.   To  land  the  correct  fluents  of  z==3i  ^  a  +  xr 
2r  and  tc  being  =0  at  the  same  time.  * 

Exam.  4.   To  find  the  correct  fluent  of  z=-^V   supposing 

^rando;  to  begin  to  flow  together,  or  to  be  each  =  0  at  the 
same  time. 

fixAM.  6.   To  find  the  correct  fluents  of  z=     ^^     ;  suppose 
mg  ^  and  x  to  begin  together. 


Arto,  4^0 
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OF  FLUXIONS  AND  FLUENTS. 

Ar*^.  49.  In  art  42,  &Ci  is  giyen  ja  compendious  table  of 
various  forms  of  fluxions  and  fluents,  the  truth  of  which  it  may 
be  proper  here  in  the  first  place  to  prove* 

60.  As  to  most  of  those  fpms  indeed,  they  wiU  be  easil J 
proved,  by  oi^ly  taking  the  fluxions  of  the  forms  of  fluentf  ^ 
in  tlie  last  column,  by  means  of  the  rules  before  given  in 
art^  30  of  the  direct  method  f  by  which  they  will  be  found  to 
produce  the  corresponding  fluxions  in  the  i2d  column  of  the 
teible.  Thus,  the  1st  and  2d  forms  of  fluents  will  be  proved 
by  the  1st  of  the  said  rules  for  fluxions  ;  the  3d  and  4th  fprms, 
of  fluents  by  the  4th  rule  for  fluxions  ;  the  5th  and  6tb  forms, 
by  the  3d  rule  t)f  fluxions  ;th^  7th,  Sth^  9th,  foth,  12th,  14th 
fornis,  by  the  6th  rule  of  fluxions  :  the  17th  fonn,  by  the  Ttb 
rule  of  fluxions  :  the  18th  form,  by  the;  Bth  rule  of  fluxions. 
So  that  there  remains  only  to  prove  the  11th,  1301, 16th,  and 
16th  forms. 

61.  Now,  as  to  the  16th  form,  that  is  proved  by  the  2d  ex- 
ample in  art.  98,  where  it  appears  that  i-y'  (c^rcr-x?)  is  the 
fluxion  of  the  circular  segment,  whose  diameter  is  d,  and 
versed  sine  a?.  And  the  remaining  three  forms,  viz,  the  1  Ufa, 
13th,  and  15th,  will  be  proved  by  means  of  the  rectifications 
of  circular  arcs,  in  art.  96. 

62.  Thus,  for  the  1 1th  form,  it  appears  by  that  art.  that  the 
fluxion  of  the  circular  arc  ar,  whose  radius  is  r  and  tangent  t^ 

is  z  ==  -JXV"     "^^^  P"^*  ^  ~  ^^^*  ^^  ^^  ^  ^'^ '  ^^^  "  ^  '^^  • 
then  is  i  =  ^nx^     or,  and  r^  +  t^  ^=i  a  +  x  ,  and  z  =  -.-> — 

r?»— t '  in— J 

i«/w^2      ^  x^.     X      z       2  . 

hence  -— 7——==- — =— z,  and  the  fluent  is 


2^      2  iTi  2 

— =—  X  arc  to  radius  a/  a  and  tang,  x^    or= — - — X  arc  to 

an    na  n^a 

radius  1  and  tang:  ^ —,  which  is  the  first  form  of  the  fluent 

inn^.  XI. 

63.  And,  for  the  latter  form  of  the  fluent  in  the  same  n** ; 

•       2 
because  the  coefficient  of  the  former  of  these,  viz.  — — is  dou- 

1 

ble  of  the  coefficient  of  the  latter,  therefore  the  arc 

in  the  latter  case,  must  be  double  the  arc  in  the  former 
But  the  cosine  of  double  an  arc,  to  radius  I  and  tangent  ^, 


Hosted  toy  Google 


^4  FLtjXttW^SVAND^  F^ 

is  r-r-r  r  and  because  it^==  — ^  by  the  former  case,  this  substi-^ 

tuted  foT  3^^  in  the  cbdtie   <  .  ^,it  becOTaes  -— — ,  the  cosine 

as  in  the  latter  case  of  the  1  Jth  form. 

54.  Again j  for  the  first  case  of  the  fluent  in  the   13th 
forDQr    By  art.  61,  the  fluxiori  of  the  circular  arc  ar,  to  radius  r 

aBfsine2/,is2r=-^^^ 

Kow  ptit  J  «  ^ -— ,  or  ^3  ==  ~ ;   henc^^  V   (^  —  2/^)  = 

the^  these  two  being  substituted  in  the  Value  of  z ,  give  z 

;  ',  ,   .  '■'■  .'(■  i«— .1.  ■' '  ■  '    .  '  •  ■  '  '-    ■■  . '■  '■'■'- " 

or  .    ^       r  =7:  X     /  ^    ^  ;  consequently  the  given  fluxion 

^irA*^"  ^J  '"  '-'Or-  -^   '''''■''   ■  2'^'  '■ 

— 7-i^— — r^ is  ==-^  z,  and  therefore  its  fluent  is--?,  that  is-  X 

arc  to  sine  V—^,  as  in  the  table  of  forms,  for  the  first  case  of 
•fornrxiir.  ■:V^    ■:''']  ''/.  '"""  ■!•}  "^'■'.■.,,    ';^<-:  '  „>  ■  ^ 

65.  And,  as  the  coefficient--,  in  the  iatler  case  of  the  Said 

-■,■.■■  ;,  ',  .'  '■       n  .    ,  -.  ,      . ..  . :  '  ■  .•-  ,  ■  .■  ■ 

form,  is  the  half  of  -  the  coefficient  in  the  former  case,  there- 

n  '  ■•■  ■  ". ■  ^  :\^     '    -~  ■■''•■. 

fore  the  arc  in  the  latter  case  must  be  double  of  the  arc  in 
the  former.  But,  by  trigonometry,  the  versed  sine  of  double 
ah  arc,  to  sine  1/  and  radius  1,  is  2y^  ;  and,  by  the  former  case 

•  ■■    2^;**  "  1  ■■  ■■  Ssc**  '\' 

2y^z=z .,.—  ^  therefore  -  X  arc  to  the  versed  sine  -—  is  the 
a  n  a 

fluent,  as  in  the  2d  case  of  form  xiii. 

'56.  Again,  for  the  first  case  of  fluent  in  the  15th  form. 

By  art  61,  the  fluxion  of  the  circular  arc  z,  to  radius  r 

and  secant  s,  is  z  =i  — rr^— rr? or  —       .  o     t\  *^  radius  1 . 

jrn         ■ 

No\v,put  s===V —■===---'> or  *2==__;  hence ^\/  ($^^\)'==- 

-  '  L  ■'■■■,  fit,'     v^tt  ■ '  d 

in  l.n  in— 1 

2;"2  /^n.      '  JJ.2  I  '2 

--7^^/(---~l)==----'/(a;'*--o),and5==  V- X  ¥ix       i; 

\  ^-^    -"  ■■'  ■:•■/■  -■;  '  .•:then.- 
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then  these  two  being  substituted  in  the  value  of  i,  give  z  or 

a;— ^r  2     .  .2  2 

-=—^z,  and  theref*  its  fluent  is  -- —  z^  that  is 


X  arc  to  secant -v/ —5  as  in  the  table  of  forms,  for  the  first 


X  arc  to  secant  . 
case  of  form  XV. 
^7.  And,  as  the  coefficient  — — ,  in  the  latter  case  of  the 

;■•';■■  -.^    -.'  ■  '  a'  2'    ■'-■■'''''' 

said  form,  is  the  half  of- — -  the  coefficient  of  the  former 

.■,.,."/■  ■  ■  n^a   \  ■,;.■■'■,■,   ^ 

Gase,  therefore  the  arc  in  the  latter  case  must  be  double  the 

arc  itt  the  former.    Butylby  trigonometry,  the  cosine  of  the 

'   '2• 
double  arc  to  secant  s  and  radius  1,  is—  —  1  ;  and,  by  the 

2  2a  2a— X"'  1 

former  case,  --.— 1== — '-1=    .  ,  ' ,   :  therefore  -r-r-X  arc 

S^  Xn:  Xn        ■  fhyj  a 

to  cosine  - — — -is  the  fluent,  as  in  the  2d  case  of  form  xv» 

Or,  the  samefluent  will  be ——rX  arc  to  cosine^—,  be- 
Uf^a  '     x"^ 

cause  the  cosine  of  an  arc,  is  the  reciprocal  of  its  secant. 

68.  It  has  been  just  above  remarked,  that  several  of  the 
tabular  forms  of  fluents  are  easily  shown  to  be  true,  by  takiug 
the  fluxions  of  those  forms,  and  finding  they  come  out  the 
same  as  the  given  fluxions.  But  they  may  also  be  determined 
in  a  more  direct  manner,  by  the  transformation  of  the  given 
fluxions  to  another  form.  Thusj  omitting  the  first  form,  as 
too  evident  to  nefed  any  explanation,  the  2d  form  is  ?==  (a  + 
a;„)''^^a?'^-*^i,  where  the  exponent. (w  -  1)  of  the  unknown 
quantity  withoHt  the  vinculum;  is  1  less  than  (n),  that  under 
the  same.     Here,  putting  2/==  the  compound  quantity  a+a;'* : 

thenis^  =»i'*~'*i,  andz===  -----i^;  hence  by  art.  36,  i  =^ 

=c  ^       ^   as  m  the  table. 

■,  van 

69.  By  the  above  example  it  appears  that  such  form  of 
fluxion  admits  of  a  fluent  in  finite  terms,  when  the  index  («—  I) 
of  the  variable  quantity  {x)  withojit  the  vinculum,  is  less  by 
1  than  »,  the  index  of  the  same  quantity  under  the  vinculum. 
But  it  will  also  be  found,  by  a  like  process,  that  the  same 
thing  takes  place  ia  such  forms  as  (a+x«)'»x<^'»~ii.  where  the 

exponent 
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Xn»IUple  (cj  of  |H^  <^^^  uhd^r  nt^^  And  iurther, 

ttiat  the  flaunt;  ia  each  casfe^  will  consist  of  ?is  nuany:  Cerrns  as 
aredeiiQted  by  tire  integer  iiumiberc;^^ 
c==^:  I,  of  two  terras  when  a  =2y  of  three  terms  when  t=^  3^ 
and  so  on.  ' 

60.     Thus,  in  the  general  form,  z==  (<a+a;")'^ir«'"^^i,  pufe- 
ting  as  before,  a+a;»  ==^ ;  th<Bn  is  aj'^ss  ^  —  a^  and  its  fluixion 

nx^}x  ==  y,  or  aj'^iiss  ^,  and  o^'^^i  or  a;«"~^  ai^^x  =  1 

(^/--oy^yy  also  (a+a:«)'*»=T  ^'^  :  these  values  being  now  sub- 

stitttted  in  the  general  fbrni  prdp(^edVgiTez==^(^--*a)*^*^^ 

Now,  if  the  compound  xjUantity  (y — oy-^be  expanded  by  the 
binomial  theorem,  and  each  term  multiplyed  iiyf^^,  that  flux- 
ion becomes  r 

&c.);|hej)i  the  fluent  of  every  term,bein^takenby  art.  36^  it  is 


3 


^^•)>  putting  jtf>==^  wi  4-  jp,  ibr^he  general  ifbrm  of  the  fluent ; 
where,  c  being  a  whote  number,  th0  inullipliers  c -*.  1 ,  c  -^2, 
e— 3,  &G.  will  become  equal  to  nothing,  after  the  firstc  terms , 
and  therefore  the  series  will  then  ternainate,  and  exhibit  the 
fluent  in  that  number  of  terms  ;  vis^  there  will  be  only  the 
_  first  terna.  when  <;====  1,  but  the  first  two  terms  when  g  =?  2> 
and  the  first  three,  terms  when  c  =  3,  and  so  on.-— Except 
however  the  cases  in  wMch  m  is  some  negative  number  equal 
to  or  less  than  € ;  in  which  case  the  divisors,  wH-c,  «i+c-^  Jy 
^^i-^c^^iA^'  becoming  equal  to  nothing,  before  the  multi- 
pliers G-i.1,  (?--2,&c.  the  corresponding  terms  of  the  6<eries, 
being  divided  by  6,  will  be  infinite  :  and  then  the  fluent  is 
said  to  fail,^  as  in  such  case  nothing  can  be  determined  from  it. 

61.  Besides  this  form  of  the  fluent,  there  are  other  innithbds 
bf  proceeding,  by  which  other  forms  of  fluents  We  derived, 
of  the  given  fluxion  z=^  (a  +  a;»i)'»a;«'»^'x,  wy  are  of  use 
when  the  fi}r€5goirig  form  fails,  6  runs  into  an  infinite  series  ; 
some  results  of  which  are  given  both  l^  Mr.  Simipsiiii  and; 
Mr.  Landeri.  The  two  foltewing  processes  are  after  the  man- 
ner  of  the  former  author. 

62.  The  given  fluxion  byng(a+a;*»)^a;««-i^^^   its  fluent  may 

■;-■    '•  -.  ■'-,■  -■  ■  '  ■"-  ■  '■-   ---^- '-he- 
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be  assumed  equal  to  (a  +  a;^)'«^ti multiplied  by  a  general  se- 
ries, in  terms  of  the  powers  of  a;  eombined  with  assumed  un- 
known ceefficients,  which  series  may  be  either  ascending  or 
descending,  that  is,  having  the  indices  either  increasing  or  de- 
creasing : 
viz.  {a+x''y^^^%(Ax''+Bx^'-''i-ex''-^'+^^^^^ 

And  first,  for  the  former  of  these,  take  its  fluxion  in  the  usual 
way,  which  put  equal  to  the  given  fluxion  (a+a;'')'^^:^'*-'^ , 
then  divide  the  whole  equation  by  the  factors  that  may  be 
comnlon  to  all  the  terms  ;  after  which,  by  comparing  the  like 
indices  and  the  coefficients  of  the  like  terms,  the  values  of 
the  assumed  indices  and  coefficients  will  be  determined,  and 
consequently  the  whole  fluent.  Thus,  the  former  assumed 
series  in  fluxions  is, 

i^(mrh  l)ai^W(^  +  x^  X  (ax^+  bo;'— » -[-  cx'—^^&c.)  + 
(a  +  x'')'^ '  ^i-  X  (rAo;'—!  -i-  (r— s)  bx^-^-i  +  (r  —  2s)cx^-^''-^ 
&c.) ;  this  being  put  equal  to  the  given  fluxion  (a-f-a;«)'^a;'''*— i^-, 
and  the  whole  liquation  divided  by  (a+ic"^)'^^?—^^  there  results 
«(m4- lyoj'^X  (Aa;r+Ba;'^^  +  ca;'^2si^i>a.r--3j^&c^  ^  ^  ^^ 

+  (^  +  x'^)K{rAx^+(r'-s)B^x^^  — a;''". 

Hence,  by  actually  multiplying,  and  collecting  the  coefficients 
of  the  like  powers  of  a;,  there  results 

— .T*''* . .  +  •  •  •  »raAx^ , . .  +  (r— s)  aBic'*^*  &c.     J 
Here,  by  comparing  the  greatest  indices  of  a?,  in  the  first  and 
second  terms,  it  gives  r  +  n  =  en,  and  r  -f^ «  —  s  =  r ; 
which  give  r  =  (c  —  1  )w,  and  n  =  s.      Then  these  values  be- 
ing substituted  jn  the  last  series,  it  becomes 

Now,  comparing  the  coefficiehts  of  the  like  terms,  and  putting 
c-f-«i==jd,  there  results  these  equalities  : 

&c/;  which  values  of  a,  b,  g,  &c.  with  those  of  r  and  «,  being 
now  substituted  in  the  first  assumed  fluent,  it  becomes 
(a+^'»)w+ijccn-7i    .1      (r-^l,g      C:>-l.c— 2.a2      c— l.c— 2.c— 3va3 

,  cZ»  ""  '^  1  ~ d—l .a;^"*'c^- 1 .4-2. a;? '^  "*(?— l.c/^2.c/-3.a;3^* 

+  &C.  the  true  fluent  of  {a  +  x'')'^x^^— ^i,  exactly  agreeing 
with  the  first  value  of  the  19  th  form  in  the  table  of  fluents 
in  nay  Dictionary.  Which  fluent  therefore,  when  c  is  a  whole 
positive  number,  will  always  terminate  in  that  number  of 
terms;  subject  to  the  same  exception  as  in  the  former  case. 
Vol.  II,  44  Thus; 
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Ttniiif  c^^^  orihe  #^011:  fliixion  be  (a  +  a;'^)"^'*-^  v 
then,  G  4-  m  or  d  being  =  m  4-  2  tb^  fltient  becQines 

And  if  c  =  3,   or  the  giyen  fluxion  he  (a^xny^x^^-^x; 
then  m  4-  c  or  d  beitfg  F=  m  +  3,  the  fluent  becomes 


-— ^:':^v  /■■  4-^ ■.•,,:";'.:-  .,:^-  ,  \.' \   And  so  on,  when  c  is  other 

whole  numbiers  ;  but,  when  c  denotes  either  a  fraction  or  a 
negative  jftumiber,  the  series  will  then  be  an  infinite  one,  as 
none  of  the  inultipliers  c- .  1,  c— 2,  c--3,  cs^  then  be  «qual 
to  nothing.  .        '     v 

63.  Again,  for  the  latter  or  ascending  form,  (a4-iK*)'^*^X 
{ax''  4-  bx''+*  4-  Ga;'^+2  s  ^  jyxT'^as  ^  ^c.) ,  by  making  its  fluxion 
equal  to  the  proposed  one,  and  dividing,  &c.  as  before,  equat- 
ing the  two  least  indices,  &c.  the  fluent  will  be  obtafned  in  a 
different  form,  which  will  be  useful  in  many  casesj  vt^hen  the 
foregoing  obc  failsv  pr  rutis  into  an  infinite  series,  Thiis  j  if 
r  4^^s,  f  4^  %,  ^.  be  written  instead  of  r^^ —  Sy  r  —  2s,  &d. 
respectively,  in  the  general  equation  in  the  last  case,  atod 
taking  the  first  term  of  the  2d  line  into  thfe  first  line,  thei^e 
restiltS'       ,     ,  '  '  ^   .'■      ^  >    .         ■    r ;  ■  ■    '  /    ' 

4-r  S  4-»'+^         S  >=0v 

Here,  comparing  the  two  least  pairs  of  exponents,  and  the 

coefficients,  we  have  r  ==  en,  and  s  ==  ii ;  then  a  ==  — =  — ^ ; 

',■■'■  '^  -  ''  :  -■-■  :  V  . .  ■^'■'    .-":    '^^      cna 

^'^""      a(r-l-s)    '  ^-;-"^      c4-i      Va '^""  (c4.1)cna2  '  ^ 

(c4-2)a         .  c.c4-l.c4-2.na3 
ing  c4-  nt  by  d,  as  before,  the  fluent  of  the  same  fluxion 
(a4^a;^)'^a;^'^— *ir,  Will  ialso  be  truly  expressed  by 

(a4-a;^)^-^^a;^^   1 "    d+l ,  a;^       d+i.d+2^x'^''    -    -  -.  ^ 

agreeing  with  the  2d  Value  of  the  fluent  of  the  19th  form  in 
my  Dictionary.  Whicfa  series  will  terminate  when  dor c4-m 
is  a  negative  integer  ;  ex:cept  when  c  is  also  a  negative  inter 
ger  less  ihmd ;  for  then  the  fluent  fails,  ar  will  be  ipfinite^ 
thiB  divisor  in  that  case  first  becoming  equal  to  aoil^i^g.      x 

To 
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To  show  now  the  use  of  the  foregoing  series,  in  some  exam- 
ples of  finding  fluents,  take  first, 

6^.  Example  to   To  find  the  fluent  of  — — 4-\  ov  6xh 

This  exadiple  being  compared  wit^  the  general  form 
x'^n—^x  (a'hx^^y"'9  in  the  several  Gorre3pc)nding  parts  of  the 
first  series,  gives  these  foUbvsring  equalities  :  viz.  a  =  a,  »=1, 
c»  —  1  =  1,  or  c  —  1  ==  1,  or  c=  2 ;  m=^  —  1;  y  ==a  +  x^ 

here  the  series  ends,  as  all  the  tei^ms  after  this  become  equal 
to  nothing,  because  the  following  terms  contain  the  factor  c  — 

2=0.     These  values  then  being  substituted  in  ^  (  j— tr"^T  • 
|)vit  becameiXa  +  o^r  X  (|-^)^(?^-2«)x(«+=^)* 

::sz—Z^  ^  (a  -f- «)  ;  which  multiplied  by  6,  the  given  eo^ 

efficient  in  the  proposed  example,  there  results  (4a?— 8a)  ,V 
(a-l-o?)*  for  the  fluent  required. 

17.  Exam.  2.  To  find  the  fluent  of 

cc.^    .  "     '    .    ■     ;,:■■■.-■,■,. 
The  several  parts  of  this  quantity  being  coznpare4  witb  the 
corresponding  ones  pf  the  general  ibrpa,  give  a  ==a2^ 

m=i,  cTi—  1  or  2c—  1=  —6,  wbence  c=— — =  *  |  and  d  = 

tn-f-c=|— f  = — f =-r=  2,  whicli  being  a  negative  integer,  the 
fluentwillbe  obtained  by  the  3d  or  last  form  of  series  ;  which 

".     ■       ■     '  '  '  •  '  -'  '3 

on  substituting  these  values  of  the  letters,  gives  -^^- — v  o    — 

■"•:/'  ■;   '  ;_  — oa**-; 

2ir*  —  3a^ 

-— '-— — for  the  required  fluent  of  the  proposed  fluxion. 

66.  JExam.  3.  Let  the  fluxion  proposed  be 


=  5(6f  a;*^)"^  rc^^^i. 


Here,  by  proceeding  «is  before,  we  have  a=5,  n=rt,  fn=— |^, 
c=3,  and  <?=c+iwi==f  |  where  c  being  a  positive  integer,  this 

case 
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ca«e  belongs  to  the  2d  series ;  into  which  therefore  the 

'  -  -  -      .  6ft+i^l)%^ 

^ove  values  being  substituted,  it  becbmes --^ — - — ^^- — ^  X 

,1      2b    ,  2 .  1 .  63  _        ^      3a;2«~4Zia;«+§62 

(r-  p:+-|:pr=y  (*+.")  x  — ^r— .  ^     ; 

^1.  Exam-  4.  Let  tiie  pl^opOsed  fluxion  be  6  (|-^;!r2)3jr-8^. 

Here,  proc^eeding  as  above,  we  have  a===ij  a=2,  m=|,  ctj 
*- 1  or  2c  —  l==s--8,  and  c==  ^|,  x=W,  d!I=  c  -{-m  '^  —  3, 
which  being  a  negative  integer,  the  case  belongs  to  the  3d  or 
last  series  ;  which  therefore,  by  substituting  these  values  be* 

5(X_2?2)I     A     '-2;?2    ■  -2  .  ^\  :.z*      16(1^^^2)1 
comes  >Ag.       ^  xf — u--— — -- -.^.  -..  =- — i^ ^^ 

-■       ■     ■  •      '"    :^'  ■■    ■" .    -  „■    -     ■       --:"■..■ 

(l+^+-^)y  %V:      x(5+122?+24^4),  the  true 

fluent  of  the  proposed  fluxion.  And  thus  may  many  other  si- 
milar fluents  be  exhibited  in  finite  terms,  as  in  these  following 
examples  for  pi?actice. 

J&l^.  6.  Tofindthefluentof  ---3a;3i^^  ^ 

Ea;/6;  To  find  the  fluent  of —ear^i  ^^.^ 
Jix.  7*  To  find  the  flu.  oi'^^'^^  or  (i^— a;'^)^'^'^^, 

■■■' '  '  .iC:2'W— ;!  '.  ,■ 

68.  The  case  mentioned  in  art.  37,  viz.  of  compound  quan- 
tities under  the  vinculum,  the  fluxion  of  which  is  in  a  given 
ratio  to  the  fluxion  without  the  vinctlum,  with  only  one  varia- 
bie  letter,  will  equally  apply  when  the  compound  quantities 
consist  of  several  variables.     Thus,  - 

Example,  1.     The  given  fluxion  being  (4rui  +  Bi/y )  X  y^ 

(a;2+2^2)^  or  {Axx  +%^ )  X  (iK2  +%2)¥.  the  root  being  aa 
+22/2 ,  the  fluxion  of  which  is  2a:i  +4^^.  Dividing  the  former 
fluxional  part  by  this  fluxion,  gives  the  quotient  2  :  next,  the 
exponent  ^increased  by  I ,  gives  f  :   lastly,  dividing  Ijy  this 

f,  there  then  results  \  {x^'\'^^)'^^  for  the  required  fluent  of 
the  proposed  fluxion. 

Exam.  2.  In  like  manner  the  fluent  of 

(aj2  +  ^*+^')^X(6a:a;+12y3y  +  l8^5^ 

(2xi+4y-y+ez^i)Xi:  n(^^f g^+^^)  > 

Exam*  3.  In  like  manner,  the  fluent  of  ^ 

^2  {iy'+xyy-^x^i):^  (x^+2y^)^^ 

69:  The 
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69.  The  fluents  of  fluxions  of  the  forms 


— — .    o  .    o?  ^c*  or  —---;—,  &c,  where  c  and  n  are  whole 

numbers,  will  be  foun^  in  finite  terms,  by  dividing  the  nume- 
rator by  the  denotpinator,  using  the  variable  letter  a;  as  the 
first  term  of  the  divisor,  continuing  the  division  till  the  powers 
of  a;  are  exhausted  ;  after  which,  the  last  remainder  will  be 
the  fluxion  of  a  logarithni,  or  of  a  circular  arc,  &c. 

jEa:awv  Iv  To  find  the  fluent  of --^  or r  ^ 


By  division^  ■,    c=^-> — 7—,  where  the  remainder  ^-7— is  evi- 

dently  =  aXthe  fluxion  of  the  hyperbolic  logarithm  of  «+a:  i 
therefore  the  whole  fluent  of  the  proposed  fluxion  is  a;— a  X 
hyp.  log.  of  (a+o?).     In  like  manner  it  wUl  be  found  that, 

jBx.  2.  The  fluent  of  — ^,  is  x+a  X  hyp.  log.  of  (a?— a), 

£0;.  3.  The  fluent  of —-j  is— a:— aX  hyp.  log.  of  (ct— x). 

'  ■  ■  ■ '"  ^  ■'  x^x  '■  ■ "      ' 

Ex.  4. .  The  fluent  of -q—,  i^  \x^  —  ax  +  x^  x  hyp.  log. ,of 

Ex\  5.  The  fluentof -^— ,is— ix2-ax-a2  X  hy^  log.  of 

{<I^X),  '      .2-~-     '   ■■'    ■      '"  ''     '~~"'^'"  ■ 

Ex.  6.  The  fluent  of-^,  is  |cc2+aa;  +  a^X  hyp.  log.  of 
(ic  — a). 

Ex.  7.  The  fluent  of-^r^,  is  Arc3--^ia^2  4:a2i^^^3j>^  hy^ 

log.  of  (a;+a). 

'    -    -  ^  V  ■  ■  x^ic 

Ex.  8.  The  fluent  of—,  is  i^s  4.iaa;2  4-a2a:-+-a3  Xhyp. 

log.  of  (a: —  a). 

x^ce  '^-  "  '"■ 

Ex.  9.  The  fluent  of—,  is  — ia;3  —  iax^^a^x  +  a3  X 

hyp.  log.  of  ^a -a?).  .  ' 

Ea;.  10.  The  fluent  of  -^j^,  is  ia;4^iaa;3  +  ia2a;2  ^  £t3a;4. 

a*xhyp.  log.  (a+:r). 

Ear.  11.  The  fluent  of -^,  is  — 
^3^n--3  a-pa;        » 

— —  4-  &c.  ±  ft'^xh.  1.  (a-fa:). 


n-1 

+ 

— 

Ex. 

12, 

Hosted  by  Google 


342  FLUXIONS  AND  FLUENTS. 

Ex.  12.  The  fluent  of—,  is  —  —  —     ■    ^  —  — r-— 
-       .      &c.^a^xh.l.  (a—a;). 

Ex.  13.  The  fluent  of  J~2L,  is  1«  4.  S-^4.  ?i_    ». 
--— -- &c. +^  X  h- 1- (^--«)- 

Ex.  14.  The  fluent  of  -     ,  ^  =  (by  division)  i  — -— £. 
is,  (by  form  11  this  vol.)  a;— cir.  sffc  of  radius  a  and  tang,  x 
or  x— A«xcir.  arc  of  rad.  1  and  cosine  '     .    ^^    In  like  man-' 
ner,   ''    ^     ■•  ■  .'    ,  ^  :,;  ;' 

Ex.  1 5.  The  fluent  of  —-~r  or  of  -  i  +  -~-,  i»  —  ^  ' 
+iaXh.  I  --!--,  by  form  10.    And 

Ex.  16.  The  fluent  of  -— ~  =  x  4.  -^£~,  is  a;  +  i  ax 
'  ■  ^w  aj  7"rft  a;  -r*tt     ,   . 

hyp.  log. --r-^,  by  the  same  form. 

a;-|-»  ^4^ 

70.  In  like  manner  for  the  fluents  of —-r-~TT^.    Thus, 

' .. .  ■..■->  ■■^,..  --  ■■/.,.•  .  i.*', 

Ex^li.  Theffnentof^—^-^x^^-a^ 

by  form^  ^x^  ^a^x  +  a^  X  cir.  arc  to  rad.  a  a^nd  tang,  a?,  or 

^a; 3  — a^  x+Ja ^  X  cir.  arc.  to  rad  1  and  codne  —-7— ~.     And 
■     '  fl?~f"a;*.. 

Ear.  18.  Thefliient  of  ~S^,  ==  — ar^x^  a^i4-  v^-^;, 

is  —  ^x^  —  a^a;  ^  iflt^i  X  hyp.  log. ,  by  form  10.    Also 

&.  19.:  The  fluent  of~^==^x^i  +  a^  i  -f  -^~t>  is 

4a?34-a2^  +  ia3  X  hyp.  log. -—-,  by  form  10. 

■      ,  ■  ,■  ■        ■.       -       ■  '  a;+a.-        • 

71.  And  in  general  for  the  fluent  of  -r^——,  where  wis  any 

even  positive  nuj^iber,  by  dividing  till  the  powers  of  x  in  the 
numeratoi:  are  exhausted,  the  fluents  will  be  found  as  before. 
And  first  for  the  denominator  a;24"«*j  as  in 
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/  Ex.  ^0.  For  the  fluent  of  -^-^-~  =  (by  actual  division) 
a;n-2^_<i2a;n-4^^i3t4jcn-6_&c.  ^ia'^~2^^-_^^  .     the 

number  of  terms  in  the  quotient  being  in,  and  the  remainder 
•+■  — --p~,  viz.  —  or+  according  as  that  number  of  terms  is 
odd  or  even.     Hence,  as  before,  the  fluent 


x"^ 


X2  /y.*lr--3 


is  -—7 — —-TT  +  &c-  •  •  •  —  0^'^^x  H-  A'*-^  )<  arc  to  rad. 
»— I       ?i — 3 

X"^ — ^     d^x'"' — **  — 

a  and  tan  »,  or  — -—- — ~-  +  &c.  .  .  ±La'"-'^x  +  i.a'*-!  X 
n— 1       n-^3  " 

arc  to  rad.  1  and  COS.  — -r-~-« 
a^'\'X^ 

Ex.  21.     In  like  manner,  the  fluent  of    v     "   ,  is-^ 


^  ^  —  &c.+ia«-^X  hyp.log.:2^^ 

w— 1         n-!-3  71—5  •  a-^a? 

£«;.  22.  Andof-— ^is-^  +  ---  +  &c.  +  ia-. 

72.  In  a  similar  mantier  we  are  to  proceed  for  the  fluents 

of  ~--— ,  when  n  is  any  odd  number,  by  dividing  by  the  de- 
a^  ;Z'X^ 

nominator  inverted,  till  the  first  power  of  a*  only  be  found 

in  the  remainder,  and  when  of  course  there  will  be  one  term 

less  in  the  quotient  than  in  the  foregoing  case,  when  n  tvas 

an  even  number  ;   but  in  the  present  case  the  log.  fluent  of 

the  remainder  will  be  found  by  the  8th  form  in  the  table  of 

fluents. 

fe.  22.  Thus,  for  the  fluent  of -"-r-— where  »  is  an  odd 

x^-\-a^ 

number,  the  quotient  by  division  as  before,  isx'^x  -a2a;'*~^ 

i+a^'^^i    —   &c.±  a'^^xii  the  number  of  terms  being 

-~-  >  and  the  remainder  qp  ---; — -.  Therefore  the  fluent  is 

f__  1±_-.  +  &c. . . .  ±  — 7—  -^  io,""-^  X  h.  L  0:2  +  aK 
«— I        71-3    ■  2  ^ 

X^X  ' 

Ex.  23.  The  fluent  of-~- — -is  obtained  in  the  same  man- 
x^-a^      ■ 

ner,  and  has  the  same  terms,  but  the  signs  are  all  positive, 
and  the  remainder  is  +  fa**-^  X  hyp.  log.  x^  —  a^ . 

Ex.24. 
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fe  24. : Also  the  fluent  bf  ^^    ig  still  tlie  same,  but  Ijie 

sigtts  are  ^\l  negative,  and  ihe  remainder  is  — ^la*^^  ><  byp- 
log.  a^  — a;^.     Hence  also, 

Ex.m  The  fluent  of -^~,  is  ia;^  —  las  X  hyp.  log. 
Epc.26,  The  fluent  of  o^^  ^^ ,  is  Jajs  +  ia^  X  hyp.  % 


E:r.  27.  The  fluent  of  ^~v  isr-y^x^—xa^    X  hyp. 

Ex.  28.  The  fluent  of  -^-t-,  is  isc*  —  ia^x^  +  la*  x 

&.  29;  TheflaeM  of --~-^,is  Ja^^+ift^^^+ia*  Xhyp, 
'. '        ■'.         x^  -^a^ 


of  x^r-d^ 
Ex.%1. 
log.  of  a2v—a;2 

Ex.  28.  Tb< 
hyp.  log.  x^-^-a^ 
Ex.td.  '. 

log,  x^  "0^.  )  /    .^y/_'.:\ 

Ex.30.  The  fluent  of -^—y  is  —ixV^^^ 

/   ^2— x2      ■■-      ■  *  •  ■    '■  ■''  •■'•■:  -    ,  . 
hyp;  log^  a^— ir^. 

73.  -Ex.  31.     in  a  similar  manner  ^^i^ 

,  ^ch— 1^  V',;        ^  :'    . 

fluents  of  --  ^     ,  ^here  cis<any  whole  positive  number,  by 

•'..■■-       ."'  ■' '>£ttc— 'i)«a;"^^a;*  ■■  "■   .  '- 

dividins:  till  the  retnairider  be  -^     N         ,  which  can  always 

_-:,-  ;^  ;&,,;■  ^-  ■ .  • .  • .        •;_••',:•--.'      x^'^^a:^:  :_  -):'-   -  '^  ■•'-■■ 

be  ;d6ne,  and  the  fl%nt  of  ^hat  remainder  will  be  had  by  the 
Sthfbrittin  this  vdl.  Thus,  by  dividiiig  first  by  o^+o^,  the 
terms  are,  a;'''^-^-^:c  ^d^x<^'''-^  -^ 

&c.  till  the  last  term  ;^e  a(''"-i)^a;(«--^)'*-'^:  arid  the  remainder 

— .-:-^~^^-- — =  .  when  d  isi=c— 1,  or  1  less  than 

a;^+a"  a^+tt" 

c,  which/is  also  the  number  of  the  t^rms  in  the  quotient ;  and 
therefore  the  fluent  is  _     . 


hyp.  log.  of  ic'^+a''.     in  like  manner, 

Ex.  32.  The  fluent  of  —  has  all  the  same  terms 
as  the  former,  but  their  signs  all  -{-  or  positive,  and  the  re- 
mainder -  o(*-^)'*  X  byp.  iog.  of  x'^ — a'*.    Also  in  like  manner, 

Ex.  3^. 
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Ex,  33,  T&e  fluent  of   .        .  has  aH  tHe  very  aame  terms, 

•    a**— aj**'  ';   ■  ■  ■■  :        .'  .  ' 

but  all  negative,  and  the  remainder -4  a<<^-^)'*  X  hyp.  log* 
of  o«-a;\ 
Ex.  34.     The  fluent  of  ~— 4,  =  -  X  t — -  »«  also  the 

sratne  with  tlie  preceding,  by  siihslitutZ-fw        aiid  multiply- 

iilgtlie  whote  series  b/ the  frac^^^^ 

74.  W^en  tbe  numerator  is  compotind,  as  Wy^^  as  the  de» 
nominator,  the  expression  may,  in  a  sinpiijarmani^er  by  divi- 
sion, be  reduced  to  like  terms  admitting  of  finite  fluents. 
Thus  for, 

Ex.  35.  To  find  the  fluent  of    7^,,,  X  xx^-^-tj-—-^ 

By  division  this  becomes  —  i  xx-h        ■.     X  — —  ;  andi  its 

d'  ad         c  ,   ^- 

o  itu~T^  be  c 

fluent-  ^a:a+  -^^2— ^^yP-  ^^S-^^ 5  +  ^''• 

75^  There  are  certain  methods  of  findings  fliients  one  from 
another,  or  of  deducingthe  fluent  of  a  proposed  fluxion  from 
another  fluent  previously  known  or  found .  There  ar^  hardly 
any  general  rules  however  that  will  suit  all  cases  ;  but  they 
mbsttj5  consist  iii  asstiming-  some  quantity  y  in  the  fotm  of  a; 
rectaiigle  or/^r'oduct  of  two  factbrs,  Which  are  suchy  that  the 
one  of  tliem  drawn  into  the  flua;ion  of  th^  other  niay  hi?  of  the 
form  of  the  proposed  fluxion  ;  then  taking  the  fluxion  of"  the 
asSuniied^ rectangle,  there  will  thence  be  deduced  a  value  of 
the  proposed  fluxion  in  terms  that  will  often  admit  of  finite 
fluents.  The  manner  in  such  cases  will  better  appear  from 
the  following  examples. 

•  ■■-.-.       ■'--",■,■'  ^  aJ^'i?  '  -       ■ 

Ex.  1.  To  flhd  the  fluent  of —7~-T\- 

Here  it  is  obvious  that  if  ^  be  assumed:  =  a:  y/  (i*  +  <*^)j 
then  one  part  of  the  fluxion  of  this  prodiict,  vizi  x  X  flux,  of 
iv/(a!;+af  )v  will  be  of  the  same  form  as  thfe  fluxion  proposed. 
Putting  tlieref.  the  assumed  rectatigle  y==a;  y/  {x^  +  <»^)  *"^^ 

fluxions,itis  i  =  i^  (a^^ +a^ >  +  "tt^ t-Tx •     Bat  arthe 
^        ^  ^  ^      V(^  +^  ) 

Vol.  II.  45  '  former 
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former  part,  yiz.  i  V  (^^  •+-  o?  )V  does  not  iagrce  with  any  of 
our  pkceditig  forms,  which  have  beei  integrated,  multiply  it 
^y  V  (^^  +  ^^  )  J  and  subscribe  th^  same  as  a  denominator  to 
the  product,  by  which  that  part  becomes^ 

V(^^-^a^)^==7(xM:^  5  this  united  with  the  former  part 

mak.s  th.  wte^=  -^^ 

given  flu^on.^^^^^  X  "^^Z^^  ^nd  its 

fluent  is  thereforeiy:-ia3>g--^;^^  +  &.)_ 

ia2  X  hyp.  log.  of  a;+v(a?^+«?\  by  the  12  form  of  fluents. 

Ex.  2.   In  like  manner  the  fluent  of  — ,-^      will  be 

found  from  that  of  -I— £— —by  the  same  1 2th  form,  and  is= 

|rr\^(ai2-^iw)^4-ia3  X  hyp.;log^ 

Ex.  3.  Also  in  a  similar  manner,  by  the  13th  form,  the  flu- 
ent of      '^^.  will  be  found  from  that  of     ,    ^       „  and 

comes  out  —  ^x  \/  (a^  -^  ac*)  4^  |a  X  cir.  arc  to  radius  a  and 
sine  X,    _  :■.•-■".  -■.■.■•■. 

Ex.  4.     In  like  mannner,  thefluent  of      ;  .  ^    >v  will  be 

found  from  thatof      .^"f-— .    Here  it  is  manifest  that  y 

must  be  assumed  ==^3^(0:2+02  ),  in  order  that  one  part  of  its 
fluxion,  viz,  ii  X  flux.  pf./(x2+aa)  may  agree  with  the  pro- 
posed fluxion.     Thus,  by  taking  the  fluxion,  and  reducing  as 

before,  the  fluent  of    ./  ^  i    a  v  ^'^^  ^®  fbund^  ==|aj^^(aa+ 

£a;.  6.  Thus  also  the  fluent  of     .^^     Js  ja;3^(a;a— a^^ 

\/(*^"~^  ) 


Eo^  6.Andthe/-^^^^ 


In 
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In  like  manaer  the  student  may  find  the  fluents  of 

;,  &c.  to  — 7- — r — -N5  where  n  is  any 


V'Cors  Aa2)  VC^-'^  *a2 y       *       v^(a:»  +.  a^ )' 

even  number,  each  from  the  fluent  of  that  which  immediately 

precedes  it  in  the  series,  by  substituting  for  y  as  before.    Thus 

the  fluent  of     ,  fl  \,v  =  ~  ^^^  V  (^*  +a2  )  *-  ^^  a^  X  / 


76.  Jd  like  manner  we  may  proceed  for  the  series  of  simi- 
lar expressions  where  the  index  of  the  power  of  a;  in  tl^e  nu- 
merator is  some  odd  number. 

Ex.  1.  To  find  the  fluent  of  -  ,.  ^V  '^>    Here  assuming 

y==x^^(x^+a^),  aiid  taking  the  fluxion,  one  part  of  it  will  be 
similar  to  the  fluxion  proposed.     Thus,  y  ==  2a;a:  V  (^^+a^)> 

+  '  /  ;  ,    ov ;  hence  at  once  the  given  fluxion   ^/ ,  ,    „; 

==y  —  2%l^(r»2  4.a2)  ;  thcref.  the  required  fluent  is  y— /. 

2a?i  y/(a;2  +a2  )==;«2  ^(^js  +a3  )  - 1  (a;3  +«3  )  ^ ,  by  the  2d  form 
of  fluents. 

Ex,  2 .  In  like  manner  the  fluent  of      .  „  ,    -^ ,  is 

JEa;.  3.  And  the  fluent  of    ,,^„^     -=— a?W  fa2  ^^.a  >^ 
£0;.  4.  To  find  the  flu.  of —r^f-—,  from  that  of-  "^^"^ 


Here  it  is  manifest  we  must  assume  y  =  ar*  v  (a;^  4-a^  )• 
This  in  fluxions  and  reduced  gives  y  =  \,  „  , — zT-+—7—r^^. » 

and  hence  — T-r-r— rr=iy  — -t-  ""    ir\  t     »< ;  and  the  flu, 

the  fluent  of  the  latter  part  being  as  in  ex.  1 ,  above. 
In  like  manner  the  student  may  find  the  fluents  of 

X^  jn  X^  OC 

^f  » — — -T-  and  — 7— r .    He  may  then  pi'oceed in  a  simi* 

iar  way  for  the  fluents  of  — —  -  S.  on>       ^  T^    v>^^'  * 
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yV  2+   3A  >  where  n  i^  any  odd  i^ntuber,  vi^.  adways  by  means 

of '&e  flaent  of  eacli  |»r 
77*  to  ^  siml^f  jn^ni^et  vixkj  tb#  prqee^s  bie  for  the  fluents 


using  the  fluent  of  each  preceding  term  in  the  series^  a^  a 
part  of  the  next  term,  and  knowing  that  the  fluent  of  the 

first  term  — ^p-  is  given,  by  the  2d  foriA  of  fluents^  =  2  v 

(a^  x),  of  the  same  sign  as  a:* 

ata; 

Eip.  h  Tp  find  the  fluent  of  , .  ^  ^^  having  given  that  of 
"  //d.  t  \==^V^{a;?f>a)==^suppfi$e.  Her-e  it  is  evident  we  must 
assuime  ^=r^(a;+o5,  for  then  its  flux.y=      /V    \  "f^V^ 

hence   -^'^  ^  =  |^  -r*  faA ;  and  the  required  fluent  is  |yr- 
In  like'  manjier  llbe  jstudent  will  find  the  fluents  of 


^(x— a)        \/(a  — or)' 

JSa:.  2.  To  find  the  fluent  of  ^,^ '  .   \  >  having  given  that 
x^  v^(a^+a)  ■    ^ 

of  .' -.,  -j^^  .  ■=■  B  •     Here  j^  must  be  assumed  =  a;^ >^(i+«)  5 

for  j[hen  t^ing  the  flu.  arid  «educi|Jg,  there  is  found  ■  ^  ,  '■  ■   ^ 

=f^-r|f^B  ;  theref/-— ^  =  fj^-ioB  ==|a:V(^+a)^| 

ftB  ?=|aj2  y<(a;+^)  r- |(i(x- 2a)  Xl-v/ («?+«)=(  9a;  ^  -  4aa;Hh8a3  ) 

Ill  the  Same  maniier  the  student  will  find  t^e  fluents  of 
^,  '^ .  V  arid  of  .^-   ,-..,  An^  in  general,  the  flu.  of,  ^^   ,?-^ 

*  x^x "  2 

beiDggiven=^  Jje  wU^  fi^d  tbe  flu^tof-p:^~ 
78»  In  a  similar  way  we  might  proceed  to  find  the  fluents  of 
other  cl^ises  of  fluxions  by  means  of.  ptber  fluents  in  the  ta- 
ble of  fprmi ;  4s^  for  instance,  siich  as  xx  ^{dx-^x^},  x^x^ 

{dx 
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{dx-^x^)iX^x^{dx--x^)f  ke.  depending  on  tl^  fluent  of 
X  \y(dx-^x^), ^e  &uent  of  which,  by  the  16th  tabular  form, 
is  the  circular  sennisegment  to  diameter  d  and  versed  sine  x, 
or  the' half  or  trifaeal  segment  contained  by  an  arc  with  its 
right  sine;,  and  versed  sine,  the  diameter  being  d. 

Ex,  1.  Putting  then  said  semiseg.  or  fluent  ofx^^dx-^x^) 
=^,  to  find Jlifi  Jjiient  s>fxi ^{d^  ^i??  ).     Here  assuming  ^== 

(c?a?.^a;2)^,  ?ind  t^tog  the  flu^tions,  they  are  ^==|  {d^^-^xx  ) 
^(dx-^x^)  ;  henc^  xi\/  (dx^x^)=^^dx ^  {dx  l^p?)  -i^=: 
idji'^^yy  therefore  the  Required  fluent  /ari^y/  {dx  ^  x^)^  is 

^dA'^^y=^idxr-'l(^dx---'X^y==^B  suppose. 
Ex,  2/  To  finjd  the  fluent  of  ir^i^^^^^^ 

of  a:iiy/(c?^~fc?  j  given  ==B.  Here  assuming  2^=a;  (c?a;— x^), 
then  taking  thjB  fluximis,  and  reducing,  there  results  ^  = 
{^dxi  -^42c^i)y/ldx^x^)  ;  hence  x^.^  ^(jdx-x^)==^dxi  ^ 
(3x— ar3)--ij^=|rfB-^  i.y,  t]be  flp.  theref/pf  :r2iy^(tia;-^a;?) 

is  f^B— ii/=f^B^ia?(eia:— a;2)2. 

Ex:  3.  Intibe  sajcne  manner  the  series  may  be  continued  to 
any  extent ;  so  that  in  general,  the  flu.  of  x'^—^^{dx;-'X^^ 
being  given  ==0,  then  the  next,  or  the  flu.  of  xV^(cia?— ir^) 

.1.  T       271+1       ,  _  1  ,  ^  _  .3 

will  be — r-TT—J^Cr. ■r—x'^^^ldx—x:^)^, 

■w+£      2  «4-2       ^  ^ 

■  -    '     -  X 

79.  To  find  the  fluent  of  such  expressions  as       .  -   .  ^■-  ::  , 

a  case  not  included  in  the  tsible  of  forms. 

Put  the  proposed  radical  Jv/  (^*  -^  ^olx)  ==  2^,  or  re*  ±  ^ax 
==  2r2  .  then,  completing  the  square,  a;^ ct  2aa;  -|-  a^  ==  ?^  -j-a^ , 
and  the  root  is  x  ±  a  =  ^  (2r2  -}-a2  ^^     The  fluxion  of  this  is 

^  =s  ,    „^;  theref.      ,      .  ^     x  =      >  „-; — -v;  the  flu- 

ent  of  which,  by  the  12th  form,  is  the  hyp.  log.  of  z  4"  V 
(2'2+a2)=hyp.  log.  ofx  ±  fl  +  y^  (a;2  +  2aa;),  the  fluent  re- 
quired. 

Ex,  %  To  find  now  the  fluent  of  \/  f.  ,,—zy  having 
giVen,  by  the  above  example,  the  fluent  of  - 


^{x^+2ax)      \ 
suppose.     Assume  ^  (x^  +  2ax)  ==.y ;  then  itn  fluxion  is 

^x  -{-ax       _  •     XL      f  a?jc  .  X  • 

^{xf+2m)'^^  '  tfterei.^^^^^g^^-.y-.^-^^_^g^^^t/ 

—  ak  ;  the  fluent  of  which  is  y  -r^  a^  ==  j^/  (aj?  +  ^Q^x)  ^  ^A, 
the  fluent  sought. 

Ex.S. 
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Ex,  S.   t'hus  also,  (his fliient of    "    ' ^^.  ^    .being giveti. 

^(x3+2ax)        *  ^      ^ 

tiie  flu,  of  the  next  in  the  series,  or     .      f.     ^  will  be  found. 

by  assuming  x^  {xT  +  2ax)  =  y;.  and  so  on  for  any  other 

of  the  same  form.     As,  if  the  fluent  of    ■        ,     ^  be  eiv%n 

=  c  ;  then,  by  assuming  a;'^i^(a;2  +  2aa;)==^^t^^ 

jGa;,  4^  In  like  manner,  the  fluent  of  -    .    ^         v    being 

\^{x^"^^ax)  ^ 

given,  as  in  the  iirst  example,  that  of      .  ^^        ^  may  be 

found  ;  and  thus  the  series  may  be  continued  exactly  as  in 
the  3d  ex,  only  taking  —  2aa;  for  +  Soa*. 

80.  Again,  having  given  the  fluent  of -—---^^ — -^r,  which 
:  '  '  ^{2ax'^x^y 

is—  X  circular  ^rc  to  radius  a  and  versed  sine  a;,  the  flueats 

a    , .  ... •  •.  ■       ^  -.  ■     ■  .  -".,'' 

assigned  by  the  same  met&od  of  contittUatioh.    Thus, 

Ex.l>  Forthe  flueint  of— J— — — —,  assume^  (2aa;«—a:2) 

~  2/  5  /*^®  required  fluent  will  be  found  ==  '--y/(2aa?--.a;2  )-f- a 
or  arc  to  radius  a  aiid  vers.  rr. 

■       '      '"  '      ■      ■     ■'■  ^  '  X^x 

Ex,  2*    In  like  manner    the   fluent    of  — --— ; — .    is 

where  a  denotes  the  are  mentioned  in  the  last. example. 

Ex,    3,      And  in  general  the  fluent  of  —— r-x  is 

2n^\         1 

-r — — ac—- a;'*-^  ^  (2aa;—ar*),  where  c  is  the  fluent  of 

X'"''~'^x  ' 

.  T\'  the  next  preceding  term  in  the  series. 

81,  Thus  also,  tbe  fluent  of  i  y'  (x— a)  being  given,  =  | 

(x—  a)^r  by  the  2d  form/  the  fluents  otxx  ^(x —  a),  x^i  ^ 
[x—a)y  &c.  . , .  x'^'xy/  {x-—a),  noay  be  found.  And  in  gene- 
ral ^  if  the  fluent  of  a'^-^i^  y^  (x  —  a)  =:  c  be  given  ;  then  by 

assuming 
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sfssumiog  o(i^{x . —  a)^  ^y,  the  fluent  of  x^x  y/  {x-'O)  is  fountl= 

82.  Also,  given  the  fluent  of  (a;  —  aY^x  which  is — p--~ 

(rr^  a)'^+i  hy  the  2d  form,  the  fluents  of  the  series  (x-^ay^xx^ 
(x  —  a)'"a?2i&c.  ...  (x-^a)'^x'^x  can  be  found.  And  in  ge- 
neral, the  fluent  of  (x  —  a)'^a5""~^ac  being  given  =  c  ;  then  by 
assuming  (a;  — ^  a)^'''**'*  ==i/,  the  fluent  of  (a:-^a)"*cc'*i  is  found 

Also,  by  the  same  way  of  continuation,  the  fluents  of 
x^'^ioi/{a:ijx)dindofx'^x^{^ 

83.  When  the  fluxional  expression  contains  a  trinomial 
quantity,  as\/  (6  +  ci:  +  af^),  this  may  be  reduced  to  a  bino- 
mial, by  substituting  another  letter  for  the  unknown  one  a?, 
connected  with  half  the  coefficient  of  the  middle  term  with  its 
sign.  Thus j  put  z  =  ic+|c  :  then  z^  =x^  +ca;4-ic J» ;  theref. 
z^  —  ic2  =ra;2-|-car»andj2r'*  +6  — ic^  5=a2+ca;+^  the  given 
trinomial  which  is=  z^  ^  a^ ,  by  putting  a^  =  6  — ^c^ , 

Esp.  1.    To  find  the  fluent  of —7-.-^^    ,    ,. . 

Here  ^  =  re  -|-  2 ;  then  z^  =  a;^  +  4a;  +  4,  and  2 2  -f-  1  = 
5  +  4x  +  a;2,  also  «  ==  z;    theref,  the  proposed  fluxion  re- 
s' 
duces  to  — rr— ^  ;  the  fl.uent  of  which,  by  the  12th  form  in 

this  vol.  is  3  hyp.  log.  of  2^  +  V  (^  +  ^)  =^^  ^JP'  ^^S*  ^+2 
+  V' (5  +  4a;  +  a;2). 

jEx.  2,  TofindthefluentofiV(^+<^^+^^^)=^\/^XV 
Here  assuming  a:+--r  =;?;  then  i  =  r,  and  the  proposed 

■  "A  /»2 

flux,  reduces  to  z  v^^Xy/(^2+----=-)=z  v^^Xv/(z2+^^ 

If      c^  »     4a2 

puttinga2  for-— -r^ ;  and  the  fluent  will  be  found  by  a  simi- 
lar process  to  that  employed  in  ex.  1  art.  75. 

Ex.  3.  In  like  manner,  for  the  flu.  of  x''^^x  ^{h  +  cx^-^- 

c  I- 

dx^*")^  assuming  x'^^—^z^  wx**— ^i=z,  and  x^-^i^-z;  hence 

c  c3  2(«  n 

jp2n^  ^^n^_._^2^  ^^^j  y^(^a;2'^+ca?»^+^)  ^v'flX  v^(*^'^+ 
|a:+ J)v^(i  X /(^^ +^^^==1 V^  X  v^(^3  ±^.  ^ 
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h        /"S  V- 

a2  ==  -J -- -^-j_ •  hence  tbegi¥eii  fltti^bn  becomes -:'z\/ ^^^  \/ 

(-?^±a^),  and  its  fluent  as  in  the  last  example; 

E»*  4.  Also,  for  the  fluent  of  z—. ,    ,  ^  :  assume  ic^+r-^ 

b+cx+dx^  2d 

1  i 

=2r,  then  the  fluxion  may  be  reduced  to  the  f6i*m  -r-X— .— --> 
•^  dn    x^±ia^ 

and  the  fluent  found  as  before V 

So  far  on  this  subject  may  suflBice  on  the  present  occasion. 

But  the  student  who  may  wish  to  see  more  on  this  branch, 

may  profitably  consult  Mr.  Dealtry's  very  methodical  and 

ingenious  treatise  on  Fluxions,  lately  publisj^ed,  from  which 

several  of  the  foregoing  cases  and  examples  have  been  taken 

or  imitated. 


OF  MAXIMA  AN©  MINUVIA ;  OR,  THE  GREATEST 
ANP  LEAST  MAGNITUDE  OF  VARIABLE  OR  FLO W- 
ING  OJPANI^ITIES. 

84.  MAxiBTOMy denotes  the  greatest  state  6r  quanti^ 

able  in  any  giteh  case,  or  the  greatest  vsdue  of  a  variable 
quantity:  by  which  it  sf?iiids  opposed  to  Mininauib,  whiich  is 
the  least  possibre  quantity  in  any  case. 

Thus  the  expression  or  sum  a^ -f-ftac,  evidently  increases  as 
Xf  or  the  term  bx^  increases  ;  therefore  the  given  expression 
will  be  the  greatest j  oi^  a  maximum,  when  a?  is  the  greatest,  or 
infinite  :  and  the  same  expression  will  be  a  miriimuto,  or  the 
least,  when  re  is  the  Iea8t>  or  nothing. 

Again  in  the  algebraic  expression  a^  —  bx,  where  a  and  h 
denote  constant  or  invariable  quantities,  and  a;  a  flowing  or 
variable  one.  Now,  it  iS  evident  that  the  value  of  this  re- 
mainder or  difiierence,  a^— 6a;,  will  increase,  as  the  term  bxy 
or  as  ai,  decreases  ;  therefore  the  former  will  be  thjB  greatest, 
when  the  latter  is  the  smaliest ;  that  is  a^—Ja^is  a  maximum, 
when  X  is  the  least,  or  nothing  at  all ;  and  the  difference  is 
the  least,  when  a;  is  the  greatest 4 

85.  Some  variable  qtiantities  increase  cdntihually  ;  and  so 
have  no  maximum,  but  what  is  infinite.  Others  again  decrease 
continually  ;  and  so  have  nomiriimum,  but  what  is  of  no  mag- 
nitude, or  nothing.  But$  on  the  other  hand^  some  variable 
quantities  increase  only  to  a  certain  finite  magnitude,  calle4 
their  Maximum,  or  greatest  state  and  after  that  they  decrtease 
again.    While  others  decrease  to  a  certain  fifiite  magnitude, 

called 
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called  their  Minimum,  or  least  state,  and  afterwards  increase 
again.  And  lastly,  some  quantities  have  several  maxima  and 
minima. 


6j^^^ 


'  Thiiis,  for  example,  the  ordinate  bc  of  the  pstraihola,'  oy 
such  like  curve,  flowing  along  the  axis  ab  from  the  vertex  a, 
continually  increases,  and  has  no  limit  or  maximum.  And  the 
ordinate  cFof  the  curve  Ef»,  flowing  from  e  towards  H,^con- 
.  tinually  decreases  to  nothing  when  it  arrives  at  the  point  h. 
But  in  the  circle  ilm,  the  Ordinate  only  increases  to  a  certain 
magnitude,  namely,  the  radius,  when  it  arrives  at  the. middle 
as  at  KL,  which  is  its  maximum  ;  and  after  that  it  decreases 
again  to  nothing,  at  the  pojnt  m.  And  in  the  curve  wo^,  the 
ordinate  decreases  only  to  the  position  op,  where  it  is  least, 
or  a  minimum ;  and  after  that  it  continually  increases  towards  q  . 
But  in  the  curve  rsu,  &c.  the  ordinates  hs^ve  several  maxima, 
as^  ST,  wx,  and  several  minima,  as  vu,  yz,  &c. 

86.  Now,  hecause  the  fluxion  of  a  variable  quantity,  is  the 
rate  of  its  increase  or  decrease  :  and  because  the  maximum 
or  niinimum  of  a  quantity  neither  increases  nor  decreases,  at 
those  points  or  states  ;  therefore  such  maximum  or  minimum 
has  ho  fluxion;  or  the  fluxion  is  then  equal  to  nothing.  From 
which  we  have  the  following  rule,         , 

To  Jlnd  the  Maximum  or  Minimum* 

87.  From  the  nature  of  the  question  or  probliem,  find  an 
algebraical  expression  for  the  value,  or  general  state  of  the 
quantity  whose  maximum  or  minimum  is  required  ;  then  take 
the  fluxion  of  that  expression,  and  put  it  equal  to  nothing  ; 
from  which  (equation,  by  dividing  by,  or  leaving  out,  the  flux- 
ional  letter  and  other  common  quantities,  and  performing 
other  proper  reductions,  as  in  common  algebra,  the  value  of 
the  unknown  quantity  will  be  obtained,  determining  the  point 
of  the  maximum  or  minimum. 

So,  if  it  be  required  to  find  the  maximum  state  of  the 
compound  expcession  ioo^c  —  5x^  ±  c^  or  the  value  of  x 
when  100a;  —  bx^  dr  c  is  a  maximum.  The  fluxion  of  thig 
expression  is  lOOi  —  10a?a  =  0  ;  which  being  made  =  0, 
and  divided  by  lOi ,  the  equation  is  10  —  a:  =  0 ;  and  hence. 
X  =  10.     that  is,  the  value  of  x  is  10,  when  the  expressio^ 

Vol.  H.  46  lOOx 
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lOOo;  —  6x2  ±:  c  iVthe  girefatest.-  As  is  easily  tried :  for  if  10 
be  suj>stituted  for  x,  in^  that  expression,  itbecomes ±c +500  :  * 
but  if,  for  a;  there  be  substituted  any.  other  number,  whether 
greiater  or  lesser  than  10,  that  expression  will  always  be  found 
to  be  less  than  ±:  c  +  500,  which  is  therefore  its  greatest 
possible  value,  as  its  maximum. 

88.  It  is  evident,  that  if  a  maximum  or  minimum  be  any 
way  compounded  with,  or  operated  on,  by  a  given  constant 
quantity,  the  result  will  still  be  a  maximum  or 'minimum/ 
That  is,  if  a  maximum  or  minimum  be  iacreased,  or  de-, 
creased,  or  multiplied,  oj  divided,  by  a  given  quantity,  or 
any  given  power  or  root  of  it  be  taken;  the  result  will  still 
be  a  maximum  or  minimum.  Thus^,  if  a  be  a  maximum  or  mi- 

nimum,  then  also  is  re  +  a,  or  a? — d]  or  ax^  or  -,    or  aj^,  or 

%/x^  still  a  maximum  or  minimum.  Also,  the  logarithm.,  of 
the  same  will  be  a  maximum  or  a  minimum.  And  thierefore, 
if  any  proposed  maximum  or  minimum  can  be  made  simpler 
by  performing,  any  of  these  operations,  it  is  better  to  do  so, 
before  the  expression  is  put  into  fluxions. 

89..  When  the  ^expression  for  a  maximum  or  minimum  con- 
tains several  variable  letters  or  quantities  ;  take  the  fluxion 
of  it  as  often  as  there  are  variable  letters  ;  supposing  first  one 
of  them  bnly  to  flow,  and  the  ijest  to  be  constant  j  then  an- 
other only  to  flow,  atid  the  re^t  coiistant ;  and  so  on  for  all  of 
them  :  then  putting  each  of  these  fluxions,  =  0,  there  will  be 
as  many  equations  as  unknown  letters,  from  which  these  may 
be  all  determined.  For  the  fluxion  of  the  expression  must  be 
equal  to  nothing  in  each  of  these  cases  ;  otherwise  the  ex- 
pression might  become  greater  or  less,  without  altering  the 
values  of  the  other  letters,  which  are  considered  as  constant* 

So,  if  it  be  required  to  find  the  values  of  x  and  2/  when 
4a;*  — a;2/-f  2^  is  a  minimum.     Then  we  have, 

First,    -     Zxx  —  'ccy^O,  and  83;  -  2/  =  0>  ^r  1/  =  Sa?. 

Secondly,     2^  —  ary  =  0,  and  2  —  a;  «=  0,  or  a?  =  2. 

And'hence    2/  or  8x  =  16*. 

*  The  numbers  here  found,  viz.  2  and  16  for  »  and  y,  do  not  render  the  progos- 
e4  formula  4x^ — i»y+2y  either  a  maximum  or  minimum. 

If  0?  =  1,  y = 10,  then  4a?^  — a:y-f2y  =  14, 
a?  ^  2,  y  ==  1'6,  then  4x^  —ocy+ 2y = 16, 
a = 3^  y  =10,  then  4a?^  ^ocy-^2y =26. 
Ift  general  put  a= 2+e,  y = 16  -|->y,  and  by  substitution  we  have 
4«*  — aiy +2y  =  16-|-4e^  — e/. 
It  is  evident  that  if  4^*— e^ were  always  positive,  whatever  vajues  positive  or 
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90;  To  find  whether  a  proposed  quantity  admits  of  a  M&ximuni 
or  a  Minimum* 

Every  algebraic  expression  does  qot  admit  of  a  maximum 
or  minimum,  properly  so  called  ;    for.  it  may  either  increase 


negative  we  assign  to  e  and  f,  .the  least  value  of  16-V*4e^ — c/* would  be  found 
by  taking  e  andy*each  =  0;  or  if>4e^ —c/"  were  always  a  negative  quantity, 
whatever  positive  or  negative  values  we  give  to  e  andyj  then  16  -f«4€^ — cf  would 
be  a  maximum  by  taking  e  and/ each  ■=  0 :  but  if  by  changing  the  signs  of  e  and 
/"f  or  their  ratib,  the  formuIa^4e^  — e/'can  be  changed  from  positive  to  negative  or. 
from  negative  to  positive,,  it  is  clear  that  the  quantity  l(o'jr4e^  — ef  cannot  be 
either  a  maximum  or  minimum  by  making  e  and/ each, =^0. 

Now  4e  —  6^=6'  (4  - — ),  and  4 ——can  evidently  be  made  positive  or  nega- 
live  at  pleasure*  For  example,  if  e= 1,/=1,  we  have  4e^  —  ef—S.  In  this 
caseaj=2-|-l=3,y:=16'f  1=17,  and  therefore  4a;^—ajy-h2y=16  +  3=19, 
Xh  =  l,/=5,  then  4— 'j-==— 1.     Herea;=2  +  1=3,  y=16+5=21,  and 

.       _    4a;^— a;y-f2y==^16  — 1  =  15. 
Thus'  we  sec  the  reason  why  the  proposed  formula  cannot  be  a  maximum  or 
minimum  when  a = 2,  y  =  ,1 6. 

Let  any  expression  in  a?  and  y  be  proposed  to  be  a  maximum  or  minimum* 
Find  by  the  rule  in  the  text  the  values  a  and  6,  of  x  and  y,  corresponding  to  the 
raaxunum  or  minimum.  Put  »  c=s  «  +  g^  ^  =~  j^^f^  ^in^  by  substituting  a  +•  e,  and 
h-j-ffov  oc  and  y,  in  the  expression  proposed  to  be  made  a  maximum  or  minimum, 

^       let  ce^  rh^ef-^Ej^ 
be  that  part  of  the  proposed  expression  which  involves  the  second  powers  of  «  and 

jT,  c,  D,  and  E  being  obtained  in  terms  of  a  and  b.    Put— ===w  and  we  have      - 

ce^ +Def+E/^=^|  4c^w^4.4cDW+D*-f  4ce--d2  ^  . 

Put  4ctt  -f.  D  =  tt,  and  if  4  ce  — d^  =D*be  positive,  put  it =^^  and  we  have 

ce«  ^.ne/+E/=  J.  ^0^+3^1  . 

It  is  now  evident  that  when  4ce — ©^  is  positive,  the  quantity  ce^-f-n^f-fE/*^ 
cannot  be  made  to  change  its  sign,  but  must  remain  of  the  same  sign  with  the 
coefficient  c,  and  consequently  when  4ce  —  n^is  a  positive  quantity,  the  proposed 
expression  is  a  maximum  or  ininimum  according  as  c  is  negative  or.aflSnnative. 
"VYhen  4ce — n^  is  negative,  |»ut  it  =r — g^,  and  we  have 

Now  since  a  =2cw-f-D,in  which  u  is  arbitrary  and  may  be  taken  at  pleasure,  it 
is  evident  that  a  may  become  of  any  value  whatever,  while  3^  remains  constant, 
and  therefore  by  taking  different  values  of  u  the  quantity  a^  —^^  may  be  both 
positive  and  negative,  and  of  course  ce^  +De/'+E/'^  may  change  its  sign  by  as- 
sigmng  different  values  to  -^;  and  therefore  when  4ce-—  d^  is  negative,  the  pro- 

tjosed  formula  c&n  neither  be  a  maximum  nor  minimum. 

In  the 
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contbiMly  to  infinity,  or  decrtease  coatinudly  to  nothing ;  an^ 
in  both  these  cases  there  iJB  neither  a  proper  maximum  nor 
minimum  ;  for  the  time  maximtim  is  that  finite  value  to  which 
&n  expression  increases,  and  after  which  it  decreases  again  : 
and  the  minimum  is  that  finite  value  to  which  the  expression 
decreases,  and  after  that  it  increases  again.  Therefore,  when 
the  expression  admits  of  a  maximum,  its  fluxion  is  positive 
before  the  point,  and  negative  after  it ;  but  when  it  admits  of 
a  minimum,  its.  fluxion  is  negative  before,  and  positive  after  it. 
Hence  then,  taking  the  fluxion  of  the  expression  a  little  be- 
fore the  fluxion  is  equal  to  nothing,  and  again  a  little  after  the 
same  ;  if  the  former  fluxion  be  positive,  and  the  latter  nega- 
tive, the  middle  state  i^  a  maximum,  byt  if  the  former  fluxion 
be  negative,  and  the  latter  positive,  the  middle  state  is  mini- 
mum. 

So,  if  we  would  find  the  quantity  ax  —  x^n  maximum  or 
minimum  ;  make  its  fluxion  equal  to  nothing,  that  is,  -  -  - 
ai^2xi  .=  0,  or  (ar-2a:)i  ^  0  ;  dividing  by  i,  giveg 
a  —  2rc  =  0,  or  a;  =i  ^a  at. that  state.  Now,  if  in  the  fluxion 
(ft  —  2x)  X  the  value  of  a;  be  taken  rather  less  that  its  true 
value  ia,  that  fluxion  will  evidently  be  positive  ;  but  if  a  be 
taken  somewhat  greater  than  Ja  the  value  of  a  —  2a;,  and 
conseqilently  of  the  fluxion  is  as  evidently  negative.  There- 
fore, the;  fluxion  of  ax  —  x^  being  positive  before,  and  nega- 
tive aft^r  the  stat6  when  its  fluxion  is==X),  it  follows  that  at 
this  state  the  expression  ts  not  a  minimum  but  a  maximum. 

Again,  taking  the  expression  x^  —  aa;^,  its  fluxion  ^x^x  — 
Zaxx  =(3jp— 2a)a;i=  0  ;  this  divided  by  x&  gives  3rc— 2a=0, 


In  the  example  in  the  text  we  have  cc^  -f-  06/*+  e/*^  =  46^  — e/*. 
Here  c  =4,  d  -:=: — 1,  e  =:e,  hence  4ee  — d^  s= — 1,  and  therefore  the  formula 
4a;2  — ^2a?y  -f-  2y  has  neither  maximum  nor  minimum. 

If  in.  the  substitttl4on  of  « -f;«  and  5-f-/for  a?,  and  y  in  the  given  expression, 
the  coefl^cients  c,  d,  fi  of  the  second  order  vanish,  the  increment  will  depead  on  the 
terms  of  the  third  order,  in  wMch  case  the  quantity  can  have  neither  maximum  nor 
minimum.  Should  the  terms  of  the  third  x»rder  also  vanish,  we  must  have  recourse 
to  the  terms  of  the  fourth  order,  the  sura  of  which  as  in  the  case  of  the  second 
powers  must  be  incapable '  of  changing  its  sign  that  there  may  be  a  maximum, 
iii  general,  that  the  proposed  formula  may  be  a  maximum  or  minimum,  the  incre- 
ment mwstliave  its  lowest  powers  of  e  and  /  of  an  even  order,  and  t^e  sum  of 
,^11  these. even  terms  must  be  incapable  of  changing  its  sign :  or,  which  amounts 
to  the  san^e  thing,  the  sum  of  these  terms  equated  to  0,  must  give  only  imaginary 
val^e  for  each  of  the  quantities  e,/. 

The  same  ride  is  equally  applicable  when  there  aye  any  numbers  of  independ- 
^,nt  variables,  a?,"y,  z,  &c.  ^ 

The  coefficient  c,  d,  e,  &c.  may  be  obtained  with  the  greatest  ease,  by  taking 
ss^ccesslve  fluxions  according  to  the  method  of  partial  differentials. 

and 
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and  a:=|ct,  its  true  value  when  the  fluxion  of  o^^^ax^  is  equal 
to  nothing.  But  now  to  know  whether  the  given  expression 
be  a  maximum  or  a  minimum  at  that  time,  take  x  a  little  less 
than  fa  in  the  value  of  the  flujtion  (3a;  -  2o]xx  ,  and  this  yf'ill 
evidently  be  negative  ;  and.  again,  takings  a;  a  Jittle  more  than 
|a,  the  value  of  3x— 2a  or  of  the  fluxion,  is  as  evidently  po- 
sitive. T})erefore  the  fluxion  of  x  — .  dx^  being  negative  be- 
fore that  fluxion  is  =0,  and  positive  after  it,  it  follows  that  in 
tbis^tate  the  quantity  x^  -^ax^  admits  of  a  minimum,  but  i^ot  of 
a  maximum^ 

91.  SOME  EXAMPLES  FOR  PRACTICE. 

Exam.  1.  To  divide  a  line,  or  any  other  given  quantity  o, 
into  two  parts,  so  that  their  rectangle  or  product  may  be  the 
greatest  possible. 

Exam.  2.  To  divide  the  given  quantity  a  into  two  parts 
such  that  the  product  of  the  m  power  of  one,  by  the  n  power 
of  the  other,  may  be  a  maximum. 

Exam.  3.  To  divide  the  given  quantity  a  into  three  parts 
such  that  the  continual  product  of  them  all  may  be  a  maxi- 
mum. 

Exam.  4.  To  divide  the  given  quantity  a  into  three  parts 
such,  that  the  continual  product  of  the  1st,  the  square  of  the 
2d,  and  the  cube  of  the  3d,  may  be  a  maximum. 

Exam.  5.  To  determine  a  fraction  such  that  the  diflerence 
between  its  in  power  and  n  power  shall  be  the  greatest  pos- 
sible, t 

Exam.  6.  To  divide  the  number  80  into  two  such  parts  x 
and  y^  that  2a;2-f-a;t/+3t/2  may  be  a  minimum. 

Exam.  7.  To  tind  the  greatest  rectangle  that  can  be  in- 
scribed in  a  given  right-angled  triangle. 

Exam.  8.  To  find  the  greatest  rectangle  that  can  be  in- 
scribed in  the  quadrant  of  a  given  circle. 

Exam.  9.  To  find  the  least  right-angled  triangle  that  can 
circumscribe  the  quadrant  of  a  given  circle. 

Exam.  10.  To  find  the  greatest  rectangle  inscribed  in,  and 
the  least  isosceles  triangle  circumscribed  about,  a  given  semi- 
ellipse.  . 

Exam.  11.     To  determine  the  same  for  a  given  parabola. 

Exam.  12.     To  determine  the  same  for  a  given  hyperbola^ 

Exam.  13.  To  inscribe  the  greatest  cylinder  in  a  given 
cone  ;  or  to  cut  the  greatest  cylinder  out  of  a  given  cone. 

Exam.  14.  To  determine  the  dimensions  of  a  rectangular 
cistern,  capable  of  containing  a  given  quantity  a  of  water,  so 
as  to  be  lined  with  lead  at  the  least  possible  expense. 

Exam.  15.  Required  the  dimensions  of  a  cylindrical  tan- 
kard; 
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kardj  to.hdid  one  guart  blF^le  nieascire,  that  can  be  naade  of 
Ae  least  possible  qnantitjof  silver,  of  a  given  thickness. 

Exam;  16,  To  cut  the  greatest  parabola  from  a  given xone. 

Exam.  .17,  To  cut  the  greatest  ellipse  from  a  given  cone. 

Exam.  18.  To  find  the  value  of  x  when  a:*  is  a  minunum* 


THE  METHOD  OF  TANGENTS ;  OR,  TO  DRAW . 
TANGENTS  TO  CURVES. 

92.  The  Method  of  Tangents,  is  a  method  of  determin- 
ing the  quantity  of  the  tangent  and  subtangent  of  anv  algelw^- 
ic  curve  ;  the  equation  of  the  curve  being  given.  Or,  w« 
uefsa,  the  nature  of  the  curve^  from  the  tangent  given* 

If  ae  be  any  curve,  and  e  be  . 

any  point  in  it,  to  which  it  is  re- 
quired, to  draw  a  tangent  te. 
Dra^  the  ordinate  Eb :  then  if 
we  can  determine  the  subtan- 
^nt  TD,  )imited  between  the  or- 
dinate and  tangent,  in  the  axis. 
,  produced,  by  joining  the  points, 
T,  p,  the  line  te  will  be  the  tan-  \  \ 
gent  sougbt.  ,    "       ^  .  . 

93.  Let  dae  be  another  ordinate,  indefinitely  near  to  db, 
meeting  the  curve,  or  tangent  produced  in  e;  and  letEcbe 
parallel  to  the  axis  ad.  Then  is  the  elementary  triangle  %ea 
similar  to  the  triangle  tde  ;  and 

thierefore     -     ca  :  ae  :  :  Eto-:  dt. 

But        -     -     ea  :  aE  :  :  flux,  ed  :  flux,  ad. 

Therefore  -    flux,  ed  :  flux,  ad  :  :  de  :  dt. 

That  is  -     -    y  :  i  : :  y  :  ^=dt. 
y 
which  is  therefore  the  general  value  of  the  subtangent  sought ; 
where  x  is  the  absciss  ad,  and  y  the  ordinate  Dt. 
Hence  we  have  this  general  rule. 

GENERAL  RULE. 

94.  By  means  of  the  given  equation  of  the  curve,  when 
put  into  fluxions,  find  the  value  of  either  ^  or  y  or  of  4- ; 

which  value  substitute  for  it  in  the  expression  dt  =  ^, 


and, 
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and,  when  reduced  to  its  simplest  terms,  it  will  be  the  value 
df  the  subtangent  sought, 

EXAMPLES. 

Exam.  1.  Let  the  proposed  curve  be  that  which  is  defined, 
er  expressed  by  the  equation  arc*+a;?/Z— 2/^=0« 

Here  the  fluxion  of  the  equation  of  the  curve  is 
^axx  +y^x  +^iicyy  -ST/ai/^a ;  then,  by  transposition, 
2axx  +y^x  =3^35^  —  2xyi^ ;  and  hence,  by  division^ 

~^"^ — f—r-  5  consequently  V-=-^^ r-^~. 

y       2aa;+2/^  V         ^(^x+y^ 

which  is  the  value  of  the  subtangent  td  sought. 

Exam.  2,  To  draw  a  tangent  to  a  circle  ;  the  equation  of 
which  is  ax— a;*=^2  .  ^i^here  x  is  the  absciss,  j/  the  ordinate, 
and  a  the  diameter. 

Exam.  3.  To  draw  a  tahgerit  to  a  parabola  ;  its  equation 
being  ax  =  y^  .;  wheire  a  denotes  the  parameter  of  the  axis. 

jExAM.  4.  To  draw  a  tangent  to  an  ellipse  ;  its  equation 
being  c^{ax'^x^)=a^y^  ;  where  a  ande  are  the  two  axes. 

Exam.  5.  To  draw  a  tangent  to  an  hyperbola ;  its  equation 
being  c^{ax+»^)^a^y'^  ;  where  a  and  c  are  the  two  axes. 

Exam.  6.  To  draw  a  tangent  to  the  hyperbola  referred  to 
the  asymptote  as  an  axis  ;  its  equation  being  xy:=:a^  ;  where 
a3  denotes  the  rectangle  of  the  absciss  and  ordinate  answer- 
ing to  the  vertex  of  the  curve. 


OF  RECTIFICATIONS  ;    OR,  TO  FIND  THE 
LENGTHS  OF  CURVE  LINES. 

95.  Rectification,  is  the  finding  the  length  of  a  curve 
line,  or  finding  a  right  line  equal  to  a  proposed  curve. 

By  art  10  it  appears,  that  the 
elementary  triangle  Eae,  formed  by 
the  increments  of  the  absciss,  ordinate, 
and  curve,  is  a  right-angled  triangle, 
of  which  the  increment  ofthe  curve  is  x       1  a: 

the  hypothenuse  :  and  therefore  the  x i — J>cC  C 

square  of  the  latter  is  equal  to  the^um 

of  the  squares  ofthe  two  former  ;  that  is,  Ec3=Ea2-f-ae2. 
Or  J  substituting,  for  the  increments,  their  proportional  flex- 
ions, it  is  zz  =  xi  +yy ,  or  z=- x/  cc^  +  y^*  where  z  denotes 
any  curve  line  ae,  x  its  absciss  ad,  and  y  its  ordinate  de. 
Hence  this  rule. 

RULE. 
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96.  Frdm  tbe  given.  equa,tioa<)fthe  curve  put  into  fldxions, 
^di  thte  value  of  ^?  or  y^\  whi^fa  value  substitqite  instead  of 
it  in  tbe  equation  z  =  -v/S'+y^';  then  the  fluents,  being  tak- 
en, will  give  the  value  of  z,  or  the  length  of  the  curve;  in 
terms  of  the  absciss  or  ordinate.    _ 

- .     '  ESJiMfjJss,  ]\  .  '  ;^    '^  " ' 

Exam.  1.  To  find  the  length  of  tjie  arc  of  a  circle,  interns 
of  the  sine,  versed  sine,  tangent,  and  secant. 

The  equation  of  the  circle  may  be  expressed  m  terms  of 
the  radius,  and  either  .the  sine,  or  theversed  sine^  or  tangent, 
or  secant,  &c;  of  an  arc.  Let  therefore  the  radius  of  the 
circle  be  ca  or  ,cE=r,  the  versed  ^ine  ad  (of  the  arc  ae)=:a? 
the  right  s>ne  de  =  y^  the  tangent  te=^  and  the  secant  ct=s, 
then,  ,by  the  nature  of  the  circle,  there  arise  these  equations^ 
yiz-"  >>  ^    ' 

Thenj  by  means  of  the  fluxions  of  these  equations,  with 
the  general  flaxiond  equation  ^2=:  ,,^4.i^/are  obtained  the 
following  fluxiorial  forms,  for  the.  fluxion  of  the  curve ;  the 
ftuent'of  any  ode  of  which  will  be- the  curve  itself^  viz. 

Hence  the  value  of  the  curve,  from  the  fluent  of  each  of 
these,  gives  the  four  following  forms,  in  series,  viz.  putting 
^=2r  the  diameter,  the  curve  is 

^(^+ 27373""+ 2X5;^"*"2.4.6.7r6*^     "^'^^^^ 
.=M^JL+i!-^i!-.+i!-^&c.)^ 

^    s    ^  2.3^3/^  2.4.5.S5  f   ^ 

Now,  it  is  evident  that  the  simplest  of  these  scries,  is  the 
third  in  order^  or  that  which  is  expressed  in  terms  of  the  tan- 
gent. That  form  will  therefore,be  the  fittest  to  calculate  an 
exainple  by  in  numbers.  And  for  this  purpose  it  will  be  con- 
venieut  to  assume  some  arc  whose  tangent,  or  at  least  the 
square  of  it,  is  known  tq  be  some  sm£|ll  simple  number.  Now, 
the  arc  of  4^  degrees,  it  is  known,  has  its  tangent  equal  to 

^he 
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the  radius  ;  and  therefore,  taking  the  radius  r^^'i ,  and  conse- 
quently the  tangent  of  45**,  or  ^=1  also,  in  this  case  the  arc 
of  45^  to  the  radius  1,  or  the  arc  of  the  quadrant  to  the  dia- 
meter 1,  will  he  equal  to  the  infinite  series  1  —  ^  +  i  -*  1+ 

But  as  this  series  converges  very  slowly,  it  will  be  proper 
to  take  some  smaller  arc,  that  the  series  may  converge  faster  ; 
such  as  the  arc,  of  30  degrees,  the  tangent  of  which  is  =^ii 
or  its  square  ^^==^  :  which  being  substituted  in  the  series, 
the  length  of  the  arc  of  30^  comes  out -     - 

<'-4+53-^"73-3+ii  -  &«•)  ^i-  ««»<=«.  to  com- 
pute  these  terms  in  decimal  numbers,  after  the  first,  the  suc- 
ceeding terms  will  be  found  by  dividing,  always  by  3,  and  these 
quotients  again  by  the  absolute  number  3,  5,  7,  9,  &c. ;  and 
lastly,  adding  every  other  term  together,  into  two  sums,  the 
one  the  sum  of  the  positive  termsj  and  the  other  the  sum  of 
the  negative  ones  :  then  lastly ^  the  one  sum  taken  from  the 
other  leaves  the  length  of  the  arc  of30'degrees  ;  which  being 
the  12th  part  of  the  whole  circumference  when  the  radius  is 
1,  or  the  6th  partwhen  the  diameter  is  1 ,  consequently  6  times 
that  arc  will  be  the  length  of  the  whole  circumference  to  the 
diameter  1.  Therefore  multiplying  the  first  term  ^^  by  6, 
the  product  is  ^12  =  3-4641016  ;  and  hence  the  operation 
will  be  conveniently  made  as  follows  : 

+Terms.  —Terms. 

3-4641016 


3-46410J6 

M 547005 

3849002 

1283001 

427667 

142556 

47519 

15840 

5280 

1760 

687 

196 

65 


769800 


47519 


3655 


311 


0-3849002 


183286 


12960 


1056 


93 


+3-5462332 
—  0-4046406 


-0-4046406 


Vol..  II. 


So  that  at  last      3-1415926  is  the  whole  circum, 
— —  to  the  diameter  1, 

47  ExAMc  2, 
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QUADRATURES. 


Exam.  2.     To  find  the  length  of  a  parabola. 
Exam.  '3.     To  find  the  length  of  the  semicuhical  parabola, 
whose  equation  is  aa;2  =1/3, 

Exam.  4.     To  find  the  length  of  an  elliptical  curve- 
Exam,  5.     To  find  the  length  of  an  hyperbolic  curve. 


OF  Q.UADRATURES ;  OR,  FINDING  THE  AREAS 
OF  CURVES. 

97.  The  Qjuadrature  of  Curves,  is  the  measuring  their 
areas,  or  finding  a  square,  or  other  right-lined  space,  equal 
to  a  proposed  curvilineal  one. 

By  art.  9  it  appears,  that  any  flowing 
quantity  being  drawn  into  the  fluxion  of 
the  line  along  which  it  flows,  or  in  the 
direction  of  its  motion,  there  is  produc- 
ed the  fluxion  of  the  quantity  generat- 
ed by  the  flowing.  That  is,  Dd  X  de 
or  yx  is  the  fluxion  of  the  aren  ade. 
Hence  this  rule. 


RULE. 

98.  From  the  given  equation  of  the  curve,  find  the  value 
either  of  :c  or  of  7)  ;  which  value  substitute  instead  of  it  in  the 
expression  2/x  ;  then  the  fluent  of  that  expression,  being  taken, 
will  be  the  area  of  the  curve  sought. 

EXAMPLES, 

Exam.  1.  To  find  the  area  of  the  common  parabola. 

The  equation  of  the  parabola  being  ax  =  2/^5  where  a  is 
the  parameter,  x  the  absciss  ad,  or  part  of  the  axis,  and  y  the 
ordinate  de. 

From  the  equation  of  the  curve  is  found  y  =  vf  a^r-  This 
substituted  in  the  general  fluxion  of  the  area  yx  gives  i  ^  ax 

or  a^x^ce  the  fluxion  of  the  parabolic  area ;  and  the  fluent  of 

this^  or  |a2a:2  =  |a;  y/  ax  =  f  x^/,  is  the  area  of  the  parabola 
ad£,  and  which  is  therefore  equal  to  |  of  its  circumscribing 
rectangle. 

Exam*  2.  To  square  the  circle,  or  find  its  area. 

The  equation  of  the  circle  being  y^  =  ax^— a:^,  or  y  = 

y/ajc  -^  x^ ,  where  a  is  the  diameter;  by  substitution,  the 

general 
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general  fluxion  of  the  area  yx  »  becomes  x  ^/ax  —  x^ ,  for  the 
fluxion  of  the  circular  area.  But  as  the  fluent  of  this  cannot 
be  found  in  finite  terms,  the  quantity  ^ax'—x^  is  thrown 
into  a  series,  by  extracting  the  root,  and  then  the  fluxion  of 
the  area  becomes 

X  y/ax  X  ( 1  — -— — . &c. J : 

^  ^  2a      2.4a2        2.4.6a3       2.4.6.8a4  ^' 

and  then  the  fluent  of  every  term  being  taken,  it  gives 

■        ^  .2        l.x         x^  1.3x3  1.3.5.074  ,     . 

X  ^ax  X  f-  — — -  &c.^  ; 

^  ^3       ba        4.7a2      4.6.9(x3      4.6.8.11a4  ^' 

for  the  general  expression  oi  the  semisegment  ade. 

And  when  the  point  d  arrives  at  the  extremity  of  the  dia- 
meter, then  the  space  becomes  a  semicircle,  and  a;  =  o  ;  and 
then  the  series  above  becomes  barely 

g/2       1        I  1.3  1.3.5.         ,     . 

^3       5       4.7       4.6.9       4.6.8.11  / 

for  the  area  of  the  semicircle  whose  diameter  is  a. 

Exam.  3.  To  find  the  area  of  any  parabola,  whose  equation 
is  a'^z^^^y^'^^. 

Exam.  4.  To  find  the  area  of  an  ellipse. 

Exam.  5.  To  find  the  area  of  an  hyperbola. 

Exam.  6.  To  find  the  area  between  the  curve  and  asymp- 
tote of  an  hyperbola. 

Exam.  7.  To  find  the  like  area  in  any  other  hyperbola 
whose  general  equation  is  x'^y'^=a^'^^,. 


TO  FIND  THE  SURFACES  OF  SOLIDS. 

99.  In  the  solid  formed  by  the  rota- 
tion of  any  curve  about  its  axis,  the  sur- 
face may  be  considered  as  generated  by 
the  circumference  of  an  expanding  cir- 
cle, moving  perpendicularly  along  the 
axis,  but  the  expanding  circumference 
moving  along  the  arc  or  curve  of  the 
solid.  Therefore,  as  the  fluxion  of  any  generated  quantity  is 
produced  by  drawing  the  generating  quantity  into  the  fluxiou 
of  the  line  or  direction  in  which  it  moves,  the  fluxion  of  the 
surface  will  be  found  by  drawing  the  circumference  of  the 
generating  circle  into  the  fluxion  of  the  curve.  That  is,  the 
fluxion  of  the  surface,  bae,  is  equal  to  li  drawn  into  the  cir- 
cumference BCKF,  whose  radius  is  the  ordinate  de. 

100.  Butife  be  =  3.1416,  the  circumference  of  a  circle 

whose 
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whose  diameter  is  1,  x  =  ad  the  absGiss^  2^  ==  de  the  ordi* 
uate,  and  js  =  ae  the  qurve  ;  then  2y  =  the  diameter  be, 

land  2ci/=  the  circumference  bcefi  also^  ae  =  2  =?= 
\/^+y*  :  therefore  2c^i:  or  2cy  ^^^  4-^2  ig  the  fluxion  of 
the  surface.  And  consequent! j  if,  from  the  given  equation 
of  the  curve,  the  value  of  i  or  yhe  found,  and  substituted  in 
ttis  expression  ^cy  y/x^  +  y^^  the  fluent  of  the  expression 
being  then  taken,  will  be  the  surface  of  the  solid  required. 
EXAMPLES. 

Exam.  1.  To  find  the  surface  of  a  sphere,  or  of  any  seg- 
ments 

In  this  case,  ae  is  a  circular  arc,  whose  equation  is  y^-=^ax 
— a;2,  or  2/='\/ar— a;2. 

The  fluxion  of  this  gives  y  =  — — -  x  =— tt —  i  ; 

2^ax^x^  % 

a^^4ax+4x2  a^^4y^'*  .' 

hence  ^  2  ==  .  ^     — x^  = — t1    ^   consequently  x^  + 

.  *^ 

This- value  of  z,  the  fluxion  of  a  circular  arc,  may  be  found 
more  easily  thus  :  In  the  ^g,  to  art.  96,  the  two  triangles  edc, 
tae  are  equiangular,  being  each  of  them  equiangular  to  the 
^triangle  etc  :  conseq.  eb  :  ec  : ;  Ect  :  Ee,  that  is,  -  -  -  - 
£t>x 

^' 
The  value  z.of  being  found,  by  substitution  is  obtained  2cyz 

s=aci  for  the  fluxion  of  the  spherical  surface  generated  by 

the  circular  arc  in  revolving  about  the  diameter  ad.     And  the 

fluent  of  this  gives  acx  for  the  said  surface  of  the  spherical 

segment  bae. 

But  ac  is  equal  to  the  whole  circumference  of  the  gene- 
tating  circle ;  and  therefore  it  follows,  that  the  surface  of  any 
'spherical  segment,  is  equal  to  the  same  circumference  of  the 
generating  circle,  drawn  into  cc  or  ad,  the  height  of  the  seg- 
ment. 

Also  when  x  or  ad  becomes  equal  to  the  whole  diameter  a, 
the  expression  acx  becomes  aca  or  ca^ ,  or  4  times  the  area  of 
the  generating  circle,  for  the  surface  of  the  whole  sphere. 

And  these  agree  with  the  rules  before  found  in  Mensuration 
of  Solids.  ^ 

Exam*  2.     To  find  the  surface  of  a  spheroid. 

Exam.  3.    To  find  the  surface  of  a  paraboloid. 

Exam.  4*     To  find  the  surface  of  an  hyperboloid. 

TO 


y  :  ^a  :  :  X :  i  =  Tr-»  the  same  as  before 
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TO  FIND  THE  CONTENTS  OF  SOLIDS. 

101.  Any  solid  which  is  formed  hy  the  revolution  of  a  curve 
about  its  axis  (see  last  fig.),  may  also  be  conceived  to  be  ge- 
nerated by  the  motion  of  the  plane  of  an  expanding  circle, 
moving  perpendicularly  along  the  axis.  And  therefore  the 
area  of  that  circle  being  drawn  into  the  fluxion  of  the  axis, 
will  produce  the  fluxion  of  the  solid.  That  is,  ad  X  area  of 
the  circle  bcf,  whose  radius  isDE,  or  diameter  be,  is  the  flux- 
ion of  the  solid,  by  art.  9. 

102.  Hence,  if  ad=x,  de==2/,  c  =  3*1416  ;  because  cy^  is 
equal  to  the  area  of  the  circle  bcf  :  therefore  cy^a;  is  the 
fluxion  of  the  solid.  Consequently  if,  from  the  given  equa- 
tion of  the  curve,  the  value  of  either  y^  or  ac  be  found,  and 
that  value  substituted  for  it  in  the  expression  cy'-^x,  the,  fluent 
of  the  resulting  quantity,  being  taken,  will  be  the  solidity  of 
the  figure  proposed. 

EXAMPLES. 

Exam.  1.  To  find  the  solidity  of  a  sphere,  or  any  segment. 

The  equation  to  the  generating  circle  being  t/^  ==  aa;  —  x^, 
where  a  denotes  the  diameter,  by  substitution,  the  general 
fluxion  of  the  solid  cy^Xy  becomes  caxx  -  ex ^i,  the  fluent  of 
which  gives  ica;c 2  __icj7 3,  or  ^c:r2  (3ft  —  2j7),  for  the  sohd 
content  of^the  spherical  segment  bae,  whose  height  ad  is  x, 

AVhen  the  segment  becomes  equal  to  the  whole  sphere, 
then  a7==a,  and  the  above  expression  for  the  solidity,  becomes 
^ca^  for  the  solid  content  of  the  whole  sphere. 

And  these  deductions  agree  with  the  rules  before  given  and 
demonstrated  in  the  Mensuration  of  Solids. 

Exam.  2.  To  find  the  sohdity  of  a  spheroid. 

Exam.  3.  To  find  the  solidity  of  a  paraboloid. 

Exam.  4.  To  find  the  solidity  of  an  hyperboloid. 


TO  FIND  LOGARITHMS. 

lOiB.  It  has  been  proved,  art  23,  that  the  fluxion  of  the  hy- 
perbolic logarithm  of  a  quantity^  is  equal  to  the  fluxion  of  the 
quantity  divided  by  the  same  quantity.  Therefore,  when  any 
quantity  is  proposed,  to  find  its  logarithm  ;  take  the  fluxion 
of  that  quantity,  and  divide  it  by  the  same  quantity  ;  then  take 
the  fluent  of  the  quotient,  either  in  a  series  or  otherwise,  and 
it  will  be  the  logarithm  sought :  when  corrected  as  usual,  if 
need  be  ;  that  is,  the  hyperbolic  logarithm. 

104.  But.  for  any  other  logarithm,  multiply  the  hyperbolic 
logarithm,  above  found,  by  the  modulus  of  the  system,  for  the 
Io£:arithm  sought.  Note. 
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Note,  The  modulus  of  the  hyperbolic  logarithms,  is  1  ; 
and  the  modulus  of  the  common  logarithms,  is '43429448190 
&c. ;  and,  in  general,  the  modulus  of  any  system,  is  equal  to 
the  logarithm  of  10  in  that  system  divided  by  the  ntimber 
2-3025850929940,  &c.  which  is  the  hyp.  log.  of  10.  Also, 
the  hyp.  log.  of  any  number,  is  in  proportion  to  the  com.  log;' 
of  the  same  number,  as  unity  or  I  is  to  "43429  &c.  or  as  th4 
number  2-302585  &c.  is  to  1  ;  and  therefore,  if  the  common 
log.  of  any  number  be  multiplied  by  2-3025H5  &c.  it  will  give 
the  hyp.  log.  of  the  same  number ;  or  if  the  hyp.  log.  be  di- 
vided by  2-302585  &c.  or  multiplied  by -43429  &c.  it  will  give 
the  common  logarithm. 

Exam.  I.  To  find  the  log.  of  ^i^. 

a 

Denoting  any  proposed  number  z,  whose  logarithm  is  re- 
quired to  be  found,  by  the  compound  expression     -     -     -     - 

— ~,  the  fluxion  of  the  number  i,  is  -,  and  the  fluxion  of 
"  a 

the  log.^  =-4-=^-^+ -^-5!f  +  &c 

Then  the  fluent  of  these  terms  give  the  logarithm  of  ^  or 
logarithm  of  — -=-  - — fee. 

XKT  't.'             r           .       V       ct— a;         X      x^       x^       x* 
Writing  — jr  for  a;,  gives  log.  — .==^ — -_^ ~kc 

Div.  these  numb,  and  >,        .^+^==?^  i  ^!  i  ^  & 
subtr.  their  logs,  gives  y  ^^'  a~a;~  a  "^Sa^  *  5a5     ^' 

Also,  because — — =l-j 'or  log. — — =0— W     -^    • 

a±x  a    '  ^  a±x  ^*     a     ' 

.,  r         1  r     ^      •         X  ^    X^     ,    X^         X*    ^ 

therefore  log.  of  — i — is— — ^ U &c 

^        a+x        a^2a3^3a3^4ft4 

J  .,     ,      ^    a     .     .   X    ■  x^       x^       x* 
and  the  log.  of is  H ■ L.tl_&c 

the  prod,  gives  log.  — = — -4 1 1-  &c. 

Now,  for  an  example  in  numbers,  suppose  it  were  required 
to  compute  the  common  logarithm  of  the  number  2.  This 
will  be  best  done  by  the  series,  - 

log.  of =27/iX(-+^r-T+7r- — f— &C. 

Making  ^-^=2,  gives  a^3x  ;  conseq.  -=:i,  and  ^  =  i, 
a — X  a     ■*  a^ 

which 
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which  is  the  eonstant  factor  for  every  succeeding  term  ;  also, 
2m=2X'43429448190  ==  -868688964 ;  therefore  the  calctila- 
tion  will  be  conveniently  made,  by  first  dividing  this  number 
by  3  then  the  quotients  successively  by  9,  and  lastly  these 
quotients  in  order  by  the  respective  numbers  1,  3,-6,  7, 9,  <&c. 
arid  after  that,  adding  all  the  terms  together,  as  follows  : 


'868688964 

'289529664 

32169962 

3574440 

397160 

44129 

4903 

646 

61 


1 ) 

•289529654 

( 

•289529664 

3  ) 

32169962 

10723321 

5  ) 

3674440 

( 

714888 

7  ) 

397160 

( 

66737 

9  ) 

44129 

( 

4903 

11  ) 

4903 

( 

446 

13  ) 

645 

( 

42 

16  ) 

61 

( 

4 

Sum  of  the  terms  gives  log.  2  =  -301029995 


Exam.  2.  To  find  the  log.  of 


ci-hx 


Exam.  3.  To  find  the  log.  of  a  -  x. 
Exam.  4.  To  find  the  log.  of  3. 
Exam.  5.  To  find  the  log.  of  6. 
Exam.  6.  To  find  the  log.  of  1 1 . 


TO  FIND  THE  POINTS  OF  INFLEXION,  OR  OF  CON- 
TRARY FLEXURE  IN  CURVES. 


105.  The  Point  of 
Inflexion  in  a  curve,  is 
that  point  of  it  which 
separates  the  concave 
from  the  convex  part, 
lying  between  the  two ; 
or  where  the  curve  A,  D 
changes  from  concave  to  convex,  or  from  convex  to  concave, 
on  the  same  side  of  the  Curve.  Such  as  the  point  e  in  the 
annexed  figures,  where  the  former  of  the  two  is  concave 
towards  the  axis  ad,  from  a  to  e,  but  co vex  from  e  to  f  ;  and 
on  the  contrary,  the  latter  figure  is  convex  from  a  to  e,  aud 
concave  from  E  to  F. 

106.  From  the  nature  of  curvature,  as  has  been  remarked 
before  at  art.  28,  it  is  evident,  that  when  a  curve  is  concave 
towards  an  axis,  then  the  fluxion  of  the  ordinate  decreases, 

or 


Hosted  by  Google 


368  FLUXIONS. 

or  is  in  a  decreasing  ratio  j  with  regard  to  fluxion  of  the  ab* 
sciss ;  hut,  on  the  contrary,  that  it  increases,  or  is  in  an  in- 
creasing ratio  to  the  fluxion  of  the  absciss,  when  the  curve  is 
convex  towards  tbe  axis  ;  and  consequently  those  two  fluxions 
are  in  a  constant  ratio  at  the  point  of  inflexion,  where  the 
curve  is  neither  convex  nor  concave  ;  that  is,  cd  is  to  y  in  a 

constant  ratio,  or  %■  or-  is  a  constant  quantity.     But  constant 

quantities  have  no  fluxion,  or  their  fluxion  is  equal  to  nothing ; 

so  that  in  this  case,  the  fluxion  of  ?  or  of-   is  equal  to  no- 

X  y 

thing.     And  hence  we  have  this  general  rule  : 

107.  Put  the  given  equation  of  the  curve  into  fluxions  j; 

from  which  find  either  ^  or  - .     Then  take  the  fluxion  of  this 

X       y 
ratio,  or  fraction,  and  put  it  equal  to  0  or  nothing ;  and  from 

this  last  equation  find  also  the  value  of  the  same  -  or^. 

y  X 
Then  put  this  latter  value  equal  to  the  former,  which  will 
form  an  equation  ;  from  which,  and  the  first  given  equation 
of  the  curve,  x  and  y  will  be  determined,  being  the  absciss 
and  ordinate  answering  to  the  point  of  inflexion  in  the  curve, 
as  required. 

EXAMPLi:S. 

Exam.  1.  To  find  the  point  of  inflexion  in  the  curve  whose 

equation  is  aac2  =  a2  2/ ^  a;2^. 

This  equation  in  fluxions  isr  9taxx  =  a^yA'  ^xyx  +  x^y 

which  gives  %  =  - — — - —  Then  the  fluxion  of  this  quantity 

y         ^COiX^'~^xy 

made=0,  gives  2xx  {ax  —  xy)  =  (a^  -{-x^  )  X  {ax—yi  -^xy  )  ; 

and  this  again  gives -r=-— r-X -. 

®      ^        y      a2  —  x^      a-'y 

Lastly,  this  value  of-  being  put  equal  the  former,  gives 

y 

-. —  , =  — TT—  .  -T — ;  and  hence  2x^  =^a^  —  x^ , 

a^— a;2    a— ^  2x         a---y 

or  3x^=a^i  and  x^=^a^^,  the  absciss. 

Hence  also,  from  the  original  equation,  y  =  -t-t — r  =  t— 

==iaj  the  ordinate  of  the  point  of  inflexion  sought. 
Exam.  2.    To  find  the  point  of  inflexion  in  a  curve  defined 

by  the  equation  (i2/  =  ^  a/ ^^ +^^- 

Exam.  3,  To  find  the  point  of  inflexion  in  a  curve  defined 
by  the  equation  ai/^  =  a^X'\-  x^. 

Exam.  4. 
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Exam.  4v  To,  find  tte  point  of  inflexion  iix 
the  Goflchqid  of  Nidomedes-,  which  is  gene; 
rated-  or  constructed  in  this  maimer :  From 
a  fixed  point  p,  which  is  called  the  pole  of 
the  conchoid,  draw  any  number  of  right  lines 
PA,  PB,  PC,  PE,  &G.  cutting  the  givea  line  FD 
in  the  points  f,  g,  h,  i,  &c.  :  then  make  the 
distances j  FA iGB,  hc,  ie,  &c»  equal  to  each  other*  and  equg^ 
to  a  given  line  )  then  the  curve  line  abce  &c.  will  be  the  con-* 
choid ;  a  curve  so  called  by  its  inventor  Nicoiiiedes. 


TO  FIND  THE  RADIUS  OF  CUBVATURE  OF  CURVES^ 

108.  The  Curvature  of  a  Circle  is  constant,  or  the  same 
in  every  point  of  it^  aiid  its  radius  is  the  radius  of  curvature. 
But  the  case  is  different  in  other  curves j  every  one  of  which 
has  its  curvature  continually  varying,  either  increasing  or 
decreasing,  and  every  point  hating  a  degree  of  curvature  pe- 
culiar to  itself ;  and  the  radius  of  ia  circle  which  has  the  same 
curvature  with  the  curve  at  iany  given  point,  is  the  radius  of 
curvature  at  that  point  i|  which  radius  it  is  the  business  of  thi§ 
chapter  to  fihd, 

109v  Let  AEC  be  any  curve,  con^ 
cave  towards  its  axis  ad  ;  draw  an  or- 
dinate DE  to  the  p>oint  e,  where  the 
curvature  is  to  be  found :  and  sup- 
pose EC  perpendicuiar  to  the  curve » 
and  equal  to  the  radius  of  curvature 
sought,  or  equal  to  the  radius  of  a 
circle  having  the  same  *curvature 
there,  and  with  that  radius  describe 
the  saifl  equally  curved  circle  bec  5 
lastly,  draw  EC?  parallel  to  AD,  and  c?e 
parallel  and  indefinitely  hear  to  de  :  thereby  making  E(il  the 
fluxion  or  increment  of  the  absciss  ad,  also  de  the  fluxion  of 
the  ordinate  dr,  and  fee  that  of  the  curve  ae.  Then  put  0?= 
ADj  >^=?:DE,2r==AE,  and  r^cE  the^^^r^^  ;  then  h 

Ed==>^,  i]?e=^  and:Ee==z, 

Now,  by  sim.  triangles;,  the  three  lines  ec2,  de^  e€, 
-■■■'--..•  ■-/   «  '  "-■.         /  ■•     -  ■   ;.  ora:^,  ^  iy 

are  respectively  as  the  three    -     -     -     ge,  gc,  ce  ; 
therefore     -     -     -     -     -     -     -    -    "     gc  i;  ==ge  .  j^ ; 

and  the  flux,  of  this  eq.  is  go  ,  a;  -}-  Gc  .i  =ge  .  j^4-  gb;  . 
or,  because  gc  =—  b^,  it  is  gc  .  i  — ^b^  .  ^  =ge  ,  y+Gjk 

But  since  the  two  curves  ae  and  be  have  the  same  curva-^ 
tare  at  the  point  je,  their  abscisses  and  ordinates  have  thd  same 

VdL,  IL  48  fluxions 
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fluxions  fit  that  pointy  that  is,  e^,  or i  is  the  fluxion  both  of  ap 
an^  B^V^Q^^  <i«  or^  is  the  flaxioh  both  of  de  apd  ge.  In  the 
equation  above  tb<^refore  Substitute  i  for  bg,  aia3  ^  if^  gP, 
and  it  becomes  ' 

Now  multiply  the  three  tierms  ;of  this  eguatioa  respectively, 
by  these  three  quantities,  —^  — ,  —,  which  are  all  equal,  and 

*       •  ".-v    '  ''    '      GC    ^GE    -CE  :*"    ■; 

'    ■'  .'  ■'    *    '■'■    ^3'  ■      z^   .■■■■:•■.  ^        ••  *  '■         •  *  'v  • 
it  becomes  ^i— i^=— ,or —  ;    and  hence  is  found  r  = 

'**"'■'.      '  ■   ■ ' 

r,  Tor  the  general  value  of  the  radids  of  curyature,  for 


all  curves  whatever,  in  terms  of  the  fluxions  of  the  absciss 
and  ordinate. 

1 1 0.  Further;  as  in  any  case  either  x.  or  y  may  be  ^upposejd 
to  flpiv  equably,  thiat  is,  either  i  or  y  constant  quantities,  m 
xOT  y  equfd  to  nothing,  it;  follows  that,  bj  tWs  supposition, 
eithier  of  the  terms  in  lie  denominator,  or  ithevalu^  of  r 
be  made  to  vanish. ;  Thus,  when  i  is  supposed  constant,  ^ 
being  then  =0,  the  value  ofV  is  barely       -    -     -    -     -    ^ 

'   2^  -'         ■■.'''■         'Z'^  .■"■■•■■'-■■" 

■ — -^;  ;  or  ris  =^T-r  when  v^^^ 

■  ^'^'xy   ■  ^'   '.-■    _    yx         ';.■.•■;•■•-■'■■.'  .■   .•     •:■,•    ■-./-- 

Ex^.  I^  To  find  the  radius  Of  curvature  ^d  any  point  xrf 
a  paEabola,  whose  equation  is  aar^y^^  its  ve;ftex  being  A,  an4 
.axis'>Ai>. .,      ;■    '  ■  •,   "  -:■:.-■■  ■  "'    '-  ■■•■■■■-  ■■'.'--■\.  "■ 

Now,  the  equation  to  the  curve  being  aJr  ===2^2,  the 4^^ 
of  itis  ai=  2y^;  and  the  tuition  of  this  again  is  ai=^2y% 
supposing^  constant ;  hence  ^ihenr  or 

--..-or  -^—^-Tr^-^  IS  =-^ — ■  ,  •   —or  ^    *       ^  . 
-yx  Jyx  2a^  ,    2y^a 

fer  the  general  Talue  of  tibe  radius  jof  curvature  at  apy  point 

E,  the  ordiniate  to  which  cuts  off  the  absciss  AD«=ar. 

Hence,  :w^n  the  absciss^a;  is  nothing;  the  last  ^iq^'ession 
becomes  barely  ^as^r,  for  the  radius  of  curvature  ^t  the  ver- 
tex of  the  paisahola ;  that  i«,  rthe  diameter  of  the  circle  of 
curvature  at  the  viertex  of  a  parabola,  is  equal  to  a,  the  pa- 
rameter of  the  ajcis^ 

Exam.  2.  T^)  find  the  -radius  of  curvature  of  an  ellipse, 
whose  eqiMitiott  is  rt^2/^==c2  .  arc— ar^. 


^a^c 
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Exam.  3.  To  find  the  radium  of  curvature  of  an  hyperbola, 

whose  equation  is  a2^2=c2^  .ax+aj^. 

Exam.  4.  To  find  the  radius  of  curvature  of  the  cycloid. 
Ans.  r=:9^aa  —  ax^  where  x  is  the  absciss,  and  a 
the  diameter  of  the  generating  circle. 


OF  INVOLUTE  AND  EVOLUTE  CURVES. 

1 11.  An  Evolute  is  any  curve  supposed  t6  be  eT^oJved  or 
opened,  which  having  a  thread  wrapped  close  about  it,  fasten- 
ed at  one  end,  and  beginning  to  evolTe  or  unwind  the  thread 
from  the  other  end,  keeping  always  tight  stretched  the  part 
which  ift  evolved  or  wound  off:  then  this  end  of  the  thread 
will  describe  another  ciirvie,  called  the  Involute.  Or,  the 
same  involute  is  described  in  the  contrary  way  by  Wrapping 
the  thread  about  the  curve  of  the  evolute,  keeping  it  at  the 
same  time  always  stretched. 

112.  Thus,  if  EFGH  be  any  curve> 
and  AE  be  either  a  part  of  the  curve, 
or  a  right  line  :  then  if  a  thread  be 
fixed  to  the  curve  at  H,  and  be 
wound  or  plied  close  to  the  curve, 
&c.  from  H  to  A,  keeping  the  thread 
always  stretched  tight ;  the  other 
end  of  the  thread  will  describe  a 
certain  curve  abcd,  called  an  Invo- 
lute ;  the  first  curve  efgh  being  its 
evolute.  Or,  if  the  thread,  fixed 
at  H,  be  unwound  from  the  curve, 
beginning  at  a,  and  keeping  it  always  tight,  it  will  describe  the 
same  involute  ABCD. 

113.  If  AE,  DF,  CG,  DH,  &c.  be  any  positious  of  the  thread, 
in  evolving  or  unwinding ;  it  follows,  that  these  parts  of  the 
thread  are  always  the  radii  of  curvature,  at  the  corresponding 
points.  A,  B,  c,  D  ;  and  also  equal  to  thi^ corresponding  lengths 
AE,  AEF,  AEFG,  AEFGH,  of  the  evolute  :  that  is, 

AE  =  AE  is  the  radius  of  cur vatur e  to  th e  point  a  , 
bf=aF  is  the  radius  of  curvature  to  the  point  b, 
CG  =: AG  is  the  radius  of  curvature  to  the  pqint  c, 
i>H=AH  is  the  radius  of  curvature  to  the  point  d. 

114.  It  also  follows,  from  the  premises,  that  any  radius  of 
curvature,  bf,  is  perpendicular  to  the  involute  at  the  point  b, 
and  is  a  tangent  to  the  evolute  curve  at  the  point  f.  Also,  that 
the  evolute  is  the  locus  of  the  centre  of  curviature  of  the  in- 
volute curve. 

115.  Henbe, 


Hosted  by  Google 


372 


INVOLUTES  yVND  EVOLUTES. 


lis.  Hence,  and  from^^^^^  109,  it  B> 

will  be   easy  to   find  one\of   these 

turveSi  when  the  oUier  is  given* 

To  this  purpose,  put 

ar  ==  An,  the  absciss  of  the  invoiute, 

^  =  db;  an  ordinate  to  the  samej 

Js-  =  AB,  the  involute  curve, 

r  =  Bc ,  the  f adius  of  curvature ^ 

p  =  EF>  the  absciss  of  the  eyolute,  e<?, 

-M  =  Fc,  the  ordinate  of  the  samej  and 

t»  =  AS,  a  certain  given  line.  . 

Then  by  the  nature  of  the  radius  of  curvature,  it  is 
--■'f»      • "  ■       '  ' .  ■         • .    -  ■ ,' 

siBc  =  AE  +i:c  ;  also,  by  sim.  triangles^ 


jf    '' 

^v 

X  :  :  r  :  gb  = 


TpC 


x-r" 


GC 


yx^<x?y 


Hence  ef==gb-^db  =  - 


yx'-^xy 

imd  FC=AD-^  AE+GC==^  " 


which  are  the  values  of  the  absciss  and  ordinate  of  the  evo^ 
lute  curve  ec  :  from  tvhich  therefore  these  may  be  founds 
when  the  involute  is  given.     ^  , 

On  the  Contrary,  if  v  and/W,  Or  the  evolute  be  given  :  theiij 
putting  the  given  curve  ec~s,  since  cB==AE-f-Ec,  or  f =:a+5, 
this  gives  r  the  radius  of  curvature.  Also,  bi^  similair  trian* 
gles^  there  arise  these  proportions^  viz*  , 

-        '  •  -  •  -         .^=:gB, 


JEmd 


ru 


8  *  u 


theref  AD=AE+FC — G€==a+^ 


-t^==GC5 
s 


and  iDB=;GB—Gr>==GB— EF=— T— v  — '0==2/ r 

^  y  '  .■  ■- , 

which  are  the  absciss  and  ordinate  of  the  involute  curve,  and 
which  may  therefore  be  found,  when  the  evolute  is  given. 
Where  it  may  be  noted,  that  i^  =2:^2 +  ^2 /and  z^=x^  +  y^. 
Also,  either  of  the  quantities  ar^  j^^ may  be  supposed  to  flow 
equably,  in  which  case  the  respective  second. fluxion,  x  ory , 
will  be  nothing,  and  the  corresponding  term  in  the  denomina- 
tor yi—iy  will  vanish,  leaving  only  the  other  term  in  it  ;^^ 

which 


Hosted  by  Google 


FLUXIONS. 


[  373 


Which  will  have  the  e£fect  of  rendering  the  whole  operation 
simpler. 


116.  EXAMPLES. 


Exam.  1>  1*0  determine  the  nature  of  the  curve  hy  wliose 
evolution  the  common  parahola  ab  is  described. 

Here  the  equation  of  the  given  involute  ab,  is  ex  =  y^ 
where  c  is  the  parameter  of  the  axis  ad.       Hence  then 


y- 


•  \/c%y  and  ^  =  \x  y'  -,  also  y  =? 


tS^I^^""*'"^  ^ 


constant.  Consequently  the  general  values  of  i?  and  w^  or  of 
the  absciss  and  ordinate,  ef  and  fc,  above  given,  become,  in 
that  ease, 

* y  '^   ..    ^-   \''r  U  '^ ^^  \/~ ;   and 


-y 


Fc=.tt=ir^ — a- 


z/r^ 


-xy 


==  3rK-f  ic—- a. 


But  the  value  of  the  quantity  0.  or  AE,  by  exam.  1  to  art.  75^ 
was  found  to  be  ^e  ;  consequently  the  last  quantity,  fg  or  w  is 
barely  ==  3i^. 

Hence  then,  comparing  the  values  o£v  and  u,  there  is  found 
Sv^yc  =  3w<y/a%  or  ^Icv'^  =■  \6u^  ;  which  is  the  equation  be- 
tween the  absciss  and  ordinate  of  the  evolute  curve  eg,  show- 
ing it  to  be  the  seraicubical  parabola. 

Exam .  2.  To  determine  the  evolute  of  the  common  cycloid . 
Ans.  another  cycloid,  equal  to.  the  former. 


■T 


TO  FIND  THE  CENTRE  OF  GiRAVlTY. 


1 1 7.  By  referring  to  prop.  42,  &;c.  in  Mechanics,  it  is  seen 
what  are  the  principles  and  nature  of  the  Centre  of  Gravity 
in  any  6gure,  and  how  it  is  generally 
expressed.  It  there  appears,  that  if 
FAQ.  be  a  line,  or  plane,  drawn  through 
any  point,  as  suppose  the  vertex  of  any 
body,  or  figure,  ABD,  and  if  -  -  - 
s  dienote  any  section  ef  of  the  figure, 
d  ==  AG,  its  distance  below  p^,  and 
b  =  the  whole  body  or  figure  abd  ; 
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theatlie  ffistaisce  ac,  of  the  centpe  of  gravify  below  p^,  i» 

.  „     J       X  J  1^    sum  of  all  tbe  il*        ,    ,.  ' 

uniFersally  denoted  by -^-r-^ — 7-~- — —;  whether  abd  be  a 

line^  or  a  plane  sdrface,  or  a  curve  superficies,  or  a  solid. 

But  the  sum  of  all  the  ds^  is  the  same  as  the  fluent  of  db, 
and  >  is  the  same  as  the  fluent  of  h  ;  therefore  the  general 
expression  for  the  distance  of  the  centre  of  gravity,  is  ac  ==^ 
fluentbf  i;6    :  fluent  i:6.  ^  .  '^  ,  , .     ,.  - 

A    -  X-  V'^'='    -^> — - ;  putting  .t  =  d  the  variable  distance 

fluent  of  5  5        '  "        ** 

40.     Which  will  diyide  into  the  foUo wing  four  oases. 

118.  Case  i.  When  ae  is  some  Hue,  as  a  curve  suppose. 

In  this  c^e  6  is  =  zot  y^^+  y\  the  fluxion  of  the  curte 

J  ,  ^,        «  fluent  of  odz      fluent  of  a;^i^  +  w^ 

and  6  =«  -? :  theref.  ac  =     .  '  '  ■   ■  •    _.  ■  =  - — — ^-^ — V"^     '  ^ 

■•  ■■  ■     \  ■   ■  s'       ,  ;■  -z-  -.  • 

is  the  distance  of  the  centre  of  gravity  in  a  curve. 

119.  Case  2,  When  the  figure  abd  is  a  plane  ;  then 
^  =^i ;  therefore  the  general  Expressions  becomes  ac  = 
fluent  of  ^rri"^^^,     ,.  ,         , -«  ,  ^        .     . 

-3- — ^    A  :  lof  the  distance  of  the  centre  of  gravity  m  a  plane. 

1 20.  Case  S.  When  the  figure  is  the  superficies  of  a  body 
generated  by  the  rotation  of  a.  line  j^^al^out  the  axis  ah. 
Then,  putting  c^3rl4;159;!&^^^  2cj  vvSjl  denote  the  circnm- 
ferepce  of  tfie  geriera|ipg  circle,  and  ic^  the  fluxion  of  tbe 

>  ^r       r.  fluent  of  ^cva:z      fluentof  wrri .     .„ 

surface  ;  therefore  ac  =1^^  ,  '  ■  \^^^  -.-■  =   ,      .     i^  .    will 

fluent  of  2c^z        fluent  of  yr 
be  the  distiance  of  the  centre  of  gravity  for  a  surface  generat- 
ed by  the  rotatipn  of  a  curve  line  >. 

12 1^  Case  4.    When  the  figure  is  a  solid  generated  by  the 
rotation  of  a  plane  abh,  about  tbe  axis  ah. 

Then,  putting  c  ==  3  14159  ike.  it  is  cy^=;  the  area  of  the 
circle  whose  radius  is  y,  and  cy^x  =  b ,  the  fluxion  of  the 
solid ;   therefore  -     -     -     -     -     -     -     -     -     -     -     -     -     - 

fluent  of  xd        fluent  of  cy^x'x     fluent  of  Ai .   ',     .. 
nuent  of  6         fluent  oicy^x       fluent  of  2/^^ 
tanee  of  the  centre  of  gravity  below  the  vertex  in  a  solid. 


.  122.  EXAMPLES. 

Exam  1.  Let  the  figure  proposed  be  the  isosceles  triangle 

abd.    '    ''.      ' 

It  is  evident  that  the  centi'e  of  gravity  c,  will  be  somewhere 

in  the 
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in  the  perpendicular  ah.  Now,  if  a  denote 
AH,  e==BD,  ic=AG,  and  j=EP  any  line  parallel 
to  the  base  Bj> ;  then  as  ix  :  c  ;  i  x  :  y= 

'il;  therefore ,  by  the  2d  Case,  ^^^V^^ 
^  fluent^ 

_  flaentx'i     Xx^ 

comes  =  AH  V  consequently  cH  ==  i  AH^ 

In  like  tiiahner,  the  centre  of  gravity  of  any  other  plane 
triangle,  tvill  be  found  to  b^  at  ;i  of  the  altitude  of  the  trian- 
gle ;  the  same  as  it  was  foun^  in  prop.  43,  Mechanics. 

ExAai^S*  1^  a  parabola ;  the  distance  from  the  vertex:  is  %, 
•r  J  of  the  axis.  v  * 

Exam*  3.  In  a  circular  arc ;  the  distance  from  the  centre 
of  the  circle,  is  — ;  where  a  denotes  the  arc,  c  its  chord,  and 
/the  radius. 

Exam,  4.  In  a  circular  sector ;  the  distance  irom  the  centre 
of  the  circle,  is  —-whereat  c,ry  are  the  same  asin  exam.3. 

Exam.  5.  In  a  circular  segment ;  the  distance!^ 
tre  of  the  circle  is  ^  •  were  c  isthe  chord,^  athe  area, 
ftf  the  segnient* 

^  Exam.  6.  In  a  cone,  or  any  other  pyramid ;  the  distance 
from  the  vertex  is  |a^  otr  |  pf:  the  altitude. 

ExAvt.  7.  In  the  semisphere,  or  semispheroid  ;  the  distance 
from  the  centre  is  fr,  orf  of  the  radius  :  and  the  distance 
from  the  vertex  f  of  the  radius. 

Exam.  8.  In  the  parabolic  conoid ;  the  distance  from  the 
base  IS  |a:,  or  i  of  the  axis.  And  the  distance  from  the  ver- 
tiex  f.  of  th^  axis. 

Exam.  9,  Inthe  segmentof  asphere,  or  of  aspheroid ;  the 

distance  from  ^^^  t^asei^^^^^  ;  where  a;  is  the  height  of 

thesegmfent,  and  a  the  whole  axis,  or  diameter  of  the  sphere. 
Exam.  10.  Inthe  hyperbolic  conoid  ;  the  distance  from  the 

^^  '®  e^+iJ- '  ^^"^  *  is  the  height  of  the  conoid,  and  « 
the  whole  aJEis  or  diameter. 
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QUESTION  I. 


A  LARGE  vessel,  of  10  feet/ or  aoy  other  given  depfe^^^^^^ 
of  any  shape,  being  kept  qonstaptly  full  of  water,  %^iijeaiis 
of  a  supplying  cock>  at  tire  top  ;  it  is  |)i-ppQsed  to  a^sigp  the 
place  where  a  small  hple  must  be  made  in  the  side  of  it,  so 
that  the  vfate^r  may  spout  through  it  to  the  greatest  distance 
on  the  plane  oif  the  base.      : 

LetABdenote  the  height  or  side  of 
the  vessel  ;d  the  required  hole  in  the 
side,  from  which  the  water  spouts,  in 
the  parabolic  curve  dg,  to  the  greatest  / 
distance  bg^  on  the  horizontal  plarie.  ^ 

By  the  ^hblium  to  p^^ 
drauUcs,  the  distance  EG  is  always  eq^^  ,  "    '■■  - 

to  2  ^  Ap  ,D^ which  is  equaltp^  ^/  a;(a;--itt)  or M  y'aa?— o;^, 
if  o^be  putltd  denote  the  whole  height  ab  of  the  vessel,  and 
a;==AD,  the  depth  of  dbe  hole.  Hence  S^aaj^raJSptao;^^^ 
must  be  a  maximum.  In  fluxions,  air  •*  2iri==0,  or  a-r2a;==0, 
and  2^  ==  a,  or  x  ==  i<*.  So  that  the  whole  d  must  be  in  the 
middle  between  the  top  and  bpttdm  ;  the  same  as  before  found 
at  the  end  of  the  Scholium  above  quoted.  ^         :         - 

:     ■  ,      ..  ■  >  124.  i^UESTTION  W    ;'■  V  "•    • 

If  the  same  vessel,  as  in  Q^uest.  1,  stand  on  high,  with  its 
bottom  a  given  height  above  a  horizontal  plane  below  ;  it  is 
proposed  to  determine  where  the  small  hole  must  be  made  so 
as  to  spout  farthest  on  the  said.plane. 

Let  the  annexed  figure  represent  the 
vessel  as  before,  and  6g  the  greatest 
distance  spouted  by  the  fluid,  dg,  on  the 
plane  &G.  .        "' 

Here,  as  before,  &G =2  v'ad  .d6  =2 


^a;(c  -r-  a;)  =  2  y  ex  —  x^ ,  by  putting 

a2>?=c,  and  Ai>=a;.     So  that  ^  ^  cx  —  x^ 

or  ex  —  x^  must  be  a  maximum. 

former  question,    - .  -     -    -     -     -     -     -     -    -     -     -    -     ^ 

X  =ic  =  iA^.    So  that  the  hole  d  must  be  made  in  the 


And  hence,  like  as  in  the 
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middle  between  tbe  top  of  the  vessel,  and  the  given  plane 
that  the  water  may  spout  farthest. 

125.  QUESTION  ill. 

But  if  the  same  vessel,  as  before,  stand  on  the  top  of  an  in- 
clined plane,  making  a  given  angle,  as  suppose  of  30  degrees, 
with  the  horizon ;  it  is  proposed  to  determine  the  place  of 
the  small  hole,  so  as  the  water  may  spout  the  farthest  on  the 
said  inclined  plane. 

Here  again  (d  being  the  place  of  the 
hole,  and  bc  the  given  inclined  plane), 
io  =  2y^AD  .  d6  =  2  ^x{a  —  oc  ±:z), 
putting  z  =  b6,  and,  as  before,  a  =  iiB, 
andar=rAp.  Then  ^g  must  still  be  a 
maximum,  as  also  nb,  being  in  a  given 
ratio  to  the  maximum  bg,  on  account 
of  the  given  angle  B,  Therefore  flrc— 
x^  ±  ixiz,  as  well  as  z,  is  a  maximum.  Hence,  by  art.  54  of 
the  Fluxions,  ai  —  ^xx  dz  zx'='  0,  or  a  —  2a;  ±  2*  =  0  ; 
conseq.  ±:  z  =  2x —  a;  and  hence  6g  =  2  ^x{a  r^x  ±:  z) 
becomes  barely  2a?.  But  as  the  given  angle  gb6  is  =  30^, 
the  sine  of  which  is  ^  ;  therefore  bg  =  2b6  or  2z,  and  6g2  === 
BG^  — b62  =  3z^  ^  3  (2a;— a)2,  or  &g  ==  ±  (2a;  —  ct)  ^3. 

Putting  now  these  two  values  of  bo  equal  to  each  other, 
gives  the  equation  2a?  =  ±  (2a;  — a)  ^3,  from  which  is  found 

X  =  ^  y — =  '^~-'  a,  the  value  of  ad  required. 

V'     ~  1.4, 

Note.  In  the  Select  Exercises,  page  252,  this  answer  is 
brought  out  — -^~  a,  by  taking  the  velocity  proportional  to 
the  root  of  ^a^  the  altitude  only. 

126.  QUESTION  IV. 

It  is  required  to  determine  the  size  of  a  ball,  which,  being 
let  fall  into  a  conical  glass  full  of  water,  shall' expel  the  most 
water  possible  from  the  glass  ;  its  depth  being  6,  and  diame* 
ter  5  inches. 

Let  ABC  represent  the  cone  of  th^ 
glass,  and  dhe  the  ball,  touching  the 
sides  in  the  points  d  and  e,  the  centre 
of  the  ball  being  at  some  points  f  in 
the  axis  gc  of  the  cone. 


VoK.  IL  49 
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Put  AG  ==  GB  ==  2^^^  =  O^ 
CO  =6=6, 
AC  =    -y/AG^+GC*  =  6|^  =K  C, 

AD  =  FE  =  FH  ==  o;  the  radius  of  the  ball. 
The  two  triangles  acg  and  dcf  are  equiangular ;  theref. 
'    V    ■.  ex 

AG  :  AC  :  :  df  :  fc,  that  is,  a  :  e  :  :  a'  : — ;=  Fc  ;  hence 

','■'.,  '  "    ■   ■    -    ^  '  "  \.         ' 

GF  =  Gc  —  FC  =  6  —  —-,  and  gh  =  gf  -f*  fh  =  b  -{-  x— •  — , 

a       : ,  a 

the  height  of  the  segment  immersed  in  the  water.  Then  (by 
rule  1  for  the  spherical  segment,  p.  427  vol.  1>)^  the  content 
of  the  said  immersed  segment  will  be  (6df  —  26h)  X  gh^ 

X  -5236  =  (2a?  —  6  •\-^)  X  (x  +  b  — .  — )»  X  1*0472, 

which  must  be  a  maximum  by  the  question  ;  the  fluxion  of 
this  made  =  0,  and  divided  by  2a7  and  the  common  factors, 

gives — -^X  (b  —  -—x)-'(- — —X'-b)  X- X  2  =  0; 

thife  reduced  sives  x  =  7 '     .    ,  ^  >   =  2ii,  the  radius 

•  (,c-^a)X(c+2a)  ''-     ' 

of  the  ball.  Consequently  its  diameter  is  4i|^,inches  j  as  re- 
quired. * 


PRACTICAL  EXER:CISES  CONCERNING  FORCES  ; 
WITH  THE  RELATION  BETWEEN  THEM  AND 
THE  TIME,  VELOCITY,  AND  SPACE  DESCRIBED. 

Before  entering  on  the  following  problems,  it  will  be  con- 
venient here,  to  lay  down  a  synopsis  of  the  theorenis  which 
express  the  several  relations  between  any  forces,  and  their 
corresponding  times,  velocities,  and  spaces,  described  ;  which 
are  all  comprehended  in  the  folio  wig  12  theorems,  a?  collect- 
ed from  the  principles  in  ^the  foregoing  parts  of  this  work. 

Let/,  f^  be  any  two  constant  accelerative  forces,  acting  on 
any  body,  during  the  respective  times  t,  t,  at  the  end  of  which 
are  generated  the  velocities  v,  v,  and  described  the  spaces,  s, 
s.  Then,  because  the  spaces  are  as  the  times  and  velocities 
conjointly,  and  the  velocities  as  the  forces  and  times ;  we 
shall  have, 

1.  In 


Hosted  by  Google 


PRACTICAL  EXERCISES  ON  FORCES.        37® 


1,  In  Constant  Forces. 

'   S  TV  T^F    ~~  V^/' 

*  V  FT  St  '^FS* 

*  T        fy  S'Z'  /s ' 
f  ^  TV  ^_    T^S    __      -y^g 

And  if  one  of  the  foxces,  as  f,  be  the  force  of  gravity  at 
the  surface  of  the  earth,  and  be  called  1,  and  its  time  t  be=? 
1";  then  it  is .  known  by  experiment  that  the  cprrespondiog 
space  s  is  ==  16yV  feet,  and  consequently  its  velocity  v=2s=  . 
3^,  which  call  2g,  namely,  g  =  16yV  feet,  or  193  inches. 
Then  the  above  four  theorenas,  in  this  case,  become  as  here 
below  :  . 

2s 
6.  u=^   =  2gft^^Agfs. 

'^         2gt.       gt2  4gs' 

And  from  these  are  deduced  the  following  foqr  theorems, 
for  rariable  forces,  viz. 


II. 

In  Variable  Forces. 

9. 

$ 

=    vi 

_^     Vv 

10. 

V 

==%^ 

^%/s 

'y 

11. 

i 

s 

V 

1) 

%A 

12. 

f 

__   vv 

V 

2gs 

2gr 

In 
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In  these  last  four  theorems,  the  force/,  though  variable^ 
is  supposed  to  be  constant  for  the  indefinitely  small  time  >, 
and  they  are  to  be  used  in  all  cases  of  variable  forces,  as  the 
former  ones  in  constant  forces ;  namely  from  the  circum- 
stances of  the  problem  under  consideration,  an  expi^ession  is 
deduced  for  the  value  of  the  force/,  which  being  substituted 
in  one  of  these  theorems,  that  may  be  proper  to  the  case  in 
hand;  the  equation  thence  resulting  will  determine  the 
corresponding  values  of  the  other  quantities,  required  in  the 
problem. 

When  a  motive  force  happens  to  be  concerned  in  the 
question,  it  may  be  proper  to  observe,  that  the  motive  force 
«i,  of  a  body  is  equal  to/^,  the  product  of  the  accelerative 
force/  and  the  quantity  of  matter  in  it  q-,  and  the  relation 
between  these  three  quantities  being  universally  expressed  by 
this  equation  m=  9/,  it  follows  that,  by  means  of  it,  any  one 
of  the  three  may  be  expelled  out  of  the  calculation,  or  else 
brought  into  it. 

Also,  the  momentum,  or  quantity  of  motion  in  a  moving 
body,  is  qv^  the  product  of  the  velocity  and  matter. 

It  is  also  to  be  observed,  that  the  theorems  equally  hold 
good  for  the  destruction  of  motion  and  velocity,  by  means  of 
retarding  forces,  as  for  the  generation  of  the  same,  by  means 
of  acceletiating  fdrces.  :        i 

And  to  the  following  problems,  which  are  all  resolved  by 
the  application  of  these  theorems,  it  has  been  thought  proper 
to  subjoin  their  solutions,  fox  the  better  information  and  eon- 
venience  of  the  student. 

PROBLEM  I. 

To  determine  the  time  and  velocity  of  a  body  descending^  by  the 
force  of  gravity 9  dozion  an  inclined  plane  ;  the  length  of  the 
plane  being  ^Ofeety  and  its  height  \foot. 

Here,  by  Mechanics,  the  force  of  gravity  being  to  the  force 
down  the  plane,  as  the  length  of  the  plane  is  to  its  height, 
therefore  as  20  :  1  :  :  1  (the  force  of  gravity)  :  ^V  =/the 
force  on  the  plane. 

Therefore,  by  thcor.  6,  v  or  -v/4g/s  is  -v/  4  X  ISy^X  J^  X 

20=v/4X  167^=^2 X49V  or  8J^  feet  nearly,  the.  last  velocity 

per  second.     And, 

^     ,  ^  5.  20  400       20 

By  theor.  7,  i  or>/--is  ^^^3^=^         =         .=  3f| 

seconds,  the  time  of  descendmg. 

PROBLEM 
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PROBLEM  a. 

Jf  a  cannon  hall  he  fired  with  a  velocity  of  \000  feet  per  second 
up  a  smooth  inclined  pldTie^  which  rises  1  foot  in  20  :  it  is 
proposed  to  assign  the  length  which  it  will  ascend  up  the  plane ^ 
before  it  stops  and  begins  to  return  down  again,  and  the  time 
of  its  ascent, 

HeTef=^^  as  before. 

Then.bytheor.  5.  s  =  ^,=_-i222! =60000000 

'    ^  4gf     4X16tVX^j  193 

=  310880iff  feet,  or  nearly  59  miles,  the  distance  moved. 
And,  by  theor.  7,  t  =.-^,=.  100O.__  IgOOQO  ^ 

2gf      2X  l6J^XVo  193 

621"i.f I  =  10'  Sl^'ifl,  the  time  of  ascent. 

'  PROBLEM  m. 

If  a  ball  be  projected  up  a  smooth  inclined  plane,  which  rises  1 
foot  in  10,  and  ascend  100  feet  before  it  stop:  required  the 
time  of  ascent,  andjhe  velocity  of  projection. 

First,  by  theor.  6,7;  =  ^  4^/^  =  v/4  X 1 6yV  X  A  X 1 00= 
84V\/10=2o-36408  feet  per  seeond,  the  velocity. 

A    A   x.    4.1,         »  .         .  *  JOO  10 

And,  by  theor,  7,  t  ^^-^^^  ^  =^10  =  ,_p_a 

<^10=7*88516  seconds,  the  tinie  in  motion . 
PROBLEM  lY. 

Jf  a  ball  be  observed  to  ascend  up  a  smooth  inclined  plane  lOG 
feetinlO  seconds,  before  it  stop,  to  return  back  again:  re- 
quired the  velocity  of  projection,  and  the  angle  of  the  plane's 
inclination, 

2s      200 
First,  by  theor.  6,  v  =  --.=^  =  20  feet  per  second, 

the  velocity. 

And,  by  theor,  8,  /==  —-=z^— --=_?..  That  is  the 

length  of  the  plane  is  to  its  height,  as  193  to  12, 

Therefore  193  :  12  :  :  100:  6-2176  the  height  of  the  plane, 
or  the  sine  of  elevation  to  radius  100,  which  answers  to  S"^  34', 
the  angle  of  elevation  of  the  plane. 

PROBLEM 
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PROBLEM  V. 

By  a  mean  of  several  experiments,  I  have  founds  that  a  cast  iron 
ball,  of  2  inches  diameter,  fired  perpendicularly  into  the  face 
or  end  of  a  block  of  elm  wood,  or  in  the  direction  of  the  fibres, 
with  a  velocity  of  1 500 feet  per  second,  penetrated  ib  inches 
deep  into  its  substance.  It  is  proposed  then  to  determine  the 
time  of  the  penetration,  and  the  resisting  force  of  the  wood, 
as  compared  to  the  force  of  gravity,  supposing  that  force  to 
be  a  constant  quantity. 

2s         2X13  1 

First,  by  theor.  7,  t  =  -=j^^^^=.-^  part  of  a  se- 

second,' the  time  in  penetrating. 

.        v^    _         15002  _  81000000 

And,  by  theor.  8,/  =  —  ~  ^^^^—^  -  13  X  193 

=  32284.  That  is,  the  resisting  force  of  the  wood,  is  to  the 
force  of  gravity,  as  32284  to  1. 

But  this  number  will  be  different,  according  to  the  diame- 
ter of  the  ball,  and  its  density  or  specific  gravity.     For,  since 

J- is  as —by  theor.  4,  the  density  and  size  of  the  ball  remain- 
ing the  same ;  if  the  density,  or  specific  gravity,  w,  vary,  and 
all  the  rest  be  constant,  it  is  evident  that/ will  be  as  n ;  and 

therefore /as- — ^^  when  the  size  of  tfee  ball  only  is  constant. 

But  when  only  the  diameter  cZ  varies,  all  the  rest  being  con- 
stant, the  force  of  the  blow  will  vary  as  d^  or  as  the  magnitude 
of  the  ball ;  and  the  resisting  surface,  or  force  of  resistance, 

dz 
varies  as  d^  ;  there/  is  as  -j-  or  as  d  only  when  all  the  rest 

«^  dfiTja 

are  constant.     Consequently /is  a&^ — ^  when  they  are  all 

variable. 

'      f       dnv^  s       -  5        dnv^  F  ,  /•  j       x      ^u 

And  so^-  =  — -- and-  = -7. 5    where  /  denote  the 

F  DNV^S  S  DNV^J 

strength  or  firmness  of  the  substance  penetrated,  and  is  here 
supposed  to  be  the  same,  for  all  balls  and  velocities,  in  the 
same  substance,  which  is  either  accurately  or  nearly  so.  See 
page  581,  &c.  vol.  1^  of  my  Tracts.  .    . 

Hence,  taking  the  nunibers  in  the  problem,  it  is       -     -     - 
^dr^  ^  &Xli:>ii^  ^  ,4£X1500^  ^  ^.gg^g^  ^^^ 
J  s  If  39 

value  of/  for  elm  wood.     Where  the  specific  gravity  of 

the 
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the  ball  is  taken  7i,  which  is  a  little  less  than  that  of  solid 
cast  iron,  as  it  ought,  oh  account  of  the  air  bubble  which  is 
found  in  all  cast  balls. 

PROBLEM  VI. 

To  find  how  far  a  24Z6  ha%l  of  cast  iron  will  penetrate  into  a 
block  of  sound  elm^  when  fired  with  a  velocity  of  1600  feet 
per  second. 

Here,  because  the  substance  is  the  same  as  in  the  last 
problem,  both  of  the  balls  and  wood  n  =  w,  and  f=/;  there - 
-      s      D^v2  BV^s     6-S6X 16002X13 

fore-=:-^— ,  or  s=^ — ^= — --^ —  =  4i_2_  inches 

s       dv^\  dv^  2X16002  ^5    mcnes 

nearly,  the  penetration  required. 

PROBLEM  yiL 

It  was  found  by  Mr,  Robins,  (vol.  i.  p.  27^,  o/*^zs  works), 
that  an  IS-pounder  ball,  fired  with  a  velocity  of  12Q0  feet 
per  second,  penetrated  34  inches  into  sound  dry  oak.  It  is  re- 
quired then  to  ascertain  the  comparative  strength  or  firmness 
of  oak  and  elm. 

The  diameter  of  a  161b  ball  is  6'04  inches  =d.     Then, 
by  the  numbers  given  in  this  problem  for  oak,  and  in  Prob.  6, 
for  elm,  we  have     -     -     -     -     -     -     -     -     .     -     ,     -     . 

f__dv^s_    2X1500^X34 100X17      __1700  _ 

f"'dv21*~5-04  X  12002  X 13  "~5-04x  16  XT3"~T048  *^^  ^^ 
nearly. 

From  which  it  would  seem,  that  elm  timber  resists  more 
than  oak,' in  the  ratio  of  about  8  to  6  ;  which  is  not  probable, 
as  oak  is  a  much  firmer  and  harder  wood.  But  it  is  to  be 
suspected  that  the  great  penetration  in  Mr.  R's  experiment 
was  owing  to  the  splitting  of  his  timber  in  some  degree. 

PROBLEM  VlIL 

J?  24'pounder  ball  being  fired  into  a  bank  of  firm  earth,  with  a 
velocity  of  1300  feet  per  second^  penetrated  lb  feet.  It  is 
required  then  to  ascertain  the  comparative  resistance  of  elm 
and  dearth. 

Comparing  the  numbers  here  with  those  in  prob.  5,  it 
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.  /_di^     2XI5Q0aX15Xi2     15^  X  24  _  ,  g ^ o  -.  3_o 
^*F'^i)v2i?'^6-56x  13003X13   '^lB^ycO'31-'  ^^^  ^    " 

nearly  =  6 1  nearly.    That  iSj  elm  timber  resists  about  6| 
times  more  than  earth. 


PROBLEM  IX. 

To  determine  how  far  a  leaden  bullet,  of  ^  ef  an  inch  diameter, 
'mil  penetrate  dry  elm  ;  supposing  it  fired  with  a  velocity  of 
n 00  feet  per  second,  and  that  the  lead  does  not  change  its 
figure  by  the  stroke  against  the  wood. 

Here  D  =^  I,  n  =  1  l^,n  =  7i.  Then  by  thfe  numbers  and 
theorem  in  prob.  6,  itis  s  =     -     -    -     -     -     -     -     -     -     - 

DNv2s     fXlUX1700aX13     173X13     63869       ^„  .  ' 

^  -;— *  ^  •        — -  — ^ s;;^  02;  inches 

dnu^  ^X7fX  15002  200X33      6600  ^ 

nearly,  the  depth  of  penetration. 

But  as  Mr.  Robins  found  this  penetration,  by  experiment, 
to  be  only  5  inches;  it  follows  either  thiat his  timber  must 
have  resisted  about  twice  as  much ;  or  else,  which  is  much 
more  probable,  that  the  defect  in  his  penetration  arose  from 
the  change  of  figure  in  the  leaden  ball  he  used,  from  the  blow 
against  the  wood. 

PROBLEM  X. 


A  One  pound  ball,  projected  with  a  velociiy  of  1500  feet  per 
second,  having  been  found  to  penetrate  1^  inches  deep  into 
dry  elm:  It  is  required  to  ascertain  the  time  of  passing 
through  every  single  inch  of  the  13,  and  the  velocity  lost  at 
each  of  them  i  supposing  the  resistance  of  the  wood  constant 
or  uniform. 

The  velocity  1)  being  1500  feet,  or  1600  X  12  =  18000 
inches,  and  velocities  and  times  being  as  the  roots  of  the 
spaces,  in  constant  retarding  forces,  as  well  as  in  accelerating 

2s  26  13  1 

ones,  and  (being  =-  =^3^1600  =9000  =  692  »«'*  °^ " 
second,  the  whole  time  of  passing  through  the  13  inches; 
therefore,  ^s 

^13 
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veloc.  lost  Time  in  the 

VHz^,  =  e4.2&c.  ^^!iZL^=^  .00006  3d 

V 13  ^13      ' 

Vi2_-v^.=  67-5  ^^!2^.  =  . 00007  4th    : 

-\/ 1«5  \y/13                                  ^               ^ 

-V:!=^^  =  76-0  >^^;-v^<  =  . 00007  6th 

JV^|ll«  =  81-7  _5£!=|:lj=. 00008  7th 

^^?^^^r,  =  88-e  >^^-f^  f  =  -00008  8th 

V;  <^13 

-V^ij^^  =  98-2  -  ^^-fU  =  -00009  9th 

_.^l^.  =  l„.4  _^^5_,  =,-0001,  10th      . 

^^~^-v  =  132-2  ^^;y^  t  =  -00013  1 1th 

->li=^i_^,  =  172-3  -^^""^S  = -00017  mh 

<v/i3  ib/*^ 

JV^r^  ^  =  416-0  ^^~^^  i=  -00040  isth 


Sum  1500-0  Sum^i^  or  -00144  sec. 


Hence,  as  the  motion  lost  at  the  beginning  is  very  small ; 
and  consequently  the  motion  communicated  to  any  body,  as 
an  inch  plank,  in  passing  through  it,  is  very  small  also  ;  we 
can  conceive  how  such  a  plank  may  biB  shot  through,  when 
standing  upright,  without  oversetting  it. 
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PROBLEM  XI. 

The  for  ct  of  attraction^  ahoDB  th^  earthy  hetng  imersely  as  the 
square  of  the  distance  from  the  centre ;  it  is  proposed  to  deter- 
mine the  time,  velocity^  and  other  circumstances,  attending  a 
heavy  body  falling  from  any  given  height ;  the  descent  at  the 
earth's  surf  dee  being  tQr^jfeet^or  193  inches^  in  the  Jlrst  se- 
cond of  time^ 

Put 

r  =  cs  the  radius  of  the  earthy 

a=  cA  the  dist.  fallen  from, 

X  ==  cp  any  variable  distance, 

i)  =  the  velocity  at  p, 

t  ===  tifloe  of  falliDg  there,  and 

g=,  16^^,  half  the  veioc.  or  force  at  s, 

/=  t^  force  at  the  point  p. 

Then  we  have  the  three  following  equations,  viz. 
x^  :r'  : :  1  :/— the  force  at  p,  when  the  force  of  gravity  is 
considered  as  1;    tv  = -— i,  because  a:   decreases ;    and 

^^  =  — %/r=— ^- 

The  fluents  of  the  last  equation  give  1)2  = -2_^.  But 
when  X  =#,  the  velocity  i3  =  0 ;    therefore,  by  correction, 


'  X  a  ^  ax  '  ^  ^ 

a  general  expression  for  the  velocity  at  any  point  p. 

When  a;  =  r,  this  gi res  -y  =  ^  {igr  X  — — )  for  the 

greatest  velocity,  or  the  velocity  when  the  body  strikes  the 
earth. 

When  a  is  very  great  in  respect  of  r,  the  last  velocity  be- 

eomes(l--r--)  X  ^4gr  very  nearly,  or  nearly  \/  4gr  only, 

which  is  accurately  the  greatest  velocity  by  falling  from  an 
snfinite  height.  And  this,  when  r  =s  396§  miles,  is  6.0506 
miles  per  second.    Also,  the  velocity  acquired  in  fsdling  from 

the 
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the  distance  of  the  sun,  or  12000  diameters  of  the  earth,  in 
6-9605  miles  per  second.  And  the  velocity  acquired  in  fall- 
ing from  the  distance  of  the  moon,  or  30  diameters,  is  6*8972 
miles  per  second. 

Again,  to  find  the  time ;  since  ti  =  ^  x^  therefore  i  = 

— —  =^  2 — 2  ^     ''    "'         5  the  correct  fluent  of  which  gives 

i  =  -v/-—  X  C^aa;— ««+ arc  to  diameter  a  and  vers,  ct^a;'); 

4^^^  la 

or  the  time  of  falling  to  any  point  p  =^^  -  X  (ab  +^p)» 

And  when  a;  =  r,  this  becomes  ^  ==  i  ^  -  X — -  for  the 

/^^  g  so 

whole  time  of  falling  to  the  surface  at  s  ;  which  is  evidently 
infinite  when  a  or  ac  is  infinite,  though  the  velocity  is  then 
only  the  finite  quantity  i/4gr. 

When  the  height  above  the  earth's  surface  is  given  ==g  ; 
because  r  is  then  nearly  =  rt,  and  ad  nearly  ==  ds,  the  time  t 
for  the  distance  g  will  be  nearly    -    **  -    -     -     -    -    .     - 

^  j-^X2ps  =  y  j~Xv'4^r==:l'',  as  it  ought  to  be. 

If  a  body,  at  the  distance  of  the  moon  at  a,  fall  to  the  earth's 
surface  at  s.  Then  r==3965  miles,  a=60r,  and  t=i  416806'' 
=4da.  19h.  46'46'',  which  is  the  time  of  falling  from  the 
moon  to  the  earth. 

When  the  attracting  body  is  considered  as  a  point  c  ;  the 
whole  timiB  of  descending  to  c  will  be  -  -  -  -  -  «  » 
1      a  •7854a     a     10a        ■   •7854     a» 

2r^  g  r     ^g    51t^  ,^         g 

Hence,  the  times  employed  by  bodies,  in  falliiig  from  qui- 
escence to  the  centre  of  attraction,  are  as  the  square  roots  of 
the  cubes  of  the  heights  from  which  they  respectively  fall. 


PROBLEM  xn;. 

The  force  of  attraction  below  the  earth*  s  surface  being  directly 
a$  the  distance  from  the  centre;  it  is  proposed  to  determine 
the  circumstances  of  velocity,  time^  and  space  fallen  by  a  heavy 
body  from  the  surface^  through  a  perforation  made  straight  to 
the  centre  of  the  earth :  abstracting  from  the  eff^ect  of  the  earth's 
rotation^  and  supposing  it  to  be  a  homogeneous  sphere  6f  3965 
mhs  raditts. 

Put 
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Put  r  =  AC  the  Fadiiis  of  tbe  earth,  ^ 

a:  s=ep  tbedist.  from  the  centre, 

V  ==  the  relocity  at  p, 

^  =  the  time  there, 

g  =  IGy^^,  half  the  force  at  A, 

/  =  the  force  at  p. 
Then  CA  :  cp  :  :  1  :/;  and  the  three 

equations  are  rf=  a;,  and  -yx^^  —  2^/cp,  and  vt =—07. 

Hence/=^,  and  i>t;=— -^—  ;  the  correct  fluent  of  which 

gives  t)  =  v'  (%X --—■)=  PDv^-^=PD^-^,  the  velocity  at 

the  point  p  ;  where  pd  and  ce  are  perpendicular. to  ca.  So- 
that  the  velocity  at  any  point  p,  is  as  the  perpendicular  or 
sine  PD  at  that  point. 


When  the  Ijody  arrives  at  c,  then  v  ■=^  ^  %r=  ^  2g  .  ac 
=25950  feet  or  4*9 143  miles  jper  second,  which  is  the  great- 
est velocity,  or  that  at  the  centre  g. 


Again,  for  the  time ;  ^  =  — -==v'^-x — =±===rand  the 

■'..'-'  r  .X        ■  1  „ 

fluents  give  it  =  V':r~X  arc  to  cosme  -=a/^^  X  arc  At).     So 

that  the  time  of  descent  ta  any  point  p,  is  as  the  correspond- 
ing arc  AD.  ^ 

When  p  arrives  at  c,  the  ahove  becomes  <=      -     -    -    - 

1  '  AE        V  «•  - 

^  __X  quadrant  a^  =  —^/^  =  ^5'708v'  — =  1267^  se^ 
conds  =  2lY'i,  for  the  time  of  falling  to  the  centre  c. 

The  time  of  falling  to  the  centre  is  the  same  quantity  1'5708 
^ — ,  from  whatever  point  in  the  radius  ac  the  body  begins 
to  miove.  For,  let  n  be  any  given  distance  from  c  at  which 
the  motion  commences :  then  by  correction^  u= V(-^«^^— ^^^^  )> 
and  hence  t  =  v^tt-  X  — =~- ,  the  fluents  of  which  give  ^=%/ 

T  .         .      a:     ■     .  ,        ,  '  ^    ',    ''  ■■  r 

r—  X  s^rc  to  cosme  -  ;  which,  when  x  =  0,  gives  t=  */  77-  X 
2g  ^      ^  ■     % 

quadrant  ==  1*6708  \/  —  for  the  time  of  descent  to  the  cen- 
tre c,  the  same  as  before. 

As 
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As  an  equal  force,  acting  in  contrary  direction,  generates 
or  destroys  an  equal  quantity  of  mcrtion,  in  the  sanae  time  ; 
it  follows  that,  after  passing  the  centre,  the  body  will  just 
ascend  to  the  opposite  surface  at  b,  in  the  same  time  in  which 
it  fell  to  the  centre  from  a.  Then  from  b  it  will  return  again 
in  the  same  manner,  through  c  to  a  ;  and  so  oscillate  continu- 
ally between  a  and  b,  the  velocity  being  always  equal  at  equal 
distances  from  e  on  both  sides  ;  and  the  whole  time  of  a  dou- 
ble oscillation,  or  of  passing  from  a  and  arriving  at  a  again, 
will  be  quadruple  the  time  of  passing  over  the  radius  ac,  or 

=2 X3- Ul6^/^  =  Ih.  24'  29^ 


PROBLi^VI  Xllf . 


To  find  the  Time  of  a  Penduhim  vibrating  iii  the  Arc  of  a 
Cycloid. 

Let  s  be  the  point  of  suspen- 
sion ;  SA,  the  leiigth  of  pendu- 
lum; cab,  the  whole  cycloidal 
arc ;  aikd,  the  generating  cir- 
cle, to  which  FKE,  HiG  are  per- 
pendiculars. 

sc,  SB  two  other  equal  semi- 
cloids,  on  which  the  thread 
wrapping,  the  end  a  is  made  to 
describe  the  cycloid  BAG. 

Now,  by  the  nature  of  the  cycloid,  ad  =  ds  ;  and  sa  = 
2ad  =  sc  =  SB  =  sa  =  ab«  Also,  if  at  any  point  g  be 
drawn  the  tangent  gp  ;  also  g^  parallel  and  pq  perpendicular 
to  AD.  Then  pg  is  parallel  to  the  chord  ai  by  the  nature  of 
the  curve.  And,  by  the  nature  of  forces,  the  force  of  gravity : 
force  in  direction  gp  :  :  gp  :  gq  :  :  ai  :  ah  :  :  ad  :  ai  ;  in 
like  manner,  the  force  of  gravity  :  force  in  the  curve  at  e  :  : 
ad  :  AK  ;  that  is,  the  accelerative  force  in  the  curve,  is  every 
tthere  as  the  corresponding  chord  ai  or  ak  of  the  circle,  or  as 
the  arc.  ag  or  ab  of  the  cycloid,  since  ag  is  always  ==  2ai,  by 
the  nature  of  the  curve.  So  that  the  process  and  conclusions, 
for  the  velocity  and  time  of  describing  any  arc  in  this  case, 
will  be  the  very  same  as  in  the  last  problem,  the  nature  of 
the  forces  being  tbe  same,  viz.  as  the  distance  to  be  passed 
over  to  the  lowest  point  a. 

From 
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From  which  it  foll9ws,  that  the  time  of  a  semi-vibratioD, 
ia  ^11  arcs,  A6,  AEv&c.  13  tlie  same  coftstant  quantity     -     - 

l-5708v^|-=l-6708v/|^=l'5708v^— :  and  the  time  of  a 

whole  vibration  from  b  to  c,  or  from  c  to  b,  is  3-1416  — ; 

where  Z=?as=ab  is  the  length  of  the  pendulum,  |f  =  16^^ 
feet  dr  193  inches,  and  3'1416  the  circumference  of  a  circle 
whose  diameter  is  1. 

Since  the  time  of;  a  body's  falling  by  gravity  through  ^t, 
or  half  the  length  of  the  pendulum,  by  the  nature  of  descents, 

is  V'o-*  which  being  in  pt*o portion  tO  3-1416  ^~-,  as  1  is  to 

3-1416 ;  therefore  the  diameter  of  a  circle,  is  to  its  circum- 
ference, as  the  time  of  falling  through  half  the  length  of  a 
pendulum,  is  to  the  time  of  one  vibration. 

If  the  time  of  the  whole  vibration  be  1  second,  this  equa- 
tion arises,  viz.  l"=3-1416v/2^;  hence  Z=—^=^j:||j-^, 

andg  =  3-1416»  XAr==4-93l8i.  So  that  if  one  of  the^e, 
g  or  /,  be  given  by  experinient,  these  equations  will  give  the 
other.     When  g",  for  instance,  is  supposed  to  be  given  =  16^ 

feet,  or  193  inches;  thenis7===— ^|— ==39-ll,thelengthof 

4-y34o 

a  pendulum  to  vibrate  seconds.  Or  if  /  =  39^,  the  length  of 
the  seconds  pendulum  for  the  latitude  of  London,  by  experi- 
ment ;  then  is  g  =  4-9348Z=  193-07  inches  =  16yVVV  feet,  or 
nearly  IGyV  feet,  for  the  space  descended  by  gravity  in  the 
first  ^cpnd  of  time,  in  the  latitude  of  London  ;  also  agreeing 
with  experiment. 

Hence  the  times  of  vibration  of  pendulums,  are  as  the 
square  roots  of  their  lengths  ;  and  the  number  of  vibrations 
made  in  a  given  time,  is  reciprocally  as  the  square  roots  of 
the  lengths.  And  hqnce  also,  the  length  of  a  pendulum 
vibrating,  n  times  in  a  minute,  or  60",  is  1=^39^  X  -  - 
epg  __140850 
n  nn    ' 

When  a  pendulum  vibrates in  a  circular  arc ;  as  the  length 
of  the  string  is  constantly  the  same,  the  time  of  vibration 
will  be  longer  than  in  a  cycloid  ;  but  the  two  times  will  ap- 
proach nearer  together  as  the  circular  arc  is  smaller ;  so  that 

when 
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when  it  is  very  small,  the  times  of  vibration  will  be  nearly 
equal.  And  henc^  it  happens  that  39i  inches  is  the  length 
of  a  pendulum  vibrating  seconds,  in  the  very  small  arc  of  a 
circle. 

PROBLEM  XIV. 

To  determine  the  Time  of  a  Body  descending  down  the  Chord  of 
a  Circle, 

Let  c  be  the  centre  ;  ab  the  vertical 
diameter  ;  ap  any  chord,  down  which  a 
body  is  to  descend  from  p  to  a  ;  and  Pft 
perpendicular  to  AB. 

Now,  as  the  natural  force  of  gravity  in 
the  vertical  direction  ba,  ijs  to  the  force 
urging  the  body  down  the  plane  pa,  as 
the  length  of  the  plane  ap,  is  to  its  height 
Aq, ;  therefore  the  velocity  in  pa  and  €tA, 
will  be  equal  at  all  equal  perpendicular 
distances  below  PQ ;  and  consequently  the 
time  in  pa  :  time  in  qa   :  :        pa   ;    ^a    :  :   ba  :  pa  ;  but 
time  in  ba  :  time  in  ^a    :  :   V^^    :    \/Q,a    :  :   ba  :  pa  ; 
hence,  as  three  of  the  terms  id  each  proportion  are  the  same, 
the  fourth  terms  must  be  equal,  namely  the  time  in  ba  =  the 
time  PA. 

And,  in  like  manner,  the  time  in  bp  =  the  time  in  ba.     So 

that,  in  general,  the  times  of  descending  down  all  thie  chords 

ba,  BP,  BR,  Bs,  &c.  or  PA,  HA,  SA,  &c.  are  all  equal,  and  each 

equal  to  the  time  of  falling  freely  through  the  diameter  ;  as 

•.''■"-■'■■  '  2r 

before  found  at  art.  131,  Mechanics.      Which  time  is  y— , 

g 
where  g  =  16yV  ^^®t>  ^^^  ^*  =  the  radius  ac  ;      - 

.         2r 
fov  ^g:^2r::  1    :  V  — • 

o  . 

mOBLEMXV. 

T<f  determine  the  Time  ofJiUing  the  Ditches  of  a  Work  with 
Water,  at  the  Top,  by  a  Sluice  of  2  Feet  square ;  the  Head 
of  Water  above  the  Sluice  being  10  Feet,  and  the  Dimensions 
of  the  Ditch  being  20  Feet  wide  at  bottom^  22  at  Top^  9  deep ^ 
and  1000  Feet  long. 

The  capacity  of  the  ditch  is  189000  cubic  feet. 
But  ^g  :\/  10  : :  2g  :  2^10^  the  velocity  of  the  water 
through  the  sluice ,  the  area  of  which  is  4  square  feet : 

therefore 
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therefore  8  ^lOg  is  the  quantity  per  second  running  tbrougk 
it;  and  consequently  8vl0g  :  lB9o6o  : :  l'^:  — ^==  1863'' 
or  31'  3'' nearly,  which  is  the  time  of  filling  the  ditch. 
PROBLEM  XVI. 

Tq  determine  the  Time  of  empiying  &  Vessel  of  Wetter  J}y  a 
Sluice  in  the  Bottom  of  U;  or  in  the  Side  near  the  Bottom :  the 
Height  of  the  Aperture  being  very  small  in  respect  of  the  Al- 
titude of  the  Fluid, 

Put  a  =  the  area  of  the  aperture  or  sluice  ; 

2g  =  32|  feet,  the  force  of  gravity^ 

d  ^=  the  whole  depth  of  water  ; 

cc  =  the  variable  altitude  of  the  surface  above  the 

aperture ; 
A  =  the  area  of  the  surface  of  the  water. 

Then  V  g  :  V  ^  •  v%  •  ^^/S^  the  velocity  with  which  the 

2a^s^x 
fluid  will  issue  at  the  sluice ;  and  hence  a  :  a  : :  t^gx;     ^^ 

the  velocify  with  which  the  surface  of  the  water  will  descend 

at  the  altitude  a;^  or  the  space  it  would  descend  in  1  second 

with  the  velocity  there.    NoW,  »n  descending  the  space  i  the 

velocity  may  be  considered  as  uniform ;  and  uniform  descents 

'';■■.'  ,        «       2a^^x     .  .,,         Ax       i, 

are  as  their  times  ;  therefore         ^-  i  a;  :  *  1    :  ^     ,  -   the 

A  2a*/ga; 

time  of  descending  ;c'  space,  or  the  fluxion  of  the  time  of  ex- 
hausting.    That  is,  i  =  q—-—  5.  which  is  made  negative,  be- 
Zu^gx  .    ■'  > 

cause  X  is  a  decreasing  quantity,  or  its  fluxion  negative. 

Now,  when  the  nature  or  figure  of  the  vessel  is  given,  the 
area  a  will  be  given  in  terms  of  a; ;  which  value  of  a  being 
substituted  into  this  fluxion  of  the  time ,  the  fluent  of  the  result 
wiU  be  the  time  of  exhausting  sought. 

So  if,  for  example,  the  vessel  be  any  prism,  or  every 
where  of  the  same  breadth  ;   then  a  is  a  coEls|aiit  qua^^^ 

and  therefore  the  fluent  is  — -V'  -•      But  when  ic  =  (i,  this 

^      S 
A       d 
becomes — -a/-,  and  shoiuld  be  0:  therefore  the  correct 

fluent  is  ^=  -  X  '^      "^    for  the  time  of  the  surface  de- 

scending 
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scending  till  the  depth  of  the  water  he  x.     And  when  x  =  0 

the  whole  time  of  iexhausting  is  barely -y^~. 

Hence,  if  a  be=  IGOOO  square  feet,  a  =^  I  square  foot,  and 
d==10  feet ;  the  time  is  7885}  seconds,  or  2h  1  V:2E/%. 

Again,  if  the  vessel  be  a  ditch,  or  canal,  of  20  feet  broad 
at  the  bottom,  22  at  the  top,  9  deep,  and  1000  feet  long ; 

then  is  90  :  90  +  ar  : :  20  :  ~—  x  2  the  breadth   of  the 
■    ,  y  ■ 

surface  of  the  water  when  its  depth  in  the  canal  is  x  ;  and 
,        ,,  904-rc 

therefore  a  =  — —  x  2000  is  the  surface  at  that  time,  con- 
sequently /or  -^1^=1100  X  -^^  X  -~^  is  the  flux- 

2a^gx  9  (X'y/gs^ 

ion  of  the  time  ;  the  correct  fluent  of  which,  when  x  =  0, ia 

1000  X  ^^^+t^v  /^^  lOOOX  186 X 3  _ ■  ^  .  _,,  . 

lOOOX  — ^~-Xt/-  =  ■ 93<4-i—==  15459%  nearly, 

or  4h.  17'  39"f,  being  the  whole  time  of  exhausting  by  asluice 
of  1  footsquarCo 


PROBLEM  XVIL 

To  determine  the  Velocity  with  which  a  Ball  is  discharged  from 
a  Given  Piece  of  Ordnance^  with  aGivenCliarge  of  Gun" 
powder. 

Let  the  annexed  figure      a    -n  W 

represent  the  bore  of  the     '^J^  \L>.  ^ 

gun  ;   AD   being  the  part 


filled  with  gunpowder.  U 

And  ppt 

a  =  AB,  the  part  at  first  filled  with  powder  and  the  bag ; 

b  =  AE,  the  whole  length  of  the  gunbore  ; 

c  =  •78S4,  the  area  of  a  circle  whose  diameter  is  1  ; 

d  =  BD,  the  diameter  of  the  ball : 

e  =  the  specific  gravity  of  the  ball,  or  weight  of  1  cubic  foot ; 

^  ~  ^  ^tV  ^®®t>  descended  by  a  body  in  1  second  ; 

w==  230  ounces,  the  pressure  of  the  atmosphere  on  a  sq.  inch  ; 

h  to  1  the  ratio  of  the  first  force  of  the  fired  powder,  to  the 

pressure  of  the  atmosphere  ; 
w=  the  weight  of  the  ball.     Also,  let 
X  =  AC,  be  any  variable  distance  of  the  bjjl  from  a,  in  moving 

along  the  gun-barrel. 
Vol.  IK  51  pirst. 
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Firist J  crf^  is  =  the  ayea  of  the  circle  po  of  the  ball ; 
there  mcd^  is  the  pressure  of  the  atmosphere  on  bd  ; 
cobseq.  mncd^  is  the  first  force  of  the  powder  on  bd. 

But  the  force  of  the  inflamed  powder  is  proportional  to  its 
density,  and  the  density  is  inversely  as  the  space  it  fills  ; 
therefore  the  force  of  the  powder  on  the  hall  at  b,  is  to  the 
force  on  the  same  at  c,  as  AC  is  to  ab;  that  is^  -    -    -     -    ^ 

w  :  a  : :  mned^  :  !J!^^--=f,  the  motive  force  at  c  ; 

conseq:~=—^--===/;  the  accelerating  force  there. 

^  w        wx     '  ^   - 

.  ^gmnacd^     x   . 

Hence,  theor.  10  of  forces  gives  vv^2gfx^ — "^"^^^x  ' 

the  fluent  of  which  is  -y^  =   ^^^^^   ■  X  hyp.  log*  of  x. 

But  when  v=iO,  then  x^a\  theref.  by  cor  rection , 
^^gmiacdf  ^  ^^  .^^  ^  ^^^  correct  fluent :  conseq. 

w  .         •  a 

«=  V  fli!!!!!^X  hyp.  log.^)i3  the  vel.  of  the  ball  at  c, 

and  ^  =  v  {^^X  hyp.  log.-)  the  velocity  with  which 

the  ball  issues  from  the  muzzle  at  e  ;  where  ^denotes  the 
length  of,  the  cylinder  filled  with  powder ;  and  a  the  length  to 
the  hinder  part  of  the  ball,  which  will  be  more  than  7i  when 
the  powder  does  not  touch  the  ball. 

Or,  by  substituting  the  numbers  for  g  and  m,  and  chang- 
ing the  hyperbolic  logarithms  for  the  common  ones,  then 

^==/(^!i?^X  com.  log. ^,  the  velocity  at  e,  in  feet. 

w  it 

But,  the  content  of  the  ball  being  ^cd^,  its  weight  is  -  - 
^^  |e^^_CB^^^  which  being  substituted  ^r  t^,  ito 
^        123       2592     3300'  ^ 

the  valu^  of  ^,  it  becomes 

r  L  ' 

V  ^  STlS^f-r-'X  com.  log.  -),  the  velocity  at  e. 
When  the  ball  is  of  cast  iron;  taking  e— 7368,  the  rule  becomes 
^=l60v/(— -X  log. -)  for  the  veloc.  of  the  cast-iron  ball. 
Or,  when  the  ball  is  of  lead ;  then      -     -     -     -     -     -     » 

^g-:0j^(^X  log.--  for  the  veloc.  of  the  leaden  ball. 
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CoroL  From  the  general  expression  for  the  velocity  iy,  above 
given,  may  be  derived  what  must  be  the  length  of  the  charge 
of  powder  a,  in  the  gun^barrel,  so  as  to  produce  the  greatest 
possible  velocity  in  the  ball;  namely,  by  making  the  value  of 
1?  a  maximum,  or,  by  squaring  and  omitting  the  constant  quan- 
tities, the  expression  ax  hyp.  log.  of -a  maximum,  or  its  flux- 
ion  equal  to  nothing  ;  that  is  «  X  hyp.  log.  —  ^==0,  or  hyp* 
log.  of  -=  1  ;  hence  -==  2'71B28,  the  number  whose  hyp. 

log.  is  U  So  that  a  :  5  :  :  1  :  2-71828,  or  as  4  to  11  nearly, 
or  nearer  as  7  to  19  ;  that  is,  the  length  of  the  charge,  to  pro- 
duce the  greatest  velocity,  is  the  y*jth  part  of  the  length  df 
the  bore,  or  nearly  y?^  of  it. 

But  by  actual  experinient  it  is  found,  that  the  charge  for  the 
greatest  velocity,  is  but  little  less  than  that  which  is  here 
computed  from  theory ;  as  may  be  seen  by  turning  to  page 
252  of  my  volume  of  Tracts,  where  the  corresponding  parfe 
are  found  to  be,  for  four  different  lengths  of  gun,  thus  fV,  -j?^, 
T%^s  A  >  the  parts  here  varying,  as  the  gun  is  longer,  which 
allows  time  ifbr  the  greater  quantity  of  powder  to  be  fired, 
feefore  the  bail  is  out  of  the  bore. 


SCHOLIUM, 

•In  the  calculation  ©f  the  foregoing  problem:,  the  value  of 
the  constant  quantity  n  remains  to  be  determined.  It  denotes 
the  first  strength  or  force  of  the  fired  gunpowder,  jiist  before 
the  ball  is  moved  put  of  its  place.  This  value  is  assumed,  by 
Mr.  Robins,  equal  to  lOOQ,  that  is,  1000  times  the  pressure, 
of  the  atmosphere,  on  any  equal  spaces. 

But  the  value  of  the  quantity  91  may  be  derived  much  more 
accurately,  from  th^  experiments  related  in  my  Tracts,  by 
comparing  the  velocities  there  found  by  experiment,  with  the 
rule  for  the  value  of  ^,  or  the  velocity,  as  above  computed  by 

theory,viz.  i;=100\/{-^^xlog.  of-),  or==100v/(^><:log.of-). 

Now,  supposing  that  -»  is  a  given  quantity,  as  well  as  all  the 
other  quantities,  excepting  only  the  number,  »,  then  by  re- 
ducing this  equation,  the  value  of  the  letter  n  is  found  to  be  as 

when  ^  is  differeut  from  ci. 

Now, 
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Now,  to.  apply  this  to  the  experiments.  By  page  240  of 
the  Tracts,  the  velocity  of  the  ball  of  1>.96  inches  diameter, 
with  4  ounces  of  powder,  in  the  gnn  No.  1 ,  was  1 1 00  feet  per 
second ;  and,  by  pa.  4M,  vol.  1,  the  length  of  the  gun,  when 
corrected  for  the  spheroidal  hollow  in  the  bottom  of  the  bore, 
was  28-53  ;  also,  by  page  228,  the  length  of  the  charge,  when 
corrected  in  like  manner,  was  3'45  inches  of  powder  and  bag 
together,  but  ^'54  of  powder  only  :  so  that  the  values  of  the 
quantities  in  the  rule,  are  thus  :  a=3r46 ;  6=^^8*53  ;  J=l«96  ; 
fe=2'54  ;  and  I)  ===  1100  :  then,  by  substituting  these  values 

instead  of  the  letters,  in  the  theorem  n=-— -r— r  com.  log.  of  -, 
'  lUuOa  ,■    ■ .    a,  ■ 

it  comes  out  «  ==  750,  when  h  is  considered  as  tbe  same  as  a^ 

And  so  on,  for  the  other  experiments  there  treated  of; 

It  is  here  to  be  noted  however,  that  there  is  a  circumstance 
in  the  experiments  delivered  in  the  Tracts^  just  mentioned, 
which  :wiil  alter  the  value  of  the  letter  a  in  this  theorem, 
whichis  this,  viz.  that  a  denotes  the  distance  of  the  shot  from 
the  bottom  of  the  bore  ;  and  the  length  of  the  charge  of  pow- 
der alone  ought  to  be  the  same  thing  ;  but,  in  the  experimeints, 
that  length  included,  besides  the  length  of  real  powder,  the 
substance  of  the  thin  flannel  bag  in  which  it  was  always  con- 
tained, of  which  the  neck  at  least  extended  a  considerable 
length,  being  the  part  where  the  open  end  was  wrapped  and 
tied  close  round  with  a  thread.  This  circumstance  causes 
the  value  of  w,  as  found  by  the  theorem  above,  to- come  out 
less  than  it  ought  to  be,  for  it  shows  the  strength  of  the  in- 
flamed powder  when  just  fired,  and  when  the  flame  fills  the 
whole  space  a  before  occupied  both  by  the  real  powder  and 
the  bag,  whereas  it  ought  to  show  the  first  strength  of  the 
flame  when  it  is  supposed  to  be  contained'  in  the  space  only 
occupied  by  the  powder  alone,  without  the  bag.  The  formula 
will  therefore  bring  out  the  value  of  n  too  little,  in  proportion 
as  the  real  space  filled  by  the  powder  is  less  than  the  space 
filled  both  by  the  powder  and  its  bag.  In  the  same  propor- 
tion therefore  naiist  we  increase  the  formula,  that  is,  in  the 
proportion  of  A,  the  length  of  real  powder,  to  a  the  length  of 
powder  and  bag  together.  When  the  theorem  is  so  correct- 
ed, it  becomes -—-—^  -T- com.  log.  of -. 

1000/^  a      . 

Now,  by  pa.  228  of  the  Tracts,  there  are  given  both  the 
lengths  of  all  the  charges,  or  values  of  a,  including  the  bag, 
and  also  the  length  of  the  neek  and  bottom  of  the  bag,  which 
is  0-91  of  an  inch,  which  therefore  mvst  be  substracted  from 

all 
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all  the  values  of  a,  to  give  the  Gorresponding  values  of  A. 
This  in  the  example  above  reduces  3-45  to  2.54. 

Hence,  by  iucreasing  the  above  resalt  750,  in  proportion 
of  2'54  to  3.45,  it  becomes  1018.  And  so  on  for  the  other 
experiments. 

But  it  will  be  best  to  arrange  the  results  in  a  table,  wiih. 
the  several  dimensions,  when  corrected,  from  whi<:h  they  are 
coinputed,  as  here  below. 


Table  of  Velocities  of  Balls  and  First  ^orce  of  Powder,  4*e. 


Gun. 

Charge 

of  Powdei*. 

Velocity 

or  value 

of  i;. 

First 
force^  or 
value   of 

No. 
1 

Length, 

or  value 

of  6. 

Weight 

in 
ounces. 

Leng 
val 
of  a. 

Lh  or 
ue 
of/i. 

inches. 
28-53 

16 

3-45 

5-99 

11-07 

2-54 

5-oa 

10-16 

ilGO 
1430 
1430 

1018 

1164 
967 

2 

38-43 

4 
8 

m 

8-45 

5-99 

ll-OT 

2-54 
5-08 

10-16 

•- 

1180 
1580 
1660 

1077/ 

1193 

984 

3 
4 

57-70 

..      4 

8 

16 

3-45 

5-99 

11-07 

2-54 
508 
10-16 

1300 
1790 
2000 

10^7 
1256 
1076 

80*23 

-•.■  ■'■:  4   • 

8 
16 

3-45 

5-99 

11-07 

^^54 

5-08 

10-16 

1370 

1940 
.2200 

1060 

-   1289 
1085 

Where  ft  may  be  observed,  that  the  numbers  in  the  column 
of  velocities,  1430  and  2200,  are  a  little  increased,  as,  from  a 
view  of  the  table  of  experiments,  they  evidently  required  to 
be.    Also  the  value  of  the  letter  d  is  constantly  1-96  inch. 

Hence  it  appears,  that  the  value  of  the  letter  n,  used  in 
the  theorem,  though  not  yet  greatly  different  from  the  num- 
ber 1000,  assumed  by  Mr.  Robins;  is  rather  various,  both  for 
the^different  lengths  of  the  gun,  and  for  the  different  charges 
with  the  same  gun, 

^-    ^'  •   ■ '  '■■  'iBut 
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But  this  divei^ity  ifl  the  Taluc  of  quantity  n,  or  the  first 
force  of  the  inflamed  gunpowder,  is  probably  owing  in  some 
measure  to  the  omission  of  a  material  datum  in  the  calcuIqitipE 
of  the  problem,  namely,  the  weight  of  the  charge  of  powder, 
which  has  not  all  beea  brought  into  the  computation.  For  it 
is  manifest,  that  the  elastic  fluid  has  not  only  the  jbaU  to  move 
and  impel  before  it,;  but  its  own  weight  of  matter  also.  The 
computation  may  therefore  be  renewed,  in  the  ensuing  pro- 
blem, to  take  that  datum  into  the  account. 

PROBLEM  XVIIT, 

To  determme  the  same  tis  in  the  last  Prohlein;  taking  hoik  the 
Weight  of  Powder  and  the  Ball  iiitq  the  Ctlculation 

Besides  the  notation  used  in  the  last  problem,  let  2/?  denote 
the  weight  of  the  powder  in  the  charge,  with  the  flannel  bag 
in  which  it  was  inclosed.  ; 

Now,  because  the  inflamed  powder  occupies  at  all  times  the 
part  of  the  gun  bore  which  is  behind  the  ball|  its  centre  of 
gravity,  or  the  middle  part  of  the  sam^,  will  move  with  only 
half  the  velocity  that  the  ball  moves  with  ;  and  this  will  require 
the  same  force  as  half  the  weight  of  the  powder,  &g.  moved 
with  the  Whole  velocity  of  the  balli^  Therefore,  in  the  con- 
clusion derived  in  the  last  problem,  we  are  now,  instead  of  tk', 
to  subatitute  the  quantity  p  4-^  ;  and  when  that  is  done  the 

',     .        .„      •  ,  ,Mmnhd^  ^/    , ;  ,       h ,  : 

last  velocity  will  come  out,  i'=^a/(-— -r-^—  X  com.  log,  -.) 

And  from  this  equation  is  found  th^  value  of  ?t,  Tyhich  is 

stitiiting  fore?  its  value  !•  96;,  the  diameter  of  the  ball.       _ 

:  Now  as  to  the  ball,  its  medium  weight  was  16  oz.  13  dr.== 
16-81  oz.  And  the  weights  of  the  bags  coiitaining  the  several 
charges  of  powder^  viz.  4  oz.  8  oz.  16  oz.  were  8dr.  12  dr. 
and  1  oz.  5  dr  ;  then  adding  these  to  the  respective  contained 
weights  of  powder,  the  sums,  4-5  oz.  8* 76  oz.  I7*31  oz.  are 
the  values  of  2p,  or  the  weights  of  the  powder  and  bags  ; 
thfe  halves  of  which,  or  2-25,  and  4-38,  aiid  8'66,  are  the 
values  of  the  quantity  7?  for  those  three  charges  ;  and  these 
being  added  to  16*8 1,  the  constant  weight  of  the  ball » there 
are  obtained  the  three  values  of  p  -^wiot  the  three  charges 
of  powder,  which  values  therefore  are  I9V06  oz.  and  21-19 
oz.  and  26'47  Oz.  Then,  by  calculating  the  values  of  the 
first  force  n,  by  the  last  rule  above,  with  these  new  data,  the 
whole  will  be  found  as  in  the  following  table. 

The 
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The  gun. 

Charge  of  Fpwder. 

Weight  of 

ball  and 

charge, or 

values  of 

p+f 

Velocity, 
or  the 
values 
oft?. 

First 
force 
orthe 
value 
of  «. 

No. 

Length 

or  value 

of  ^. 

Weight 

in 
ounces. 

Leng 

va] 
of  a. 

3-45 

5-99 

11-07 

th  or 
ue 

1 

inches. 
28-53 

■   4:'' 

8 

16 

2-54 
<5-08 
10-16 

19  06 
21-19 
25-47 

MOO 
1430 
1430 

1155 
1470 
145G 

2 
3 

38-43 

4 

8 

16 

3-45 

5-99 

11-07 

2-54 

5-08 

10-16 

19-06 
21-19 

;  25-47,. 

1 180 
1580 
1660 

1167 
1606 
1492 

57-70 

4 

8 
16 

3-45 

5-99 

11-07 

2-54 

5^68 

10-16 

19-06 
2M9 
25!  47 

1300 
1790 
2000 

1210 
1586 
1646 

4 

80-23 

4 

8 

16 

3-45 

5-99 

11-07 

2-54 

5-08 

10-16 

19-06 
21-19 
25-47 

1370 

1940 

,2200 

1203 
1627 
1648 

And  here  it  appears  that  the  values  of  ti,  the  first  force  of 
the  charge  are  much  more  uniform  and  regular  thati  by  the 
former  calculations  in  the  preceding  problem  at  least  in  all  ex- 
cepting the  smallest  charge,  4  oz.  in  each  gun  ;  which  it  would 
seem  must  be  owing  to  some  general  cause  or  causes.  Nor 
have  we  long  to  search,  to  find  out  what  those  causes  inay  be. 
For  when  it  is  considered  that  these  numbers  for  theyalue  of 
n,  in  the  last  column  of  the  tabte,  ought  to  exhibit  the  first 
force  of  the  fired  powder^  when  it  is  supposed  to  occupy  the 
space  only  in  which  the  bare  powder  itself  lies  and  that  where- 
as it  is  manifest  that  the  condensed  fluid  of  the  charge  in  these 
experiments,  occupies  the  whole  space  between  the  ball  and 
the  bottom  of  the  gun  bore,  or  the  whole  space  taken  up  by 
the  powder  and  the  bag  or  cartridge  together,  which  exceeds 
the  former  space,  or  that  of  the  powder  alone,  at  least  in  the 
proportion  of  the  circlie  qf  the  gun  bore,  to  the  same  as  dimi- 
nished by  the  thickness  of  the  surrounding  flannel  of  the  bag 
that  contained  the  powder  ;  it  is  manifest  that  the  force  was 
diiiiinished  oh  that  account.  Now  by  gently  compressing  a 
number  of  folds  of  the  flannel  together,  it  has  been  found  that 
thel  thickness  of  the  single  flannel  was  equal  to  th^  40th  part 
of  an  inch;  the  double  of  which,*  J^  or  -05  of  an  inch,  is 
therefore  the  quantity  by  which  the  diameter  of  the  circle  of 

the 
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the  powder  within  the  bag,  was  less  than  that  of  the  gun  boreo 
But  the  diameter  of  the  gun  bores  was  2*02  inches  ;  therefore, 
deducting  the  -05,  the  remainder  1-97  is  the  diameter  of  the 
powder  cylinder  within  the  bag :.  and  because  the  areas  of  cir- 
cles are  to  each  other  as  the  spaces  of  their  diameters,  and 
the  squares  of  these  numbers,  1*97  and  2' 02,  being  to  each 
other  as  388  to  408,  or  as  97  to  102 ;  therefore,  on  this  ac- 
count alone,  the  numbers  before  found,  for  the  value  of  w, 
must  be  increased  in  the  ratio  of  dl  to  102. 

But  there  is  jet  another  circumstance,  which  occasions  the 
space  at  first  occupied  by  the  inflamed  powder  to  be  larger 
than  that  at  which  it  has  been  taken  in  the  foregoing  calcula- 
tions, and  that  is  the  difference  between  the  conteni  of  a  sphere 
and  cylinder.  For  the  space  supposed  to  be  occupied  at  first 
by  the  elastic  fluid,  was  considered  as  the  length  of  a  cylin- 
der measured  to  the  hinder  part  of  the  curve  surface  pf  the 
ball  which  is  manifestly  too  little  by  the  difference  between 
the  content  of  half  the  ball  and  a  cylinder  of  the  same  length 
and  diameter,  that  is,  by  a  cylinder  whose  length  is  |  the  se- 
midiameter  of  the  ball.  ;  Now  that  diameter  was  I  *96  inches  ; 
the-half  of  which  is  0' 98,  and  ^  of  this  is  0*S3  nearly.  Hence 
then  it  appears  that  the  lengths  of  the  cylinders  at  first  filled 
by  the  dense  fluid,  viz.  3*45,  and  5-99.  and  1  l-OT,  have  been 
all  {aken  top  little  by  0*33  •  and  hence  it  follows  that,  on  this 
account  also,  all  the  numbers  befor6  found  for  the  value  of 
the  first  force  n,  must  be  further  increased  in  the  ratios  of  3-45 
and  5*99  and  11  '07,  to  the  same  numbers  increased  by  033, 
thatis,  to  the  numbers  3-78  and  6-32  and  11 -40. 

Compounding  now  these  last  ratios  with  the  foregoing  one, 
viz.  97  to  102,  it  produces  these  three,  viz.  the  ratios  of  334 
and  681  and  1074,  respectively  to  385  and  647  and  1163. 
Therefore,  increasing  the  last  column  of  numbers,  for  the 
value  of  n,  viz.  those  of  the  4  oz  charge  in  the  ratio  of  334 
to  385,  and  those  of  the  8  oz.  charge  in  the  ratio  of  681  to 
647,  and  those  of  the  16  oz. 
charge  in  the  ratio  of  1074 
to  1 163,  with  every  gun, 
they  will  be  reduced  to  the 
numbers  in  the  annexed  ta- 
ble ;  where  the  numbers 
are  still  larger  and  more  rer 
giilar  than  before. 

Thlis 


Powder. 

The  Guns. 

1 

.  2 

3 

4 

oz. 

4 

1372 

1387 

1438 

1430 

8 

1637 

1677 

1766 

1812 

16 

1577 

1616 

1782 

1784 
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Thus  then  at  length  it  appears  that  the  first  force  of  th^ 
inflamed  gunpowder,  when  occupying  only  the  space  at  first 
filled  with  the  powder,  is  about  1800,  that  is  18©0  times  the 
elasticity  of  the  natural  air,  or  pressure  of  the  atmosphere 
in  the  charges  wilh  8  oz.  and  16  oz.  of  powder,  in  the  two 
longer  guns  ;  but  somfewhat  less  in  the  two  shorter,  probably 
owing  to  the  gradual  firing  of  gunpowder  in  sorae  degree  ; 
and  also  less  in  the  lovv est  charge  4  bz.  in  all  the  guns,  which 
may  probably  be  owing  to  the  less  degree  of  heat  in  the  small 
charge.  But  besides  the  foregoing  circumstances  that  jiave 
been  noticed^  or  used  ia  the  calculations,  there  are  yet  several 
others  that  might  and  ought  to  be  taken  into  the  account,  in  or- 
der to  a  strict  and  perfect  solution  of  the  problem  ;  such  as, 
the  counter  pressure  of  the  atmosphere,  and  the  resistance  of 
the  air  on  the  ibre, part  of  the  ball  while  moving  aloiag  the 
bore  of  the  gun  ;  the  loss  of  the  elastic  iSuid  by  the  yent  and 
windage  of  the  gun;  the  gr^du  al  firing  j)f  the  powder ;  the 
unequal  density  of  the  elastic  fluid  in  thedifferent  parts  of  the 
space  it  occupies  between  the  ball  and  the  bottom  of  the  bore  ; 
the  diffeirenoe  between  pressure  and  percussion  when  the  ball 
is  not  laid  close  to  the  potvder  ;  and  perhaps  some  others  :  on 
all  which  accounts  it  is  probable  that  instead  of  1800,  the  first 
force  of  the  elastic  fluid  is  not  less  than  20Q0  times  the  strength 
of  natural  air. 

Carol,  From  the  theorem  last  used  for  the  Veloeity  of  the 

ball  and  elastic   fluid,  viz.  v  =  a/  ( - — r- —  n  -r-  log.  -  == 

■     ,  ■        ^  ^  p  +  w  ■■  '-,■■  ~  -^-{'a--  ■'■' 

*/  — r— -  -7-loff.-),  we  may  find  the  velocity  of  the  elas- 
^     p-f-w  a 

tic  fluid  alone,  viz.   by  taking  w,  or  the  weight  of  the  ball, 

==  0  in  the  theorem,   by  Avhich  it  becomes   barely  x;  = 

\/i^ 1-  log.  -),  for  that  velocity.     And  by  computing 

the  several  preceding  examples  by  this  theorem,  supposing 
the  value  of  n  to  be  2000,  the  conclusions  come  out  a  Uttle 
various,  being  between  4000  and  5000,  but  most  of  them  nearer 
to  the  latter  number.  So  that  it  m^y  be  concluded  that  the 
velocity  of  the  flam6,  or  of  the  fired  gunpowder  exjmnds  it- 
self at  the  muzzle  of  the  gun,  at  the  rate  of  about  5000  feet 
per  second  nearly. 


YoL.  If.  52  ON 
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ON  THE  MOTION  OF  BODIES  JN  FLUIDS. 


PROBLEM  XIX. 

2V  determine  the  Force  of  Fluids  in  Motion ;  and  the  CMrcunP 
stances  attending  Bodies  Moving  in  Fluids, 

1.  It  is  evident  that  the  resistance  to  a  plane,  moting 
pferpendicularly  through  an  infinite  fluid,  at  rest,  is  equal  to 
the  pressure  or  force  of  the  fluid  on  the  plane  at  rest,  and 
the  fluid  moving  with  the  same  velocity,  and  in  the  contrary 
direction,  to  i;hat  ff  the  plane  in  the  former  case«  But  the 
force  of  the  fluid  in  motion,  must  he  equal  to  the  weight  or 
pressure  which  generates  that  motion  i  and  which,  it  is 
known,  is  equal  to  the  weight  or  pressure  of  a  column  of 
the  fluid,  whose  hase  is  equal  to  the  plane,  and  its  altitude 
equal  to^  the  height  through  which  a  hody  must  fall  hy  the 
force  of  gravity, 'to  acqnire  the  velocity  of  the  fluid ;  ancl 
that  altitude  is,  for  the  sake  of  brevity,  called  the  altitude 
due  to  the  velocity.  80  that,  if  a  denote  the  area  of  the 
plane,  v  the  velocity  and  » the  specific  gravity  Of  the  fluid ; 

then  the  altitude  due  to  the  velocity  •»  being  — ,  the    whole 

;  v^       ani)^ 

resistance,  or  motive  force  w»,  will  be  aX?iX-r-  =*  •  \   ■■  •;    R 

being  16 J^  feet.     And  lience^ccbterie  paribus y  the  resistance 
is  as  the  square  of  the  velocity. 

2.  This  ratio  of  the  square  of  the  yelocity,  may  l>e  othe^^^ 
wise  derived  thus.  The  forc<6  of  the  fluid  in  motion,  must 
be  as  the  force  of  one  particle  multiplied  by  the  number  of 
them-,  but -the  force  of  a  particle  is  as  its  velocity ;  and  the 
number  of  them  striking  the  plane  in  a  given  time,  is  also  ag 
the  velocity  ;  therefore  the  whole  force  is  as  v  X  i>  or  v^,  that 
is  the  square  of  the  velocity. 

3.  If  the  direction  of  motion,  instead  of  being  perpendi- 
cular to  the  plane,  as  above  supposed,  be  inclined  to  it  in 
any  angle,  the  sine  of  that  angle  being  s  to  the  radius  1  : 
then  the  resistance  to  the  plane,  or  the  force  of  the  fluid 

against. 
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against  the  plane/in  the  direction  of  the  motion,  a9  assigned 
above,  will  be  diminished  in  the  triplicate  ratio  of  radius  to 
the  sine  of  the  angle  of  inclination,  or  in  the  ratio  of  1  to  s^. 
For  AB  being  the  direction  of  the  plane, 
and  Bn  that  of  the  motion  making  the  an^ 
^e  ABD,  whose  sine  is  s  ;  the  number  of 
particles,  or  quantity  of  the  fluid  striking 
the  plane,  will  be  diminished  in  the  ratio 
of  1  to  s,  or  of  radius  to  the  sine  of  the 
angle  B  of  inclination ;  and  the  force  of 
each  particle  will  also  be  diminished  in  the  same  ratio  of  1  to 
s  :  so  that  on  both  these  accounts,  the  whole  resistance  will 
be  diminished  in  the  ratio  of  1  to**,  or  in  the  duplicate  ratio 
of  radius  to  the  sine  of  the  said  angle.  But  again,  it  is  to  be 
considered  that  this  whole  resislance  is  exerted  in  the  direc* 
tion  BE  perpendicular  to  the  plane ;  and  any  force  in  the  di- 
rection be,  is  to  its  effect  in  the  direction  ae,  parallel  to  bd, 
as  AE  to  be,  that  is  as  1  to  s.  So  that  finallyvpn  all  thiese  ac- 
counts, the  resistance  in  the  direction  of  motion,  is  diminished 
in  the  ratio  of  1  to  s^,  or  in  the  triplicate  ratio  of  radius  to  the 
sine  of  inclination.  Hence  comparing  this  with  article  I,  the 
whole  resistance,  or  the  motive  force  on  the  plane,  will  be  m 

4,  Also,  if  m  denote  the  weight  of  the  body,  whose  plane 
face  a  is  resisted  by  the  absolute  force  m  ;  then  the  retarding 

force/,  or-*- Will  be  — . 

•^         w  4gw 

5,  And  if  the  body  be  a  cylinder,  whose  face  or  end  is  d» 
and  diameter  d,  or  radius;  r,  moring  in  the  direction  of  its 
axis  ;  because  then  s  =■  1,  and  a  ^==pr^  e=^^pd^^  where  p  = 
3-1416  :  the  resisting  force  w  will  be  -        - 

^         =-i- -,  and  the  rctardmg  force/ =-~- =s:-4i , 

1%  4^  .  •'        i6gw        4gw 

6,  This  is  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  the  direc- 
tion of  motion.  But  were  its  face  a  conical  surface,  or  an 
elliptic  section,  or  any  other  figure  every  where  equally  in- 
clined to  the  axis,  the  sine  of  inclination  beings:  then  the 
number  of  particles  of  the  fluid  striking  the  face  being  still  the 
same  but  the  force  of  each,  opposed  to  the  direction  of  mo- 

tiODo 
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lion,  dioHiiished  i«  thie  duplibaterMio  of  radiiis  to  the  sine  of 
indinatioDythie  resisting  force  ^w^  -         -         * 

But  if  tie  body  were  terminated  by  an  end  or  face  of  any 
other  fpraa  as  a  spherical  Qne,  or  5uch  like,  where  every  part 
of  it  has  a  different  inclination  to  the  axis  ;  then  a  further 
investigation  becomes  "necfessaryjsucli  as  in  the  following  pro- 
position. 

PROBLEM  XX. 

To  determine  thJe  Resistance  of  a  Fluid  to  any  Body^  moving  in 
it^  of  a  Carved  End;  as  a  Sphere,  or  a  Cylinder  mth  &  He- 
mispherical End  ^  ^*c, 

li  Let  BEAD  be  a  section  through  the 
axis  CA  of  the  solid,  mov;ing  in  the  direc- 
tion of  that  axis.  To, any  point  of  the 
curve  draw  the  tangent  EG,  meeting  the  ^ 

axis  pr0duced  in  g:  also,  draw  the  per-  '^        ¥fL\&r 

peRdidtilar    ordinates    ef,    indefinitely 
near  each  other  ;  and  draw  ae  parallel 

io  CG. 

Putting  CF^-  Xy  EF=^y,  be  =  z,  s  ===  sine  Z.  o  to  rsldius 

1,  and  jp,  ==  3*  14 16 :  then  2py  is  the  circumference  who^e 

radius  s  ef    or  the  circmference  described  by  the  point  e, 

in  reviving  about  the  axi^  ca  ;  and  2p2/  X  Ee  or  ^pyz  is  the 

fluxion  of  th©  surface,  or  it  is  the  surface  described  by  eo, 

in  the  said  revolution  about  c a,  and  which  is  the  quantity 

represeHted  by  a  in   art,   3   of  the   last  problein :   hence 

nv^s^    '  ^     .        pnv^s^.      .  .     '  .•,  -li.  i. 

X  2pyz  or^— — — X  yz  is  the  resistance  on  that  ring, 

"^g-     ^       '  %    .■  ''  .::.;■■ 

or  the  fluxion  of  the  resistance  to  the  body,  whatever  the 
figure  of  it  may  be.  And  the  fluent  of  which  will  be  the  re- 
sistance required. 

2.  In  the  case  of  a  spherical  form  •  putting  the  radius  ca 

••    ,  —T — -'^—  EF   •     ;CF.- -X    "  '  , 

or  CB  ===  r.  we  nave  y  =  ^/r^—  x^   $  =  —  =  ■ —  =  -  and 
■        T  EG        ce        r 

yii  or  EF  X  EC  ===  ce   x  ae  =  ri;    therefore  the  general 

fluxion ^-TT-  ^  s'vzbecomes^— —  X  —X  rx  =  C_-  Xx^j^ ; 
2g  ^  2g        r^  2gr^ 

'  '  the 
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r)2 


the  fluent  of  which,  or  —^a^S  is  the  resistance  to  the  spe- 
rical  surface  generated  by  be.  And  when  x  or  cf  is  =r  or  ca, 
it  becomes  ^—^  for  the  resistance  on  the  whole  hemis- 
phere  ;  which  is  also  equal  to  ^-g^ — ,  where  ri=2r  the  dia- 
meter. 

3.  But  the  perpendicular  resistance  to  the  circle  of  the 
same  diameter  c?  or  b»,  by  art.  5  of  the  preceding  problem, 

^prw__  .  ^ijicij^  ij^ing  double  the  former,  shows  that  the 

resistance  to  the  sphere,  is  just  equal  to  half  the  direct  resist- 
ance to  a  great  circle  of  it,  or  to  a  cylinder  of  the  same  dia- 
meter. / 

4.  Since  }pd^  is  the  magnitude  of  the  globe  ;  if  n  denote 

its  density  or  specific  gravity,  its  weight  tjy  will  be  =  ipd^Ny 

„'      \.     M      pnv^d^  ^     6    . 
and  therefpre  the retardive  force/ or  —  '^-:^^~^^  "nI^"^ 

-- — - ;  which  is  also  = by  art.  8  of  the  general  theorems 

16gNC?    :  ',         4^s 

Sn         i  N" 

in  page  380  ;  hence  then,-— -^  =  -,  and  s  =-  X  ^d ;  which  is 

^  ^    ,       '  A^d       s  ^ 

the  3pace  that  would  be  desci-ibed  by  the  globe,  while  its  whole 
motion  is  generatedor  destroyed  by  a  constant  force  which  is 
eqnal  to  the  force  of  resistance,  if  no  other  force  acte4ph  the 
globe  to  continue  its  motion.  And  if  the  density  of  the  fluid 
were  iequal  to  that  of  the  globe,  the  resisting  force  is  such, 
as,  acting  constantly  on  the  globe  without  any  other  force,  would 
generate  or  destroy  its  motion  in  describing  the  space  ft?,  or  -^j 
of  its  diameter,  by  that  accelierating  or  retarding  force. 

5.  Hence  the, greater  velocity  that  a  globe  will  acquire  by 
descending  in  a  fluid,  by  means  of  its  relative  weight  in  the 
fluid,  will  be  found  by  making  the  resisting  force  equal  to  that 
weight.  For,  after  the  velocity  is  arrived  at  such  a  degree, 
that  the  resisting  force  is  equal  to  the  weight  that  urges  it,  it 
will  increase  no  longer,  and  the  globe  will  afterwards  conti- 
nue to  descend  with  that  velocity  uniformly.  Now,  n  and^^ 
being  the*  separate  specific* gravities  of  the  globe  and  fluid, 
N  —  w  will  be  the  relative  gravity  of  the  globe  in  the"  fluid, 
and  therefore  w  ==  }pd^  (n  —  n)  is  the  wgight  by  which  it  is 

urged  ; 
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targed  I  also  m  ==^2ijg:--^  is  the    resistance  |   consequently 

-.  g  '■  ■  =^ipd^  {fi  —  n)  when  the  Telocitj  becomes  uniform  : 
from  which  equation  is  ftund  7?==^  (4^  .  Ac? .  -^~)>  for  the 
$aid  uniform  or  greatest  velocity. 

And,  by  comparing  this  form  with  that  in  art.  6  of  the  gene- 
ral theorems  in  page  379,  it  will  appear  that  its  greatest  velo- 
city, ils  equal  to  the  velocity  generated  by  the  accelerating 

force  — — ,  in  desdribiiig  the  spaciB  |£?,  or  equal  to  the  vclo- 


N—  72. 


n 


city  generated  by  gravity  in  freely  describing  the  space 

X^(?.     Tf  N=2n,  or  the  specific  gravity  of  the  globe  be  dou 

ble  that  of  the  .fluid,  then  ^^=^1=  the  natural  force  ef  gra- 

vity ;  and  then  theglobe  will  attain  its  greatest  velocity  in  de- 
scribing ±d  or  I  6f  its  diameter.-^It  is  futther  evident,  that 
if  the  body  b^  very  small,  it  will  very  soon  acquire  its  great- 
est velocity,  whatever  its  density  may  be. 

ExamV  If  a  leaden  ball,  of  1  inch  diameter,  descend  in  wa- 
ter, and  in  air  of  the  S:ame  density  as  at  the  earth's  surface, 
the  three  specific  gravities  being  as  J  li,  and  1,  and  ^^%^. 
Than  T?  ==  ^aTJBj^^  .^.IO^p^z^^sTTMS  =  8-5944  feet, 
is  the  greatest  velocity  per  second  the  ball  can  acquire  by  de- 
scendingin  water.  And  i=^4  .  VV  •  ?^  •  %*  .«5_o«  nearly 
=»Y>/^*'^8  5r=259'82  is  the  greatest  velocity  iit  can  acquire 
in  air.,  '       •"'•■'.-  ■  \  .; ;.;      '  .^^  .  ,^ ,    : 

But  if  the  globe  were  only  y^^  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire,  would  be  only  yV of  these, 
namely  y^^  of  a  foot  in  water,  and  26  feet  nearly  iri  air-  And 
if  the  ball  were  still  further  diminished,  the  greatest  velocity 
ivould  also  be  diminished,  and  that  in  the  subduplicate  ratio 
of  the  diameter  of  the  ball.  ; 


PROBLEM  xxr. 

To  determine  the  Relatiom  of  Velacity,  Space ^  and  Time,  of  a 
Ball  moving  in  a  Fluifiy  in  wlticTi  it  is  projected  with'  a  Given 
Felociiy.  \  ■  V 
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1.  Xet  a=?the  first  velocity  of  projeGtion,>  the  space 
described  in  any  time  t,  and  i?  tb^  velocity  then.     Now,  by 

art  .4  of  the  last  probiem,  the  accelerativc  force /=c-^^„ 

where  n  18  the  density  of  the  fluid,  n,  that  of  the  ball,  and 
d  its  diameter.  Therefore  the  general  equation  vi,  ^==2gf's 
becomes  'Uxf  =      -    -     -     -    .    -    .     *    .    .     .     ^    .    . 

-^Si^r^  I  and  hence  ^-j-^  cc  =  ^  h^  puttmg  b  for  -^^. 

The  correct  fluent  of  this,  ig  log.  a-^log.  r  or  log.  -==&r. 
Or,  putting  c  =  2^718281828^  the  numbei?  whose  hyp.  log. 
is  1,  then  is  -=  c%  and  the  velociQr  t?  ==-^ = ac~^^.» 

2.  The  velocity /D  at  any  tinie  being  the  e-^^  part  of  the 
first  velocity,  therefore  the  velocity  lost  in  any  time,  will  be 

the  1  — e-b^  part^  or  the  — — -part  of  the  first  veloGity, 


EXAMPLES, 


Exam.  1.  If  a  globe  be  projected,  with  any  velocity,  in  a 
uaedium  of  the  same  density  with  itself,  and  it  describe  a 
flpace  equal  to  3dl  or  3  of  its  diameters.      Then  x  =  3d,  and 

locity  lost,  ar  nearly  |  of  the  projectile  velpcity* 

•  Exam.  2.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected  with  a  velocity  of  1200  feet  pjer  second ;  to  find  the 
velocity  lost  aftermoving  through  any  9pace,  as  suppose  5G0 
feet  of  air :  we  should  have  d  i=  y%  =  f,  a  ==^  1200,  x  =»  500, 
N  ==  7x,  n  =  00 1 2  J  and  therefore  hx=^  -  -  , 
3?w;_^  3.  12  .500.3.  6  81  ,1200 
iiJd  ^     a .  22.  10000    "^  440V  ^^^^'^"^  ^^=998feetper 

iccond;  having  lost  202  feet,  or  nearly  |  of  its  first  velocityo! 

Exam.  3.  if  the  earth  revolved  about  the  sun,  in  a  me» 
dium  as  dense  as  the  atmosphere  near  the  earth's  surface  ; 
amd  were  required  to  find  the  quantity  of  motion  lost  in  a 

year. 
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year.  Then  since  the  earth's  me^n  density  is  a]bout  4|,  and 
its  distance  from  the  sun  12000 -pf  its  diameters,  we  have 
24000  X  3.1416  ==  76398  diameters  ==  x,  and  6a;  =     -     -     - 

3'75398.  l^V^^  7.^3gg    ^lence  ^^  =  -Jiff  parts  are  lost 
8,  10000.9  '     ,  c^""         18  8  1  f 

of  the  first  motion  in  the  space  of  a  year,  and  only  the  y^\t 
part  remains. 

EiAM..4.    If  it  be  required  to  determine  the  distance 

moyed,  a:,  when  the  globe  has  lost  any.  part  of  its  motion,  as 

suppose  4  and  the  densitt  of  the  dobe  and  fluid  equal ; 

-^  1       ,       «       «^v.  1  r 

The  general  equation  gives  a;  =^  X  log.  -  ==  -^  X  log.  ot 

2  =  >-8483925<l*  So  that  the  globe  loses  half  its  motion  be- 
fore it  has  described  twice  its  diameter.  . 

-    ■••/-'■    ■'^'  ■■'■■'  .    ■    -  ^'  ■■  ■■  .■        s     ■   as   '    ^^'x  :  • 

3.  To  find  the  time  t-^  we  hare  t  ^  -  =  -=  ~-^ 
Now  to  find  the  fluent  of  this,  put  2;  =  >n  then  is  5a;  = 
log.   z,  and  fc  =  ~,  or  i  =1-;    conseq.  i  or  — —  == 

■  .        '',  z  OZ  ,  ,         tt 

^=  —  and  hence  i  =  -4-  =  V-     ^^^  as  <  and  x  vanis^h 
a       a6  ab       ao 

together,  and    when    x    =    0,  the  quantity  -^  is  =s=  ~^; 

■'.     .' ■   c^^-^l        1         I        \ 
therefore,  by  correction,  t  =— ^  —^  '^^ba'^b^^^ 

the  tiirie  sought ;  where  6  ==  --^,  and  i>  ===-^the  vek^^ 

Exam.  If  an  iron  ball  of  2  inches  diameter  were  projected 
in  the  air  with  a  velocity  of :  1200  feet  per  second  ;  and  it 
were  required  to  determinie  in  what  time  it  would  pass  over 
500  yards  or  J600  feetj  and  what  would  be  its  velocity  at  the 
end  of  that  time  :  We  should  have,  as  in  exam.  2  above, 

b  =  ^^Jhlll\=:S-    and  6x  =  ^  =  2^  ;  hence 
/^        8.12.10000      2716'       **  2716       679'    - 

1       2716        ^1,        1  ,1       <:''='       1'7372_    1      _. 

_  =r and—  == and ^  =  ^ —  =  — — --^  =  -— r'^^^ar- 

b  I    '         o       1 200'         V        a  1200        690 

ly.      Consequently  v   =   090  is  the  velocity;    and  t   — 

[(~i)  -  2^6  X  (^-^)  =  Iffsi-conds,  in  the  tin,e 
required.  oM"  and  I  nearly.  problem 
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PROBLEM  XXIL 


To  determine  the  Relations  of  Space^  Time,  and  Velocity y  when 
a  Globe  descends,  by  its  own  Weighty  in  a  Fluid, 

The  foregoing  notation    remaining,  viz.   d  =  diametep^ 

N  and  w  the  density  of  the  ball  and  fluid,  and  v,  s,  t,  the 

velocity,  space,  and  time,  in  motion  ;  we  have  }pd^  =5  the 

magnitude  of  the  ball,  and  }pd^  (n— n)  =  its  weight  in  the 

pnd^v^ 
fluid, also  m= ^--~-—~  =  its  resistance  from  the  fluid:  con- 

.    pnd'^v^  '  -^ 

sequently  }pd^  (n— n)  ^  •         — is  the  motive  force    by 

which  the  ball  is  urged  ;  which  being  divided  by  }  vid^,  the 

quantity  of  matter  moved,  gives /=  1—- -— — 'J^^^  ^^^ 

accelerative  force. 

^    XT  ■'   '  \  ■'         1  .        '^'v  JXvif 

2.  Hence  w  ==  2g/^,  and  s  ==  --7:=  -- — — ^- — = 

1  ■     vi          ^..      ,        Sn        .  1                 3n  , 

r X— — tj  putting  6  =  —-5,  and  -  = -57 ^,  or  ab^=^ 

%  nearly ;  the  fluent  of  which  is  s  =     -    -     -    -     -     -     - 

-^  X  log.  of  an  expression  for  the  space  s  in  terms  of 

the  velocity  v.    That  is,  when  s  and  v  begin,  or  are  equal  to 
nothing,  both  together. 

But  if  the  body  commence  motion  in  the  fluid  with  a  cer- 
tain given  velocity  c,6r  enter  the  fluid  ysrith  that  velocity,  like 
as  wheh  the  body,  after  falling  in  empty  space  from  a  certain 
height,  falls  into  a  fluid  like  water ;  then  the  correct  fluent  will 

be  3  =^V  Xiiyp.  log.  of  JZi.. 

3.  But  now,  to  determine  -y  in  terms  of  5,  put  c  =s 
2-715281828  ;  then  since  the  log.  of  — — -  =  2bs,  therefora 


-=c^bs^  or  — —  =  c-2bs .  hence  v^  - 


a— -»■  a 

^a—ar^^bsig  the  velocity  sought 

^VoL.  11,  S3  4.  Th^ 
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4.  The  greatest  velocity  is  to  be  found,  as  in  art.  §  of  prob. 
20,  by  making/ or  1  — — ^^      ,  =  0,  which  gives  i;  =  V 

(%  ,  si  .  -^— ==\/ct.     The  saine  value  of  y  is  obtained  by 

making  the  fluxion  of  7;3j  oroftt— ac^^S  ==0.  Andthe  same 
value  of  V  is  also  obtained  by  making  s  infinite,  for  then  c—^^^ 
==0.  But  this  velocity  V^cantiot  be  attained  in  any  finite  tinie. 
and  it  only  denotes  the  velocity  to  which  the  general  value  of 
V  of^a— acT-2b5  continually  approaches.  It  is  evident  how- 
ever, that  it  will  approximiate  towards  it  the  faster,  the  greater 
b  is,  or  the  less  d  is  ;  and  that  the  diameters  being  very  small, 
the  bodies  descend  by  nearly  uniform  velocities,  which  are 
direct  in  the  subduplicate  ratio  of  the  diameters.  See  iilso 
art.  5,  prpb.  20,  for  other  observations  on  this  head. 

5.  To  find  the  time  ^     Nowi=~=  J  ~X —  — . 

Then,  to  find  the  fluent  of  this  fluxion,  put  ^=^1-pC~^^5 
30=  ^ — ,  or  z^=l  -7 c-^^'=** ;  hence  2^2=  &«  c— ^^%  and  i=-— -— 

-^•'^'^^'^^'^^'^  ■     -     ■ 

and  therefore  the  fluent  is  t'=^    -,        X  log.  -r-^  =^  777— ;-^ 

26va         ^     1-^^         ^hs/O' 


X  log.  -^_rr  =  ^,    ,     X  log.  ,  which  IS  the 

general  expression  for  the  time. 

.  Exam.  If  it  were  required  to  determine  the  time  and  velo- 
city, by  descending  in  air  1000  feet,  th6  ball  being  of  lead, 
and  1  inch  diameter. 

Here  N=:lli,  71=^^^,  (^=^,  and  5=1000. 
Hencea-         ^  ^  _____     ^     ^  ^  ^^  ^  ^^  .3 
193.34.50^  .  _    3  .  ^/^y    __3  .  3  .  3  .  12_  9  .9 

9  .  27        '  -    ^"'"e  .11^.  J^-'S  .  34  .  2600~68.5p2 ' 

consequently  n^  t/a.  X V I  -^c-'^^^  */        '       *  X   y" 


(1  _  cH)=z  203|  the  velocity V    Afid  <= 57-^  X  log. 


2+ 
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|ir^l:«.i;--2bs      /^  27.193  ^     0-2l^l7 

the  time. 

jVp^e.  If  the  globe  he  so  light  as  to  ascend  in  the  fluid  ;  it 
is  only  necessary  to  change  the  signs  of  the  first  two  terms 
in  the  value  of //or  the  accelierating  force,  by  which  it  biB- 

coinies /=—  1—  ^     yi  and  then  proceeding  in  all  respects 

as  before  J 

;  SCHOLIUM. 

To  coinpare  this  theory,  contained  in  the  last  four  problems, 
with  experiment,  the  few  following  numbers  are  here  extracts 
4d  froni  extensive  tables  of  velodties,  and  resistances,  result- 
ing from  a  course  of  many  hundred  very  accurate  experiments, 
made  in  the  course  of  the  year  1786. 

in  the  first  column  are  contained  the  mean  uniform  or  great- 
est velocities  acquired  in  air,  by  globes,  hemispheres,  cylin- 
ders, and  cones,  all  of  the  same  diameter,  and  the  altitude  of 
the  cone  nearly  equal  to  the  diameter  also  when  urged  by  the 
several  weights  expressed  in  avoirdupois  ounces,  and  stand- 
ing on  the  same  line  with  the  velocities,  ^ach  in  their  proper 
column.  :So,  in  the|irst  line,  the-  numbers  show,  that  when 
the  greatest  or  uniform  velocity  was  accurately  3  feet  per  se- 
cond, the  bodies  were  urged  by  these  weights^  according  as 
their  different  ends  went  foremost ;  namely,  by  *02.8  oz.  when 
the  vertex  of  the  cone  went  foremost ;  by  -664  oz.  when  the 
base  of  the  cone  went  foremost ;  by  :027  oz.  for  a  whole 
sphere  ;  by  /OSO  oz.  for  a  cylind(»r  ;  by  'OSl  oz.  for  the  flat 
side  of  the  hemisphere  ;  and  by  '020  oz.  for  the  round  or 
convex  side  of  the  hemisphere.  Also  at  the  bottom  of  all, 
are  placed  the  mean  proportions  of  the  resistances  of  these 
figures  in  the  nearest  whole  numbers.  Note,  the  common  di- 
ameter of  all  the  figures,  was  6-375,  or  6f  Inches  ;  so  that  the 
ar6a  of  the  circle  of  that  diameter  is  just  32  square  inches  or 
I  of  a  square  foot ;  and  the  altitude  of  the  cone  was  6f  inches. 
Also,  the  diameter  of  the  small  hemisphere  was  4|  inches, 
and  consequently  the  area  of  itss  base  17f  square  inches,  or 
I  of  a  square  foot  nearly.  ^ 

From  the  given  dimensions  of  the  cone,  it  appears,  that  the 
angle  made  by  its  side  and  axis,  or  direction  of  the  path,  is  26 
degrees,  very  nearly. 

-'■■*'  /:  ^      ■:-'"'  \^  -    ./The. 
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Themeanheightdf  the  barometer  at  the  times  of  making 
the  experiments,  was  nearly  SO*  If  inches,  and  of  the  thermo- 
meter 62*'  ;  consequently  the  weight  of  a  cubic  foot  of  air. 
was  equal  ta  1^  oz.  nearly  in  those  circumstances. 


Veloc. 
persec. 

Cone. 

Whole 
globe. 

Cylin 
der. 

Heopiisphere. 

Small 

Hetnis. 

flat.  . 

vertex. 

base. 

flat. 

round 

feet. 

oz. 

oz. 

QZ. 

oz. 

02. 

oz. 

oz. 

3 

•028 

•064 

•027 

•050 

•051 

•020 

•028 

4 

•048 

•109 

•047 

•090 

•096 

•039 

•048 

6 

•071 

•162 

•068 

•143 

•148 

•063 

•072 

6 

•09i8 

•226 

•0.94 

•205 

-211 

•092 

•103 

7 

•129 

•298 

•125 

-278 

-284 

•123 

•141 

8 

•168 

•382 

-162 

•360 

-368 

•160 

-164 

9 

•211 

•478 

-205 

•456 

•464 

-199 

.  -233 

10 

•260 

•587 

^255 

-565 

•573 

-242 

•287 

11 

•316 

•712 

•310 

'6&8 

•698 

•297 

-349 

n 

•376 

•850 

•370 

•826 

r836 

-347 

-m 

13 

•440 

i'OOO 

•435 

'979 

•988 

-409 

•492 

14 

-512 

M66 

•605 

1-145 

1-1 54 

•478 

-573 

15 

^589 

1-346 

•581 

l-32,7 

1^336 

•552 

-661 

16 

•673 

1-546 

-663 

1-526 

1-^38 

•634 

'  -754 

17 

'  ^762 

1^763 

•752* 

1-745 

1-757 

•722 

•853 

18 

>858 

2'002 

•848 

1-986 

1^998 

•818 

•959 

•     19 

•959 

2-260 

•949 

2^246 

2-258 

'•922 

1-073 

20 

1^069 

2-540 

1  •057 

2-628 

2-642 

1-033 

1-196 

Propor 
Numb. 

126 

291 

•124 

285, 

288 

119 

140 

From  this  table  of  resistances,  several  practical  inferenced 
may  be  drawn.     As, 

1.  That  the  resistance  is  nearly  as  the  surface  ;  the  resist- 
ance increasing  but  a  very  little  above  that  proportion  in 
the  greater  surfaces.  Thus,  by  comparing  together  the  numr- 
bers  in  the  6th  and  last  columns j  for  the  base^;  of  the  two 
hemispheres',  the  areas  of  which  are  in  thJB  proportion  of 
17f  to  32,  or  as  5  to  9  very  nearly  ;  it  appears  that  the 
numbers  in  those  two  columnSj  expressing  the  resigtances, 
are. nearly  as  1  to  2,  or  as  5  to  10,  as  far  as  to  the  velocity 
of  12  feet  j  after  which  the  resistances  on  the  greater  sur- 
face increase  gradually  more  and  more  above  that  propor- 
tion.   And  the  mean  resistances  are  as  1 40  to  288,  or  as  5 

to 
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to  lOf .     This  circumstance  therefore  agrees  nearly  with  the 
theory. 

2.  The  resistance  to  the  same  surface,  is  nearly  as  the 
square  of  the  velocity ;  hut  gradually  increasifig  more  and 
more  above  that  proportion,  as  the  velocity  increases.  This 
is  manifest  from  all  the  columns.  And  therefore  this  circum- 
stance also  differs  hut  little  from  the  theory,  in  small  veloci- 
ties. 

3.  Whep  the  hinder  parts  of  bodies  are  of  different  forms, 
the  resistances  are  different,  though  the  fore  parts  be  alike  ; 
owing  to  the  different  pressures  of  the  air  on  the  hinder  parts. 
Thus,  the  resistance  to  the  fore  part  of  the  cylinder,  is  less 
than  tha^t  <on  the  flat  base  of  the  hemisphere,  or  of  the  cone  ; 
because  the  hinder  part  of  the  cylinder  is  more  pressed  or 
pushied,  by  the  following  air,  than  those  of  the  other  two  fi- 
■gures.  ■■■''.  :^  '":'. 

4.  The  resistance  on  the  base  of  the  hemisphere,  is  to  that 
on  the  convex  side  nearly  as  2|  to  I  vinstead  oif2  to  1,  as  the 
theory  assigns  the  proportion.  And  the  experimented  resist- 
ance,  in  each  of  these,  is  neafly  |  part  more  than  that  which 
is  assigned  by  the  theory. 

5.  The  resistance  on  the  base  of  the  cone  is  to  that  On  the 
vertex,  nearly  as  2y\  to  1.     And  in  the  same  ratio  is  radius 

^o  the  sine  of  the  angle  of  the  incUnation  of  the  side  of  the 
cone,  to  its  path  or  axis.  So  that,  in  this  instance,  the  resist- 
ance is  directly  as  the  sine  of  the  angle  of  incidence,  the 
transverse  section  being  the  same,  instead  of  the  square  of  the 
sine*  ■  ■  ■      ,'  ■  ,   ,       ^  -;_.    ■  .^  \  : 

6.  Hence  we  can  find  the  altitude  of  a  column  of  air  whose 
pressure  shall  be  equal  to  the  resistance  of  a  body,  moving 
through  it  with  any  velocity.     Thus, 

Let  a  =  the  area  of  the  section  of  the  body,  similar  to  any 
'  of  those  in  the  table,  perpendicular  to  the  direction 

of  motion  ; 
7^  z=  the  resistance  to  the  velocity,  in  the  table  ;  and 
X  =  the  altitude  sought,  of  a  column  of  air,  whose  base 
is  a,  and  its  pressure  n 
Then  fla:  =  the  content  of  the  column  in  feet, 
and  l^ajr  or  fax  its  weight  in  ounces  ;     -     -     -     ^     "    "     ^ 

therefore  ^ax  =  r,  and  ic  ==  |  X  -  is  the  altitude  sought  in 

feet, 


Hosted  by  Google 


414  MOTION  OF  BODIES  IN  FLUIDS/ 

feet,  namely,  f  of  the  quotient  of  the  resistance  of  any  hody 
divided  by  its  transrerse  section  :  which  is  a  constant  qnan- 
tity  for  all  similar  bodies,  howevet  different  in  magnitude, 
since  the  resistance  r  is  as  the  section  a,  as  was  found  in  art.  1« 
When  a  =  f  of  a  foot,  as  in  all  the  figures  in  the  forego- 

ing  table,  except  the  small  hemisphere  :   then,  x  =/|  X  - 

becomes  a;  =  Y**v^^^^^  ^  ^^  *^^  resistance  in  the  iable,  to 
the  similar  body. 

If,  for  example,  vire  take  the  convex  side  of  the  large  he- 
misphere, whose  resisitance  is  -634  oz.  to  a  velocity  of  16  feet 
per  second  j  then  r  =  6^4,  and  ai  ==  ^  r  :;=  2;3776  jfeet,  is  the 
altitude  of  the  column  of  air  whose  pressure  is  equal  to  the 
resistance  on  a  spherical  surface,  with,  a  velocity  of  l^S  feet. 
And  iQ  compare  the  above  altitude  with  that  which  is  due  to  the 
givei^  velocity,  it  will  be  32*  :  162  :  :  16  :  4,  the  altitude 
due  to  the  velocity  16  ;  which  is  near  double  the  altitude  that 
is  equal  to  the  pressure.  And  as  the  altitude  is  proportional 
to  the  square  of  the  velocity,  therefore,  in  small  velocities, 
the  resistance  to  any  spherical  surface  is  equal  to  the  pressure 
of  a  column  of  air  on  its  great  circle,  whose  altitude  is  \\  or 
-694  of  the  altitude  due  to  its  i^el(M:ity. 

But  if  tbe  cylinder  be  taken,  whose  resistance  r  ~  1^526  : 
then  X  ==  ^^^  r  =-  6*72  ;  Which  exceeds  the  height^  4,  due  to 
the  velocity  in  the  ratio  Kii  23  to  16  nearly. '  And  the  differ- 
ence woulii  be  still  greater,  if  the  body  were  lai'gfer  I  and  also 
if  the  velocity  were  more.  \ 

7.  Also,  if  it  be  required  to  find  with  what  velocitjr  any  flat 
surface  must  be  moVed ^  so  as  to  suffer  a  resistance  just  equal 
to  the  #hole  pressure  of  the  atmo^phere  : 

The  resistance  on  the  whole  circle  whose  area  is  f  of  a  foot, 
is  -051  oz.  with  the  velocity  of  3  feet  per  second  ;  it  is  ^  oi 
•05li  or  -0066  oz.  only  with  a  velocity  of  1  foot.  But  SJX 
13600  X  I  =  7556f  oz.  is  the  whole  pressure  of  the  atmos- 
phere. Therefore,  as\/0056  :  /  7566  :  :  1  :  1162  nearly, 
which  is  the  velocity  sought.  Being  almost  equal  to  the  velo- 
city with  which  air  rushes  into  a  vacuum. 

8l  Hence  may  be  inferred  the  great  resistance  suffered  by 
military  projectiles.  For  in  the  table,  it  appears,  that  a  globe 
of  6^  inches  diameter  which  is  equal  to  the  size  of  an  iron  ball 
weighing  361b,  moving  with  a  velocity  of  only  16  feet  per  se- 
cond, meets  with  a  resistance  equal  to  the  pressure  of  I  of  an 
ounce  weight ;  and  therefore,  compu ting  only  according  to  the 

I  square 


Hosted  by  Google 


MOTION  OF  BODIES  IN  FLUIDS.  415 

square  of  the  velocity,  the  least  resistance  that  such  a  hall 
would  meet  with,  when  moving  with  a  velocity  of  16©0  feet 
would  be  equal  to  the  pressure  of  41 71b,  and  that  independent 
of  the  pressure  of  the  atmosphere  itself  on  the  fore  part  of  the 
ball  which  would  be  487113  more,  as  there  would  be  no  pres- 
sure from  the  atmojsphere  on  the  hinder  part.  In  the  case  of  so 
great  a  velocity  as  1 600  feet  per  second.  So  that  the  whole 
resistance  would  be  mare  than  9001b  to  such  a  velocity, 

9.  paving  said,  in  the  last  article,  that  the  pressure  of  the 
atmosphere  is.  taken  entirely  off  the  hinder  part  of  the  ball 
moving  with  a  velocity  of  1600  feet  per  second ;  which  miist 
happen  when  the  bsdl  moves  faster  than  the  particles  of  air 
can  follow  by  rushing  into  the  place  quitted  and  left  void  by 
the  ball,  or  when  the  ball  moves  faster  than  the  air  rushes 
into  a  vacuum  frono  the  pressure  of  the  incumbent  air  ;  let 
us  therefore  inquire  what  this  velocity  is.  Now  the  velocity 
with  which  any  ffuid  ii^sues,  depends  on  its  altitude  above 
the  orifice,  and  is  indeed  equal  to  the  velocity  acquired  by  a 
heavy  body  in  falling  freely  through  that  altitude.  But,  sup- 
posing the  height  of  the  barometer  to  be  30  inches,  or  2|  feet, 
the  height  of  £l  uniform  atmosphere,  all  of  the  saiiie  density  a^ 
at  the  earth's  surface,  would  be  2|^  X  13-6  x  833^  or  28333 
feet ;  thereforey'ie  :  y<28333  : :  32  :  8^28333=1346 feet, 
which  is  the  yelpeity  sought.  And  therefore,  with  a  velocity 
of  1600  fei^t  per  second,  or  any  velocity  above  1346  feet,  the 
ball  must  continually  leave  a  vacuum  behind  it,  and  So  must 
sustain  the  whole  pressure  of  the  atmosphere  on  its  fore  part, 
as  well  as  the  resistance  arising  from  the  ^^s  wcr^*a  of  the 
particles  of  air  struck  by  the  ball. 

10.  On  the  whole,  we  find  that  the  resistance  of  the  air,  as 
determined  by  the  experiments,  differs  very  widely,  both  in 
respect  to  its  quantity  on  all  figures,  and  in  respect  to  the  pro- 
portions of  it  on  oblique  Surfaces,  from  the  same  as  determin- 
ed by  the  preceding  theory :  which  is  the  same  as  that  of  Sir 
Isaac  Newton ,  and  most  modern  philosophers.  Neither  should 
we  succeed  better  if  we  have  j'ecourse  to  the  theory  given  by 
Professor  Gravesaude,  or  others,  as  similar  differences  and 
inconsistencies  still  occur. 

We  conclude  therefore,  that  all  the  theories  Of  the  resist- 
ance of  the  air  hitherto  given ,  are  very  erroneous.  And  the 
preeediog  one  is  only  laid  down,  till  further  experiments,  on 
this  important  subject,  shall  enable  us  to  deduce  from  them 
another,  that  shall  be  more  consonant  to  the  true  ph^nocbena 
of  nature. 

ON 
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ON  THE  MOTION  OF  MACHINES,  AND  THEIR 
MAXIMUM  EFFECTS. 

Art.  !.  When  forces  acting  in  contrary  directions,  or 
in  any  such  directions  as  produce  contrary  effects,  are  ap- 
plied to  machines,  there  is,  with  respect  to  every iimple  ma- 
chine (and  of  consequence  with  respect  to  every  combination 
of  simple  machines)  a  certain  relation  between  the  powers 
and  the  distances  at  which  they  act,  which,  if  subsisting  in 
any  such  machine  when  at  rest,  will  always  keep  it  in  a  statie 
of  rest,  or  of  statical  equilibrium  ;  and  for  this  reason,  be- 
cause^ the  efforts  of  these  powers  when  thus  related,  with 
regard  to  magnitude  and  distance,  being  equal  and  opposite, 
annihilate  each  other,  and  have  no  tendency  to  chaiige  the 
state  of  the  system  to  which  they  aye  applied.  So  also,  if 
the  same  machine  have  been  put  into  a  state  of  i^wjform  mo- 
tion, whether  rectilinear  or  rotatory,  by  the  action  of  any 
power  distinct  from  those  we  are  now  considering,  and  these 
two  powers  be  made  to  act  upon  the  machine  in  such  motion 
in  a  similar  manner  to  that  in  wMch  they  acted  upon  it  when 
at  rest,  their  simultaneous  action  will  preserve  it  in  that  stiate 
of  uniform  motion,  or  of  dynamical  equilibrium  :  and  this  for 
the  same  reason  as  before,  because  their  contrary  effects  de- 
stroy eacb  other,  and  have  therefore  no  tendency  to  change 
the  store  of  the  machine.  But,  if  at  the  time  ^  machine  is 
in  a  state  of  balanced  rest,  any  one  of.  the  opposite  forces  be^ 
increased  while  it  continues  to  act  at  the  same  distance,  this 
excess  of  force  will  disturb  the  statical  equilibrium,  and  pro- 
duce motion  in  the  machine  ;  and  if  the  same  excess  of  force 
continues  to  act  in  the  same  manner,  it  will,  like  every  con- 
stant force,  produce  an  accelerated  motion  ;  or  if  it  should 
undergo  particular  modifications  when  the  machine  is  in  dif- 
ferent positions,  it  may  occasion  such  variations  in  the  motion 
as  will  render  it  alternately  accelerated  and  retarded.  Or  the 
different  species  of  resistance  to  which  a  moving  machine  is 
subjected,  as  the  rigidity  of  ropes,  friction,  resistance  of  the 
air,  &c.  may  so  modify  a  motion,  as  to  change  a  regular  or  ir- 
regular variable  molSon  into  one  which  is  uniform. 

2,  Hence  then  the  motion  of  machines  may  be  considered 
as  of  three  kinds.  1.  That  which  is  gradually  accelerated, 
which  obtains  commonly  in  the  first  instants  of  the  commu- 
nication. 2.  That  which  is  entirely  uniform.  3.  That  which 
is  alternately  accelerated  and  retarded.  Pendulum  clocks, 
and  machines  which  are  moved  by  a  balance,  are  related  to 

thfe 
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ihe  third  class.  Most  other  machines,  a  short  time  after  their 
motion  is  commenced,  fall  under  the  second.  Now,  though 
the  motion  of  a  machine  is  alternately  accelerated  ai^d  retard- 
ed, it  may,  notwithstanding,  be  measirred  by  a  uniform  motion, 
because  of  the  periodical  and  regular  repetition  Which  may 
exist  in  the  acceleration  and  ret^rdatiph.  Thus  the  motion  of 
a  second's  pendulum,  considered  in  respect  to  single  oscilla- 
tion, is  accelerated  during  the  first  half  second,  andiretarded 
during  the  next :  but  the  same  xnption  tak^n  for  iB^ny  oscilla- 
tions  may  be  considered  as  uniform.  Suppiose;  for  exaqaple, 
that'the  extent  of  each  oscillation  is  5  inches,  and  that  thci  pen^ 
dulum  hasmade  10  oscillations  :  its  total  effect  will  be  to  hav^ 
run  over  50  inches  in  10  seconds  ;  and,  as  the  space  describ- 
ed in  each  second  is  the  sam<s,  we  may  compare  the  effect  to 
that  produced  by  a  moyeable  which  mpyes  for  10  seconds  with 
a  velocity  <>f  5  inches  i^  secipnd. ;  W^e  see^  thei*efbrej  that 
the  theory  of  machines  whpSe  motions  are  uniform,  conduces 
naturaily  to  the  estimation  of  the  effects  produced  by  machines 
whose  motion  ift  alternately  accelerated  and  retarded:,  so  that 
tliepi^blems  comprised  in  this  chapter  will  be  directed  tci 
those  machines  whose  motions  fall  under  the  firsfc  two  heads  j 
such  problems  being  of  far  the  greatest  utility  in  practice. 

J  rDefs,  1 .  When  in  a  machine  there  is  a  system  of^fofces  ojp^ 
of  powers  mutually  in  opposition,  those  which  produce  or  tend 
to  produce  a  certain  effect  are  called,  moiJersbr'  /noising' pox^ 
en;  and  those  which  produce  or  tend  to  pi-oduce  an  effect 
which  opposes  those  of  the  moving  powers,  are  called  resisU 
ances.  If  vairious  movers  act  at  the  samie  time,  their  equi var 
lent  (foujQd  by  means  of  prob.  7,  Motion  and  Forces)  is  called 
individually  i^e  moi>iw^/orcc;  and,  in  like  manner^  the  result- 
ant of  all  the  resistances  reduced  to  some  on^  point,  t/iere- 
sistance.  This  reduction  in  all  ciases  simplifies  the  investiga- 
tibn.-   .      ■•  /   /^         ■■;',;■"  _'  ■■-  -■ 

2.  The  iffi/)eZ^<?d  pomtof  a  machine  is  thatto  which  the  ac- 
tion of  the  moving  power  may  be  ebnsidered  as  immediately 
applied  t  and  the  working  point  is  that  where  the  resistance 
arising  from  the  work  to  be  performed  immediately  acts,  or  to 
which  itought  all  to  be  reduced.  Thus,  in  the  wheel  and 
axle ,  (Me<:han.  prop^  32.) ,  where  the  moving  power  p  is  to 
overcome  the  weight  or  resistance  w,  by  the  application  of 
the  cords  to  the  wheel  and  to  the  axle,  b  is  the  impelled  point, 
and  A  the  working  point. 

Vol.  IL  54  3.  The 
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3.  The  velocity  of  the  "moving  power  is  the  same  as  the  ve- 
locity of  the  impelled  point;  the  velocity  of  the  resistance  the 
same  as  that  of  the  working  point. 

4.  The  performance  or  eff'ect  of  a  machine,  or  the  work  donBy 
is  measured  by  the  product  of  the  resistance  into  the  velocity 
of  the  working  point ;  the  momentum ^of  impulse  is  measured 
hy  the  groduct  of  the  moving  force  into  the  velocity  of  the 
impellea  point. 

These  definitions  being  established  we  may  now  exhibit  a 
few  of  the  nxost  useful  problems,  giving  as  much  variety  in 
their  solutions  as  may  render  one  or  other  of  the  methods  of 
Ciasy  application  to  any  other  cases  which  may  occur. 

PROPOSITION  I, 

ff  K,  and  r  be  the  distances  of  the  power  t^  and  the  weight  or 

resistaiice  w^from  the  fulcrum  f  9f  a  straight  lever  :  then  will 

the  velocity  of  the  power  and  of  the  weight  at  the  end  of  ap,y 

,    K»p— Rrw    ^    ,     ,Rr-p— r^w.  ^  ..    ,    .»         .  i, 

tirrie  t  be ^^ -st.  and : st.  respectively,  the  weishi 

R2p-|^^avvr^  '       .R2p4-r2w*\     -^  ^'  « 

and  inertia  of  the  lever,  itself  not  being  considered. 

If  the  effort  of  the  power  ba- .        s^ y       "B 

lance^  that  of  the   resistance,  p        jT  ^  ^      ^ 

wouldbe  equal  to—.  Consequent-   '     ^.   -     .  "^ 

ly,  the  difference  between  this  value  of  p,  and  its  actual  value, 

r 

or  p w,  will  be  the  force  which  tends  to  move  the  lever* 

R     ' 

And  because  this  power  applied  to  the  point  a  accelerates  the 

masses  p  and  w,  the  mass  to  be  substituted  for  w,  in  the  point . 

r^ 
Ajinustbe— ;7  w,  (Mechan.  prop.  50)  in  order  that  this  mass 

at  the  distance  r  may  be  equally  accelerated  with  the  mas6 

r 
w  at  the  distance  r.     Hence  the  power  p w  will  accele 

rate  the  quantify  of  matter  p  +  -7  w  ;  and  the  accelerating 

r                 r^          PR^  —  Krw 
force  F  =(p — wW(p-l — w)= ■ .  But(Art33,Gen. 

Laws  af  Motion)  -y  a  ri  or  is  =  gtp  (g  being  =  32^  feet)  ; 

which  in  this  case  =  -- — : — —-  .  sty  the  velocity  of  p.    And, 

R2p-[-7'3vV      °  *'  ' 

because  veloc.  of  p  :  veloc.  of  w  >:  r  :  r,  therefore  veloc.  of 
r      ,  „  r ^F^^T—Rrw    ^   Rrp— r^w 

W=- veloc.  of  P  =-X ; — r— £fi*= , f(t, 

R  R      R2p+r2w°      R2p+r2w^ 

Coroh 
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Corol»  1.  The  space  described  by  the.  power  in  the  time  t^ 
will  be  ==  - — — .- — ' .    M2  .  QiQ  space  descnbea  by  w  m  the 

3ame  time  Will  be  =—,- — ~- .:  to^. 

Cor,  Q,  Ur  r  r  :  :  n  :  1^  then  will  the  force  which  acce- 
ierates  A  be  =i^ -— r~» 

Co7\3.     If  at  the: same  time  the  inertia  of  the  moving 

force  p  be  ==  0,  as  in  muscular  action,  the  force  accelerating 

...  ,          pn2  -WW 
A  will  be  =«-^- = — . 

-.^ ,.  ■      ■'  w   ■■, ,• ; . .       ■  •  -„■  ■  'v .     ..^  „  ■ .,."     ■■;     -[ 

Cor.  4.  If  the  mass  moved  have  no  weight,  but  possesses 
inertia  only,  as  when  a  body  is  moved  along  a  horizontal 

plane,  the  force  which  accelerates  a  will  be  ==  ~---^~.  And 

either  of  these  values  may  be  readily  introduced  into  the  in- 
vestigation, r 

Cor^  5.    The  work  done  in  the  time  ^,  if  we  retain  the  6ri- 

.    ■      ^  .•  -Ill  Rrp  — r^w-   ■/         Rrpw—raw^ 

gmal  notation,  will  be  =  -i-— - — -st  X  w=— - — r~r"~'^^* 

=*  '  R2p--|-HW^  R2pr{-r2W       ^ 

Cor,  6.  When  the  work  done  is  to  be  a  maximum,  and  we 
wish  to  know  the  weight  when  p  is  given,  we  must  make 
the  fluxion  of  the  last  expression  =0.     Then  we  shall  have, 

rR3p2_ 2r2R2pw—  r* w2  =0 and  w=  p  X  [^(—-  +  -;r)— vJ- 

Car.  7.  If  R  :  r  ::  n  :  1,  the  preceding  expression  will 
become  w  =  pX  [y^(n*+w3)—7iJ2]. 

Cor,  8.  When  the  arms  of  the  lever  are  equal  in  length, 
that  is,  when  w  =1,  then  is  w  =  p  ^  (^2-  1)  =  •414214p, 
or  nearly  yV  of  the  moving  iorce. 

Scholium, 

If  we  in  like  manner  investigate  the  formiilae:' relating  to 
motion  on  the  axis  in  peritrochio,  it  will  be  seen  that  tjie 
expressions  correspond  exactly.  H^nce  it  follows,  that  when 
it  is  required  to  proportion  the  power  and  weight  so*  as  to 

obtain 
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obtaiiii  a  maximdm  effect  tin  the  wheel  and  axle,  (the  weight 
of  the  machinery  nat  being  conside^^^^  may  adopt  the 

conciudions  of  cars,  6  and  7  of  this  prop.  And  in  the  extreme 
case  where  the  wheel  and  axle  becomes  a  pulley,  the  expres- 
sion in  cor.  8  may  be  adopted.  The  like  conclnsionis  may  be 
applied  to  machines  in  general,  if  r  and  r  represent  the  dis- 
tances of  the  impelled  and  working  points  from  the  axis  of 
motion;  and  if  the  various  kidd^  of  resistance  arising  from 
friction,  stiffness  of  ropes,  kc,  be  properly  reduced  to  their 
equivalents  at  the  working  points,  so  as  to  be  compriehended 
in  the  character  :iv  for  re^stance  oyercome. 

PROPOSITION  n. 

Given  K  afidr,  ike  arms  of  a  straight  lever,  ii  and  m  their  re- 
spective 'Weights y  and  T,  the  power  acting  at  the  extremity  ej  the 
(im  R  y  to  find  the  weight  raised  at  the  edotremity  of  the  other 
nrmwhentheeff^ectisamaximiim* 

In  this  case  |m  is  the  weight  of         *  ^ 

the  shorter  end  reduced  to  b,  and        •  -  ■   ■   '"  ■ ::^    •» 


conseq.  |^  is  the  weight  which        Q^  "WQ 

applied  at  a,  would  balance  the  shorter  end;   therefore 

V"^"""^»  would  sustain  both  the  shorter  end  and  the  weight 

win  equilibriop     Put  p  +  i^  »s  the  power  really  acting  at  the 

longer  end  pf  the  lever  ;  consequently         - 

fftr    ■  r 
p  -{-  2W**^(^4-  -w)V  is  the  absolute  moving  power.     Now 

the  distance  pf  the  centre  of  ^ration  of  the  beam  frbih  f** 


*  The  distance  of  r,  the  ceiitre  of  gyration,  frbm  c  the  centre  or  axis  of  motion, 
in  some  of  the  most  useful  caseS)  is  as- below; 

fti  a  circular  wheel  of  umform  thickness  -  -    -    -    -    -    -    -    or  =rad.  ^^ 

In  the  periphery  of  a  circle  revolving  about  the  diam.      -    -    -    cii  ==rad.  v'i' 

In  the  plane  of  a  circle    -    -    -    -    -    -  ditto    -    -    -    •    -    cR=4rad. 

in  the  surface  of  a  sphere    -    -    -    -    -  ditto    -    -    -    -    -    cR=rad.  vf- 
In  a  solid  sphere     -    -    -    -    -    -    -    -  ditto    -    -    -    -    -    cH=rad.  v'^ 

In  a  plane  ring  formed  of  circles  w^hose  radii  ^re  R,  r,)  ^j^  -_    ,       _^* 

revolving  al^oiit  centre  -    -    -    -    -    -  -    -    -    -      )  ^  2R2--2r2 

In  a  €one  revplvbg  about  its  vertex     -    _  -    -    -    -    -    cii = i  v'  iji  a^±B.r% 

inacone  -    -    -    -    -    its  axis    • '-    -  -    -    -    -    -    cii==rA/3 

.     '        ■  ■  ■      ^  •    ,  ■  -  .       ^'^.    ■/-..■  . 

jfn  a  straight  JeVer  whose  anns  are  R  and  r    •  .-    -    -    •    cb=v<^      ** 
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is  =  /  _,  _i_  \  >  which  let  be  denoted  by  ^  ;  then  (Mechan. 

fi^  -.>■..  ^     :•■■■..'    '^  :      .■■■.■ 

prop.  50)  -^,  (m  +  m)  will  represent  the  mass  equivalent 

to  the  beanj  or  lever  when  reduced  to  the  point  a;  while 
the  weight  equivalent  to  w,  when  referred  to  that  point, 

7.2  ■    '/.  ■■:-.  ■  .'■  .  ■■ 

will  be  —  w.     Hence,  proceeding  as  in  the  last  propv  we 

fi^   ■'-'  r^  '  ■ .  -^ 

shall  hdve  ^,    (M+m\  -1^  p  +  — --  w  for  the  inertia  to  be  over- 


come  ;  and  (p+^m  --^---w)-r  —  (m+wi)  +  p  +  —  w  = 

,^R  ,    R  R  R^ 

the  accelerating  force  of  p»  or  of  w  reduced  to  a.     Mul- 
tiply this  by  w ;  and,  for  the  sake  of  simplifying  the  pro- 

cess,  put  q  for  p  4-  iM— ^,  and  n  for  p  +  —■  (m  -|-  m),  then 

'  /<JR  R** 


JW  • 


fW3 

R 


then  will 


be  a  quantity  Which  varies  as  the  effect 


varies,  land  which,  indeed ^  when  multiplied  by  gty  denotes 
the  effect  itself.  Putting  the  fluxion  of  this  equal  to  nothing, 
and  reducing,  we  at  length  find 

R     .HOB.  ,    n^K^.      nr^ 

Cor,  When  R=r,  and  M=m,  if  we  restore  the  values  of  n 
and  9:,  the  expression  will  become  W=y^(2p2^2mp+|^7»2y_. 

(p+|m). 

PROPOSITION  III. 

Given  the  length  I  and  angle  e  of  elevation  of  an  inclined  plane 
Bc;  to  find  the  length  i^  of  afiother  inclined  plane  ac  along 
which  a  given  weight  w  shall  be  raised  from  the  horizontal 
line  AB  to  the  point  c,  in  the  least  time  possible,  by  means  of 
another  given  weight  F  descending  along  the  given  plane  cb  : 
thptwo  ^eights  being  connected  b%i  an  inextensihle  thread  bcw 
ru7ining  always  parallel  tQ  the  two  planes. 
Here  we  must  as  a  preliminary 

to  the  solution  of  thi^  proposition, 

deduce  expressions  for  the  motion 

of  bodies  connected  by  a  thread,  and 

rutmingupqn  double  inclined  planes. 

Let  the  angle  of  elevation  cad  be 

E,  while   e  is  the   elevation  cbd. 

Then  at  the  end  of  Ihe  time  t,  p 

will 
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will  Jhave  a.velocity  v  f  and  gravity  would  impress  upon  it 
in  the  ijastant  /  foHawing,  a  new  velocity  =^  sin  e  .  >,  provid- 
ed! the  weight  p  were  then  entirely  free  :  but,  by  the  disposi- 
tit»o  of  the  system,  ti  will  be  the  velocity  which  obtains  in 
reality.  Then,  estinmting  the  spaces  in  the  direction  cp,  as 
the  body  w  j^oves  with  an  equal  velocity  but  in  a  contrary 
geose,  it  is  obvious,  that  by  applying  the  3d  Law  of  Motion, 
the  decomposition  may  be  made  as  follows*  At  the  end  of  the 
time  t+i  we  have,  for  the  velocitj^  inri'  x'essed  on,. 

_   .'      ^         .     ^t.„       iv-^v efiectis^e  veloc.  from  q  towards  b, 

f...P  +  ^mne  .i,  lohere  |^T^  ^ ;  -  _^^__  ^^i^eity  destroyed. 

,        ^        ,      T         { —  V  —  V  .  .  effective  vcloc.  from  c  towards  a. 
^.  _  ^  4.  g^  sir?  E .  ^  zvhere   ^  . „^  ^  ^.^  ^^     •  _  ^.^^^^^  destroyed. 

If,  therefore,  gravity  impresses,  during  the  time  t  upon  the 
msisses  p,  w,  the  respective  velocities  g  sin  c  ,i  '-^v  ,  and  g 
&m%  *  i  '+if,  the  system  will  be  in  equilibrio..    The  quanti- 
ties of  motion  being  therefore  equal;  it  will  be    . 
pg"  sin  e  .•  i  <—  vv  =  wg  sin  e  .  i  +  w-i; . 
Whence  the  effective  accelerating  force  is  found,  i.  e. 
v     P  sin  e— w  sin  e 
'.'    e  p+w  ^ 

Thus  it  appears  that  the  motion  is  uniformly  varied,  and  we 
readily,  find  the  equations  for  the  velocity  and  space  from 
whicli  the  conditions  of  the  motion  are  determined :  viz. 
psine— wsinE  i?  sin  e  — w.sin  e    ,     . 

p-fw  P+W  "^ 

V  sfp+w} 

^  The  latter  of  these  two  equations  gives  t^  =  r-y--- ^—^—  - 

*   '  ^g(psine~wsmc 

Bat  in  the  triangle  abc  it  is  ac  :  bc  :  :  sin  b  :  sin  a,  that  is, 

L  :  /  :  :  sin  e  :  sin  E  ;  hence  —  L=sin  c,  and  — ^  Z  =  sin  e  ; 

m  m 

m  being  a  constant  quantity  always  determinable  from  the 

'  c  fB"4"W^ 

data  given.    And  i^  becomes .      Now  when 

any  quantity,  as  t,  is  a  minimum,  its  square  is  manifestly  a  mi- 
nimum :  <so  that  substituting  for  5  its  equal  l,  and  striking  out 

the  constant  factors,  we  have —.  =  a  min.  or  its  fluxion 

PL— wZ 

SLlC?!.— W/  — PL^i         ^         rr  •         11      •       i 

\^ =  0.     Here,  as  m  all  similar  cases,  since 

;(pi;-w/j 

the  fraction  vanishes,  its  numerator  must  be  equal  to  0 ;  con- 
sequently 2pl2  —  2wZl  — pl2==0,  pl==2wZ,  or  l  :  Z  :  :  2w  :  p. 
Cot.  1.  Since  neither  sin  e  nor  sin  e  enters  the  final  equa- 
tion, it  fellows,  that  if  the  elevation  of  the  plane  bc  is  not  giv- 
en, the  problem  is  unlimited.  Cot, 
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Cor.  2,  When  sin  e=F=lvBccmncide»  with  the  perpendicu- 
lar cpy  and  the  power  Facts  with  ail  ita^^^i^^^^  upoD  the 
weight  w.  This  is  the  case  of  Uie  present  problem  which 
has  comnaonly  bee^  cpasideted, 

' ;  ^'  ■    ,  .  ,^ :;;.  •SCHOLIUM/ >■■ '     c  :  •  •  -■  ■  ^    ,  ;■  :^  - :_ 

This  prGpbsition  jadmits  of  a  neat 
geometrical  demonstration.  Thus, 
let  CE  be  the  plane  upon  which,  if 
w  were  placed^  it  would  be  sustain- 
ed in  equilibrio  by  the  power  p  on 
thB  plane  CB,  or  the  power  p  hang- 
iBg  freely  iia  the  t^grtitai  cd  f  then 
(Mechan*  prop.  23)^  -^  -—  ^  •: 
Bc  :  CD  ;  GE  :  p  :  p' :  w.  But  w  is  to  the  force  with  wHcVit 
tends  ti&  descend  along  the  plane  cA,  as  ca  to  cd  ;  coniseqaeot^ 
ly,  the  T^eight  p  is  to  the  same  force  in  the  same  ratio ;  be- 
cause either  of  these  weight  in  their  respective  p^siti^ris 
would  sustain  w  on  cf^  Thereibr^  the  e^ccess  ;of  p  abom  that 
force  (which  excess  is  the  power  accelerating  the  motbos  of 
p  and  w)  is  to  Pj  as  GA-^cE  to  ca  ror  taking  cH  ===.(3 a,  as  sa  i& 
CA.     Now,  the  motion  being  uniformiy  accelerated,  we  haire 

saFT^,  or  T^a  -  :  consequently^  the  square  of  the  timg  iu 

which  AC'  is  described  by  w,  will  be  as  ac  directly^  and  ^S 

mversely ;  and  will  beleast  whea -~~  is  a  mfcmwa 

when  -^—-^  EH  4-  2cE,  or  (because  Scb  is  inyariable)  wh^ti 
^g.g      EH   ^  _.     ,  _   '    •  _  ; ,::  .''■  .  ' 

-— +  EH  IS  a  minimumv    Now,  as,  when  the  sum  of  two 

EH_  ■  -  I      ■ "_        ■..-'',. 

quantities  is  given,  their  product  is  a  wiai3Ci:/»wmwh«a  th^ar^ 
equal  to  each  other  ;  m  it  is  manifest  that  wber^  their  prodact 
isgiFen,  their  sum  must  bfe  a  mmnmrri  yih^n  ihef 

But  the  product  of  —  and  eh  hct'^ ,  ahdconsequeatly giyea  | 

■  EH         -  *  ■ 

.   •  -  "    •  EC*-  - '  "-   -■      ' 

therefore  the  stfm  of  —  and  eh  is  least  when  those  parti  ^re 

equal  ;.  that  is.  when  eh==ce,  or^ci«2cE,  So  that  the  length 
of  the  plane  c  A  is  double  the  length  of  that  on  which  the  weight 
w  would  be  kept  in  equilibriG  by  ^^p 

When  cp^and  CB  coincide,  the  case  becomes  the  same  a§ 
that  considered  by  Maclaurin,  in  his  Fle^  (^Mewtori'^  FMl&^ 
sophical  BimDeries^  pa.  \Z2,  Q^ro,  editv 

PBOPOSITidH 
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PROPOSITION  IV. 
Let  the  given  weight  v  descend  along  cb,  and  hy  means  of  the 
thread  Tcw  [Tunning  paMlel  to  the  planes)  draw  a  weight  w 
tip  the  plane  ac  :  it  is  required  to  find  the  valv.es  of  w,  when 
its  momentum  is  a  maximum^  the  lengths  anU  positions  of  the 
planes  being  given.     {See  the  preceding  Jig.) 

.          p  .  sin  ^— w  sin  fi 
The  general  expression  for  the  vel.  m  id=- ,  ^ 

St,  which,  by  substitut.  -  l  for  sin  e,  and  -  I  for  sin  e,  becomes 

y,  =  ^ ^af,  Thismul.  into  w,  gives r-j— ; gi ; 

p+w  ,i*-rw 

which,  by  the  prop,  is  to  be  a  maximum.     Or,  striking  out  the 
constant  factors,  — ,  gt,  then  is -■,  =  a  max.     FutUng 

7/1  P-f-W 

this  into  fluxions,  and  reducing,  we  have  p2l— 2pwZ  -  w2Z«=0, 


X 


or  w=p-v/(7+0"*'^-^ 

Cor.  When  the  inclinations  of  the  planes  are  equal,  l,  and 
t  are  equal,  and  w==Pv'2-p=p  X(v/2  -  1)==-4142p  :  agree- 
ing with  the  conclusion  of  the  lever  of  equal  arms,  or  the 
extreme  ease  of  the  wheel  and  axle,  i.  e.  the  pulley. 

PROPOSITION  V.  . 
Given  the  radius  k  of  ia  wheel,  and  the  radius  r  of  its  axle,  ^e 
weight  of  bf)thi  w,  and  the  distance  of  the  centre  of  gyration 
from  the  axis  of  motion  f  ;  also  a  given  power  p  acting  at  the 
circumference  of  the  wfieel;  to  find  the  weight  w  raised  by  a 
cord  folding  about  the  axle,  so  that  its  momentum  shall  be  a 
maximum. 

The  force  which  absolutely  impels 
the  point  a  is  p,  while  w  acts  in  a  di- 
rection contrary  to  p,  with  a  force  = 

— ;  this  therefore  subducted  from  p, 

,^              rw      Rp  — rw  ^      .,      ^^ 
leaves  p = ,  for  the  re- 

R  R 

duced  force  of  impelling  the  point  a. 
And  the  inertia  which  resists  the  com- 
munication of  motion  to  the  point  a  will  be  the  same  as  if  the 

mass        ~ — -J^ were  concentrated  m  a  point  a  (Mechan. 

rs 
prob.  60).     If  the  former  of  these  be  divided  by  the  latter, 

the  quotient  — ^-j r~4-  is  the  force  accelerating  a  ;  multi- 

plying 
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plying  this  by  ~,  we  have  — — -— — ; for  the  force  which 

accelerates  the  weight  w  in  its  ascent.    Consequently  the  ve- 

locity  of  w  will  be  =— — r- Kti  which  multiplied  into 

Rrpw— r^w       .  ^     ,,  .     , .    .        , 

w  gives  ■- — I — - — J — —gt  for  the  momentum.    As  this  is  to  be 

a  maximum,  its  fluxion  will  =  0  ;  whence  we  shall  obtain  w  = 

^(R*p2+2ll2p^2^«(-^4^2-{-p^R^^2-|,p2R3^) .r2  p ^2^, 

-  _         ^  _~  .  -^  .  . 

Cor.  1.  When  R  =  r,  as  in  the  case  of  the  single  fixed  pul- 

^4  -2 

ley,  then  w=y^(2p2R3-{-2Rp^2^-|-.t_^2-|-.p7<yR^2)_L_tiy^P. 

R  R** 

Cor.  2.  When  ihe  pulley  is  a  cylinder  of  uniform  matter 
f2=iR3j  and  the  express,  becomes  w  =  ^[r3(2p2  -j-  %^w  \' 

Cor.  3.  If,  in  the  first  general  expression  for  the  momen- 

tum  of  w.  ^  be  put  =  R^p+e^m.  we  shall  have ; — 

=  a  maximum.      Which,  in  fluxions  and  reduced,  gives  w  = 

Cor,  4.  If  the  moving  force  be  destitute  of  inertia,  then 

will  ^  =^2;j,  and  w,  as  in  the  last  corollary. 
PROPOSITION  VI. 

Li^t  a  given  power  f  be  applied  to  the  circumference  of  a  wheel, 
its  radius  r,  to  raise  a  weight  w  at  its  axle,  whose  radius  is 
r,  it  is  required  to  find  the  ratio  ofR  and  r  when  w  is  raised 
with  the  greatest  momentum ;  the  characters  w  and  §  denoting 
the  same  as  in  the  last  proposition. 

Here  we  suppose  r  to  vary  in  the  expression  for  the  mo- 

^  WRrp  — r^w-  ^    , 

mentum  of  w,  —^-^--——g^.     And  we  suppose,  that  by 

the  conditions  of  any  specified  instance,  we  can  ascertain  what 
quantity  of  matter  q  shall  make  r^q  =  ^^w,  which,  in  fact, 
may  always  be  done  as  soon  as  we  can  determine  ^.    The  ex^ 

/  RT'PW  ?"^W^ 

pression  for  the  work  will  then  become ■ — sto 

R2p+r2(y+w)^ 
The  fluxion  of  which  being  made  =  0,  gives,  after  a  little  re^ 
duction,  r  =  HV[p^w^+P%+^)]>^PW 
p(9'4-w) 
Cor.  When  the  inertia  of  the  machine  is  evanescent,  with 

respect  to  that  of  p+w,  then  is  r=R  ^  (1  +  -)— 1. 

^        w 
Vol.  IL  55  PROPOSITION 
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PROPOSITION  VII. 
In  any  machine  whose  motion  acceleratesy  the  weight  will  be  moved 
with  the  greatest  velocity,  when  the  velocity  of  the  power  is  to 

that  of  the  weight,  as  1  +  py^(l+  -)  to  1  ;  the  inertia  of  the 

machine  being  disregarded*  v 

For  any  such  machine  may  be  considered  as  reduced  to  a 

lever,  or  to  a  wheel  and  axle  whose  radii  are  r  and  r  :  in 

R/*p  ■—  r^  w  ^ 

which  the  velocity  of  the  weight    ^     .    ^    gt  (prop.  1)  is  to 

be  a  maximum,  r  being  considered  as  variable.     Hence  then, 

following  the  usual  rules,  we  find  pr  =  r  (w+^/w^-f-pw). 
From  which,  since  the  velocities  of  the  power  and  weight  are 
respectively  as  r  and  r,  the  ratio  in  the  proposition  immedi- 
ately flows. 

Cor,  When  the  weight  moved  is  equal  to  the  power,  then  is 
R  :  r  :  :   1  +  v^  2  :   1   ;  :  2-4142  x  1  7iearly. 

PROPOSITION  vm. 
If  in  any  machine  whose  motion  accelerates,  the  descent  of  one 
weight  causes  another  to  ascend,  and  the  descending  weight  be 
given,  the  operation  being  supposed  continually  repeated,  the 
effect  will  be  greatest  in  a  given  time  when  the  ascendih:g  weight 
is  to  the  descending  weight,  as  1  to  1*618,  m  the  case  of  equal 
heights;  and  in  other  cases,  when  it  is  t&  the  exact  counter " 
poise  in  a  ratio  which  is  always  between  1  to  1^  and  1  to  2, 

l*et  the  space  descended  be  1 ,  that  ascended  « 5  the  de- 

'■"'"■  ■■'■■■■.'  .         I  '.''■,'■'.    ' 

scending  weight  1 ,  the  ascending  weight  — :  then  would  the 

equilibrium  require  w  =  s  ;  and  1  —  — ,  will  be  the  force  act- 
ing on  1.      Kow  the  mass  — ,  reduced  to  the  ppint  at  which 

w 

1  52  ' 

the  mass  1  acts,  will  be  =  —  s*  =  —  ;    consequently    the 

WW 

S  '  • 

whole  mass  moved  is  equivalent  to  1  H ,  and  the  relative 

S  S^  W'-^S 

force  is  ( 1 )  -i.  ( 1  4.  _^  )  =  — __.      But,  the  space  be- 

w  ^  w  tsy+s* 

ing  given,  the  time  is  as  the  root  of  the  accelerating  force 

inversely,  that  is,  as  1/  -:  and  the  whole  effect  in  a  given 

w-^s  ' 

time,  being  directly  as  the  weight  raised,  and  inversely  as 

'  1         *By— s 

the  time  of  ascent,  will  be  ps  — 4/  — ; — ;  which  must  be  ^ 

^      ts;+52  maximum. 
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maximum.  Consequently  its  square  ■  ^  ^  ^  must  be  a  max. 
likewise.  This  latter  expression,  in  fluxions  and  reduced, 
gives  KJ  = -[y(s2  +  10s+9) —a+3]. 

Here  if  s  =  1 ,  tii?  =  — -^  :  but  if  s  be  diminisked  with- 

out  limit,  «;  =  |5 ;  if  it  be  augmented  without  limit,  then  will 
^{s^  +  lOs-{^9)  approach  indefinitely  near  to  5+5,  and  con- 
sequently w  .==■  2s,  Whence  the  truth  of  the  proposition  is 
manifest. 

PROPOSITION  IX. 

'  Let  (p  denote  the  absolute  effvrt  of  any  moving  force,  when  it  has 

no  velocity  ;  and  suppose  it  not  capable  of  any_  effort  when  the 

velocity  is  w  ;  let  f  be  the  ^ort  answering  to  the  velocity  v  ; 

'-'  -    '  I                         V  ■ 
theuy  if  the  force  be  uniform^  f  will  be  =  <p  {1 y. 

For  it  is  the  difference  between  the  velocities  w  and  v 
which  is  efficient,  and  the  action,  being  constant,  will  vary  as 
the  square  of  the  efficient  velocity.  Hence  we  shall  have  this 
analogy,  <p  :  F  :  :  (w--0)2   :  (w— v)^   :  consequently,  f  = 

W  — V  V 

^^    w     "^       ^       w' 

Though  the  pressure  of  an  animal  is  not  actually  uniform 
during  the  whole  time  of  its  action,  yet  it  is  nearly  so  :  so 
that  in  general  we  may  adopt  this  hypothesis  in  order  to  ap- 
proximate to  the  true  nature  of  animal  action.  On  which 
supposition  the  preceding  prop,  as  well  as  the  remaining  pne, 
in  this  chapter  will  apply  to  animal  exertion. 

Va/<P 
Cor.  Retaining  the  same  notation,  we  have  w  =  — ->i— l^ — 

This,  applied  to  the  motion  of  animals,  gives  this  theorem : 
The  utmost  velocity  with  which  an  animal  not  impeded  can  move ^ 
is  to  the  velocity  with  which  if  moves  when  impeded  by  a  given 
resistance,  as  the  square  root  of  its  absolute  force,  to  the  differ'- 
ence  of  the  square  roots  of  its  absolute  and  efficient  forces, 

PROPOSITION  X. 
To  investigate  expressions  by  means  of  which  the  maximum  ef- 
fect in  machines  whose  motion  is  uniform,  may  be  determined, 

I.  It  follows  from  the  observations  made  in  art.  1  and  the. 
definitions  in  this  chapter,  that  when  a  machine,  whether 
simple  or  compound,  is  put  into  motion,  the  velocities  of  the 

impelled 
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impelled  and  working  points,  are  inversely  as  the  forces  which 
Sire  in  equilibrio,  when  applied  to  those  points  in  the  "direc- 
tion of  their  motion.  Consequently,  if/ denote  the  resistance 
when  reduced  to  the  working  point,  and  v  its  velocity;  while 
F  and  V  denote  the  force  acting  at  the  impelled  point,  and  its 
velocity ;  we  shall  have  fv  =  foy  or  introducing  t  the  time, 
FV^  ^fot.  Hence,  m  all  working  machines  which  have  acquire 
ed  a  uniform  motion^  the  performance  of  the  machine  is  equal  to 
the  momentum  of  impulse* 

II.  Let  F  be  the  effort  of  a  force  on  the  impelled  point  of 

a  machine  when  it  moves  with  the  velocity  v,  the  velocity 

being  w  when  f  =  0,  and  let  the  relative  velocity  w— v=w. 

w  — •  v 
Then  since  (prop,  ix)  f  =  4*  (  — — )^,  the  momentum  of  im- 

u  u^  ' 

pulse  FV  will  become  v^  ( — y  ==  ^  .  —  (w  —  u)  ;   because 

v=w-— w.  Making  this  expression  for  fv  a  maximum, 
or,  suppressing  the  constant  quantities,  and  making  w^^w  —  w) 
a, max.  or  its  flux.  ==  0,  when  w  is  variable,  we  find  2w  ==  3w, 
OTU  =  fw.  '.  Whence  v  =  w— -w^w— |>v=^w; 

Consequently,  when  the  ratio  of  v  to  v  is  given^  hy  the  con^ 
^ruction  of  the  machine  ^  and  the  resistance  is  susceptible  of  va- 
riation, we  must  load  the  machine  more  or  less  till  the  velocity  of 
the  impelled  point,  is  one-third  of  the  greatest  velocity  of  the 
force ;  then  will  the  work  done  he  a.maximutn, 

Or^  the  work  done  by  an  animal  is  greatest,  when  the  velocity 
with  which  it  moves,  is  one'third  of  the  greatest  velocity  with 
which  it  is  capable  of  moving  when  not  impeded. 

III.  Since  F=<p- — =^f^ — -)  =i<p,  in  the  case  of  the 

maximum  we  have  fv  =  f^y  ==  f^|  w  =  g^^w,  for  the 
momentum  of  impulse,  or  for  the  work  done,  when  the  ma- 
chine is  in  its  best  state.  Consequently^  when  the  resistance 
is  a  given  quantity,  we  must  make  v  :  v  :  :  9/*  :  4$  ;  and  this 
structure  of  the  machine  will  give  the  maximuyn  effect  =  ^^^pw. 

IV.  If  we  enquire  the  greatest  effect  on  the  supposition 
that  ^  only  is  variable,  we  must  make  it  infinite  in  the  above 
expression  for  the  work  done,  which  would  then  become 

V  V 

WF,  orw-/orw-  /]f,   including  the  time  in  the  formula. 

Hence  we  see,  that  the  sum  of  the  agents  employed  tamove  a 
machine  may  be  infinite,  while  the  effect  is  finite  :  for  the  varia- 
tions of  (p,  which  are  proportional  to;  this  sum,  do  not  influ- 
ence the  above  expression  for  the  effect. 

Scholium^ 
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'  Sckolium. 

The  propositions  now  delivered  contain  the  most  material 
principles  in  the  theory  of  machines.  The  manner  of  apply- 
ing several  of  them  is  very  obvious :  the  application  of  some, 
being  less  manifest,  may  be  briefly  illustrated,  and  the  chapter 
concluded  with  two  or  three  observations. 

The  last  theorem  may  be  applied  to  the  action  of  men  and 
of  horses  with  more  accuracy  than  might  at  first  be  suppos- 
ed. Observations  have  been  made  on  men  and  horses  draw- 
ing a  lighter  along  a  canal,  and  working  several  days  together. 
The  force  exerted  was  measured  by  the  curvature  and  weight 
of  the  track- rope,  and  afterwards  by  a  spring  steelyard.  The 
product  of  the  force  thus  ascertained,  into  the  velocity  per  hour, 
was  considered  as  the  momentum.  In  this  way  the  action  of  men 
was  found  to  be  very  nearly  as  (w  — v)^  :  the  action  of  horses 
loaded  so  as  not  to  be  able  to  trot  was  nearly  as  (w- v)  i*^, 

or  as  (w— v)5.  Hence  the  hypothesis  we  have  adopted  may 
in  many  cases  be  safely  assumed. 

According  to  the  best  observations,  the  foi'ce  of  a  man  at 
rest  is  on  the  average  about  TO  pounds  ;  and  the  utmost  velo- 
city with  which  he  can  walk  is  about  6  feet  per  second,  taken 
at  a  medium.  Hence,  in  our  theorems,  4>  =  70,  and  w  =^  6. 
Consequently  f=|-  <p=Sl  i  lbs.  the  greatest  force  a  man  can 
exert  when  in  motion  :  and  he  will  then  move  at  the  rate  of 
Xw,  or  2  feet  per  second,  or  rather  less  than  a  mile  and  a  half 
per  hour. 

The  strength  of  a  horse  is  generally  reckoned  about  6  times 
that  of  a  man  ;  that  is,  nearly  420lbs.  at  a  dead  pull.  His  ut- 
most walking  velocity  is  about  10  feet  per  second.  Therefore 
his  maximum  action  will  be  -|  of  420—  186|lbs.  and  he  will 
then  move  at  the  rate  of  ^  of  10,  or  3^  feet  per  second,  or 
nearly  2^  miles  per  hour.  In  both  these  instances  we  sup- 
pose the  force  to  be  exerted  in  drawing  a.weight  along  a  ho- 
rizontal platie  ;  or  by  raising  a  weigbt  by  a  cord  running  over 
a  pulley,  which  makes  its  direction  horizontal. 

2.  The  theorems  just  given  may  serve  to  show,  in  what 
points  of  view  machines  ought  to  be  considered,  by  those  who 
would  labour  beneficially  for  their  improvement. 

The  first  object  of  the  utility  of  machines  consists  in  fur- 
nishing the  means  of  giving  to  the  moving  force  the  most  com- 
modius  direction ;  and,  when  it  can  be  done,  of  causing  its 
action  to  be  applied  immediately  to  the  body  to  be  moved. 
These  can  rarely  be  united  :  but  the  former  can  be  accom- 
plished in  most  instances  5  of  which  the  use  of  the  simple 

lever 
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lever,  pulley,  and  wheel  and  axle,  furnish  many  examples. 
The  second  object  gained  by  the  use  of  machines ^  is  an  ac- 
commodation of  the  velocity  of  the  work  to  be  performed^  to  the 
velocitywith  which  alone  a  naturalpower  can  act.  Thus  when- 
ever the  natural  power  acts  with  a  certain  velocity  which  can- 
not be  changed,  and  the  work  must  be  performed  with  a  great- 
er velocity,  a  machine  is  interposed  moveable  round  a  fixed 
support,  and  the  distances  of  the  impelled  and  working  points 
are  taken  in  the  proportion  df  the  two  given  velocities. 

But  the  essential  advantage  of  machines,  that,  in  fact,  which 
properly  appertains  to  the  theory  of  mechiinics,  consists  in 
augmenting,  or  rather  in  modifying,  the  energy  of  the  mov- 
ing power,  in  such  manner  that  it  may  produce  effects  of 
which  it  would  have  been  otherwise  incapable.  Thus  a  man 
might  carry  up  a  flight  of  steps  20  pieces  of  stone,  each 
weighing  30  pounds  (one  by  one)  in  as  small  a  time  as  he  could 
(with  the  same  labour)  raise  them  all  together  by  a  piece  of 
machinery,  that  would  have  the  velocities  of  the  impelled  and 
working  points  as  J^O  to  1;  and  in  this  case,  the  instrument 
would  furnish  no  real  advantage,  except  that  of  saving  his 
steps.  But  if  a  large  block  of  20  times  30,  or  600lbs.  weight 
were  to  be  raised  to  the  same  height^it  would  far  surpass  the 
utmost  efforts  of  the  man,  without  the  intervention  of  some 
Sttch  contrivance. 

The  same  purpose  may  be  illustrated  somewhat  differently  ; 
confining  the  attention  all  along  to  machines  whose  motion  is 
uniform.  The  product/t?  represents,  during  the  unit  of  time, 
the  effect  which  resnlts  from  the  motion  of  the  resistance  ; 
this  motion  being  produced  in  any  manner  whatever.  If  it  be 
produced  by  applying  the  moving  force  immediately  to  the 
resistance,  it  is  necessary  not  only  that  the  products  fv  atidfv 
should  be  equal ;  but  that  at  the  same  time  f==/,  and  v  ==v  : 
if,  therefore,  as  most  frequently  happens,/ be  greater  than  f, 
it  will  be  absolutely  impossible  to  put  the  resistance  in  motion 
by  applying  the  moving  force  immediately  to  it.  Now  ma- 
chines furnish  the  means  of  disposing  the  product  fv  in  such 
a  manner  that  it  may  always  be  equal  to  fv,  however  much 
the  factors  of  fv  may  differ  from  the  analogous  factors  infv  ; 
and,  consequently,  of  putting  the  system  in  motion,  whatever 
is  the  excess  of/  over  f. 

Or,  generally,  as  M.  Prony  remarks  (Archi.  HydrauL  art. 
504),  machines  enable  us  to  dispose  the  factors  of  Fvt  in  such 
a  manner,  that  while  that  product  continues  the  same,  its  fac- 
tors  may  have  to  each  other  any  ratio  we  desire.  If,  for  in- 
stance, time  be  precious,  the  effect  must  be  produced  in  a  very 
'  short 
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short  time  and  yet  we  should  have  at  command  a  force  capa- 
ble of  little  velocity  but  of  great  effort,  a  machine  mast  be 
found  to  supply  the  velocity  necessary  for  the  intensity  of  the 
Ibrce  :  if,  on  the  contrary,  the  mechanist  has  only  a  weak  pow- 
er at  his  disposition,  but  capable  of  a  great  velocity,  a  machine, 
must  be  adopted  that  will  compensate,  by  the  velocity  the 
agent  can  communicate  to  it,  for  the  force  wanted  :  lastly,  if 
the  agent  is  capable  neither  of  great  effort,  nor  of  great  velo- 
city, a  convenieut  machine  may  still  enable  him  to  accomplish 
the  effect  desired,  and  make  the  product  FVt  of  force,  veloci- 
ty and  time,  as  great  as  is  requisite.  Thus,  to  give  another 
example:  Suppose  that  a  man  exerting  his  strength  imme- 
diately on  a  mass  of  25  lbs,  pan  raise  it  vertically  with  a  velo- 
city of  4  feet  per  second  ;  the  satne  man  acting  on  a  mass  of 
1000  lbs.  cannot  give  it  any  vertical  motion  though  he  exerts 
his  utmost  strength  unless  he  has  recourse  to  some  machine. 
Now  he  is  capable  of  producing  an  effect  equal  to  26  X  4  X 
t:  the  letter  ^  being  introduced  because,  if  the  labour  is  con- 
tinued the  value  of^  will  not  be  indefinite^  but  comprised 
within  assignable  limits.  Thus  we  have  25  X  4  X  ^  =  1000 
yCvxt ;  and  consequently  v  =  -f^  of  a  foot.  This  man  may 
therefore  with  alnachine,  as  a  lever,  or  axis  in  peritrochio, 
cause  a  mass  of  1000  lbs  to  raise  ^V  of  a  foot,  in  the  same  time 
that  he  could  raise  25  lbs.  4  feet  without  a  machine  ;  or  he 
may  raise  the  greater  weight  as  far  as  the  less,  by  employing 
40  times  as  much  time. 

From  what  has  been  said  on  the  extent  of  the  effects  which 
may  be  attained  by  machines,  it  will  be  seen  that,  so  long  as 
a  moving  force  exercises  a  determinate  effort,  with  a  velocity 
also  determinate,  or  so  long  as  the  product  of  these  is  con- 
stant, the  effect  of  the  machine  will  remain  the  same  :  thus, 
under  this  point  of  view,  supposing  the  preponderance  of  the 
effort  of  the  moving  power,  and  abstracting  from  inertia  and 
friction  of  materials,  the  convenience  of  application,  &c.  all 
machines  are  equally  perfect.  But  from  what  has  been 
shown,  (props.  9,  10)  a  moving  force  may,  by  diminishing 
its  velocity,  augment  its  effort  and  reciprocally.  There  is 
therefore  a  certain  effort,  of  the  moving  force,  such  that  its 
product  by  the  velocity  which  comports  to  that  effort,  is  the 
greatest  possible.  Admitting  the  truth  of  the  law  assumed 
in  the  propositions  just  referred  to,  we  have,  when  the  effect 
is  a  maximum,  v  =  Jw,  or  p=  f  ^ ;  and  these  two  values 
obtaining  together,  their  product  2% ^w  expresses  the  value 
of  the  greatest  effect  with  respect  to  the  unit  of  time.  In 
practice  it  will  always  be  adviseable  to  approach  as  nearly  to 
these  values  as  circumstances  will  admit ;  for  it  cannot  be 

expected 
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expiected  that  they  can  always  be.  exactly  attained.  But  a 
small  variation  will  not  6e  of  much  consequence  :  for,  by.  a 
well  known  property  of  those  quantities  which  admit  of  a 
proper  maximum  and  minimum,  a  value  assumed  at  a  mode- 
pate  distance  from  either  of  these  extremes  will  produce  no 
sensible  change  in  the  effect. 

If  the  relation  of  f  to  v  followed  any  other  law  than  that 
which  we  have  assumed,  we  should  find  from  the  expression 
pf  that  law  values  of  f,  v,  &c,  different  from  the  preceding. 
The  general  method  however  would  be  nearly  the  same. 

With  respect  to  practice,  the  grand  object  in  all  cases 
should  be  to  procure  a  uniform  motion,  because  it  is  that  from 
which  {c(Bteris  paribus)  >  the  greatest  effect  always  results . 
Every  irregularity  in  the  motion  wastes  some  of  the  impelling 
power :  and  it  is  the  greatest  only  of  the  varying  velocities 
which  is  equal  to  that  which  the  machine  would  acquire  if  it 
moved  uniformly  throughout :  for,  while. the  motion  accele- 
rates, the  impelling  force  is  greater  than  what  balancesthe  re- 
sistance at  that  time  opposed  to  it,  and  the  velocity  is  less  than 
what  the  machine  would  acquire  if  moving  uniformly ;  and 
when  the  machine  attains  its  greatest  velocity,  it  attains  it  be- 
cause the  power  is  not  then  acting  against  the  whole  resistance. 
In  both  these  situations  therefore,  the  performance  of  the  ma- 
chine is  less  than  if  the  power  and  resistance  were  exactly 
balanced  ;  in  which  case  it  would  move  uniformly  (art.  1.) 
Besides  this,  when  the  motion  of  a  machine,  and  particularly 
a  very  ponderous  one,  is  irregular,  there  are  continual  repeti- 
tions of  strains  and  jolts  which  soon  derange  and  ultimately 
destroy  the  whole  structure.  Every  attention  should  there- 
fore be  paid  to  the  removal  of  all  causes  of  irregularity. 


PRESSURE  OF  EARTH  AND  FLUIDS  AGAINST  WALLS 
AND  FORTIFICATIONS,  THEORY  OF  MAGAZINES, 

&c. 

PROBLEM  I. 

To  determine  the  Pressure  of  Earth  against  Walls, 

When  new  made  earth,  such  as  is  ;used  in  forming  ram- 
parts, &c  is  not  supported  by  a  wall  as  a  ikan^,  or  by  coun- 
terforts and  iand-ties,  &c.  but  left  to  the  actioi:)  of  its  weight 
and  the  weather ;  the  particles  loosen  and  sepsirate  from  each 

other. 
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other,  and  form  a  sloping  surface,  nearly  regular ;  which 
plane  surface  is  called  the  natural  slope  of  the  earth  ;  and  is 
supposed  to  have  always  the  same  inclination  or  deviation 
from  the  perpendicular,  in  the  same  kind  of  Soil.  In  com- 
mon earth  or  mould,  being  a  mixture  of  all  sorts  thrown  to- 
gether, the  natural  slope  is  conamonly  at  about  half  a  right 
^gle,  or  43  degrees  ;  but  clay  and  stiff  loam  stands  at  a  greater 
angle  above  the  horizon,  while  sand  and  light  mould  will  only 
stand  at  a  much  less  angle.  The  engineer  or  builder  must 
therefore  adapt  his  calculations  acoordingly. 

Now,  we  have  already  given,  (at  prop.  46  Statics)  the 
general  theory  and  determination  of  the  force  with  which 
the  triangle  of  earth  (which  would  slip  down  if  not  sup- 
ported) presses  against  the  wall  on  the  ^  -g  /  ■:.  A.  Q 
most  unexceptional   principles,  acting     V    biii^;     ,  ' 

perpendicularly  against  ae  at  e^  or  ^  of  \k/ 

the  altitude  AE  above  the  foundation  at  -     iif^^^ 
e;  the  expression  for  which  force  was       Ij        j 

there  found  to  be— -^— w ;  where  m 

denotes  the  specific  gravity  of  the  earth  of  the  triangle  abe.— 
It  may  be  remarked  that  this  was  deduced  from  using  the  area 
only  of  the  profile,  or  transverse  triangular  section  abe,  in- 
stead of  the  prismatic  solid  of  any  given  length,  having  that 
triangle  for  its  base.  And  the  same  thing  is  <ldne  in  determin- 
ing the  power  of  the  wall  to  support  the  earth,  viz,  using  only 
its  prpfile  or  transverse  section  in  the  same  plane  or  direction 
as  the  triangle  ABE.  This  it  is  evident  will  produce  the  same 
result  as  the  solids  themselves,  since,  being  both  of  the  same 
given  lengA,  these  have  the  same  ratio  as  their  transverse 
sections. 

In  addition  to  this  determination,  we  may  here  further  ob- 
serve that  this  pressure  ought  to  diminish  in  proportion  to  the 
cohesion  of  the  matter  in  sliding  down  the  inclined  plane  be. 
Now  it  has  been  found  by  experiments,  that  a  body  requires 
about  one-third  of  its  weight  to  rij^ve  it  along  a  plane  surface. 
The  above  expression  must  therefore  be  reduced  in  the  ratio 

of  3  to  2  ;  by  which  means  it  becomes^^  — ~m  for  the  true 

■  ■■  9be2  ■ 
practical  efficacious  pressure  of  the  earth  against  the  wall, 

Si^^^^^—*  which  occurs  in  this  expression  of  the  force  of 

the  earth,  is  equal  to  the  sine  of  the  z.  aeb  to  the  radius  1 , 

put  the  sine  of  that  Z  E==  e ;  also  put  a==AE  the  altitude 

of  the  triangle;  then  the  above  expression  of  the  force,  viz. 

^^^*  I^*  56  AE^  .  abs 


Hosted  by  Google 


434         PRESSURE,  OF  EARTH  AND  FLUIDS 

-— -^— fTi,  becomes  JctSc^ni,  for  tbe  perpendicular  pressure 

of  the  earth  against  the  wall.  AntI  if  that  angle  be  46*=^,  as  is 
usually  the* case  in  common  earth,  then  is  e^  f=^,  and  the 
pressure  becomes  y'ja^m. 

PROBLEM  n. 
^    To  determine  the  Thickness  of  Wall  to  support  (he  Earth. 

In  the  first  place  suppose  the  section 
of  the  wall  to  be  a  rectangle,  or  equally 
thick  at  top  and*  bottom,  and  of  the  same 
height  as  the  rampart  of  earth,  hke*AEFG 
in  the  annexed  figure.  Conceive  the 
weight  w,  proportional  to  the  areaGE, 
to  be  appended  to  the  base  directly  be- 
low the  centre  of  gravity  of  the  figure.  Now  the  pressure  of 
the  earth  determined  in  the  first  problem,  being  in  a  direction 
parallel  to  ag,  to  cause  the  wall  to  overset  and  turn  back 
about  the  point  f,  the  effort  of  the  wall  to  oppose  that  effect, 
will  be  the  weight  w  drawn  into  fn,  the  length  of  the  lever 
by  which  it  acts,  that  is  w  X  fn,  or  aefg  X  f  n  in  general, 
whatever  be  the  figure  of  the  wall. 

But  now  in  case  of  the  rectangular  figure,,  the  area  ge=ae 
X  ef=  axy  putting  a  ==  ae  the  altitude  as  before,  and  a;  ==  ef 
the  required  thickness  ;  also  in  this  case  fn  =  |ef  ==  Ja;,  the 
centre  of  gravity  being  in  the  middle  of  the  rectanglei  Hence 
then  ao?  X  |a?=^a:c^,  or  rather  ^aa727^  is  the  effort  of  the 
wall  to  prevent  its  being  overturned,  n  denoting  the  specific 
gravity  of  the  wail. 

Now  to  make  this  effort  a  due  balance  to  the  pressure  of 
the  earth,  we  put  the  two  opposing  forces  equal  that,  is 
xax^n==  ^a^e^m,  or  Jx^w  ==  ^a^e^w,  an  equation  which  gives 

a;=iacA/ — ,  for  the  requisite  thickness  of  the  wall,  just  to 

/^    y^    n  '■■■/■ 

sustain  it  in  equilibrio- 

CoroL  1.  The  fa^ctor  ae,  in  this  expression,  is  ==  the  line 
AQ  drawn  jperp.  to  the  slope  of  earth  be:  theref.  the  breadth 

2m 
X  becomes  ==  -J-a^  ^  — .,  which  conseq.  is  directly  propor- 

n 

tional  to  the  perp.  AQ,.—- When  the  angle  at  e  is  =  45^,  or 
half  a  right  angle,  as  is  commonly  the  case,  its  sine  e  is  ==  ^  J, 

and  the  breadth  of  the  wall  a;  =  ia-t/—.   Further^  when  the 

wiall  Is  of  brick,  its  specific  gravity  is  nearly  the  same  as 
the  earth,  or  m==n,  and  then  its  thickness  T=icfc,  or  one-third 
of  its  height.— But  when  the  wall  is  of  stone,  of  the  specific 

gravity 
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gravity  2i,  that  of  earth  heing  nearly  2,  that  is,  m==  2,  and 

n=2x  ;  4hen  ^— = ^  |  ==  -895,  i  of  which  is  -298,  and  the 

hreadth  a;=-298u=y»^a  nearly.     That  is,  the  thickness  of  the 
stone  wall  must  be  f*^  of  its  height. 

PROBLEM  III. 

To  determine  the  Thickness  of  the  Wall  at  the  Bottom,  when 
its  Section  is  a  Triangle,  or  coming  to  an  Edge  at  Top, 

In  this  case,  the  area  of  the  ysrall  aef    q   ^  ^ 

is  only  half  of  What  it  was  before,  or 
only  iAE  Xef  ==  ^ax,  and  the  weight 
w=ld3sn.  But  now,  the  centre  of  gra- 
vity is  at  only  |  of  fe  from  the  line  ae, 
orFN^fFE=|a;  ~ 
Xw=|rrX 


Gonsequently  fm 


_axn=^^ax''n.  This,  as  be- 
fore, being  put  =  the  pressure  of  the 
earth,  gives  the  equation iaaj2w==  i-a^ earn,  or  x^n  =  ^a^e^m, 

and  the  root  x,  or  thickness ef  =  ae  ^ -—  =  a^--  for  the 

^  3n  on 

slope  of  45°. 

Now  when  the  wall  is  of  brick,  or  m  =  w  nearly,  this  be- 
comes X  =  ^  ^/  i  ==  •408a  =  fa,  or  y%  of  the  height  nearly. 

But  when  the  wall  is  of  stone,  or  m  to  n  as  2  to  2^,  then 

-i/-—  a/=^ J>  ai^^  the  thickness  a;  or  a  ^  --=  a  ^  ^2   =  .365© 
^  n   ^  ^  ^  K>n        ^   ** 

=|a  nearly,  or  nearly  f  of  the  height. 

PROBLEM  IV: 
To  determine  the  Thickness  of  the  Wall  at  the  top,  when  tjie  Face 
is' not  Perpendicular,  but  Inclined  as  the  Front  of  a  Fortifica- 
tion Wall  usually  is. 
Here  gf  represents  the  outer  face  of 
a  fort,  AEFG  the  profile  ofl;he  wall,  hav- 
ing AG  the  thickness  at  top,  and  EF  that 
at  the  bottom.     Draw  gh  prep,  to  ef  ; 
and  conceive  the  two  weights  w,  Wyio  be 
suspended  from  the  centres  of  gravity 
of  the  rectangle  ah  and  the  tri  angle  gh  f  , 
and  to  be  proportional  to  their  areas 
respectively.     Then  the  two  momenta  of  the  weights  w,  ta?, 
acting  by  the  levers  fn,  fm,  must  be  made  equal  to  the  pres- 
sure of  the  earth  in  the  direction  prep,  to  ae. 

Now  put  the  required  thickness  ag  ot  eh  =0;,  and  the 
altitude  ae  or  gh  ==  a  as  before.  And  because  in  such  cases 
the  slope  of  the  wall  is  usually  made  equal  to  |  of  its  altitude, 

that 
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that  iai  fh  tr^l  ae  or  Ja^  the^ver  fm  will  be  |  of  |a  =  ^a, 
and  the  lever  fn  =  fh  +  Jeh  =  ia  +  |rr.  Biit  the  area 
of  GHF  «=  GH  X  JHF  i==  a  X  yV  ^  ^  tV  ^^  ~  '^9  ^^^  t6e  aica 
AB  ==^  AB  X  AG  3=  flx  ==w  ;  these  two  drawn  into  the  re- 
gpective  levers  fm,  fn,  give  the  two  momenta,  ^-.aw  =  f*5aX 
jj^o*  ==  ^^a?,  and  (|fl  +  i^?)  X  oar  =  ^a^x  +^aa?2  ;  theref> 
the  sum  of  the  two,  (Icx^^+la^a-f-^V^^)^  ™"s^  he  =  y'^a^m 

^   ■   '  jfw 

or  dividing  by  Ja»,  »2  -|-  ^ax  +  ^;ja3  =  ^a^  X  — ;  now  add- 

fi . 

ing  if^a^  to  both  sides  to  complete  the  square,  the  equation 
becomes  a;3  +|«t»  + 2V«^  «=ia3  .—4.^03,  the  root  of  which 

is  a;+ia= V  UV  +  £)»  and  hence  x  =  n  ^  (J^+  ^)-ia. 

And  the  base  EE  =  av' (2V  +  9~)* 

Now,  for  a  brick  wall,  m  =  a  nearly,  and  then  the  breadth 
a;  =  a  y'  (Jj  +  0  —  Ja  =^50^  34  —  Ja  ==  189fl,  or  almost 

la  in  brick  walls.r— But  the  stone  walls,  —  ==4,  and  a;  =  a  */ 
*  71  ^ 

(^j+4*t)  -  4«— tV^v^29-.  Ja  -ISSa  ==  ^^o  nearly,  for  the 
thickness  ag  at  the  top,  in  stone  walls. 

In  the  same  mannjer  we  maiy  proceed  when  the  slope  is 
supposed  to  be  any  other  part  of  the  altitude,  instead  of  j  as 
used  above.    Qr  a  general  solution  might  be  given^  by  assum- 
-,  1  ^     ■  ■■  . 

ing  the  thickness  =- part  of  the  altitude. 

REMARK. 

Thus  then  we  have  given  all  the  calculations  that  may  be 
necessary  in  determining  the  thickness  of  a  wall,  proper  to 
support  the  rampart  or  body  of  earth,  in  any  work.  If  it 
should  be  objected,  that  our  determination  gives  only  such  a 
thickness  of  wall«  as  niakes  it  an  exact  mechanical  balance  to 
the  pressure  or  push  of  the  earth,  instead  of  giving  the 
former  a  decided  preponderance  over  the  latter,  as  a  security 
against  any  failure  or  accidents.  To  this  we  answer,  that 
what  has  been  done  is  sufficient  to  insure  stability,  for  the 
following  reasons  and  circumstances.  First,  it  is  usual  to 
build  severd  counterforts  of  masonry,  behind  and  against  the 
wall,  atcertaindistances  or  intervals  from  one  another;  which 
contribute  very  much  to  strengthen  the  wall,  and,  to  resist  the 
pressure  of  the  rampart.  2dly.  We  have  omitted  to  include 
the  effect  of  the  parapet  raised  above  the  wall ;  which  must 
add  somewhat,  by  its  weight,  to  the  force  or  resistance  of  the 

wall. 
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wall.  It  is  true  w6  could  have  brought  these  two  auxiliaries 
to  exact  calculation,  as  easily  as  we  have  done  for  the  wall 
itself:  but  we  have  thought  it  aa  well  to  leave  these  two  ap- 
pendages, thrown  in  as  indeterminate  additions,  above  the 
exact  balance  of  the  wall  as  before  determined,  to  give  it  an 
assured  stability.  Besides  these  advantages  in  the  wair itself, 
certain  contrivances  are  also  usually  employed  to  diminish  the 
pressure  of  the  earth  against  it :  such  as  land-ties  and  branches, 
laid  in  the  earth,  to  diminish  its  force  and  push  against  the 
wall.  For  all  these  reasons  then,  we  think  the  practice  of 
making  the  wall  of  the  thickness  as  assigned  by  our  theory, 
may  be  safely  depended  on,  and  profitably  adopted  ;  as  the 
additional  circumstances,  just  mentioned,  will  sufficiently  in- 
sure stability  ;  and  its  expense  will  be  less  than  is  incurred 
by  any  former  theory. 

PROBLEM  V, 

To  Determine  the  Quantify  of  Pressure  sustained  by  a  Dam  or 
Sluice,  made  to  pen  up  a  Body  of  Water. 

By  art.  313  Hydrostatics,  (in  this  volume)  the  pressure  of 
a  fluid  against  any  upright  surface,  as  the  gate  of  a  sluice  or 
canal,  is  equal  to  half  the  weight  of  a  column  of  the  fluid, 
whose  base  is  equal  to  the  surface  pressed,  and  its  altitude 
the  same  as  that  of  the  surface.  Gr,  by  art.  314  of  the  same, 
the  pressure  is  equal  to  the  weight  of  a  column  of  the  fluid, 
whose  base  is  equal  to  the  surface  pressedyand  its  altitude 
equal  to  the  depth  of  the  centre  of  gravity  below  the  top  or 
surface  of  the  water ;  which  comes  to  the  same  thing  as  the 
former  article,  when  the  surface  pressed  is  a  rectangle,  be- 
jcauseits  centre  of  gravity  is  at  half  the  depth. 

Ex,  1.  Suppose  the  dam  or  sluice  be  a  rectangle  whose 
length,  or  breadth  of  the  canal,  is  20  feet,  and  the  depth  of 
water  6  feet.  Here  20  X 6=  1 20  feet,  is  the  area  of  the  sur- 
face pressed  ;  and  the  depth  of  the  centre  of  gravity  being  3 
feet,  viz.  at  the  middle  of  the  rectangle  ;  therefore  120x3= 
360  cubic  feet  is  the  content  of  the  column  of  water.  But 
each  cubic  foot  of  water  weighs  1000  ounces,  or  6%  pounds  ; 
therefore  360X1000  =  360000  ounces,  22600  pounds,  or  10 
tons  and  lOOlb.  is  the  weight  of  the  Column  of  water,  or  the 
quantity  of  pressure  on  the  gate  or  dam. 

Ex.  2.  Suppose  the  breadth  of  a  canal  at  the  top,  or  sur- 
face of  the  water,  to  be  24  feet,  but  at  the  bottom  only  16 
fG^i^  the  depth  of  water  being  6  feet,  as  in  the  last  example  : 
required  the  pressure  on  a  gate  which,  standing  across  the 
canal,  dams  the  water  up  ? 

Here 
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0ere  the  gate  is  iti  form  of  a  trapezoid, 
baving  the  two  parallel  sides  ab,  gd,  viz.  ab  ^ 
=24,  and  CD= 16,  and  depth  6  feet.  Now, 
by  me nsarat J on  probl em  3 ,  volume  1 ,  i 
(ab+ci>)  X  6,  —  20  X  6  =  120  the  area  of 
the  sluice,  the  same  as  before  in  the  1st  ex- 
ample :  but  the  centre  of  gravity  cannot  be 
so  low  down  as  before,  because  the  figure  is 
wideir  above  arid  narrower  below,  the  whole 
depth  being  the  same;         ,  "i 

Now,  to  determine  the  centre  of  gravity 
K  of  the  trapezoids  AD,  produce  the  two  sides 
AC,  Bp,  till  they  meet  in  g  ;  also  draw  gke  and 
CH  perp.  to  AB  :  then  ah  :  en  :  :  ae  :  ge,  that  is,  4 :  6  :  :  12  : 
18=GE  ;  and  ef  being  =:6,theref.  fg=12.  Now,  by  Statics 
art.  229,  EF=6=iEG  gives  f  the  centre  of  gravity  of  the  tri- 
angle ABG,  and  Fi=4=iFG  gives  i  the  centre  of  gravity  of  the 
triangle  cdg.  Then  assuming  k  to  denote  the  centre  of  ad, 
it  will  be,  by  art.  212  this  vol.  as  the  trap,  ad  :  A  cdg  :  :  if  : 
FK,  or  A  ABC  —  A  CDG  :  A  CDG  :  :  if  :  fk,  or  by  theor.  88 
Georri.  ge3-.gf2  :  gf^  :  :  if  :  fk,  thatis  182  —  122  to  12^  or 
32  _^2  to  22  or  5  :  4  :  :  if=4  :  i^=i:3i=PK ;  and  hence <ek 
=6-^  3i  2==  2f  =  1/  is  the  distance  of  the  centre  k  below  the 
surface  of  the  water.  This  drawn  into  120  the  area  of  the 
dam-gate,  gives  336  cubic  feet  of  water  =  the  pressure,  == 
336000  ounces  =  21000  pounds  =  9  tons  801b.  the  quaUtity 
of  pressure  against  the  gate,  as  required,  being  a  15th  part  less 
than  in  the  first  case. 

Eir.  3.  Find  the  quantity  of  pressure  against  a  dam  or 
sluice,  across  a  canal,  which  is  20  feet  wide  at  top,  14  at  bot- 
tom, and  8  feet  depth  of  water  ? 

PROBLEM  VI.  .       . 

To  determine  the  Strongest  Angle  of  Position  of  a  Pair  of  Gates 
for  th6  Lock  on  a  Canal  or  River, , 

Let  AC,  Bc  be  the  two  gates,  meet-  D 

ing  in   the    angle   c,    projecting   out  Q,..'-"*\ 

against  the  pressure  of  the  water,  ab  y^ 

being  the  breadth  of  the  canal  or  river. 

Now  the  pressure  of  the  water  on  a  

gate  AC,  is  as  the  quantity,  or  as  the     A.  E  B 

extent  or  length  of  it>Ac._  And  the  mechanical  effect  of  that 
pressure,  is  as  the  length  of  lever  to  the  middle  of  ac,  or  as 
AC  itself.  On  both  these  accounts  then  the  pressure  is  as 
Ac3.  Therefore  the  resistance  or  the  strength  of  the  gate 
must  be  as  the  reciprocal  of  this  ac2  , 

Now 
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Now  produce  ag  to  meet  bd,  prep,  to  it,  in  d  ;  and  draw 
CE  to  bisect  AB  perpendicularly  in  e  ;  tben,  by  similar  trian- 
gles, as  AC  :  AE  : :  ab  :  ad  ;  where,  ae  and  ab  being  given 
lengths,  AD  is  reciprocally  as  ac,  or  ad^  reciprocally  as  ag^  ; 
that  is,  ad2  is  as  the  resistance  of  the  gate  ac.  But  the  re- 
sistance of  AC  is  increased  by  the  pressure  of  the  other  gate 
in  the  direction  bc*.  Now  the  force  in  bc  is  resolved  into  the 
two  BD,  DC  ;  the  latter  of  which,  dc,  being  ^parallel  to  ac,  has 
no  efiect  upon  it ;  but  the  former,  bd,  acts  perpendicularly  on 
it.  Therefore  the  whole  effective  strength  or  resistance  of 
the  gate  is  as  the  product  ad2  Xbd. 
■  If  now  there  be  put  ab  =  a,  and  bd  =  a;,  then  ad^  =  ab^ 
— bd3  =a2-.ac2  ;  conseq.  ad^  Xbd=(a2  —  x2)><a;=a2a;-a;3 
for  the  resistance  of  either  gate.  And,  if  we  would  have  this 
to  be  the  greatest,  or  the  resistance  a  maximum,  its  fluxion 
must  vanish,  or  be  equal  to  nothing  :  that  is,  a^jc-r^x^^^O ; 
hence  a2=3a:^,  and  x  =  av^^~|av^3==i-5773da,  the  nata^r^^^ 
sine  of  36^  16' ;  that  is,  the  strongest  position  for  the  lock 
gates,  is  when  they  make  the  angle  a  or  b  =35°  16V  or  the 
complemental  angle  ace  or  bce  =  54^  44',  or  the  whole  sa- 
lient angle  acb==  109«  28-. 

Scholium, 

Allied,  to  this  problem,  are  several  other  cases  in  mechan- 
ics, such  as,  the  action  of  the  water  on  the  rudder  of  a  ship,  in 
sailing,  to  turn  the  ship  abdut^  to  alter  her  course  -and  the 
action  of  the  wind  on  a  ship's  sails,  to  impel  her  forward,; 
also  the  action  of  water  on  the  wheels  of  water-mills,  and  of 

the  air  on  the  sails  of  wind-mills,  to  cause  them  to  turn  round. 

-* ' 
Thus,  for  instance,  let    ,i^^     '       ..        .  - 

■  ABC  bie"'  the  rudder  of  a    . ''  |||~  ■  .  ■       "/ 

ship  ABDE,  sailing  in  the         i|\______ -       '    / 

direction  bd, .the , rudder    '  ,  i ||||r^=r-— -  — i-rTn-~;j  " 

placed  in  the  oblique  po-         IFP'  \  ;I> 

sitionBc,  and  consequent-         ¥   1  - 

ly  striking  the  water  in  the        C    n  't 

direction  cf,  parallel  to  bd.     Draw  ef  prep,  to  bc,  and  eg 

prep,  to  CF.     Then  the  sine  of  ^e  angle  of  incidence,  of  the 

direction  of  the  stroke  of  the  rudder  against  the  water,  will 

be  BF,  to  the  radius  cf  ;  therefore  the  force  of  the  water 

against  the  rudder  will  be  as  bf^  ,  by  art.  3,  Mot.,  of  bod.  in 

Flui.  this  vol.     But  the  force  bf  resolves  into  the  two  bg,  gf, 

of  which  the  latter  is  parallel  to  the  ship's  motion,  and  there- 

*  T^ie  reasoning  in  this  and  in  two  following  sentences  does  not  appear  19  me 
to  be  tbunded  on  mechanical  principles. 

fore 
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fore  has  no  effect  to  chaise  it ;  but  the  former  bg,  being  prep, 
to  the  ship's  inotioQ,  is  the  only  part  of  the  force  to  turn  the 
$hip  about  and  change  her  course.    :But  bf  :  bg  :  :  of  :  cb, 

BC  .BF^  ,       /» 

therefore  CF  :  cb  :  :  bf*  :■ the  force  upon  the  rudder 

CF 

to  turn  the  ship  about. 

>  Now  put  a  =  OF,  Of  =.  BC  ;  then  bf*  =  a*  —•  x?,  and  the 

Bc  .  bf*       xfa^—x^)      a^x-^x^        '     ■      , 

force — ^=:-i — - — -  =  ,   ■    ■  • — ;  and,  to  have  this  a 

cF  a  a 

maximum,  its  flux,  must  be  made  to  vanish,  that  is,  a^x^Sx^ 

h  ==  0 ;  and  hence  a;  ==  «  ^Z  ^  =  bc  =  the  natural  sine  of  35** 

16'==  angle  F  ;  therefore  the  complemental  angle  c  =  64«  44' 

as  before,  for' the  obliquity  of  the  rudder,  when  it  is  most 

efficacidus. 

The  case  will  be  also  the  same  with  respect  to  the  wind 
acting  on  the  sails  of  a  wind-mill,  or  of  a  ship,  viz.  that  the 
sails  must  be  set  so  as  to  make  an  angle  of  64®  44'  with  the 
direction  of  the  wind  ;  at  least  at  the  beginning  of  the  motion, 
or  nearly  so  when  the  velocity  of  the  sail  is  but  small  in  com- 
parison with  that  of  the  wind  ;  but  when  the  former  is  pretty 
considerable  in  respect  of  the  latter,  then  the  angle  ought  to 
be  proportionally  greater,  to  have  the  best  effect,  as  shown  in 
Maclaurin's  Fluxions,  pa.  734,  &c. 

A  consideration  somewhat  related  to  the  same  also,  is  the 
greatest  effect  produced  on  a  mili-Wheel,  by  a  stream  of  water 
striking  upon  its  sails  or  float-boards.  The  proper  way  in 
this  case  seems  to  be,  to  consider  the  whole  of  the  water  a^ 
acting  on  the  wheel  but  striking  it  only  with  the  relative  ve- 
locity, or  the  velocity  with  which  the  water  overtakes  an d- 
strikes  upon  the  wheel  in  motion,  or  the  difference  between 
the  velocities  of  the  wheel  and  the  stream.  This  then  is  the 
power  or  force  of  the  water  ;  which  multiplied  by  the  velo- 
city of  the  wheel,  the  product  of  the  two,  viz.  of  the  relative 
velocity  and  the  absolute  velocity  of  the  wheel,  that  is  (v  —  •») 
v=-Yv—v^,  will  be  the  effect  of  the  wheel ;  where  v  denotes , 
the  given  velocity  of  the  water,  and  v  the  required  velocity 
of  the  wheeL  N^w,  to  make  the  effect  yv-^  v^  a  maximum, 
or  the  greatest,,  its  fluxion  must  vanish,  that  is  vi  — 7  2vi;  ==  0, 
hence  v  =  Jv  ;  or  the  velocity  of  the  wheel  will  be  equal  to 
half  the  velocity  of  the  stream,  when  the  effect  is  the  greatest ; 
and  this  agrees  best  with  experiments. 

A  farmer  way  of  resolving  this  problem  was^  to  consider 
the  water  as  striking  the  wheel  with  a  force  as  the  square  of 
the  relative  velocity,  and  this  multiplied  by  the  velocity  of 
the  wheel,  to  give  the  effect;  that  is,  (v— t;)«'y  ==  the  effect. 
Now  the  flux,  of  this  productis  (v-d)*v— (v  — 7;)X  2vx»  =0; 

hence 


-4 
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hence  v  —  -y  =  2^,  or  v  =  3t),  and  v  =  |v,  or  the  velocity  of 
the  wheel  equal  onlj  to  |^  of  the  velocity  of  the  water. 

PROBLEM  Vir. 
To  determine  the  Form  and  Dimensions  of  Gunpowder  Maga* 

zines, 

la  the  practice  of  engineering,  with  respect  to  the  erection 
of  powder  magazines,  the  exterior  shape  is  usually  made  like 
the  roof  of  a  house,  having  two  sloping  sides,  forming  two  in- 
clined planes,  to  throw  off  the  rain,  and  meeting  in  an  angle 
or  ridge  at  the  top ;  while  the  interior  represents  a  vault, 
more  or  less  extended,  as  the  occasion  may  require  ;  and  the 
shape  or  transverse  section,  in  the  form  of  some  arch,  hoth 
for  strength  and  comnaodious  room,  for  placing  the  powder 
barrels.  It  has  been  usual  to  make  this  interior  curve  a  se- 
micircle. But,  against  this  shape,  for  such  a  purpose,  I  must 
enter  my  decided  protest :  as  it  is  an  arch  the  farthest  of  any 
from  being  in  equilibrium  in  itself,  and  the  weakest  of  any, 
by  being  unavoidably  much  thinner  in  one  part  than  in  others. 
Besides  it  is  constantly  found,  that  after  the  centering  of  se- 
micirsular  arches  is  struck,  and  removed,  they  settle  at  the 
crown,  and  rise  up  at  the  flanks,  even  with  a  straight  horizon- 
tal form  at  top,  and  still  much  more  so  in  powder  magazines 
with  a  sloping  roof ;  which  effects  are  exactly  what  might  be- 
expected  from  a  contemplation  of  the  true  theory  of  arches* 
Now  this  shrinking  of  the  arches  must  be  attended  with  other 
additional  bad  effects,  by  breaking  the  texture  of  the  cement, 
after  it  has  been  in  some  degree  dried,  and  also  by  opening  the 
joints  of  the  voussoirs  at  one  end.  Instead  of  the  circular 
arch  therefore,  we  shall  in  this  place  give  an  investigation, 
founded  on  the  true  principles  of  equilibrium,  of  the  only 
just  form  of  the  interior,  which  is  properly  adopted  to  the 
usual  sloped  roof. 

For  this  purpose,  put  a  =DK  the 
thickness  of  the  arch  at  the  top,  a; 
==  any  absdss  dp  of  the  required 
arch  ADCM,  u  =kr  the  correspphd- 
ing  absciss  of  the  given  exterior 
line  ki,  and  y=vc  =  ri  their  equal 
ordinates.  Then  by  the  principles 
of  arches,  in  my  tracts  on  that  sub- 
ject it  is  found  that  fci  ort2;  =  o-f-a; 

— 'M==^X~-r^~,  or  =Q  X  r^,  supposing  y  a  constant  quan- 
tity, and  where  ^  is  some  certain  quantity  to  be  determined 
hereafter.     But  kr  or  t*  is  =  tyy if  t  be  put  to  denpte  the  tan- 
Vol.  IL  57  gent 
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gent  of  the  given  angle  of  elevation  Kiii^io  radius  1,  and  then 

the  equation  IS  ty==ai-a?--<2/==-^  • 

Now,  the  fluxion  x)f  the  equation 
ie;s==ar|-af— ^^,  is  w^x—ty  and  the 
2d  fluxion  is  w  =  i  ;  therefore  the 
foregoing  general  equation  becotiies 


Qw 


^ww 


w=  -^—  I  and  hence  ww^ -rj-  ytne 


y 


fluent  (rf  which  gives  tt>2=~.— :  hut 


V 
at  D  the  value  of  w  is  =«*  andw=Oji  thccutVB  at  ©  being  pa- 

rallel  to  ki  ;  therefore  the  correct  fluent  is  a>a  r-^  a^  =  ^rj- 

.  y 

Hence  then  t/^  ==  -JZ^ii '  ^^2/  ^  -^TZ^a^  fAhe  connect 

fluent  of  which  gives  2/  =  v'^X  ^lyP-  log.  of  ^ 

Now,  to  determine  the  value  of  q,  we  are  to  consider  that 
ivhen  the  vertical  line  ci  is  in  the  position  ajl  or  mw  then  ti?=pi 
begomes  =al  or  mn  =  the  g^ven  quantity  c  suppose,  and  ^=5 
Aa  or  ^M=&  suppose,  in  which  position  the  kat  equation  be- 

comes*  a=  V ^  Xhyp-log-v  ■  ^^„        ^1  andheneertis 
foundthatthe  value  of  the  constant  quantity  ^  q^  is     -     -    r 

-  -- — -^_— ;  which  being  substituted  for  it,  in  the 

h.l.c.-i-v'(^^-^') 

above  general  value  of  ^,  that  value  becomes 

log.ot  ^  log.of 'zi»+ v'('za;2^ag)^log.a 

log.  of       ^  > 

from  which  equation  the  value  of  the  ordinate  pc  naay  always 
be  found,  to  every  given  value  of  the  vertical  or. 

But  if,  on  the  other  hand,  pc  be  given,  to  find  ei,  which 
will  be  the  more  convenient  way,  it  may  be  found  in  the 

following  manner :  Put  a  =  log,  of  cfc,  and  c  ^j  X  log,  of 
c+a/Cc2— o  J     ^^^^  ^^^  ^^^^^  equation  gives  ci/  +  a  =  log. 

a      ■     '  -     ■■  ^    •  ■ 
of  ts)-f  V  (^^— ^*)  ;  again,  put  w  =  the  number  whose  log. 
is  C2/ +j^;  thenn  ==w  +  y'  ("a^^  —  a^);  and  hence  «?  = 

-^^T"-^'-  Now, 
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Now,  for  an  example  in  numbers,  in  a  real  case  of  this 
^jiature,  let  tke  foregoing  figaFerepFesent  a  transverse  verti- 
cal section  of  a  magazine  areb  balanced  in  all  its  parts,  in 
which  the  sfmn  or  width  am  is  20  feet,  the  pitch  or  height  dq 
is  10  feeti  thickness  at  the  crown  dk  =  7  feet,  and  the  angle 
of  the  ridge  LKs  11£«>  ©r,  ot^  the  half  of  it  led  =  56^  18^, 
the  complement  of  which,  or  the  elevation  kir,  is  33^  4V^, 
the  tangent  of  which  is  ;=  |,  which  will  therefore  be  the 
value  of  t  in  the  foregoing  investigation.  The  valuer  of  the 
other  letters  will  be  as  follows,  viz.  DK=a=7  :  AQ,=:iB=10  ; 
D^  ==zh  =  10  ;  AL  ==  c  =  ioi  =%? ;  A  ==^log;of  7  «=  S460980 1 

c  ==  -  X  log.  of       ^  ^     . — -Z=  i_log.  of  — -^^^^ =  --U 

lo^.    of  2-36207    ==  -040859^1  ;    cy  -f   a  =  -0408591^  + 
•8450980  =  log.  of /I.     From  the  general  equation  then,  viz. 

CI  =  w  =  — - — — =-^  -{-  ^n^  by  assummg  ^successively 

equal  to  1^  2j  3,  4,  &c.  thence  finding 
the  corresponding  values  of  cy  +  «  or 
•04085912/  -fr  '8450980,  and  to  these, 
as  cgmmon  logs,  taking  out  the  corres- 
ponding natural  numbers,  which  will 
be  the  values  of  »;  then  the  above 
theorem  will  give  the  several  values 
of  w  or  ci,  as  they  are  here  arranged 
in  the  annexed  table,  from  which  the 
figure  of  the  curve  is  to  be  construct- 
ed, by  thus  finding  so  many  points  in  it^ 
Otherwise,  Instead  of  making  n  the 
number  of  the  log.  cy  -}-  a,  if  we  put 
771  =  the  natural  number  of  the  log. 
/w+v<(w?--a2) 


V^lofy 

Val.ofts; 

or  cp. 

or  ct. 

1 

7-0309 

2 

71243 

3 

!?-2806 

4 

7^5015 

5 

7-7888 

6 

8-1452 

7 

8-5737 

8 

9-0781 

9 

9-662S 

10 

10-3333 

cy  only  ;  then  m  - 


,  and  am  —  w  =  -^  (w^  — 


ft2),  or  by  squaring,  &c*  a^m^-^2amw  -f  w^  =  ts;2  ^  ^t*,  and 

hence  w  =  — t,-^^  X  a  :  to  which  the  numbers  being  applied, 
2m  -       * 

the  very  same  conclusions  result  as  in  the  foregoing  calcula- 

tioh  and  table. 

PROBLEM  yill. 

To  comiruct  Powder  Magazines  with  a  Paralolical  Arch, 

It  has  been  shown,  in  my  tract  on  the  Principles  of  Arches 
of  Bridges,  that  a  parabolic  arch  is  an  arch  of  equilibration, 
when  its  extrados,  or  form  of  its  exterior  covering,^  is  the 

,     very 
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vei^?same  parabola  as  tiiclow^^r  or  inside  curve.  Hence  then 
a  parabolic  arch,  both  for  the  inside  and  outer  form,  will  be 
very  proper  for  the  structure  of  a. powder  magazine.  For, 
the  inside  parabolic  shape  will  be  very  convenient  as  to  room 
for  stowage  :  2djy,  the  exterior  parabola,  every  where  paral- 
lel to  the  inner  one^  will  be  proper  enough  to  carry  off  the 
rain  water :  3dly ,  the  structure  will  be  in  perfect  equilibrium : 
and  4thly,  the  parabolic  curve  is  easily  constructed,  and  the 
structure  erected. 

Put,  as  before,  a^Kn,^  =  DQ,  JK 

h  =  A^,  X  =  Dp,  and  y  =  pc  or  ri.   , 
Then,  by  the  nature  of  the  para- 

hy 
bola  ADC,  62  J  2/2    :  :  h  :x  =  r^; 

hence  a:  ==  "lf^>  ^^^  ^  ~  "76    ' 


^ , 


2/l€t 


by  making  y  constant.     Then  ci  =-r-X  ^  is  =  -7---^  a  con- 

.    -   °^  y  ^^ 

stant  quiantity  =  a^  what  it  is  at  the  vertax  ;  that  is,  ci  is  every 
where  equal  to  KD. 

Consequently  kr  is  =  dp  ;  and  since  Ri  is  =  re,  itis^evi- 
dent  thatKi  is  the  same  parabolic  curve  with  dc,  and  may 
be  placed  any  height  above  it,  always  producing  an  arch  of 
equilibration,  and  very  commodious  for  powder  magazines. 


THiEORY  AND  PRACTICE  OF  GUNNERY: 

In  the  Doctrine  of  Motion,  Forces,  kc,  have  been  given 
several  particulars  relating  to  this  subject.  Thus,  in  props. 
19,  20,  21,  22,  is  given  all  that  relates  to  the  parabolic  theory 
of  projectilies,  that  is,  the  mathematical  principles  which 
would  take  place  and  regulate  such  projects  if  they  were  not 
impeded  and  disturbed  in  their  motions  by  the  air  in  which 
they  move.  But  from  the  enormous  resistance  of  that  me- 
dium, it  happens,  that  many  military  projectiles,  especially 
the  sinaller  balls  discharged  with  the  higher  velocities  j^do 
Bot  range  so  far  as  a  20th  part  of  what  they  would  naturally 
do  in  empty  space  !  That  theory  therefore  can  only  be  use- 
ful in  some  few  cases,  such  as  in  the  slower  kind  of  motions, 
not  aboye  the  velocities  of  2,  3,  or  400  feet  per  second,  when 
the  path  of  the  projectile  differs  but  little  perhaps  from  the 
curye  of  a  parabola. 

Again,  at  art.  104,  &c.  of  same  doctrine,  are  given  several 
other  practical  rules  and  calculations,  depending  partly  on  the 

fore- 
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foregoing  parabolic  theory,  and  partly  on  the  results  of  cer- 
tain experinientsperfornied  with  cannon  balls. 

Again,  in  prop.  68,  Statics,  are  delivered  the  theory  and 
cakulations  of  a  beautiful  military  experiinent,  invented  by 
Mr.  Robins,  for  determining  the  true  degree  of  velocity  with 
which  balls  are  projected  from  giins,  with  any  charges  of 
powder.     The  idea  of  this  experiment,  is  simply,  that  the 
ball  is  discharged  into  a  very  large  but  moveable  block  of 
wood,  whose  small  velocity,  in  consequence  of  that  blow,  can 
be  easily  observed  and  accurately  measured.     Then,  from 
this  small  velocity,  thus  obtained,  the  great  one  of  the  ball  is 
immediately  derived  by  this  simple  proportion,  viz.  as  the 
weight  of  the  ball,  is  to  the  sum  of  the  weights  of  the  ball 
and  the  block,  so  is  the  observed  velocity  of  the  last,  to  a  4th 
proportional,  which  is  the  velocity  of  the  ball  sought.-r-It  is 
evident  that  this  simple  mode  of  experiment  will  be  the  source 
of  numerous  usefiil  principles  as  results  derived  from  the 
experiments  thus  made,  with  all  lengths  and  sizes  of  guns, 
with  all  kinds  and  sizes  of  balls  and  other  shot,  and  with  all 
the  various  sorts  and  quantities  of  gunpowder  ;  in  short,^ the 
experiment  will  supply  answers  to  all  inquiries  in  Jprojectiles, 
excepting  the  extent  of  tbeii:  ranges  ;  for  it  will  even  de- 
termine the  resistance  of  the  air,  by  causing  the  ball  to  strike 
the  block  of  wood  at  different  distances  from  the  gun,  thus 
showing  the  velocity  lost  by  passing  through  those  different 
spaces  of  air ;  all  which  circumstances  are  partly  shown  in 
my  4to.  vol.  of  Tracts  published  in  1786,  and  which  will  be 
completed  in  my  new  volumes  of  miscellaneous  tracts  now 
printing. 

Lastly,  in  prob.  17,  Prac.  Ex.  on  Forces,  some  results  of  the 
same  kind  of  experiment  are  successfully  applied  to  deter- 
mine the  curious  circunastances  of  the  first  force  or  elasticity 
of  the  air  resulting  from  fired  gunpowder,  ahd  the  velocity 
with  which  it  expands  itselfi  These  are  circumstances  which 
have  never  before  been  determined  with  any  precision.  Mr. 
Robins,  and  other  authors,  it  maybe  said,  have  only  guessed  at, 
rather  than  determined  them.  That  ingenious  philosopher,  by 
a  simple  experiment,  truly  showed  that  by  the  firing  of  a  par- 
cel of  gunpowder,  a  quantity  of  elastic  air  Was  disengaged, 
which  when  confined  in  the  space  only  occupied  by  the  pow- 
der before  it  was  fired ,  was  found  to  be  neai*  260  times  stronger 
than  the  weight  or  elasticity  of  the  common  atmospheric  aii% 
He  then  heated  the  same  parcel  of  air  to  the  degree  of  red  hot 
iron,  and  found  it  in  that  temperature  to  be  about  4  times  as 
strong  as  before  ;  whence  he  inferred,  that  the  first  strength  of 
the  irifiamed  fluid,  must  be  nearlv  1000  times  the  pressure  of 

the 
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th^  atmosphere.    But  this  tras^  m^ 

of  heat  in  the  iqiflamed  fi»id,  and -consequently  of  its  first 
strength,  ho  th  which  in  fact  are  found  to  be  much  greater.  It 
is-  true  that  this  assumed  degree  of  strength  accorded  ptetty 
well  with  that  author's  experiments  ;  but  this  ise^naing  agree- 
ment, it  naay  easily  be  shown,  could  only  be  owing  to  the  in- 
accuracy of  his  own  further  experiments ;  and,  in  fact,  with 
far  better  opportunities  than  fell  to  the  lot  of  Mr.  Robins,  we 
have  showa  that  inflamed  gunpowder  is  about  doubly  the 
strength  that  he  has  assigned  to  it,  and  t^t  it  expaadiB  ifeielf 
.  with  the  Telocity  of  about  500O  feet  pef  second. 

Fully  sensible  of  the  infiportanee  of  experiments  of  this 
kind,  first  practised  by  Mr.  Robins  with  ^lusket  balls  only,  iny 
endeavours  for  maoy  years  were  directed  to  the  prosefjuti on 
of  the  same  on  a  larger  scale,  with  cannon  balk  ^  and  l  hay- 
ing had  the  honour  to  be  called  on  to  give  my  assistiance  at 
several  courses  of  such  experiments,  carried  on  at  Woolwich 
by  the  ingenious  officers  of  the  Royal  Artillery  there,  under 
the  auspices  of  the  Masters  General  of  the  Ordnance,  I  have 
assiduously  attended  them  for  many  years.  The  first  of  these 
courses  wias  performed  in  the  year  1775,  being  2  years  after 
my  establishment  in  the  Royal  Academy  at  that  place  :  and  in 
the  Fhilos.  Tran§.  for  the  year  1 778, 1  gave  an  account  of  these 
experiments,  with  deductions,  iuamempir,  which  wks honour- 
ed ^ith  the  Royal  Sociely's  gold  medal  of  that  year.  In  con- 
clusion, from  the  wholey  the  following  important  deductions 
were  fairly  drawn  and  stated,  viz. 

Ist,  It  is  made  evide)Qt  by  these  experimeutSi  that  gun- 
powder fires  almost  instantaneously.  2dly^  The  velocities 
communicated  to  shot  of  the  same  weight,  with  different 
charges  of  powder,  are  nearly  as  the  square  roots  of  those 
charges*  Sdly^  And  wheu  shot  of  different  weights  are  fired 
with  the  same  charge  of  powder,  the  velocities  communicated 
to  them,  are  nearly  in  the  inverse  ratio  of  the  square  roots 
of  their  weights.  4^/%,  So  that,  in  general,  shot  which  are 
of  different  weights,  and  impelled  by  the  firing  of  different 
charges  of  powder,  acquire  velocities  which  are  directly  as 
the  square  roots  of  the  charges  of  powder,  and  inversely  as 
the  square  roots  of  the  weights  of  the  shot,  bthly.  It  would 
therefore  be  a  great  improvement  in  artillery,  occasionally  to 
majce  use  of  shot  of  a  long  shape,  or  of  heavier  matter,  as 
lead  ;  for  thus  the  momentum  of  a  shot,  when  discharged 
with  the  same  charge  of  powder,  would  be  increased  in  the 
ratio  of  the  square  root  of  the  weight  of  the  shot;  which 
would  both  augment  proportionally  the  force  of  the  hlow  with 

which 
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which  it  would  strike,  and  the  extent  of  the  range  to  which 
it  wpuld  go.  6thly^it  would  also  he  an  improvement,  to  di- 
minish the  windage  ;  since  by  this  means ^  one  third  or  more 
of  the  quantity  of  powder  might  be  saved.  7thly,,  When  the 
improvements  mentioned  in  the  last  two  articles  are  consider- 
ed as  both  t^ddng  place,  it  appears  that  about  half  the  quantity 
oifpowdermight  be  saved.  But,  important  as  the  saviDg^may 
be,  it  appears  to  be  ^till  exceeded  by  (hat  of  the  guns  :  for 
thus  a  small  gu^  may  be  made  to  have  the  erfect  and  execujdon 
<)f  ai^other  of  two  orlhree  times  its  size  in  the  present  #ay^ 
by  discharging  a  long  shot  of  2  or  3  times  the  weight  of  its 
usual  ball^  or  round  shot ;  and  thus  a  small  ship  might  emplpy 
shot  as  heavy  as  those  of  the  Jargiest  now  in  use. 

Finally,  as  these  experiments  prove  the  regulations  with  re- 
spect to  the  weight  of  powder  and  shot,  when  discharged  from 
the  same  piece  of  ordnance  ;  so,  by  making  similar  experi- 
m;ents  with  a  guii  varied  in  its  length  by  cutting  off  from  it  a 
certain  part,  before  each  set  of  trials,  the  effects  and  general 
rules  for  the  different  lengths  of  guns,  may  be  with  certainty 
determined  by  them.  In  short  the  principles  on  which  these 
experiments  were  made,  are  so  fruitful  in  consequences,  that, 
in  conjunction  with  the  effects  of  the  resistance  of  the  medi- 
um, they  appear  to  be  suflScient  for  answering  all  the  inqui- 
ries of  the  speculative  philosopher,  as  well  as  >  those  of  the 
practical  artillerist. 

Such  then  was  the  summary  conclusion  from  the  £rst  set  of 
experiments  with  cannon  balls,  in  the  year  1776,  and  such 
were  the  probable  advantages  to  be  derived  frona  them.  lam 
not  aware  however  that  any  alterations  were  adopted  from 
them  by  authority  in  the  public  service:  unless  we  are  to 
except  the  instance  of  carronades,  a  species  of  ordnance  that 
was  afterwards  invented,  and  in  some  degree  adopted  in  the 
public  service  ;  for,  in  this  instance,  the  proprietors  of  those 
pieces  by  availing  themselves  of  the  circumstances  of  large 
balls,  and  very  smdl  windage,  have,  with  small  charges  of 
powder,  and  at  little  expense,  been  enabled  to  produce  very 
considerable  and  useful  eflfects  with  those  light  pieces. 

The  2d  set  of  these  exiperiments  extended  through  most 
part  of  the  summer  seasons  of  the  years  1783,  1784,  1785, 
and  some  in  1786.  The  objects  of  this  course  were  nume- 
rous and  various  :  but  the  principal  articles  as  follow  :  1.  The 
velocities,  with  which  balls  are  projected  by  equal  charges  of 
powder,  from  pieces  of  equal  weight  and  calibre,  but  of  dif- 
ferent lengths.  2.  The  velocities  with  differeht  charges  of 
powder^' the  weight  and  length  of  the  guns  being  jequaL  S> 
The  greatest  velocitieis  due  to  the  different  lengths  of  guns, 
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to  be  ascertained  by  successively  iiiGreasiog  the  cbarge^j  till 
the ,  boi'e  shoqW  be  filled,  or  till^e  velocity  should  decrease 
agaih.  4^  The  effect  of  varying  the  vreight  of  the  piece  ; 
every  tlung  else  being  the  same.  5.  The  penetratiocls  of 
balls  into  blocks  of  wood.  6.  The  ranges  and  times  of  flight 
of  halls  ;  to  compare  them  with  their  first  velocities,  for  as- 
certaining the  resistance  of  the  medium.  7,  The  effect  of 
wads  ;  of  different  degrees  of  ramming,  or  compressing  the 
charge  ;  of  diffei^ent  degrees  of  windage ;  of  different  positions 
of  the  vent ;  of  chambers  arid  trunnions,  and  every  other 
circumstance  necessary  to  be  knowa  for  the  improveiiient  of 
artillery. 

An  ample  account  is  given  of  these  experiments,  and  the 
results  deduced  from  them  in  my  volume  of  Tracts  published 
in  1786  ;  some  few  circumstances  only  of  which  can  be  rioted' 
here.  In  this  coiirse,  4  brass  guns  were  employed,  viery 
nicely  bored  and  cast  on  purpose;  of  different  lengths,  but 
equal  in  all  other  respects,  viz.  in  weight  arid  bore,  &c.  The 
lengths  of  the  bores  of  the  guns  were, 

the  gun  n^  1,  was  16  calibres,  length  of  bore  28*5  inc. 
.     .     .  n^  %     .     20  calibres;     .     .     .     .      38-4 
.     .     .  n**^  3,     .     30  calibres^     .     .     .'  •      67^7 
.     .     ^  n°  4y     .     40  calibres.     ..     •     .     .80-2 
the  calibre  of  each  beii^  2^  mches>  «nd  the  medium  weight 
of  the  balls  16  ozV  13  drams. 

The  mediums  of  all  the  experimented  velocities  of  the 
balls  with  which  they  struck  the  pendulous  blpck  of  wood, 
placed  at  thie  distance  of  32  feet  from  the  muzzle  of  the  gun, 
for  several  charges  of  powder,  were  as  in  the  follbwing  table^ 


Table  of  Initial  Velociiies, 

Powder. 

The  Guns. 

oz. 

No.  1. 

No.  2. 

No.  3. 

No.  4. 

2 

780 

835 

920 

^70 

4 

1100 

1180 

1300 

1370 

6 

1340 

1446 

1690 

1680 

8 

1430 

1680 

1790 

1940 

12 

1436 

1640 

'  '  . 

■  ■  /, 

14 

,  ^  - 

1660 

'  •,  .■ 

... 

16 

■V  ;.     ■'■  - 

.  , 

2000 

... , 

18 

■■•  •-•-■, 

■... 

2^00 

placed  in  the  1st  column,  for  all  the  Ibrtf^g^ 
bers  denoting  so  many  feet  per  second,   ^Eence  in  general 

it 
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it  appears  how  the  velocities  increase  with  the  charges  of 
powder,  for  each  gun,  and  also  how  they  increase  as  the  guns 
are  longer,  with  the  same  charge,  in  every  instance. 

By  increasing  the  quantity  of  the  charges  continually,  for 
each  gun,  it  was  found  that  the  velocities  continued  to  increase 
till  they  arrived  at  a  certain  degree,  different  in  each  gun  ; 
after  which,  they  constantly  decreased  again,  till  the  bore  was 
quite  filled  with  the  charge.  The  charges  of  powder  when 
the  velocities  arrived  at  their  maximum  or  greatest  state,  were 
various,  as  might  be  expected,  according  to  the  lengths  of  tile 
guns  ;  and  the  weight  of  powder,  with  the  length  it  extended 
in  thehpre,  and  the  fractional  part  of  the  bore  it  occupied, 
are  shown  in  the  following  table,  of  the  charges  for  the  great- 
est effect 


Gun, 
n*>. 

Length 
of  the 
Bore 

The  Charge. 

Weight, 
oz. 

Length. 

Inches, 

Part  of 
whole 

1 

3 
4 

28-5 
38-4 
67-7 
80*2 

12 
14 
16 
18 

8-2 

9-5 

10-7 

12-1 

-2^0 

Some  few  experiments  in  this  course  were  maide  to  obtain 
the  ranges  and  times  of  flight,  the  mediums  of  which  are  ex-" 
hibited  in  the  following  table. 


Guns 

Pow- 
der 

oz. 

Bal 
Weight. 

Is.: 
Diam. 

Elevat, 
gun. 

Time 
of  flight. 

Range. 

First 
veloc. 

oz.  dr. 

inch. 

sees. 

feet. 

feet. 

n«>2. 

2 

16  10 

1-96 

Ab^ 

21-2 

5109' 

863 

do. 

2 

16     5 

1-96 

15 

9-2 

4130 

868 

do. 

.     4 

16     8 

1-96 

15 

9-2 

4660 

1234 

do. 

8 

16  12 

1-96 

15 

14-4 

6066 

1644 

do. 

12 

16  12 

1-95 

16 

15-5 

6700 

1676 

no3. 

8 

15     8 

1-96 

15 

10-1 

5610 

1938 

In  this  table  are  contained  the  following  concomitant  data^ 
determined  with  a  tolerable  degree  of  precision  ;  viz.  the 
weight  of  the  pQwd^r,  the  weight  and  diameter  of  the  bdll, 
the  initial  or  proj^ctiie  velocity,  the  angle  of  elevation  of  the 
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Penetratiom  of  Balls  into 
solid  Elm  wood. 

Fawder  2 

-•'  '4    ■ 

8oz. 

7 

16-6 
13-6 

18-9 
21-2 
18-1 
20-8 
.   20-5 

Means    7 

15 

20 

gurij  the  time  in  seconds  of  the  ball's  flight  through  the  air, 
and  its  range,  or  the  distance  where  it  fell  on  the  horizontal 
plane.  From  which  it  is  hoped  that,  some  aid  may  be  derived 
towards  ascertaining  the  resistance  of  the  medium,  and  its 
effects  on  other  elevations,  &c.  and  so  afford  some  mea«s  of 
obtaining  easy  rqles  for  the  cases  of  practical  gunnery. 
Though  the  completion  of  this  enquiry,  for  want  of  time  at 
present,  must  be  referred  to  another  work,  where  we  in^ay 
have  an  opportunity  of  describing  another  more  extended 
course  of  experiments  on  this  subject,  which  have  never  yet 
been  given  to  the  public. 

Another  subject  of  en q^uiry 
in  the  foregoing  experiments, 
was,  how  &r  the  balls  would 
penetrate  into  solid  blocks  of 
elm  wood,  fired  ih  the  direc- 
tion of  the  fibres.  The  an- 
nexed tablet  shows  the  results 
of  a  few  of  the  trials  that 
were  made  with  the  guii  n<*  2, 
with  the  most  frequent  charges 
of  2,  4,  and  8  ounces  of  pow- 
der;  and  thie  mediums  of  the 
penetrations,  a?  placed  in  the 

last  line,  are  found  to  be  7,  15,  and  20  inches,  with  those 
charges.  These  penetrations  are  nearly  as  the  numbers 
2,  4,  6 i  or  1,  2,  3  ;  but  the  charges  of  powder  are  as 
2,  4,  8,  or  1 ,  2,  4  ;  so  that  the  penetrations  arfe  propor- 
tional to  the  charges  as  far  as  to  4  ounces,  but  in  a  less  ratio 
at  8  ounces  ;  whereas,  by  the  theory  of  penetrations  the 
depths  ought  to  be  proportional  to  the  charges,  or  which  is 
the  san^e  thing,  as  the  sqiftires  of  the  velocities.  So  that  it 
seems  the  resisting  force  of  the  wood  is  not  uniformly  or  con- 
stantly the  same  but  that  it  increases  a  little  with  tbe  increas- 
ed velocity  of  the  ball.  This  may  probably  be  occasioned  by 
the  greater  quantity  of  fibres  driven  before  the  ball ;  which 
may  thys  increase  the  spring  and  resistance  of  the  wood,  and 
prevent  the  ball  from  penetrating  so  deep  as  it  otherwise 
might  do. 

From  a  general  inspection  of  this  second  course  of  these 
experiments,  it  appears  that  all  the  deductions  and  observa- 
tions made  on  the  former  course,  are  here  corroborated  and 
strengthened,  respecting  the  velocities  and  weights  of  the 
balls,  and  charges  of  powder,  &c.  It  further  appears  also 
that  the  velocity  of  the  ball  increases  with  the  increase  of 
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charge  only  to  a  certain  point j  which  is  peculiar  to  each  gun, 
where  it  is  greatest ;  and  that  by  further  increasing  the 
charge,  the  velocity  gradually  diminishes,  till  the  hore  is 
quite  full  of  powder.  That  this  charge  for  the  greatest  ve- 
locity is  greater  as  the  gun  is  longet,  but  yet  not  greater  in 
so  high  a  proportion  as  the  length  of  the  gun  is ;  so  that  the 
part  of  the  bore  filled  with  powder,  bears  a  less  proportion  to 
the  whole  bore  in  the  long  guns,  than  it  does  in  the  shorter 
ones  :  the  part  \^hich  is  filled  being  indeed  nearly  in  the 
inverse  ratio  of  the  square  root  of  the  empty  part. 

It  appears  that  the  velocity,  with  equal  charges,  always  in- 
creases as  the  gun  is  longer  ;  though  the  increase  in  velocity 
is  but  very  small  in  comparison  to  the  increiase  in  length  ;  the 
velocities  being  in  a  ratio  someWhat4ess  than  that  of  the  square 
roots  of  the  length  of  the  bore,  but  greater  than  that  of  the 
cube  roots  of  the  same,  and  is  indeed  nearly  in  the  middle  ra- 
tio between  the  two. 

It  appears  from  the  table  of  ranges,  that  the  range  increas- 
es in  a  much  lower  ratio  than  the  velocity,  the  gun  and  ele- 
vation being  the  same.  And  when  this  is  compared  with  the 
prpportion  of  the  velocity  and  length  of  gun  in  the  last  para- 
graph, it  is  evident  that  we  gain  extremely  little  in  the  range 
hj  a  great  increase  in  the  length  of  the  gun,  with  the  same 
charge  of  powder.  In  fact  the  range  is  nearly  as  the  6th  root 
of  the  length  of  the  bore  :  which  is  so  small  an  increase,  as 
to  amount  only  to  about  a  7th  part  more  range  for  a  double 
length  of  gun. ■^— From  the  same  table  it  also  appears,  that  the 
time  of  the  ball's  flight  is  nearly  as  the  range  ;  the  gun  and 
elevation  being  the  same. 

It  has  been  found,  by  these  experiments,  that  no  difference 
is  caused  in  the  velocity,  or  range,  by  varying  the  weight  of 
the  gun,  nor  by  the  use  of  wads,  nor  by  different  degrees  6f 
ramming,  nor  by  firing  the  charge  of  powder  in  different 
parts  of  it.  But  that  a  very  great  difference  in  the  velocity 
arises  from  a  small  degree  in  the  windage  :  indeed  with  the 
usual  established  windage  only,  viz.  about  gV  of  the  calibre, 
no  less  than  between  ^  and  J  of  the  powder  escapes  and  is 
lost :  and  as  the  balls  are  often  smaller  than  the  regulated  size, 
it  frequently  happens  that  half  the  powder  is  lost  by  unneces- 
sary windage. 

It  appears  too  that  the  resisting  force  of  wood,  to  balls  fired 
into  it,  is  not  constant :  and  that  the  depths  penetrated  by  balls,  ^ 
with  different  velocities  or  charges,  are  nearly  as  the  logarithms 
of  the  charges,  instead  of  being  as  the  charges  themselves,  or, 
which  is  the  same  thing,  as  the  square  of  the  velocity. — Last- 
ly, these  and  most  other  experiments,  show,  that  balls  are 

greatly 
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greatly  deflected  from  the  direction  in  which  tbey  are  pro^ 
jeGled  ;  and  that  as  much  as  300  or  400  yard3  in  a^ange  of  a 
milev  or  almost  ith  of  the  range. 

We  have  before  adverted  to  a  third  set  of  experiments,  of 
still  more  importance,  with  respect  to  the  resistance  of  the 
medium,  than  any  of  the  former  ;  but,  till  the  publication  of 
those  experiments  we  cannot  avail  ourselves  of  all  the  disco- 
veries they  contain.  In  the  mean  time  however  we  may  ex- 
tract from  them  the  three  following  tables  of  resistances,  for 
three  different  siizes  of  bails,  and  for  velocities  between  100 
feet  and  2000  feet  per  second  of  time. 


Table  I. 

Table  11. 

Table  III. 

Resistances  to  a  hall  of  1*965 

Resist,  to  a  ball 

Resist,  to  a  ball 

inches  diameter^  and  16  o^. 

2'7Sindiaand 

3'66midia,and 

l^i  dr.  weighty 

3  lb,  weight,    > 

m.  \ozSdr,wty 

Vel. 

Resistances.    | 

IDif.  2dDif.| 

Vel.     Res.  | 

Difs. 

Vei. 

Res. 

Difs. 

feet 

lbs. 

ozs. 

feet 

lbs. 

feet 

lbs. 

100 

0-I7 

H 

81 

5f 

900 

35 

6- 

1200 

M5 

9 

200 

0-69 

n 

14 

6 

950 

41 

6 

1250 

124 

9 

300 

1-56 

25 

20 

7 

1000 

47  _ 

6 

1300 

133 

9 

400 

2-81 

45 

27 

8 

1050 

63 

7 

1350 

142 

10 

600 

4-60 

72 

35 

9 

11 00 

60 

7 

1400 

1^62 

10 

600 

6-69 

107 

44 

10 

1150 

67 

7 

1450 

162 

lOi 

700 

9-44 

161 

64 

12 

120U 

■-.■74 

8 

1500 

1721 

iH 

800 

12-81 

205 

m 

13 

1260 

82 

9 

1650 

184" 

13 

900 

16'M 

271 

79 

13 

1300 

91 

10 

1600 

197 

14 

1000 

21-88 

350 

92 

12 

1350 

101 

11 

1650 

211 

15 

llOO 

27-63 

442 

104 

11 

1400 

112 

lOi 

1700 

226 

16 

1200 

34- 13 

546. 

115 

9 

?  i50 

1224 

10 

1750 

242 

17 

1300 

41-31 

661 

124 

7 

1600 

132| 

9 

1800 

259 

1400 

49'06 

785 

131 

4 

1550 

1411 

H 

1600 

57-25 

916 

135 

0 

1600 

150 

-8 

1600 

65-69 

1051 

135 

—2 

1650 

158 

7 

1700 

74  13 

1186 

133 

—6 

1700 

165 

6 

1800 

82-44 

<319 

128 

—6 

1750 

171 

5 

1900 

90-44 

1447 

122 

1800 

176 

2000 

98-06 

1569 

PRO 

BLEM 

I. 

To  determine  the  Resistance  of  the  Medium  against  a  Ball  oj 
any  other  size,  moving  with  any  of  the  Velocities  given  in  the 
foregoing  Tables,  .. 

The  analogy  among  the  numbers  in  all  these  tables  is 

very  remarkable  and  uniform,  the  same  general  laws  running 

through 
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through  them  all.  The  same  laws  are  also  ohservable  as  in 
the  table  of  resistances  in  page  4!2  of  this  vbluroe,  particu- 
larly the  1st  and  2d  remarks  imtnediately  following  that  table, 
viz.  that  the  resistances  increase  in  a  higher  proportion  than 
the  square  of  the  velocities,  with  th6  same  body  ;  and  that 
the  resistances  also  increase  in  a  rather  higher  ratio  than  the 
surfaces,  with  difiPerent  hddies,  but  the  same  velocity.  Yet 
this  latter  case,  viz.  the  ratios  of  the  resistances  and  of  the 
surfaces,  or  of  the  squares  of  the  diameters  which  is  the  same 
thing.are  so  nearly  alike,  that  they  may  be  considered  as  equal 
to  each  other  in  any  calculations  relating  to  artillery  practice. 
For  example,  suppose  it  were  required  to  determine  what 
would  be  the  resistance  of  the  air  against  a  241b  ball  discharged 
with  a  velocity  of  2000  feet  per  second  of  time.  Now,  by 
the  first  of  the  foregoing  tables,  the  ball  of  1-966  inches  dia- 
meter, when  moving  with  the  veloci^  2000,  suflFered  a  resist- 
ance of  981b  :  then  since  the  resistances,  with  the  same  velo- 
city, are  as  the  surfaces  ;  and  the  surfaces  are  as  the  squares 
of  the  diameters  ;  and  the  diameters  being  1-965  and  5  6,  the 
Squares  of  which  are  3-86  and  31 -36,  therefore  as  3-86  :  3i-36 
:  :  98lb  :  7961b  ;  that  is,  the  24lb  ball  would  suffer  the  enor- 
'  mous  resistance  of  7961b  in  its  flight,  in  opposition  to  the  di- 
rection of  its  motion  i 

And,  in  general,  if  the  diameter  of  any  proposed  ball  be 
denoted  by  c?,  and  r  denote  the  resistance  in  the  1st  table  due 

to  the  proposed  velocity  of  the  1-965  ball  ;  then  -r-—  will  de- 

note  the  resistance  with  the  same  velocity  against  the  ball 
whose  diameter  \%  d  ;  or  it  is  nearly  \d'^r  which  is  but  the 
28th  part  greater  than  the  former. 

PROBLEM  11. 

To  assign  a  Rule  for  determining  the  Resistance  due  to  any  In- 
determinate Velocity  of  a  Given  BalL 

This  problem  is  very  difficult  to  perform  near  the  truth,  on 
account  of  the  variable  ratio  which  the  resistance  bears  to  the 
velocity,  increasing  always  more  and  more  above  that  of  the 
square  of  the  velocity,  at  least  to  a  certain  extent ;  and  indeed 
it  appears  that  there  is  no  single  integral  power  whatever  of 
the  velocity,  or  no  expression  of  the  velocity  in  one  term  only, 
that  can  be  proportional  to  the  resistances  throughout.  It  is 
true  iixdeed  that  such  an  expreision  can  be  assigned  by  means 
of  a  fractional  power  of  the  velocity,  or  rather  one  whose 

index  is  a  mixed  number,  viz,  2yV  or  2-1 ;  thus  -rr^  ==  the 

resistance. 
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resiitance,  is  a  formula  in  obe  term  only,  which  will  answer 
to  ill  the  nombers  in  the  first  table  of  resistances  very  nearly, 
and  consequeMy^  by  means  of  the  ratio  of  the  squares  of  the 
diameters  of  the  balls,  for  any  other  balls  whatever.  This 
formula  then,  though  serving  quite  well  for  some  particular 
resistance,  or  even  for  constructipg  a  complete  series  or  table 
of  resistances,  is  not  proper  for  the  use  of  problems  in  which 
fluxions  and  fluents  are  concerned,  on.  account  of  the  mixed 
number  2 J^,  ia  the  index  of  the  velocity  t). 

We  must  therefore  have  recourse  to  an  expression  in  two 
terms,  or  a  formula  containing  two  integral  powers  of  the  ve- 
locity, as  :[)2  and  D,  the  first  and  2d  powers,  afiectiEsd  with  ge- 
neral coefficients  w  and  ?i,  as  mv^  +  nv  =  r  the  resistance. 
Now,  to  deitermine  the  general  numerical  values  of  the  coef- 
ficients m  and  n,  we  must  adapt  this  general  expression  m^2 
^  nv  ^s-  r^io  two  particular  cases  of  velocity  at  a  convenient 
distance  from  each  other,  in  one  of  the  foregoing  tables  of  re- 
sistances, as  the  first  for  instance.  Now,  after  making  seve- 
ral trials  in  this  way,  I  have  found  that  the  two  velocities  of 
500  and  1000  answer  the  general  purpose  better  than  any 
other  that  has  been  tried.  Thus  then,  employing  these  two 
cases,  we  must  first  make  v  ==  500,  and  r  =  4Jlb,;its  cprijes- 
pondent  resistance,  and  then  agairny=  1000,  and  r=21'881b, 
the  resistance  belonging  to  it ;  this  will  givje  two  equatidns, 
by  which  the  general  value  of  mand  of  n  will  be  deterfliined. 
Thus  then  the  two  equations  being 

5002w-f-  600«=4-5, 
and  100()2w4-1000?i~!21-a8; 
dividing  the  1st  by  500,  and  the  {    660m-fw==-0p9, 

2d  by  1000,  they  are     .     .     f  1000rn4'W=-02188  ; 
the  dif  of  these  is  .     ...     .     .     500m=-O1288, 

andtherefore  div.  by  500,  gives tti  ==•  00002576  ; 
heucen==-009  — ^00w*=  -009  —  -01288  =  —  -00388  =n. 
Hence   then   the   general   formula  will  be  •bOG02^76tj2 — 
•00388xj=r  the  resistance  nearly  in  avoirdupois  pounds,  in  all 
cases  or  all  velocities  whatever. 
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Now,  to  find  how  near  to  the 
truth  this  theorem  comes,  in 
every  instance  in  the  table,  by 
substituting  for  v,  in  this  formula, 
all  the  several  velocities,  100, 
200,  300,  &c.  to  2000,  these  give 
the  correspondent  values  of  r,  or 
the  resistances,  as  in  the  2d  co- 
lumn of  the.  annexed  table,  their 
velpcities  being  in  the  first  co- 
lumn;  and  the  real  experimented 
resistances  are  set  opposite  to 
them  in  the  3d  or  last  column  of 
the  same.  By  the  comparison  of 
the  number^  in .  these  two  co- 
lumns together,  it  is  seen  that 
there  are  ho  wherie  any  great  dif- 
ference between  them,  being 
sometimes  a  little  in  excess,  and 
again  a  little  in  defect,  by  very 
sitiall  differences  ;  |o  that,  ori  the 
whole^  they  will  nearly  balance 
one  another,  in  any  particular  in- 
stance of  the  range  or  flight  of 
a  ball,  in  all  degrees  of  its  velocity,  from  the  first  or  greatest, 
to  the  smallest  ©r  last.  Except  in  the  first  two  or  three  num- 
bers, at  the  beginning  of  the  table,  for  the  velocities,  100, 
200, 300,  for  which  cases  another  theorem  may  be  employed , 
Now,  in  these  three  velocities,  as  well  as  in  all  that  are 
smaller,  down  to  nothing,  the  theorem  •00001 725iy2  =  r  the 
resistance,  will  very  well  serve,  as  it  brings  out  for  the  first 
three  resistances  -1 7  and  69  and  I'55i,  differing  in  the  last 
only  by  a  very  small  fraction. 

€oroL  1.  The  foregoing  rule  •00002576^'2  [^  -003881;  =  r, 
denotes  the  resistance  for  the  ball  in  the  first  table,  whose 
diameter  is  1'966,  the  square  of  which  is  3*86  or  almost  4  ; 
hence  to  adapt  it  to  a  ball  of  any  other  diameter  d,  we  have 
only  to  alter  the  former  in  proportion  to  the  squares  of  the 

diameters,  by  which  it  becomes  ——-(* 00002576^2  ^  •00388i;) 

=  (P00006§7'y2  _  •001i?y2  =  ('00000|i>2  ^-ooi-y^Ja.  ^hich 
is  the  resistance  for  the  ball  whose  diameter  is  J,  with  the 
velocity  x;. 

CoroL  2.  And  in  a  similar  manner,  to  adapt  the  theorem 
'00001725t)2=  r,  for  the  Smaller  velocities,  to  any  other  size 

of 


Velocs. 

Comput, 

Exper. 

or  -&, 

resists 

resists 

100 

—  13 

•17 

200 

—•25 

-69 

300 

M5 

1-56 

400 

2-57 

'    2*81 

500 

4-50 

4-50 

600 

6-94 

6^69 

7U0 

9'90 

9>44 

800 

13-33 

12-81 

900 

17-37 

16-94 

1000 

21-88 

21-88 

1 100 

26-90 

27-63 

1200 

32-44 

34^13 

1300 

38-49 

,41.31 

1400 

45-06 

49-06 

1500 

52-14 

57-25 

1600 

59-74 

6569 

1700 

67-85 

74-13 

1800 

76-'48 

82-44 

1900 

85-62 

90-44 

2000 

95-28 

98-06 
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of  ball,  we  miist  multiply  it  by  —--,  the  ratio  of  the  surfaces, 
by  which  it  becomes -00000447 <i2^a==:^; 

We  shall  soon  take  occasion  to  make  some  applications  in 
the  use  of  the  foregoing  formulas,  after  considering  the  effects 
of  such^velocities  in  the  cases  of  nonresistances. 

PROBLEM  in. 

To  determine  the  Height  to  which  a  Ball  will  rise,  whenjlred 
from  a  cannon  Perpendicularly  Upwards  with  a  Given  Velo- 
city, in  a  JSfonresisting  Medium,  or  supposing  no  Resistance 
in  the  Air, 

By  art.  73,  Motion  and  Forces,  this  vol.  it  appears  that  any 
body  projected  upwards,  with  a  given  velocity,  will  ascend  to 
the  height  due  to  the  velocity,  or  the  height  from  which  it 
must  naturally  fall  to  acquire  that  velocity  ;  and:  the  spaces 
fallen  being  as  the  square  of  the  velocities  ;  also  16  feet  being 
the  space  due  to  the  velocity  32  ;  therefore  the  space  due  to 
any  proposed  Telocity  v,  will  be  found  thus,  as  322  j  j  g  .. .  r>j2 .  ^ 
the  space  or  as  64  :  I  :  :  v^.  :  ^\  D^  =^5  the  space,  or  the 
height  to  which  the  velocity  v  will  cause  the  body  to  rise  in- 
dependent of  the  air's  resistance. 

Exam.  For  example,  if  the  first  or  projectile  velocity,  be 
2060  feet  per  second,  being  nearly  the  greatest  experimented 
velocity  then  the  rule  ^^'^2  =5  becomes  ^^  >^  2000^  ==  626.00 
feet  =  Hf  miles  :  that  is,  any  body,  projected  with  the  ve- 
locity 2060  feet,  would  ascend  nearly  12>miles  iii  height,  with- 
out resistance. 

Corol.  Because,  by  art.  88  Projectiles  this  vol.  the  greatest 
range  is  just  double  the  height  due  to  the  projectile  velocity, 
therefore  the  range  at  an  elevation  of  46**,  with  the  velocity 
in  the  last  example,  would  be  23|  miles  in  a  rionresisting  me- 
dium. We  shall  now  see  what  the  effects  will  be  with  the 
resistance  of  the  air. 

PROiSLEjVI  IV. 

To  determine  the  Height  to  which  a  Ball  projected  Upwards,  as 
in  the  last  problem,  will  ascend,  being  Resisted  by  the  Atmos- 
phere, 

Putting  X  to  denote  any  variable  and  increasing  height  as-* 
cended  by  the*ball;  v  its  variable  and  decreasing  velocity  there; 
€?the  diameter  of  the  ball,  its  weight  being  w;  m=  -OOGOOf, 
and  71  =  'OOl,  the  co-eiSicients  of  the  two  terms  denoting  the 
law  of  the  air's  resistance.     Then  {rm^  -  nv)d^ ,  by  cor,  1  to 

prob. 
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prob.  2,  will  be  the  resistance  of  the  air  against  the  ball  in 
avoirdupois  pounds  :  to  which  if  the  weight  of  the  ball  be 
added,  then  {mv^ -- nv)d^ +wy9i\lhe  the  whole  resistance  to 
the  balFs  motion  ;  this  dividedTby  ^,  the  weight  of  the  ball  in 

motion,  gives  ^^— — — ^- — ^—  = — d^  +  l=/the  re- 

tarding  force.     Hence  the  general  formula  i;i~2g/:r  (theor. 

.      '          V,                     -      «    •    (mv^'-nv)d^-\-'7k^ 
10  pa.  379  this  volume)  becomes  —iyv=2g:rX^^ — -^— — 

making  x;  negative  beGause  v  is  decreasing,  where  g  =16  ft.  ; 
and  hence 

^       '  Ig      (mv^  ^nv)d^  +w  "^  2gmd^  2  \^  !h    JL    ^  * 

j^  m         md^ 

Now,  for  the  easier  finding  the  fluent  of  this,  assume  v — 

-^  =z:  then -y  =  z  +  ~,  and  vk  =z^+  -z -f  -—  and  vv 

=  '2rz  4-—  z,  and  v^  —  ~  1?+  ---  =z^ ,  and  v^  —  _  ^j  =  2^2  ^ 

—  ;  these  beina  substituted  in  the  above  valuQ  of  i,  it  be- 

4m3    :    :      -^".--^ 

coines  ;r= 


2^2"+" — "Z  .... 


1+^  puttingp=|^,  and  ^==^^p^,ovy  +f^~,. 

Then  the  general  iSuents,  taken  by  the  8th  and  11  th  forms 

©f  the  table  of  Fluents  give  ic==j-^  X  [i^og.  (^^  +9^)+4 

—  w  Tit  Tiy  .^ 

X  arc  to  rad.  ^and  ta^.  ^]  =  ^^^  X  ft^^^^ 

+  Z-X  arc  to  rad.  5^  and  tang.  iJ-p].     But,  at  the  beginning 
'■   q^  ■■   •'-   '■  ■.'■■■■ 

of  the  motion,  when  the  first  velocity  is  v  for  instance,  and  the 
space  ic  is  =  0,  this  fluent  becomes 

0  =    "^^   XUloff.  (v2  —  ^  V  +  -^)+4-Xarc  radius  ^  tan. 

V—  p.]     Hence  by  subtraction,  and  taking  'y  =  0  for  the  end 

of  the  motion,  the  correct  fluent  becomes  ^~q~~^  >^  [i^^^g* 

yoB.ir.  59    \ ,  .(v3^ 
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.  ^^'•-m^+^>^^'^S:-^ +^X  (Cretan,  v.p- arc ta^ 
— pto  rad.  ^f)]. 

But  as  part  of  this  fluent,  denoted  by  ^  X  the  dif.  of  the 
-  92 

two  arcs  to  tans,  v  —  |)  and  — p,  is  always  very  small  in  com- 
parison with  the  other  preceding  terms,  they  may  be  omitted 
without  material  error  in  any  practical  instance  ;  and  then  the 


fluent  is  a;=  --^-x  hyp.  log. —^~^,  for  the  ut- 


„       lb      ,      w 

4gmd^ 

most  height  to  which  the  ball  will  ascend,  when  its  motion 
ceases,  and  is  stopped,  partly  by  its  own  gravity,  but  chiefly 
by  the  resistance  of  the  air. 

But  now,  for  the  numerical  value  of  the  general  coefficient 

w  - ,  w       ' ' 

— -^-^,  and  the  term  —  ;  because  the  mass  of  the  ball  to  the 

diameter  d,is  '5236sd^,  if  its  specific  gravity  be  s  its  weight 

will  be  •5236s<^3  =  tjy .  therefore^  ==•  52365^,  and 


w. 


786405C?,  this  divided  by  4g  or  64  it-gives  — =  l^%l'2sd 

for  the  value  of  the  general  Goefficient,  to  any  diameter  «l  and 
specific  gravity  s.  And  if  we  further  suppose  the  ball  to  be 
cast  iron,  the  specific  gravity,  or  weight  of  one  cubic  inch  of 
which  is  -26855,  it  becomes  330c?,  for  that  coefficient 5  also 

785405i=2i090rf=  -—,  and  1=^  And  hence  the  fore- 

going fluent  becomes  330i  X  h^p.  log.  v^-15()v  +  2l090c^ 

or  s6Qd  X  com.  log.  2\(X96d ~  ^*^^^S^^g  the  hyper- 

bolic for  the  common  logs.  And  this  is  a  general  expression 
for  the  altitude  in  faet,  ascended  by  a&y  iron  ball,  whose  dia- 
meter is  c/ inches,  discharged  with  any  velocity  v  feet.  So 
that,  substituting  any  valuesof^  andv,  the  particular  heights 
will  be  given  to  which  the  balls  will  ascend,  which  it  is  evi- 
dent will  be  Nearly  in  proportion;  to  thd  diameter  d. 

Exam.  1.  Suppose  the  ball  be  that  belonging  to  the  first 
table  of  resistances,  its  weight  being  16  05s.  13  dr.  or  1-05  lb, 
and  its  diameter  1-965  inches,  whejQ  discharged  with  the  velo- 
city 2000  feet,  being  nearly  the  greatest  charge  for  any  iron 
ball.    The  calculation  being  made  with  these  values  of  c?  and 

Vf  the 
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*,  the  height  ascended  is  found  to  bB  2920  feet,  or  little  more 
than  half  a  mile  ;  though  found  to  be  almost  12  miles  with- 
out the  air's  resistance.  And  thus  the  height  may  be  found 
for  any  other  diameter  and  velocity. 

Exam,  2*  Again,  for  the  241b  ball,  with  tbe  same  velo- 
city 2000,  its  diameter  being  5-6  =  d.     Here  IQOd  =  4266  ; 
^v^-\BOv+tlOmd     38181^    ,         ^    ,.,.  .  :. 

tlOdOd  "^IWP^^^  ^^'  of  whichis  1-50958  ; 

theref.  1-60958  X  4256  =  ^24  =  ^  the  height,  being  a  lit- 
tle more  than  a  mile. 

We  may  now  examine  what  will  be  the  height  ascended, 
considering  the  resistance  always  as  the  square  of  the  velocity. 

PROBLEM  v.* 

To  determine  the  Height  nscertded  by  a  Bull  projeeted  as  in  the 
two  foregoing  problems  ;  supposing  the  Resistance  of  the  Air 
to  be  as  the  Square  of  the  Velocity . 

Here  it  will  be  proper  to  commence  with  selecting  some 
experimented  resistance  corresponding  to  a  medium  kind  of 
velocity  between  the  first  or  greatest  velocity  and  nothing, 
from  which  to  compute  the  other  general  resistances,  by  con- 
sidering them  as  the  squares  of  the  velocities.  It  is,proper 
to  assunae  a  near  medium  velocity  and  its  resistance,  because, 
if  we  assume  or  commence  with  the  greatest,  or  the  velocity 
of  projection,  and  compute  from  it  downwards,  th©  resistances 
will  be  every  where  too  great,  and  the  altitude  ascended  much 
less  than  just ;  and,  on  the  other  hand,  if  we  assume  or  com- 
mence with  a  small  resistance,  and  compute  from  it  all  the 
others  upwards,  they  will  be  much  too  little,  and  the  com- 
puted altitude  far  too  great.  But,  commencing  with  a  me- 
dium degree,  as  for  instance  that  which  has  a  resistance 
about  the  half  of  the  first  of  greatest  resistance,  or  rather  a 
little  more,  and  computing  from  that,  then  all  those  computed 
resistances  above  that,  will  be  rather  too  little,  but  all  those 
below  it  too  great ;  by*  which  it  wiUhappen,  that  the  defect  of 
the  one  side  will  be  compensated  by  the  excess  on  the  other, 
and  the  final  conclusion  must  b€|  near  the  truth. 
.     Thus  then,  if  we  wish  to  determine,  in  this  way,  the  alti* 

Me  as;cended  by  the  ball  employed  in  the  1st  table  of  resist- 
es  when  projected  with  2000  feet  velocity ;  we  perceive 
by  the  table,  that  to  the  velocity  2000  corresponds  the  re- 
sistance 981b;  the  half  of  this  is  4^  to  which  redstance 
corresponds  the  velocity  1400,  in  the  table,  and  the  next 
greater  velocity  1500,  with  its  resistance  57:^,  whicliWill  be 
properest  to  be  employed  here.     Hence  then,  for  any  other 

velocity 
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velocity; V,  in  general,  it  wilibe,  aecording  to  the  law  of  the 

squares  of  the  velocities,  as  15002    :  v^   :  :  571  :  . — -^-—  == 
H  4       15002 

•000025f  t;2  =  av^,  putting  a  =/G000254,  which  will  denote 

the  air's  resistance  for  any  velocity  -y,  very  neatly,  counting 

from  2000. 

Now  let  X  denote  the  altitude  ascended  when  the  velocity, 

is  iJvand  w  the  weight  of  the  ball :  then,  as  above,  av^^is  the 

resistiance  from  the  air,  hence  a'u2  ^  ^y  is  the  whole  resisting 

/y7}2  — i— Tjij    '       '  '^- 

force,  and  — — —  ==/th€j  retarding  force ; 

•  ' ' '  ■         .  "^  '  ^ 

therefore  — vt;  =  2^/07=— — — X%ar; 

and  hence  or  = -7^^ — ^  — :n — =:;; — ^ —  • 

the  fluent  of  whiiSh,  by  form  8,  is  -^^  X  hyp.  log.  (t;^ -L_  |  -: 

which  when  X  =  0,  and  v=^v  the  first  br  projectile  velocity, 

.■\'     _,-'  — ty  ■    ■  ■  zs) 

Becomes  0  =  r-— ^  x  b^  1.  (v2  + — )  :  theref.  by  subtracting 

4ga    '  ■•'     .  ct  ..-■.■•,    , 

'^,  -  -  ■      w     ■    —  ■  (zy^ '^w  ' 
the  correct  fluent  is  oc  =  - — -X  b.  1.  .  ■.  ' ;.  -,  the  height  x 
4ga  av^^w 

when  the  velocity  is  reduced  to  v  ;  and  wh^n/y  =is  0,  or  the 

w  ttvP  •f-ts? 

velocity,  is  quite  exhausted  this  becomes  ~ —  X  h,  1.  — - — - 

' ,' ,  ,^     ^    ■   >  .  ,'.■.',,/  ^ga       "  w 

for  the  whole  height  to  which  the  ball  will  ascend. 

Ex,   1 .  The  values  of  the  letters  being  7^=^  1  •  05lb,  %=64, 

a  ==.  '0000261 ,  the  last  expression  becomes  645  X  hyp.  log. 

V2+41266         ,,^'  '       V2-I-41266  ' \,  .         ,, 

41266   -^^^^^^^  ^^"^-^"S-  -41266~-    ^nd^^^^  *¥ 

first  velocity  v  being  2000,  the  same  expression  1484  X  log. 

—-^——becomes  1484  X  log.  of  97-93  =  -2955  for  the 
4126o 

height  ascended,  on  this  hypothesis  ;  which  was  2920  by  the 

former  problem,  being  nearly  the  same.  , 

Ex,  2,  Supposing  the  same  ball  to  be  projected  with  the 

velocity  of  only  1500  feet.    Then  taking  1100  velocity,  whiite 

tabular  resistance  is  27-6,  being  next  above  the  half  of  that 

for  1600.    Hence,  as  1 IOO2  :  v^  : :  27-6  :  •00002375t)2  ==aij3 . 

This  value  of  a  substituted  in  the  theorem — ^X  h.  1.  — — — 

<    .■  W\  -  \  ■  ■  _  4ga  ■  w 

jalso  1500  for  v,  and  1*05  for  w^  it  brings  out  a;  =2728  for 

the 
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the  height  in  this  case,  heing  but  a  little  above  the  ratio  of 
the  square  roots  of  the  velocities  2000  and  ISOO,  as  that  ratio 
would  give  only  2560. 

Ex,  3.  To  find  the  height  ascended  by  the  first  ball  pro= 
jected  with  ?60  feet  velocity.  Mere  taking  600,  whose  re» 
sistance  6-69  is  a  near  mediupa ;  ^^^^  ^^  ^^^^   (  ^'69  •  ^  1  - 

•00^0186  ==&.     Hence— -X  h.  1.—^-^— -==2334  the  height; 

64a  .w  °,    ' 

which  is  less  than  half  the  range  (51 00)  at  45°  elevation,  but 
more  than  half  the  range  (4100)  at  15°  elevation,  art.  Ji 05  of 
Motion  and  Forces,  being  indeed  nearly  a  medium  between 
the  two. 

jGx.  4.  With  the  same  ball,  and  1640  velocity.  Assume 
1200,  whose  resistance  34-13  is  nearly  a  medium.     Then  as 

1200^  :  34-13  ::  1  :  •0000237  =  a.     Hence -^Xh.l.^!^^^-^ 

.       .     -  .   o4a  ,  w. 

=  2854  ;  again  less  than  half  the  range  (60OQ)  by  experiment 

in  this  vol.  even  with  15**  elevation.       , 

Ex.  6.  For  ariy  other  ball  whp^e  diameter  is  d,  and  its 

;  ;  .       .      ad^v^       d^v^ 

weight  w,  the  resistance  of  the  air  being  — ~-=r— — ^—  =M^ 

1  .  bd^  V^  -•r"W 

^2  putting  6=-r—tr7—,  the  retarding  force  will  be -^—~. 

*  ;        150000  tjy^ 

,,    ,             .    ,\,    .^^bd^v^+w       :.  .       -?a>       ,      v-h  \- 

thence  --vv='2gjcX—— -,  and  ^7=  — —  X  tj^—z-.-^,  and 

\,  ^  ^^         .  /W^v^-rf-tiy        ^    \,,    ^bdPv^-Uta} 

the  cor.  nu.  x  =  -t—tt:  X  h-1--^^-— — ==— — —  x  h.  1, — —4 — 

4gbd^  bd^v^-Jr'ZSf     4:gbd^  .w 

for  the  whole  height  when  'u==0.  Now  if  the  ball  be  a  24 
^bunder,  whose  diameter  is  5-6,  and  its  square  31-36  ;  then 

,  -i  62-72  ^A^^^n.  :l       ^  24  3 

bd^  ==  =-0002091 ,  and  --—-=_— ^=___  =  1 794  . 

30.0000  '       jgbd^     eud^     Ud^  ' 

■    ,  ,  ^„        ^bd^v^+w     -836+24      86O     215 

andM2v^.=836,  and  —^^-^^ 

'"  "■215  '         '  ■'■    ^    ■'    '' '"■  '■■'■'-'      '  '  ■      '- 
fore  re  =1794X  li.  1-  -g"  =  1794  X  3-57888  ==  6420  ;  being 

more  than  double  the  height  of  that  of  the  small  ball,  or  a  lit- 
tle mope  than  a  mile,  and  very  nearly  the  same  as  in  the  2d 
example  to  prob.  4. 

PROBLEM,  W. 

To  deUrmine  the  Time  of  the  BalVs  ascending  to  the  Height  de- 
ter  mined  in  the  last,  ft  oh,  hy  the  same  Projectile  Velocity  a^ 
there  given n  ,     .  .  v^ 
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the  fluent  of  which,  by  form  11,  is  -—-*/—.  X  arc  to  ra- 

dius  1  tang.  — — ==-:w_^--  X  arc  tan.  — -  ;   or  by  correct 

■         w      2g^a  .    tsy        -     "^ 

a/ ^  a/"^ 

y  a  ,    „■  -.^/-,,  ^-  .;-  ;-  ; ;    ..    ■    a  ;  .-^^  r" 

.  "^"''       -  1  '  -2jy  'V  V 

tioni=  7— V—  X  (arc  tang.  •    .     —  arc  tang.  — — ),  the  time 

-        <*..■  ..."         ^■-- 

in  general  when  the  first  velocity  v'is  reduced  to  v,  ;  And 

when  5y=0,  or  the  velocity  ceases,  this  becomes  ^=  -— -^^x 

■   '\  -••■■•;■.-■    ■  ■•'.-■;.-•-.■'■;  ..,.■%^,■a-;^ 

t)-  ■      ■      ■ 
arc  to  tang.  for  the  time  of  the  whole  ascent. 

V-     .        ■.•■■■;;-^:  -   .-■'■■•.■     -  ■'      .  ■  'V  : 

Now,  as  in  thelast  prbb.  v=i=^ 

=_^1__.     Hence  -  ===41266,  and  V-  =   203-14,    and 
9000000  a  '        y   a  ■ 

— — ^^==  98-445  the  tangent^  to  which  corresponds  the  arc 

w     '■  ■-■"-,,......■    ■/■■  _  -^ 

a  -     -^ 

of  89^  25^  whose  length  is  1^6606  ;  then--   X   203^4    X 

1  -5606  = •     :       •  =  9  •  91 ,  the  whole  time  of  ascent. 

/■'-.'■■■  -•    V.--  •^2-;  -^    ■-•■  ■-/     ■  -.  ■  '  --'""■  "- 

Remark.     The  iinie  of  freely  ascending  to  the  same  height 

2965  feet,  that  is,. without  ^he  air's  resistance,  would  be 
-  29.5'5- '  '      ■'  ^-  *''    ■  ■■  ■ 

V-T^  =i  V  2965  ==  lS''-59  ;  and  the  time  of  freely  as- 

cending,  commencing  with  the  same  velocity  2000,  would  be 


PROBJ.EM  VII. 

To  determine  the  same  as  in  proh,  v^  taking  into  the  account 
the  Decrease  of  Density  in  the  Air  as  the  Ball  ascends  in  the 
:  Atmosphere, 

In  the  preceding  problems,  relating  to  the  height  and  time 
of  balls  ascending  in  the  atmosphere,  the  decrease  of  density 

in 
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in  the  upper  parts  of  it  has  been  neglected,  the  whole  height 
ascending  by  the  ball  being  supposed  in  air  of  the  same  den- 
sity as  at  the  earth's  surface.  Bat  it  is  well  known  that  the 
atmosphex'e  must  and  does  decrease  in  density  upwards,  in  a 
rery  rapid  degree  ;  so  much  so  indeed,  as  to  decrease  in  geo- 
metrical progression  :  at  altitudes  which  rise  only  in  arithme- 
tical progression  :  by  which  it  happens,  that  the  altitudes  as- 
cended are  proportional  only  to  the  logarithms  of  the  decrease 
of  (density  there.  Hence  it  results,  that  the  balls  must  be  al- 
ways less  and  less  resisted  in  their  ascent,  with  the  same  velo- 
city, and  that  they  must  consequently  rise  to  greater  heights 
before.they  9top.  It  Js^now  therefore  to  be  considered  what 
may  be  the  difference  resulting  from  this  circumstance. 

Now,  the  nature  and  measure  of  this  decreasing  density, 
«f  asceats  in  the  atmosphere,  has  been  explained  and  deter- 
mined in  prop.  76,  Pneumatics.  It  is  there  shown,  that 
if  D  denote  the  air's  density  at  the  earth's  surface,  and 
d  its  density  at  any  altitude  a  or  a;,  then  is  a;  =  63651  x 

log.  of  ~  in  feet,  when  the  temperature  of  the  air  is  55*^ ; 

and  60000  X  log,  -5  for  the  temperature  of  freezing  cold  ; 

we  may  therefore  assume  for  the  medium  x  =  62000  X  log, 

-J  for  a  mean  degree  between  the  two. 
a 

But  to  get  an  expression  for  the  density  d,  in  terms  of  x 

out  of  logarithms,  without  which  it  could  not  be  introduced 

into  the  measure  of  the  ball's  resistance,  in  a  manageable  form 

we  find  in  the  first  place,  by  a  neat  approximate  expression 

for  the  natural  number  to  the  log.  of  a  ratio  -^,  whose  terms 
,..,.--■  ^ 

do  not  greatly  differ,  invented  by  Dr.  Halley,  and  explained 

in  the  Introduction  to  our  Logarithms,  p.  110,  that  — -^,X  d 

nearly,  is  the  number  answering  to  the  log.  I  of  the  ratio-j, 
where  »  denotes  the  modulus  -43429448  &c.  of  the  common 
logarithms.  But,  we  before  found  that  a;  ==;  62000Xlog.  of^, 

or  62000  ^^  *^^  ^<^g-  <^^3»  which  log.  was  denoted  by  I  in  the 
expression  just  above,  for  the  number  whose  log.  is  /  or 

X  X 

g^^ ;  substitating  thi^refore  g-—  for  Z,  in  the  expression 
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»- 


«-iZ  ;         ,  124000^ 

T~  X  D,  it  gives  the  natural  numoer —  XD=Dory 

ovinnn  ^124000 

124000«--^  ^  c? 'the  density  of  the  air  at  the  altitude  a:,put- 
I24060n-\'X  >  :■ 

tingD=l  the  density  at  the  surface.     Now  put  124000w  or 

nearly  54000  ==  c  ;  then  ^^  will  be  the  density  of  the  air 

at  any  general  height  a;,  , 

But,  in  the  5tb  prob.  it  appears  that  a-ys  denotes  the  re- 
sistance to  the  velocity  -z),  or  at  the  height  x,  for  the  density 
of  air  the  same  as  at  the  surface,  which  is  too  great  in  the 

ratio  of  c  -fa:  to  c-^x;  therefore  av^  ^  ^X^^  ^*^^  ^®  *^^ 
resistahce  at  the  height  a;,  to  the  velocity  ^,  where  a  = 
•000025f.     To  this  adding  rs),^  the  weight  of  the  ball,  gives 

^^,3  X  iH^-t-  tjy  for  the  whole  resistance,  both  from  the  air 
and  the;  ball's  mass ;  conseq.  —  X  -rj-  +  "17  wiU  denote 
the  accelerating  force  of  the  ball.  0r,  if  we  include  the 
small  part  -21  or  1,  within  the  factor  2£^,  which  will  make 
no  sensible  difference  in  the  result,  but  be  a  great  deal  simpler 
in  the  process,  then  is — ~  X  -xT  =  /  the  a^iceleratmg 

force.  Conseq.— xji===:2^i==  2^07  X  -^  X  -^— ,  and 
hence  ^x  =  ^  +  -~^x;:t  or  by  division,  —  ^  +  -t- 


^'      32(1        ,  ,^ 

■'    a  :  •  ...    :.■   .. 

Now  the  fluent  of  the  first  side  of  this  equation  is  evi- 
dently—a; -f  %c  X  h.  1.  (c+a;)  ;  and  the  fluent  of  the  latter 

side,  the  same  as  in  prob.^,  ^^  64^^^'  ^'  (^2 +^_;  there- 
fore the  getieral  fluential  equa.  is  —  a;+  tc  x  h.  1.  (c  +  a*)= 

— ?^X  h.  1.  (t>2+  .2!-),     But  whett(c=Q,  and  -y^v  the  initial 
64(X  •  a' 

velocity,  this  becomes  0+2c  X  h.  1.  c=— -  X  h.  1.  (v^  '\-  -)  \ 

theref. 


Hosted  by  Google 


OF  GUNNERY.  465 

theref.  by  subtraction  the  correct  fluents  are— a;  +  2c  X  h.  1. 

.JL^=z  -^-X  h.  1.  -~T — ,  when  the  first  velocity  v  is  dimi- 

c        64a  av^  +w  ^ 

nished  to  any  less  one  t? ;  and  when  it  is  quite  extinct,  the 

■        -  C'T—iJ/  '  "00 

state  of  the  fluents  becomes  —  x  -(-  2c  x  h.  1.  — —  ==  ---  x 

c  u4d 

hi.  1.  — — r  for  the  greatest  height  x  ascended. 

^  „  ■'■  ■■■■.,■ 

Here,  in  the  quantity  h.  1.  — — ,  the  term  re  is  always  small 
in  respect  of  the  other  term  c  ;  therefore,  by  the  nature  of 

4cx        ^cx  —  x?       2c— a; 


J*      I  I  <y»  X  2X 

logarithmsjthe  h.  1.  of— ^is  nearly  =  j^_     ^^o  j,     ?  theref. 


the  above  fluents  become  —  a;  H^ 


Sc+ic         Sc+sc        ^c+ac ' 


=  ^L  y^  h.  L  -—^—.     Now  the  latter  side  of  this  equation 

64a  .  t& 

Is  th^  same  value  for  a?  as  was  found  in  the  6th  problem,  which 
therefore  piit  ^h  ;  then  the  value  of  x  will  be  easily  found 

from  the  formula  r--i—  a;  =  6,  by  a  quadratic  equation.     Or, 

2c-t"2C 

Still  easier,  and  sufficiently  near  the  truth,  by  substituting  6 

-2c— aj 
for  X  in  the  numerator  and  the  denominator  of  ^^-j-   then 

2c--h  '      '^  2c-|r&    ,  ,  .. 

— I|-j7a;  ==  o,  and  hence  oj  ~  o~^  '^j  or  by  proportion,  as 

2c— 6  :  2c+6  :  :  b  :  x  :  that  is,  only  increase  the  value  of 
X,  found  by  prpb.  6,  in  the  ratio  of  2c  —  6  to  2c+5. 

Now,  in  the  first  example  to  that  prob.  the  value  of  x  or 
5  was  there  found  =  2965  ;  and  2c  being  =  108000,  theref. 
£c  -  b  =  106045,  and  2c  +  b  =  110955,  then  as  105045  : 
11095.5  :  :  2955  :  3121  =  the  value  of  the  height  x  in  this 
case,  being  only  166  feet,  or  J^th  part  more  than  before. 

AlsQ,  for  the  2d  exanaple  to  the  5th  prob.  where  a;  was= 
6420 ;  therefore  as  2c  ^  6  :  2c  +  &  or  as  105046  :  119055  :  : 
S420 :  678Q  the  height  ascended  in  this  example,  being  also, 
the  18th  part  more  than  before.  And  sa  on,  for  any  other  ex- 
amples ;  the  value  of  2c  being  the  constant  number  108000, 

PROBLEM  VIII. 

To  determine  the  Time  af  a  Bali's  Ascending y  considering  tfie 

Decreasing  Density  of  the  Air  as  in  the  last  prob. 

The  fluxion  of  the  time  is  /  =  ?.    But  the  general  eqtia^ 
Vol,  IL  60  tion 
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tion  of  the  fluxions  of  the  space  x  and  yelocity  v,  in  the  last 

prob.  was  — r-^^=^7;X  — t—. — ;  ther.  x=^-^+ X  — riT'^ 

'^  c+x       32     av^+w  32     c  —  x     av^+w 

X       w        c-f-a?  — v         _ 

hence  i  ==-  =  ^  X X  — --. — .    But  x,  which  is  al- 

ways  small  in  respect  of  c,  is  nearly  =b  as  determined  in  the 

last  problem ;  theref  -;-— ^  may  be  substituted  for  - —  with- 

out  sensible  error ;  and  then  i  becomes  =;  --X- — 7  X     ^  .   ■•> 

Now,  this  fluxion  being  to  that  in  prob.  6,  in  the  constant  ratio 
of  c  —  6  to  c  +  6,  their  fluents  will  be  also  in  the  same  conr 
stant  ratio.  ButVby  thq  last  prob.  c  =  64006,  and  6  2=  2955 
for  the  first  example  in  prob.  5  ;  therefore  c  — 6=61046^  and 
c-I-.ft=56955,  also,  the  time  in  problem  6  was  9"*91  ;  there- 
fore as  61045  :  66955  :  :  9"  ?1  :  11/^-04  for  the  time  in  this 
case  being  r'*13  more  than  the, former,  or  nearly  the  9th  part 
more;  which  is  nearly  the  double,  or  as  the  square  of  the 
difference^  in  the  last  prob.  in  the  height  ascended.       * 

PROBLEM  IX. 

To  determinis  tJie  circumstances  of  Space,  Tithe^  and  Velocity^ 
of  a  Ball  Descending  through  the  Atmosphere  by  its  own 
-    Weight    ■  ;':•,  V'         ■■-,'".    ;     ..'■-•  ..  '  .... 

It  is  here  meant  that  the  balls  are  at  least  as  heavy  as  cast 
iron,  and  therefore  their  loss  of  weight  in  the?  air  insensible ; 
and  that  their  motion  commences  by  their  own  gravity  from  a 
state  of  rest.  The  first  object  of  enquiry  may  be,  the  utmost 
degree  of  velocity  any  such  ball  acquires  by  thus  descending. 
Now  it  is  manifest  that  the  ball's  motion  is  commenced,  and 
uhtformly  increased,  by  its  own  weight,  which  is  its  constant 
urging  force,  being  always  the  same,  and  producing  an  equal 
increase  of  velocity  in  equal  times,  excepting  for  the  diminu- 
tion of  motion  by  the  air's  resistance.  It  is  also  evident  that 
this  resistance,  beginning  from' nothing,  coDtinualiy  increases, 
in  some  ratio,  with  the  increasing  velocity  of  the  ball.  Now, 
as  the  urging  force  is  constantly  the  same,  and  the  resisting 
force  always  increasing,  it  must  happen  that  the  latter  will  at 
length  become  equal  to  the  former* :  when  this  happens, 
there  can  -afterwards  be  no  further  acceleration  of  the  motion, 
the  impelling  force  and  the  resistan<ie  being  equal,  and  the  ball 
must  ever  after  descend  with  a  uniform  motion.     It  follows 

*  This  reasoning  is  not  conclusive.  The  velocity  of  the  descending  body  in- 
creases continually,  but  never  becomes  equal  to  a  certain  determinate  velocity. 

therefore 
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therefore  that,  to  answer  the  first  enquiry,  we  have  only  to 
deterinine  when  or  what  velocity  of  the  ball  will  cause  a  re- 
sistance just  equal  to  its  own  weight. 

Now,  by  inspecting  the  tables  of  resistances  preceding  prob. 
1,  particularly  the  first  of  the  three  tables,  the  weight  of  the 
ball  being  l-051b.  we  perceive  that  the  resistance  increases 
in  the  2d  column,  till  0' 69  opposite  to  200  velocity,  and  1'56 
answering  to  300  velocity,  between  which  two  the  proposed 
resistance  1  •05,  and  the  correspondent  velocity,  fall .  But,  in 
two  velocities  not  greatly  different,  the  resistances  are  very 
nearly  proportional  to  the  squares  of  the  velocities.  There- 
fore, having  given  the  velocity  200  atiswering  to  the  resist- 
ance 0*6  9,  to  find  the  velocity  answering  to  the  resistance 
i'05,  we  must  say,  as  0-69  :  1'6b  :  :  200?  :  ^2=60870,  theref. 
^=  ^  60870  =  246,  is  the  greatest  velocity  this  hall  can  ac- 
quire ;  after  which  it  will  descend  with  that  velocity  uniform- 
ly, or  at  least  with  a  velocity  nearly  approaching  to  246. 

The  samei  greatest  or  uniform  velocity  will  also  be  directly 
found  from  the  rule  •00001 725Ty 2  =^  r,  near  the  end  of  prob- 
lem 2,  where  r  is  the  resistance  to  the  velocity  u,  by  making 

Iv05 
l;05=r  ;  for  then ^2==  ___^_=:  60870,  the  same  value 

for  ij2  as  before. 

But  now,  for  any  other  weight  of  ball ;  as  the  weights  of 
the  balls  increase  as  the  cubes  of  their  diameters,  and  theit 
resistances,  being  as  the  surfaces ^  increase  only  as  the  squares 
of  the  same,  which  is  one  power  less  ;  and  the  resistances  , 
being  also  in  this  case,  as  the  squares  of  the  velocities,  we 
must  therefore  increase  the  squares  of  the  velocity  in  the 
ratio  of  the  diameters  of  the  balls  ;  that  is,  as  1'965 *:  d  :  : 

2462  d 

2462  :  — --  d  =u2  and  hence  '^=246^  — -  =  1751^^  d. 

If  we  take  here  the  31b  ball  belonging  to  the  2d  table  of 
resistances,  whose  diameter  c?  is,  =2-80  ;  then  v'2*80==l"673, 
and  175i  X  1*67  =  294,  is  the  greatest  or  uniform  velocity, 
with  which  the  31b  ball  will  descend.  And  if  we  take  the 
61b.  ball,  whose  diameter  is  3*53  inches,  as  in  the  3d  table  of 
resistances:  then  y'3-53  =  1-88,  and  1751^  XI -Ba— 330, 
being  the  greatest  velocity  that  can  be  acquired  by  the  61b 
ball,  and  with  which  it  will  afterwards  uniformly  descend. 
For  a  91b  ball,  whose  diameter  is  4*04,  the  velocity  will  be 
17^  ><  2*01  =  353.  And  so  on  for  any  other  size  of  iron 
baliv  as  in  the  following  table.  Where  the  first  column  con- 
tains the  weight  of  the  balls  in  lbs ;  the  2d  their  diame- 
ters 
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tiers  in  inches ;  tbe  .3d  their 
velocities  to  which  they 
nearly  approach,  as  a  limit, 
and  therefore  called  their 
terminal  or  last  velocities, 
with  which  they  afterwiard, 
descend  uniformly  ;  and  the 
4th  or  last  column  the 
heights  due  to  these  veloci- 
ties, or  the  heights  from 
which  the  balls  must  descend 
in  vacuo  to  acquire  them. 

But  it  is  manifest  that  the 
balls  can  never  attain  exactly 
to  these  velocities  in  any 
finite  time  or  descent,  b^ing 
only  the  limits  to  which  they 
continually  approach,  without 

ever  really  reaching,  though  they  arrive  very  nearly  at  them 
in  a  short  space  of  time  ;  as  will  appear  by  the  following  cal- 
culation. 

To  obtain  general  expressions  for  the  ^pace  descended,  and 
the  time  of  th^  descent,  in  terms  of  the  velocity  v  i  put  a;  = 
any  space  descended,  ^  =  its  time,  and  v  the  velocity  ae- 
quired,  the  weight  of  the  ball  ts).  =  I'OSlb.  Now^  by  the 
theorem, near  the  end  of  ptob*  ^,  which  is  the  proper  rule  for 
this  case,  the  velocity  being  small,  •00001726tj2  =  cv^,  is  the 
resistance  due  to  the  velocity  v;  theref.  W'-^cv^  is  the  impelling 

force,  and — ——==f  the  accelerating  force  ;  conseq.  x;i  or 


Wt. 

lbs. 

Diam. 
inch. 

TeiTP- 

Veloc, 

feet. 

taeigiit. 
4ue  to 
V,  feet. 

1 

1-94 

244 

930 

2 

2-45 

275 

1182 

3 

2-80 

294 

1260 

4 

3-08 

308 

1482 

6 

3-53 

330  i 

1701 

9 

4-04 

353 

1958 

42 

4-45 

370 

2139 

18 

5-09 

396 

2450 

24 

5-60 

416 

2691 

32 

6-17 

436 

27^90 

36 

6-41 

444 

3080 

,42 

6-75 

456 

3240 

^gfx^^gieY. 


V'-^CV^ 


and^=--X— 

.    2g  \w- 


Vv 


the  correct  flu- 


ent of  which,  by  the  8th  form  is  .r  =  —  X  h.  1. the 

4gc  w-^cv^ 

general  value  of  the  space  d;  descended, 
.  Here  it  appears  that  the  denominator  a?— c-y^  decreases  as 
V  increases  ;  conseq.  the  whole  value  of  oc,  the  descent,  in- 
creases with  x;,  till  it  becomes  infinite,  when  the  resistance 
cv^  is  ==  ti»  the  weight  of  the  ball,  when  the  motion  becomes 
uniforioi  as  before  remarked.  We  may  however  ej^sily  assign 
the  value  of  a;  a  little  before  the  velocity  becomes  uniform, 
or  before  C7?2  becomes  =  w.  Thus,  when  cd^  ==  ^^^  then 
y  3=  246,  as  found  in  the  beginning  of  this  problem.  Assume 
therefore  v  a  little  less  than  that  greatest  velocity,  as  for  in- 
stance 240  s  then  this  talue  of  -y  substituted  in  the  general 

formula 
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fprmufe  fora?  above  deduced,  gives  x  =  2781  feet  a  little  be- 
;fdre  the  iAotioa  becomes  uniform,  or  when  the  velocity  has 
arrive^  at  240,  its  maximum  being  246, 

In  like  manner  is  the  space  to  be  computed  that  will  be 
d]ae  to  any  other  velocity  less  than  the  greatest  or  terminal 
velocity.     On  the  contrary,  to  find  the  velocity  due  to : any 

proposed  space  cc,  from  the  formula  i  =r:  — -  X  h.  1.  ——■• — . 
^     ^  '         .  4cgc  tjy— cu^ 

Here  a:  is  given,  to  find  i:>.    First  then  ~—=h.  L 


take  therefore  the  number  to  the  hyp.  log.  of-^^ — ,  which 

-■■•.■■■_.  _  ,• '  ■  •  w    . , 

■J       •      •••■ "_  *"■'-■  w 

number  call  n  ;  then  n  ==  —- — -  ;    conseq.  mw  -^  ncv^  =  w. 
■■    ■  w—ci}^  /^    :  -    / 

and  NW-— w  •=  Nct?2    and  V  =  -»/ -ay,  a  eeneral  theorem 

■    ,       '.    ^  NC 

for  the  value  of  V  due  to  any  distance  a:.     Supi^ose,  for  in- 
stance, a;  is    J  000.      Now'  4g  being  =  64,  w  =  1  -Od,  and 

4scx 
c  r=  .00001725;    theref.  -^— =   1-0514^,  and  the  natural 

.  ■  w 

nuttiber  belonging  to  this,  .considered   as   an   hyp.   log.  is 

'     N— I    ■ 

2-8617=N  ;  hence  then  v  =v'— —"^  ~1^^3  is  the  velocity 

due  tp  the  space  i 000,  or  when  the  ball  has  descended  1000 
^feet.  ■'■■ '     '"■     '  '        '        .     .        .  y-  '      '  •  '  '■  ■  ■■  '■ 


Again,   for  the  tiine^  of  descent  :   here  t  =  -  ;   but 

X  ==  — -  X --,  as  found  above,  theref.  }  =  -A-  -JL.^^^ 

'       '    ■■          w  , 
V                       iZ-'  +  v 
1        w                   c 
the  fluent  of  which  is  -t-a/-  X  h.  1 .  — -— ,   the    general 

value  of  the  time  t  for  any  value  of  the  velocity  i>  ;  which 

Value  of  ^  evidently  increases  as  ihe  denominator  >/  --  —  -p 
■  ■..■•'   ^  ■.  ,  ■:.■•■"•  '"■:'■     '  .    .  ■'■','-      c 

decreases,  or  as  the  velocity -y  increases  ;  and  consequently 
the  time  is  infinite  when  that  denominator  vanishes  ^  which 
.       ,  ■  ■  w 

is  when  v:=p  ^  ^^^x  co^  =-w,  the  resistance  equal  to  the 

ball's  weight,  being  the  same  case  as  when  the  space  a:  be- 
comes infinite,  as  above  remarked.  But,  like  ks  was  done 
for  the  distance  a;  as  above,  we  may  here  also  find  the  value 

of 
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of  r  corresponding  to  any  value  of  7?,  less  than  its  maximuni 
2'4B,  and  consequenfly  to  any  value  of  ^,  as  when  v  is  240  for 
instance,  or  re  =  2781,  as  dciterniined  above.  Now,  by  sub- 
stituting 240  for  t?,  in  the  general  formula. 

76)'     ' 
1  ^  C 

t=—^  -  X  h.  L ,  it  brings  out  t==16''-675  :  so  that 

4ff^    c  w 

■  ^ v 

c 

it  would  be  nearly  16f  seconds  when  the  velocity  arrives  at 

240,  or  a  little  less  than  the  maximum  or  uniform  degree,  viz, 

246,  or  when  the  space  descended  is  2781  feet. 

Also,  to  determine  the  time  corresponding  to  the  same,  or 
when  the  descent  is  1000  feet,  or  the  velocity  199:  find  the 

,       ■      I         w         1  1-06  246       123       ^. 

value  of  ^V~  -  64V^.oOOQi725  ==  'U'^'W     ^^"^ 

w     ' 


246+199     445 


=;-—-;  thehyp.  log  of  which  is  2  •24  79. 


■  w  246-199      47 

■  ■  c    ,-  .^         ../■  ■■.■■•■. 

1 23 
Hence  2-2479  ><-^-=8'''64i  the  time  of  descending  1000  feet, 

or,  when  the  velocity  is  199. 

See  other  speculatioiis  on  this  problem,  in  Prob*  22,  Pro- 
jectiles, as  deteirmined  from  theory,  viz.  T\^ithout  using  the 
experimented  resistance  of  the  air. 

PR03LEMX. 

To  determine  ihe  Circumstances  of  the  Moiipn  of  a  Ball  pro- 
jected Horizontally  in  the  Air ;  abstracted  from  its  Vertical 
Descent  by  its  Gravitation. 

Putting  d  for  the  diameter,  and  zst  the  weight  of  the. ball, 

y  the  velocity  of  projection,  and  v  the  velocity  of  the  ball 

after  haying  moved  through  the  space  t.     T hen  by  corol.  1 

to  prob.  2,  if  the  velocity  is  considerable,  such  as  usual  in 

practice,  the  resistance  of  the  ball  moving  with  the  velocity. 

ffiT)"^  ^-"nv 
V.  is  (mv^  —  ?w;)  d^    and  therefore  — cf.^  is  the  retardive 

■  ,  .   '    '  ■  -  w 

force/;    hence  the  common  formula  vv  ==  2g/a;,  is  —  vv  = 

32iX  c^S  and  theref.^=— -X— T =^^37  X 

w      ■  ,  32^2     mv^^nv     32(^2 


^^.      ^>  -■■''■  ■■  ,  the  fluent  of  which  is  obviously 

mvr^n    o2d^m  n  .    " 


Hosted  by  Google 


OF  GUNNERY.  471 

--^-X—>hyp.  log.  of  v— — ,  and  by  the  correction  by  the 

n 

-:-  V 

w                               tn 
irst  velocity  v,  it  becomes  a;=  ,^  X  h.  log. -,    the 

m 
general  formula  for  the  distance  passed  over  in  terms  of  the 
velocity. 

Now,  for  an  application,  let  it  be  required  first,  to  deter- 
mine ^n  what  space  a  241b  ball  will  have  its  velocity  reduced 
from  1780  feet  to  1500,  that  is  losing  280  feet  of  its  first 
Telocity.     Here,  d-=^  S'py'w  ==  24,  v  ==  1780,  and  2)==:1500 ; 

also>r^=150.     HenceT;;^  ===3587-4,  thien»==  3587-4  X 

h. ,.  141  =  3687.4  X  h.  1.  i|g  =.3587-4  X  h.  1.  Ig  = 
13—150      .  1350  135 

676  feet,  the  space  passed  over  when  the  ball  has  lost  280  feet 

©f  its  motiop. 

Again  to  find  with  what  velocity  the  same  ball  will  move, 

after  having  described  1000  feet  in  its  flight.     The  above^ 

theorem  is  a?  or  1000  =  3587-4  X  h.l.^"'   f^  =  3687-4  X 

■■     -y— 160  ' 

,    ,      1630  10000     ^  ,     1630       ^  ^'^  ^     ^   _ 

^'  1*        -^-^Ar  ^^  oror.;.  =^  ^'  1-  ■ — T^  5  ^^^  the  number  to  the 
v— 160         35874  'z?  — 160 

,      •  10000.    ^-^^^^  ^^  1630  , 

hyp.  log- 3^3^:4  IS  1-7416  =»n suppose;  then  =^^^^^,  and 

uu— 150n=163G|,  or  nu=1630+150n,  and  v  = 150 

=  936—160  =:  786,  the  velocity,  when  the  ball  has  moved 
1000  feet. 
Next,  to  find  a  theor.  for  the  time  of  describing  any  space ^ 

or  destroying  any  velocity  :  Here  i  s=  -  =  - — —-  X  — — ^ 

■      \-  ■    "     '.  ■'■•_.  .    ■  m  _ 

the  fluent  of  which^  by  the  9th  form  is  f  =  -^^—rk  X  —    X 


2»tmd! 


.  n 


h.  1.  — — -  2=  ...    _  ■  X  h.  1. -,  and  by  correction 

m  m 


^  —  — ,  V  —  ■ 

m  m 


V— ISfe 
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'^^^^  -,  putting  Y  for  the  first  velocity,  aad  150  for  —   its 

value,  BS  before. 

Now,  to  take  for  an  example  the  same  241b  ball,  and  its 

projected  velocity  1780,  as  before ;  let  ifr  be  required  to  find 

in  what  time  this  velocity  will  be  reduced  to  786.     Here  then 

v=1780,  V  =  786,  tiy  =  24,  cZ  =  6-6,  d^  =  31-36,  n  =  -001  ; 

w  750         ^«  ^  ^  'V-150    V       1630 

hence r-  = r-  =  23*916  :  and .  -  = X 

32nd2       31-36  '  -y-lSO    v        636    ' 

-,  the  hyp.  log.  of  which  is  -lOOQ  ;  then  31-36 


1780       18868' 

X-1099=2''-628,  the  time  required. 

For  another,  example,  let  it  be  required  to  find  when  the 
velocity  will  be  reduced  to  1000,  or  780  destroyed.  Here 
t?=1000,  and  all  the  other  quantities  as  before.  Then 
v-150  V  1630  ,1000  1630^^  .  ,  c  v.-  . 
^^30  ^  V  ==  -850  ^  1780  =  1515'  '""^  ^^P'  ^'^'  ^^^^^^^ 
is  -07449  ;  theref.  31-36  X07449==l"'78,  is  the  time  sought. 

On  the  other  hand,  if  it  be  required  to  find  what  will  be 
the  velocity  after  the  ball  has  been  in  motion  during  any  given 
tijne,  as  suppose*^  seconds;  we  must  reverse  the  calculation 

W  V— «-150       7) 

thus  :  t^r  being  ==  —-5-  X  h.  1.  ^~  .  -  =  23-916  X 
®       32nd^  v— 150    v 

h.  1. 1—1^  .  - ;  theref.  — ^--  =-0836216  is  the  hyp.  log.  of 
.      -y  — 160    v'  23-916  '^^      ^  ^ 

y 1 5Q       ij 

— T-  .  -,  the  number  answering  to  which  is  1  -08725  =  n 

1?— 160    V 

V  —  1 50    7? 

suppose,  that  is,  n  = --—  .  -.     Hence  Nvi?  —  160  nv  = 

^^  1;  — 160    V 

160NV  2&0290        ^,,    ,, 

vv -  150Ty,  and  v  =^Ti:rr-, =  „^^  ^— -  =  951,  the  ve- 

'  160+Nv-v       306-305  ' 

locity  at  the  end  of  2  seconds. 

The  foregoing  calculations  serve  only  for  the  higher  velo- 
cities, such  as  exceed  200  or  300  feet  per  second  of  time. 
But,  for  those  that  are  below  300,  the  rule  is  simpler,  as  the 
resistance  is  then,  by  cor.  2,  prob.  2,  •  0000044 7 c^^t:?^  =(.(^2^3^ 
where  d  denotes  the  diameter  of  any  ball.     Hence  then,  em- 

cd^v^ 
ploying  the  same  notation  as  before, =/,  and  —  -y^  =: 

/..  .      ed^v^  „     '         w         — -w 

32/x=32:tX  — ;  theref.  ^=:— -_x ,  the  correct  flu- 

w  32c#        V 

ent  of  which  is  :f  i= -— -r~  X  h.  L- . 
32ca2  v 

Now, 
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Nc^Wjfor  an  example,  suppose  the  first  velocity  to  be  300 
=v,  arid  the  last  -u^lOO  for  a  24lb  ball.     Thenw  =  24,  rf== 

5-6,  £Z3=31-36^  c=-0Q000447  ;  therefore  -^V"  ==-——== 

'  32cd^      125-44C 

5360  ;  and  -  =  -—  =  3,  the  hyp.  log.  of  which  is  1  -0986  ; 

theref.  l-0&86X6360==5878=a;,  is  the  distance.— If  the  first 

V 

velocity  be  only  200-=v;  then  ~=2,  the  hyp.  log.  of  whiqh 

is  '69315,  therefore,  69315X5350=3708=  ir,  the  distance. 

And  conversely,  to  find  what  velocity  will  remain  after 
passing  over  any  space,  as  4000  feet  the  first  velocity  being 

or./.      rj        ^u      1.         1  /•  ^  •       ^  4000        400 

V  =5  200.     Here  the  hvp.  loff.  of  ^  is  -—  =  — —  = 

•^^    ^         V      5360       5360       536 
80 
=  — -='74766,  the  natural  number  of  which  is  2*M2!0,  that 

v  V  200 

is,  2-112  =  -  ;  therefore  »=  ^^^^  =  __=:94'3:,the  velo- 
city. 

Again,  for  the  time  ti  since  i=——r-  x  - — ,  therefore  > 

ozca^  V 

=  ~  =  on   i^X—Tf  t^e  correct  fluent  of  which  is  i=- — ~ 
V       32cd^       v^  32cd2 

X  ( )  =  X  —^.— So,  for  example  if  v=300,  and 

.  =100  ;  then— ^  =--^^  =^  ;  then  5^  or  5350  x 

2 
--—  =35'''|— ^,  the  time  of  reducing  the  300  velocity  to  100, 

oUU 

or  of  passing  over  the  space  5878  feet. 

And  reversing,  to  find  the  velocity /u,  answering  to  any  given 
w.         ■  1       1  1        1 

time  t:  Since  t  =^5-77  X  (-  -  -)  =  6350  x  (  -  -  ^)  theref. 

5350 

V  =  -57771—- .  Here,  if  t  be  given=30'',  and  v=  300 j  then  tp= 

5350u  635    -  ^^^     32100     .  •,   ,         ,     . 

6"350+-9000==T4^ 

CorbL    The  same  form  of  theorem,  x  =^ r-  X  h.  1.  - 

32crf2  ^ 

as  above,  is  brought  out  for  small  velocities,  will  also  serve 
for  the  higher  ones,  if  we  employ  the  medium  resistance  be- 
tween the  two  proposed  velocities,  as  was  done  in  prob.  5» 
Vol.  IL  6J  Thus 
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TKuSj  as  in  the  first  exainple  of  this  prohlem^  where  the  two 
relocities  are  1780  and  1600,  the  resistance  due  to  the  velo- 
city 1700,  in  the  first  tahle  of  resistances,  being  74*13,  say  as 
I7«J0»  :  17803  :  :  74-13  :  81-27,  the  resistance  due  to  the  ve- 
locity 1780;  then  the  mean  between  81-27  and  67-25,  due 
to  1500  velocity,  is  69-26,  or  rather  take  60a.  Again,  as 
'  ^  65-7  :  v/  69X  :  :  1600  :  1646,  the  velocity  due  to  the  me- 
dium resistance  69^.  Hence,  as  in  prob.  6,  as  16462  w^w 
69i  :  •00002665i;2  =  suppose  av^  ^  the  resistance  due  to  any 
velocity  tj,  between  1780  and  1600,  for  the  l-061b  ball.  And 
as  l-966»  :  5-62  :  :  av^  :  8-124av2  =  .oo020838"z?3  ^fc-ys  sup- 
pose, the  resistance  due  to  the  same  velocity,  with  the  241b 

ball.     Therefore  —  =/,  and  -  -dv  =  32/i  ==  %h^^i:y  and 

X  =^-Ti—^  ^^^  correct  fluent  of  which  is  —r  X  h.  1.  - -_- 

,  ■        178      3  ■  ,   89 

^  l50""46  ^  h-J-;7^=3600  X -171148  =616  the 

velocity  sought. 

PROBLEM  XI. 

To  determine  the  Ranges  of  Projectiles  in  the  Air, 

To  determine  by  theory,  the  trajectory  a  proje(itile  de- 
scribes in  the  air,  is  One  of  the  most  difficult  problems  in  the 
whole  course  of  dynamics,  even  when  assisted  by  all  the  ex- 
periments that  have  hitherto  been  made  on  this  branch  of  the 
physics  ;  and  is  indeed  much  too  difficult  for  this  place,  in  the 
full  extent  of  the  problem  :  the  consideration  of  it  must  there- 
fore be  reserved  for  another  occasion  when  the  nature  of  the 
air's  resistance  can  be  more  amply  discussed.  Even  the  solu- 
tions of  Newton,  of  Bernoulli,  of  Euler,  of  Borda,  &c.  &c. 
after  the  most  elaborate  investigation^,  assisted  by  ^11  the  re- 
sources of  the  modern  analysis,  amount  to  no  more  than  dis- 
tant approximations,  that  are  rendered  nearly  useless,  even  to 
the  speculative  philpsopher,  from  the  assumption  of  a  very 
erroneous  law  of  resistance  in  the  air,  and  much  afore  so  to 
the  practical  artillerist,  both  on  that  account,  and  from  the 
very  intricate  process  of  calculation,  which  is  quite  inapplica- 
ble tp  actual  service.  The  solution  of  this  problem  requires, 
as  an  indispensible  datum,  the  perfect  determination  by  ex- 
periment of  the  nature  and  laws  of  the  air's  resistance  at  dif- 
ferenUdtitudes,  to  balls  of  different  sizes  and  densities,  mov- 
ing with  all  the  usual  degrees  of  celerity.  Unfortunately  how- 
ever, hardly  any  experiments  of  this  kind  have  been  made  ex- 
cepting those  which  on  some  o<;casions  have  been  pubhshed 

by 


Hosted  by  Google 


OF  GUNNERY.  475 

by  myself,  as  in  my  tracts  of  1786,  as  well  as  in  my  Diction- 
ary, some  few  of  which  are  also  given  in  art.  106  of  Mot.  and 
Forces,  with  some  practical  inferences.  And  though  I  have 
many  more  yet  to  publish,  of  the  same  kind,  much  more  ex- 
tensive and  varied,  i  cannot  yet  undertake  to  pronounce  that 
they  are  fully  adequate  to  the  purpose  in  hand. 

AH  that  can  be  here  done  then,  in  the  solution  of  the  pre* 
sent  problem,  besides  what  is  delivered  in  this  volume,  is 
to  collect  together  some  of  the  best  practical  rules,  founded 
partly  on  theory,  and  partly  on  practice.  1.  In  the  first  place 
then,  it  may  be  remarked,  that  the  initial  or  first  velocity  of 
a  "ball  may  be  directly  computed  by  prob.  17,  page  393  of 
this  volume  ;  having  given  the  dimensions  of  the  piece,  the 
weight  of  the  ball,  and  the  charge  of  powder.  Or  otherwise, 
the  same  may  be  made  out  from  the  table  of  experimented 
ranges  and  velocities  in  page  141  of  this  volume,  by  this  rule, 
that  the  velocities  to  different  balls,  and  different  charges  of 
powder,  are  as  the  square  roots  of  the  Weights  of  the  powder 
directly,  and  as  the  square  roots  of  the  weights  of  the  balls 
inversely.  Thus,  if  it  be  enquired,  with  what  velocity  a  ^4lb 
ball  will  be  discharged  by  8lb  of  powder.  Now  it  appear?  in 
the  table,  that  Bounces  of  powder  discharge  the  lib  ball  with 
1640  feet  velocity;  and  because  8lb  are^=  128  ounces; 
therefore  by  the  rule,  as  V  f  •  ^f  W  *  •  ^^^^  :  1640  ^  if 
=  1640  yf%=  1339,  the  velocity  sought.  Or  otherwise,  by 
rule  1,  p  142  of  this  vol.  as  V  ^4  :  ^  16  :  :  1600  :  1306,  the 
same  velocity  nearly.  But  when  the  charges  bear  the  same 
ratio  to  one  another  as  the  weight  of  the  balls,  that  is  wh^n 
the  pieces  are  said  to  be  alike  charged,  then  the  velocities 
will  be  equal.  Thus,  the  lib  ball  by  the  2  oz  charge  being 
the  8th  part  of  the  weight,  and  the  241b  ball,  with  3lb  of  pow- 
der, its  8th  part  also,  will  have  the  same  velocity,  y'\z,  860 
feet.  In  like  manner,  the  1230  tabular  velocity,  answering 
to  4  oz  of  powder,  the  4th  part  of  the  ball,  will  equally  belong 
to  the  24lb  baU  with  6lb  of  powder,  being  its  4th  part  and  the 
tabular  velocity  1640,  answering  to  the  8gz  chargfe,  which  is 
^  the  weight  of  ball,  will  equally  belong  to  the  24lb  ball  with 
121b  of  powder,  being  also  the  ^  of  its  weight. 

2.  By  prob.  9  will  be  found  what  is  called  the  terminal  velo- 
city,  that  is,  the  greatest  velocity  a  ball  can  acquire  by  des- 
cending in  the  air  ;  indeed  a  table  is  there  given  of  the  seve- 
ral terminal  velocities  belonging  to  the  different  balls,  with  the 
heights,  in  an  annexed  column,  due  to  those  velocities'  in  va- 
cuo, that  is  the  heights  from  which  a  body  must  fall  in  vacuo, 
to  acquire  those  velocities. 

3,  Given  the  initial  velocity,  to  find  the  elevation  of  the 

piece 
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piece  to  have  the  greatest  range,  and  tJie  extent  of  that  range* 
These  will  be  found  by  means  of  the  annexed  tablQ,  altered 
firom  Professor  Robison's 
in  the  Encyclopaedia  Bri- 
tannica,  and  founded  on  an 
approximation  of  Sir  L 
Newton's.  The  numbers 
in  the  first  column,  multi- 
plied by  the  terminal  velo- 
dt;  of  the  ball  give  the 
initial  Telocity;  and  the 
numbers  in  the  last  co- 
lumn, being  multiplied  by 
the  height,  give  the  great- 
est ranges  ;  the  middle  co- 
lumn showing  the  elevations 
to  produce  those  ranges. 

To  use  this  table  then, 
divide  the  given  initial  ve- 
locity by  the  terminal  ve- 
locity peculiar  to  the  ball, 
found  in  the  tabl  e  in  pr ob . 
9,  and  look  for  the  quo- 
tient in  the  first  column 
here  annexed.  Against  this, 
in  the  2d  coluinn  will  be 


Table  of  Elevations 

giving  the\ 

Greatest  Ra^i^e.                \ 

Initialvel. 
div.  by  v. 

Elevatron.^^°S^^^^- 
by  a. 

0-6910 

440  0' 

0-3914 

0-9445, 

43  15 

0-5850 

M980 

42  SO 

0-7787 

1-4615 

41  45 

0-9724 

lv705O 

41     0 

1-1661 

1-9585 

40  15 

1-3598 

2-2120 

39  30 

1-6535 

2-4655 

38  45 

1-7472 

2-7190 

38     0 

1-9409 

2-9725 

37  15 

2-1346 

3-2260 

36^ 

2-3283 

3?4795 

35  45 

2-5220 

3-7330 

35     0 

2-7157 

3-^865 

34  15 

2-9094 

4-2100 

33  30 

3-1031 

4-4935 

32  45 

3-2968 

4-7470 

32     0 

3-4905 

5-GOOO 

31  15 

3-6842 

found  the  elevation  to  give 
the  greatest  range  ;  and  the  number  in  the  3d  column  multi- 
plied by  a,  the  altitude  due  to /the  terminal  velocity,  also 
found  in  the  table  in  problem  9,  will  give  the  range,  nearly. 

Ex.  1.  Let  it  be  required  to  find  the  greatest  range  of  a 
241b  ball,  when  discharged  with  1640  feet  velocity,  and  the 
corresponding  angle  to  produce  that  range.  By  the  table  in 
prob.  9,  the  terminal  velocity  of  the  241b  ball  is  415,  and  its 

producing  altitude  2691  :  hence— —  =  3-95,  nearly  equal  to 

3-9865  in  the  first  column  of  our  table,  to  which  corresponds 
the  angle  34 <^  15',  being  the  elevation  to  produce  the  greatest 
range ;  and  the  corresponding  number  2.9094  in  the  3d  co- 
lumn, multiplied  by  2691V  gives  7829  feet,  for  the  greatest 
range,  being  nearly  a  mile  and  a  half. 

Enbam.  2.  In  like  manner,  the  same  balls  discharged  with 
the  velocity.  860  feet,  will  have  for  its  greatest  range  389 1 
feet,  or  nearly  J  of  a  mile,  and  the  elevation  producing  it 
39*'  55'.  ' 

The^e  examples,  and  indeed  the  whole  table  in  the  9th 

problem, 
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problem,  are  only  adapted  to  the  use  of  cannon  balls.  But 
it  is  J20t  usual  and  indeed  not  easily  practicable,  to  discharge 
cannon  shot  at  such  elevations,  in  the  British  service,  that 
practice  being  the  peculiar  office  of  mortar  shells.  On  this 
account  then  it  will  be  necessary  to  make  out  a  table  of  ter- 
minal velocities,  and  altitudes  due  to  them,  for  the  different 
sizes  of  such  shells.  The  several  kinds  of  these  in  present 
use,  are  denominated,  from  the  diameters  olf  their  mortar 
bores  in  inches,  being  the  five  following,  viz.  the  4-6,  the 
6-8,  the  8,  the  10,  and  the  13  inch  mortars,  as  in  the  first 
column  of  the  following  table.  But  the  outer  diameters  of 
the  shells  are  somewhat  smaller,  to  leave  a  little  room  or 
space  as  windage,,  as  contained  in  the  2d  column. 


Table  of  dimensions,  ^c.  of  Mortar  Shells.                \ 

Diamof 
Mortar. 

Diamol 
shells. 

Weight 
ofShells 
filled. 

Weight 
of  equal 
solid. 

Ratio  of 
Shell  to 
solid. 

Termi- 
nal ve- 
locity. 

Alt.,  a  due 
to  veloci- 
ty- 

inch. 

inch. 

lbs. 

lbs. 

feet. 

feet. 

4-6 

4-53 

9 

12| 

1-42 

314 

1541 

5-8 

'6-72 

18 

25|. 

1-42 

352 

1936 

8 

7-90 

47 

67 

1-42 

414 

2678 

10 

9-84 

91i 

130 

1-42 

.462 

3335 

13 

12-80 

201 

286 

1-42 

527 

4340 

The  3d  column  contains  the  weight  of  each  shell  when  the 
hollow  part  is  filled  with  powder  :  the  diameter  of  the  hollow 
is  usually  /^  of  that  of  the  mortar :  the  weight  of  the  shells 
empty  and  when  filled,  with  other  circumstances,  may  be  seen 
at  quest.  53,  in  Mensuration,  end  of  vol.  1.  On  account  of  the 
vacuity  of  the  shell  being  filled  only  with  the  g«npowder,  the 
weight  of  the  whole  so  filled,  and  contained  in  column  3,  is 
much  less  tban  the  weight  of  the  samfe  size  of  solid  iron,  and 
the  correspohding  weights  of  such  equal  solid  balls  are  con- 
tained in  col.  4.  The  ratio  of  these  weights,  or  the  latter  di- 
vided by  the  former,  occupies  the  5th  column. 

Now  because  the  loaded  or  filled  shells  are  of  less  specific 
gravity,  or  less  heavy,  than  the  equal  solid  iron  balls,  in  the 
ratio  of  1  to  1'42,  as  in  column  5,  the  former  will  have  less 
power  or  force  to  oppose  the  resistance  of  the  air,  in  that 
same  proportion,  and  the  terminal  or  greatest  velocity j  as 
determined  in  the  9th  prob.  will  be  correspondently  less. 
Therefore,  instead  of  the  rule  there  given,  viz.  175*5^c^,  for 

that  velocity,  the  rule  must  now  be  175*5-/— -  =147'3v'^=^^ 

the 


Hosted  by  Google 


478  THEORY  AND  PRACTICE 

the  diameter  of  th^  sjiell  being^ ;  that  is,  the  terminal  velo- 
cities will  be  all  lestsiii  the  ratio  of  147*3  to  176-5.  Now, 
cpmputiiig  these  several  velocities  by  this  rule,  to  all  the  dif- 
ferent diameters,  thej-are  found  as  placed  in  the  6th  col.  ; 
and  in  the  7th  or  last  column  are  set  the  altitude  which  would 
produce  these  velocities  in  vacuo,  as  tcoinputed  from  this 

theorem  -—. 

■  64-   - 

Having  now  obtained  these  terminal  velocities,  and  their 
producing  altitudes,  for  the  shells,  we  can,  from  them  and  the 
former  table  of  rianges  and  elevations,  easily  compute  the 
greatest  range,  and  the  corresponding  angle  of  elevation,  for 
any  mortar  and  shell,  in  the  same  way  as  was  done  for  the 
balls  in  this  problem.  Thus,  for  example,  to  find  the  great- 
est range  and  elevation,  for  the  13  inch  shell,  when  projected 
with  the  velocity  of  2000  feet  per  second,  being  nearly  the 
greatest  velocity  that  balls  can  be  dispharged  with.     Now, 

by  the  method  before  used  >p—  ==  3-796;  opposite  to  iU$, 

found  in  the  first  column  of  the  table  of  ranges^  corresponds 
34^  49^  for  the  elevation  in  the  2d  column,  and  the  number 
2-764  in  the  3d  colujtnn  ;  ttis  multiplied  by  the  altitude  4340, 
gives  11996  feet,  or  more  than  2i  miles*  for  the  greatest 
range."     ■-,  .   ;   ■  ,•  ■\   ' 

This  however  is  much  short  of  the  distance  which  it  is  said 
the  French  have  lately  thrown  some  shells  at  the  siege  of 
Cadiz,  viz.  3  miles,  which  it  seems  has  been  effected  by 
means  of  a  peculiar  piece  of  ordnance^  and  by  loading  or  fill- 
ing the  cavity  of  the  shell  with  lead  to  render  it  heavier^  and 
thus  make  it  fitter  to  overcome  the  resistance  of  the  air.  Let 
us  then  examine  what  will,  be  the  greatest  range  of  our  13 
inch  shell,  if  its  usual  cavity  be  quite  filled  with  lead  when 
discharged,  with  the  projectile  velocity  of  ?000  feet. 

Now  thediaiaieter  of  the  cavity,  being  about  /^  of  that  of 
the  moTtar  13,  will  be  nearly  .9  inches  And  the  weight  of 
aglobeof  lead  of  this  diameter  is  139-31b  ;  which  added  to 
187-8,  the  weight  of  the  shell  empty,  gives  3271b,  the  whole 
weight  of  the  shell  when  the  cavity  is  filled  with  lead,  whiijh 
was  found  286  when  supposed  all  of  solid  iron,  their  ratio  or 
qqotient  is    8783.     Then,  as  before,  the  theorem  will  be 

176-6V  —^  terminal  velocity  ;  which, 

when  d=  12-8,  becomes  670  for  the  terminal  velocity; 

670^ 
therefore  its  producing  altitude  is  — -r-  =  7014.     Then,  by 

the 
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2000 
the  same  metbod  as  before,  -—-—  =  2*985  ;   which  number 

670 

found  in  the  first  column  of  the  table  of  ranges,  the  opposite 

number  in  the  2d  col.  is  31?  15' for  the  elevation  of  the  piece, 

and  in  the  3d  column  2-14,  multiplied  by  7014,  give^  16010 

feet,  or  nearly  Smiles.     So  that  our  13  inch  shells,  discharge 

edat  an  elevation  of  about  37^  degrees,  would  range  nearly 

the  distance  mentioned  by  the  French,  when  filled  with  lead, 

if  they  can  be  projected  with  so  much  as  2000  feet  velocity, 

or  upwards.     This^  however  it  is  thought  cannot  possibly  be 

effected  by  our  mortars ;  and  that  it  is  therefore  probable  the 

French,  to  give  such  a  velocity  to  those  shells,  must  have 

contrived  some  new  kind  of  large  cannon'  on  the  occasion. 

4.  Having  shown  in  tlfee  preceding  articles  and  problems, 
bow,  from  our  theory  of  the  air's  resistance,  can  be  found, 
first  the  initial  or  projectile  vdoCity  of  shot  and  shells  ;  2dly, 
the  terminal  velocity,  or  the  greatest  velocity  a  ball  can  ac- 
cjuire  by  descending;  by  its  own  weight  in  the  air ;  3dly,  the 
height  a  bail  will  ascend  to  in  the  air»  being  projected  verti- 
cally with  a  given  velocity,  also  the  time  of  that  iascent ;  4thly, 
the  greatest  horizontal  ranges  of  given  shot,  projected  with  a 
given  velocity  ;  as  also  the  particular  angle  of  elevation  of 
the  piece,  to  produce  that  greatest  range.  It  remains  then 
now  to  inquire,  what  laws  and  regulations  can  be  given  re- 
specting the  ranges,  and  times  of  flight,  of  projects  made  at 
other  angles  of  elevation^  - 

Relating  to  this  inquiry,  the  Encyclopaedia  Britannica  men- 
tions the  two  following  rules:  1st  "Balls  of  equal  density 
projected  with  the  same  elevation,  and  with  velocities  which 
are  as  the  square  roots  of  their  diameters,  will  describe  similar 
curves.  This  is  evident,  because  in  this^  case,  the  resistance 
will  be  in  the  ratio  of  thdr  quantities  of  motion ;  therefore  all 
the  homologous  lines  of  the  motion  will  be  in  the  proportion 
of  the  diameters."  JBut  though  this  may  be  nearly  correct, 
yet  it  can  hardly  ever  be  of  any  use  in  practice,  since  it  is 
usual  and  proper  to  project  small  balls,  not  with  a  less,  but 
with  a  greater  velocity,  than  the  krger  ones.  2dly,  Tb^  other 
rule  is,  '*  If  the  initial  velocities  of  bajlis,  projected  with  the 
same  elevation,  be  in  th«  mverse  subduplicate  ratio  of  the 
whole  resistance  the  ranges,  and  all  the  homologous  lines  in 
their  track,  will  be  inversely  as  those  resistances."  This  rule 
will  come  to  the  same  thing,  as  having  the  initial  velocities  in 
the  inverse  ratio  of  the  diameters,  as  distant  perhaps  from  fit- 
ness as  the  former.  Two  tables  are  next  given  in  the  same 
place,  for  the  comparison  of  ranged  and  projectile  velocities, 
the  numbers  in  which  appear  to  be  much  wide  of  the  truth. 
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as  depending,  on  very  erroneotis  eiffeGts  of  the  resistance. 
Most  of  the  accojpQpanying  reinarks,  however,  are  very  inge- 
nious,  judicious,  and  philosophical,  and  verj  justly  recom- 
mending the  making  and  recording  of  good  experiments  on 
the  ranges  and  times  of  flight  of  projects,  of  various  sizes, 
made  with  dilBferent  velocities,  and  at  various  angles  of  eleva- 
tion. 

Besides  the  above,  we  find  rules  laid  down  by  Mr.  Robins 
and  Mr.  Simpson,  for  computing  the  circumstances  relating  to 
projectiles  as  affected  by  lie  resistance  of  the  air. .  Those  of 
the  former  respectable  authoi^^  in  his.  ingenious  Tracts  on 
Gunnery,  being  founded  on  a  quantity  which  he  calls  f,  (an- 
swering to  our  letter  a  in  the;  foregoing  pages),  I  find  to  be 
almost  uniformly  double  of  what  it  ought  to  be,  owing  to  his 
improper  measures  of  the  air's  resistance  ;  and  therefore  the 
conclusions  derived  by  means  of  those  rules  naust  needs  be 
very  erroneous.  Those  of  the  very  ingenioi^s  Mr.  Simpson, 
contained  in  his  Select  Exercises,  being  pairtly  founded  on 
experiment,  may  bring  otit  conclusions  in  some  of  the  cases 
not  very  incorrect ;  while  some  of  them,  particularly  those 
relating  tp  the  impetus  and  the  time  of  flight,  must  be  very 
wide  of  the  truth.  We  must  therefore  refer  the  student  ibr 
more  satisfaction  to  our  rules  and  examples  before  giy en  in 
page  142  this  vol.  &c.  especially  for  the  circumstanqes<>f  dif- 
ferent ranges  and  elevations,  ^c.  after  having  determined,  as 
above,  those  for  the  greatest  ranges,  fburided  on  the  real  mea- 
sure of  the  resistances. 


PROMISCUOUS  PROBLEMS,  AS  EXERCISES  IN  ME- 
CHANICS^ STATICS,  DYNAMICS,  HYDROSTATICS, 
HYDRAULICS,  PROJECtlLiEa,  &c.  &c. 

PROBLEM  I.      . 

Let  AB  ancZ  AC  he  tmo  inclined  planes^  whose  common  altitude  ap 
is  given  =^  64  J^eet ;  and  their  lengths  such  that  a  heavy  body 
is  2. seconds  of  time  longer  in  descending  through  a^  than 
through  AC,  by.  the  force  of  gravity  ^  and  if  two  balls ,  the  one 
weighing  3  and  the  other  91b ^  he  connected  by  a  thread  and 
laid  on  the  planes  y  the  thread  sliding  freely  over  the  vertex  a, 
they  will  mutually  sustain  each  other,  Qwerc  the  lengths  of 
the  two  planes. 

The  lengths  of  the  planes  of  the  «ame  height  being  as  the 
times  of  descent  down  them  (art.  133  this  vol.),  and  also  as 

the 
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the  weights  of  bodies  mutually  sustaining  "each  other  on  them 

(art.  122),  therefore  the  times  must  be  as  the  weights  ;  hence 

as  1 ,  the  difference  of  the  weights,  is  to  2  sec.  the  diff.  of 

^  S  '  3  sec  ? 
times,::   ?  g.  !  .  ^^^*  >  the  times  of  descending  down  the  two 
#  ^  :  4r  sec«  \ 

planes.  And  as  V  16  :  y^  64  :  :  1  jsec.  :  2  sec.  the  time  of 
descent  down  the  perpendicular  height  (art  70.)    Then  by  the 

i  6  sec   •  i92V 
laws  of  descents  (art.  132),  as  2  sec. :  64  feet  <  ^  g^^]  i  128  \ 

feet,  the  lengths  of  the  planes. 

Note.  In  this  solution  we  have  considered  16  feet  as  the 
space  freely  descended  by  bodies  in  the  1st  second  of  time, 
and  32  feet  as  the  velocity  acquired  in  that  time,  omitting  the  . 
fractions  J^  »n^  i»  to  render  the  numeral  calculations  sim- 
pler as  was  done  in  the  preceding  chapter  on  projectiles,  and 
as  we  shall  do  also  in  solving  the  following  questions,  where- 
ever  such  numbers  occur. 

Mother  Solution  by  means  of  Algebra, 

Put  X  =  the  time  of  descent  down  the  less  plane  ;  then 
will  a:  +  2  be  that  of  the  greater,  by  the  question.  Now 
the  weights  being  as  the  lengths  of  the  planes,  and  these 
again  as  the  times,  therefore  as  2  :  3  :  :  xix  +  2  ;  hence 
2a;-I-4  =  3a;,  and  x  =  4  sec.  Then  the  lengths  of  the  planes 
are  found  as  in  the  last  proportion  of  the  former  solution. 

PROBLEMS. 

If  an  elastic  hall  fall  from  the  height  of  SB  feet  above  the  plant 
of  the  horizon^  and  impinge  on  the  hard  surface  of  a  plane 
inclined  to  it  in  an  angle  of  15  degrees  ;  it  is  required  to  find 
what  part  of  the  plane  it  must  strike^  so  that  after  reflection^  it 
may  fall  on  the  horizontal  plane  ^  at  the  greatest  distance  possi- 
hie  beyond  the  bottom  of  the  inclined  plane  F  jt, 

Here  it  is  manifest  that 
the  ball  must  strike  the  ob- 
lique plane  continued  on  k 
point  somewhere  below  the 
horizontal  plane  ;  for  other- 
wise there  could  be  no  max- 
imum. Therefore  let  bc  be 

the  inclined  plane,  gdg  the  horizontal  one,  b  the  point  on 
which  the  ball  impinges  after  falling  from  the  point  a,  begi 
the  parabolic  path,  e  its  vertex^  bh  a  tangent  at  b,  being  the 
direction  in  which  the  ball  is  reflected  ;  and  the  other  lines  as 
are  evident  in  the  figure.  Now,  by  the  laws  of  reflection, 
the  angle  of  incidence  abc,  is  equal  to  the  angle  of  reflection 
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HBH,  and  therefore  this  latter,  as  well  as  the  former,  is  equal 
tothe  complement  of  the  JL  c,  theinclmatioii  of  the  two  planes  ; 
bat  the  part  ibm  is  =  z.  c,  therefore  the  angle  of  projeGtion 
HBi  is  =F  the  comp.  of  douhle  the  Zc>  and  being  the  comp.  of 
BBK,  theref.  Zhbk=2z.q.  Now,  piit  a=50=Ab  the  height 
above  the  horizontal  line,  ^==tang*  Z.»bc  or  75®  the  comple- 
ment of  the  plane's  inclination,  r=tang.  hbi  orZH=60«  the 
comp.  of  2Zc,5=sineof2ZHBi=120<>  the  double  elevation, 
OT  =  sine  of  4Zc  ;  also  x  =  ab  the  impetus  or  height  fallen 
through.     Then,       .  , 

Bi  =  4Kfl==2sa:,  by  the  projectiles  prop.  21 , 

also,  KD  =  BK  w.  BD  =  \zrx  —  a;  +  a,  and  ke  =  |bi  ==  i%  \ 
then,  by  the  parabola,  y^  BK  :  y  dk  :  :  ke  :  fg  =  ee  X  ^Z 

KD  1     T  .  **  T  ; 

(ax-62a;2),  putting  6  =  sine  of  2  ZG=sine  of  30*'.  Hence 
CG=OD4'i>F±FG==^a7--^a+sx±26v^(asc--  h^x'^^  amaxinium, 
the  fluxion  of  which  made  =6,  and  the  equation  reduced, 

ft  ^3 

gives  0:=^  X(ldiV(;i^^ 

double  sign  dr  answers  to  the  two  roots  or  values  of  a;,  or  to 
the  two  points  G,(j,  where  the  parabolic  path,  cuts  the  hori- 
zontal line  CG,  the  one  in  ascending  and  the  othier  in  descend- 
ing. 

Now,  in  the  present  case,  wben  the  Zc=  15*,  t=  tang. 
75^=2  -I-  \y  3,  T=  tan  60«  =1/^5  «  ==  sin.  60°  ==^V^,  6= 

sin.  30*>=^,  «=s+^=2+f  a/3  ;  then ^-  =  2a  =  lOO,  and 

=100  X  (1  ±x^^^"t^^^)=lQQ  X  ( 1  ± -994 14)= 199-414  or 

•586  ;  but  the  former  must  be  taken.  Hence  the  body  must 
strike  the  inclined  plane  at  149'414  feet  below  the  horizontal 
line  ;  and  its  path  after  reflection  will  cut  the  said  line  in  two 

points;  or  it  will  touch  it  when  a;  =  =^.  Hence  also  the  great- 

.•■.'••  ^  ; ,  bo        ,  -   ^■ ,  .    .   .  •.: 

est  distance  CG  reqixired  is  826-99 16  feet. 

Corol,  If  it  were  required  to  find  cg  or  ix^ta  +  5a;  ±  2b^ 
(ax^h^x^y^'g  a  given  quantity,  this  equation  would  give  the 
value  of  X  by  solving  a  quadratic. 

/  PROBL^ 
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PROBLEMS. 
Suppose  a  ship  to  ^aitfrom  the  Orkney  Islands^  in  latitude  59^  3' 
north,  on  a  n.  n.  e.  course,  at  the  rate  of  10  miles  an  hour ; 
it  is  required  to  determine  how  long  it  will  be  hef ore.  she  ar- 
rives  at  the  pole ^tlie  distance  she  will  Jiave  sailed,  and  the  dif- 
ference of  longitude  she  will  have  made  when  she  arrives  there  ? 

Let  ABC  represent  part  of  the  equator  ; 
p  the  pole  ;  Awirp  a  loxodrotnic  or  rhumb 
line,  or  the  path  of  the  ship  Continued  to 
the  equator ;  pb,  pc,  anj  two  meridians  in- 
definitely near  each  other  ;  nr^  or  mt,  the 
par tpf  a  parallel  of  latitude  irilereepted  be- 
tween them. 

Put  c  for  the  cosine,  and  t  for  the  tangent 
of  the  course,  or  angle  nmr  to  the  radius  r  ; 
Awi,  any  variable  part  of  the  rh,umb  from  the  equator,  =  v ; 
the  latitude  b«i  ===  «? ;  its  siae  x,  and  cosine  y;  and  ab,  the 
dif.  of  longitude  from  a,  =^'z.  Then,  since  the  elementary 
triangle  mnr  may  be  considered  as  a  right-angled  plane  tri- 
angle, it  is,  as  rad.  r  :  c  =  sin.  Z.mrn  : :  -y  =  mr  :  w  =  m» 

xw    sw 
: ;  V  :  -w  ;  theref.  cu=rt5y,  or  2?= —===—,  by  putting  s  fot 

jthe  secant  of  the  z.Mmr  the  ship's  course.     In  like  man- 
ner, if  w  be  any  other  latitude,  and  v  its  corresponding  length 

-  yyy  W  •--  W 

of  the  rhumb ;  then  v  =  — -.x-  and  hence  v—^i?  =  f  X  -- —  , 

rd  ^  .  - 

or  b  =  — ,  by  putting  n  =  v— v  the  distance,  and  d  =i  w— w 

the  dif.  of  latitude  ;  which  is  the  common  rule. 

The  same  is  evident  without  fluxions  :  for  since  the  J^mrn 
is  the  same  in  whatever  point  of  the  path  Amrp  the  point  «i  is 
taken,  each  indefinitely  small  particle  of  Amrp,  must  be  to  the 
corresponding  indefinitely  small  part  of  nm,  in  the  constant 
ratio  of  radius  to  the  cosine  of  the  course  :  and  therefore  the 
whole  lines,  or  any  eorresponding  parts  of  them,  must  be  in 
the  same  ratio  also,  as  above  determined.  In  the  same  man- 
lier it  is  proved  that  raditds  :  sine  of  the  course  :  ;  distance  5 
the  departure. 

Again,  as  the  rjadius  r :  t  ===  tang  jfimr  :  :  w=wi?i :  nr  or  mt^ 

and  as  r  :  y  :  :  pb  :  pm  :  :  z  ==Bc  :  mt ;  hence,  as  the.  extremes 

of  these  proportions  are  the  same,  the  rectangles  of  the  means 

trx  •  rjc 

must  be  equal,  viz.  ?/z  ==tw= because  w=  -^by  the  pro- 

y    ;  V  y 

perty  of  the  circle ;  theref.  k  =  ~  ==  -~~ ;  the  general 

'f        r^-?^'         fluents 
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fluents  of  these  are  2r  =  t  X  hyp.  log,  ^^  -~-  +  c  ;  which 
corrected  by  supposing  2?==  0  when  x  ==  a,  are  z  =  i  X  (hyp. 
^°g-  -/S  '  ''yP-  *°S  V^)  ;  batr  X  (hyp.  log-V^' 
—  hyp.  log.  ^ )  is  the  meridional  parts  of  the  dif.  of  the 

latitudes  whose  sines  are  x  and  a,  which  call  6 ;  then  is  z  = 

ib  ..  -  ■    ■  ^    -  ' 

—,  the  same  as  it  is  by  Mercator's  sailing. 

Further,  putting  m  =  2'71 828  the  niimber  whose  hyp.  log. 

is  1 ,  and  n  =  -— ;  then,  when  z  begins  at  a,  jn**  =  --C~  and 

t  .-''■■■■'",'  *•— .^  ..  "■ 

theref.  ai~rx— -t~;  =  r — -p-  :  hence  it  appears  that 

as  m%  or  rather  »t)r  2:  increases  (since  «i  is  constant),  that  a; 

'■■'-■'"  2t 

approximates  to  an  equality  with  r,  because  — ^^-v- decreases 

or  cohrerges  to  0,  which  is  its  limit ;  conseq»ently  r  is  the 
limit  or  ultimate  value  of  x  :  but  when  x  t==  r,  the  ship  will 
be  at  the  pole  ;  theref.  the  pole  naust  be  the  limit,  or  e?a^ 
nescent  stat^,  or  the  rhumb  or  course  :  sp  that  the  ship  may 
be  said  to  arriye  at  the  pole  after^  misiking  an  infinite  number 

of  revolutions  round  it ;  for  the  above  expression r-  v^- 

nishes  whenw,  and  consequently^^,  is  infinite,  in  which  case  a; 

is  =  r.,  ■   _     •        ■'"■■■  '  '     ,  '■  -^ 

Now,  from  the  equation  n  ==  —  =  — ,  it  is  found*  tiiat 

■  •    -c-        r  ■ 

when  (?~  30^57^  the  comp.  of  the  given  lat.  69**  SV^nd  c= 
sine  of  67®,  30'  the  comp.  of  the  cobrse,  p  will  be  =  2010 
geographical  miles,  the  required  ultimate  distance  j  which, 
at  the  rate  of  10  miles  iewi  hour,  will  be  passed  over  in  201 
hours,  or  8|  days.  The  dif.  of  long,  is  shown  above  to  be  in- 
finite. When  the  ship  has  made  one  revolution,  she  will  be 
but  about  a  yard  from  the  pole^  considering  her  as  a  point. 

When  the  ship  has  arrived  infinitely  near  the  pole^she  will 
go  round  in  the  manner  of  a  top,  with  an  infinite  velocity; 
which  at  once  accounts  for  this  paradox,  yiz.  that,  though  she 
make  an  infinite  number  of  revolutions  round  the  pole,  yet 
her  distance  run  will  have  an  ultimate  and  definite  value,  as 
above  determined:  for  it  is  evident  that  however  great  the 
number  of  revolutions  of  a  top  may  be,  the  space  passed  over 

by 
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By  its  pivot  or  bottom  point,  while  it  continues  on  or  nearly 
on  the  same  point,  must  be  infinitely  small  or  less  than  a  cer- 
tain assignable  quantity, 

PROBLEM  4. 

A  current  of  water  is  discharged  by  three  equal  openings  or 
sluices,  in  the  following  shapes:  the  first  a  rectangle,  ^e  se- 
cond a  semicircle,  and  the  third  a  parabola,  having  their  aU 
titindes  equal  and  their  bases  in  the  same  horizontal  line,  and 
the:  water  level  with  the  tops  of  the  arches :  on  this  supposition 
it  is  reqmredto  show  what  may  be  the  proportion  of  the  quan- 
tities discharged  by  these  sluices. 
Let  VB  be  half  the  parallelogram,  a vc 
half  the  semicircle,  and  avd  hdf  the  pa- 
rabola, that  is,  the  halres  of  the  respective 
sluices  or  gates.     Put  a==  av  the  common 
altitude,  and  c  ==  •7864  :  then  is  ca^  the 
area  of  each  of  the  figures ;  also  da  =ab, 
a  =;=  AC,  and  f  ca=  ad  :  also  put  a;  =  v? 
any  variable  depth,  and  :v^=^rp .     Then  the  water  discharged, 
at  any  depth  x,  being  as  the  velocity  and  aperture,  and  the 
velocity  being  in  all  the  figures  as  ^  x,  therefore  i- ^a:  x  rci, 

and  i^a:XPR,  and  iV  a:  X  ps,  or  cax^i,  and  xi^f  (2a— a;), 
and  fc^aXari-,  are  proportional  to  the  fluxions  of  the  quan- 
tity of  water  discharged  by  the  said  figures  or  sluices  re- 
spectiyely  ;  the  correct  fluents  of  which,  when  a;  =?  a,  are 

fca*,  and/_a2(8^2-7),and|ca*,  the  2d  fluent  being 
found  by  art.  60  pa.  336  of  this  vol.  Hence  the  quantities 
of  water  discharged  by  the  rectangle,  the  semicircle,  and  the 
parabola,  are  respectiyely  as  |c,  and  y2_.  (iJV2— 7),  and  fc^ 

2  '      .  -  •   • 
or  as  1,  and  y  (Sv'S-?),  andf,  or  as  1,  add  1-09847,  and 

H-  "•     ■  ■'   ''  '•_ 

PROBLEM  5. 

Tlie  initial  velocity  of  a  24Z6  ball  of  cast  iron,  which  is  project- 
ed in  a  direction  perpendicular  to  the  horizon,  beipg  sup- 
posed 1200  feet  per  second ,'  and  thai  the  resistance  of  the  me- 
dium is  constantly  as  the  square  of  the  velocity,  and  every 
where  cf  the  same  density :  required  the  time  (^flight,  and 
the  height  to  which  it  will  ascend. 

Answer.  By  problems  5  and  6,  of  the  last  chapter,  the  as- 
cent will  be  found  ==  5337  feet  and  the  time  of  the  ascent  28. 
seconds, 

PROBLEM 
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PROBLEM  6, 

To  determine  the  same  as  in  the  last  question^  supposing  the  den- 
sity of  the  atmosphere  to  decrease  in  ascending  after  the  usu- 
al iioay? 

Ms.  By  probs.  7  and  8,  the  height  will  be  6614  feet,  and 
thie  time  34  seconds. 

PROBLEM  7. 

It  is  required  to  find  the  diameter  of  a  circular  parachute,  by 
ineans  of  which  a  man  of  150/6  weight  may  descend  on  the 
earthy  from  a  balloon  at  a  height  in  the  air,  with  the  velocity 
of  only  10  feet  in  a  second  of  time,  being  the  iielocity  acquired 
by  a  body  freely  descending  through  a  space  of  only  I  foot  6^ 
inches,  or  of  a  man  jumping  down  from  a  height  of  18|  inches 
the  parachute  being  made  of  su ck  materials  and  thickness ,  that 
a  circle  of  it  of  SO  feet  diameter,  weighs  only  1  BOlb,  and  so  in 
proportion  more  or  less  according  to  the  area  of  the  circle. 

If  a  falling  body  descend  with  a  uniform  velocity,  it  must 
necessarily  meet  with  a  resistance,  from  the  medium  it  de- 
scends in,  equial  to  the  whole  weight  that  descends,  Let  x 
denote  the  diameter  of  the  parachute,  and  a  =  '1S54  ;  then 
ax^  will  be  its  area,  and  afe  60^  :x^  :  :  150:  -f^x^  the  weight 
of:  the  same,  to  which  adding  IfiOlb,  the  man's  weight,  the 
sum  ^Va:^ +1 60  will  be  the  whole  descending  weight.  Again, 
in  the  table  bf  resistances  (in  the  scholium  to  prop.  22,  mot. 
of  bod,  in  Fluids),  we  find  that  a  circle  of  f  of  a  square  foot 
area,  inoving  with  10  feet  velocity,  meets  with  a  resistance  of 
67  ounces  =  •04761b  ;  and  the  resistances,  with  the  same  ve- 
locity being  as  the  surfaces,  therefore,  as  f  :  '0476  ::  aa;^  : 
•21376aa;2  =  •16788a'2  thcTesistance  of  the  air  to  the  para- 
chute, to  which  the  descending  weight  must  be  equal :  that 
is,-16788a;2  =^^^a-2 +  1 60  ;  hence '1078 Src^  =  160,  or  x^ 
=  1390*6,  and  hence  a;  =:=  37f  feet,  the  diameter  of  the  pa- 
rachute required. 

PROBLEMS. 

To  determine  the  ejects  of  File  Engines. 

The  form  of  the  pile-engine^  as  used  by  the  ancients,  is  not 
knowm  Many  have  been  invented  and  described  by  the 
moderns.  Among  all  these,  that  appears  to  be  the  best  which 
was  inv^ferited  by  Vaulouc,  as  described  by  pesaguljers,  and 
was  used  at  piling  the  foundations  at  building  Westminster 
Bridge.  Its  chief  properties  are,  that  the  ram  or  weight  be 
raised  with  the  least  expense  offeree,  or  with  the  fewest  men; 
that  it  fall  freely  from  its  greatest  height ;  and  that,  having 

fallen 
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fallen,  it  is  presently  laid  held  of  by  the  forceps,  and  so  raised 
up  to  it»  height  again.  By  which  means,  in  the  shortest  time 5 
and  with  the  fewest  men,  or  the  least  force,  the  most  piles 
can  be  driven  to  the  greatest  depth. 

Belidorhas  given  some  theory  as  ta  the  effect  of  the  pile- 
engine,  but  it  appears  to  be  founded  on  an  erroneous  princir 
pie  :  he  deduces  it  from  the  laws  of  the  collision  of  bodies, 
But  who  does  not  perceive  that  theriiles  of  collision  suppose 
a  free  motion  and  a  non-resisting  medium  ?  It  cannot  therefore 
be  appUed  in  the  present  case,  where  a  very  great  resistance 
is  opposed  to  the  pile  by  the  ground.  We  shaUtherefore 
here  endeavour  to  explain  another  theory  of  this  machine. 

Since  the  percussion  of  the  weight  acts  on  the  pile  during 
the  whole  time  the  pile  is  penetrating  and  sinking  in  the 
earth,  by  each  blow  of  the  ram,  during  which  time  its  whole 
force  is  spent ;  it  is  manifest  that  the  effect  of  the  blow  is  of 
that  nature  which  requires  the  force  of  the  blow  to  be  esti- 
mated by  the  square  of  the  velocity.  But  the  square  of  the 
velocity  acquired  by  the  fall  of  the  ram,  is  as  the  height  it 
falls  from ;  tberefore  the  force  of  any  blow  will  be  as  the 
height  fallen  through.  But  it  is  also  more  or  less  in  propor- 
tion to  the  weight  of  the  ram ;  consequently  the  effect  or 
force  of  each  blow  must  be  directly  in  the  compound  ratio  of 
both,  viz.  as  aw,  where  w  denotes  the  weight,  arid  a  the  alti» 
tude  it  falls  from  ;  or  it  will  be  simply  as  the  altitude  tt,  when 
the  weight  tiy  is  constant.        . 

Again,  the  force  of  the  blow  is  opposed  by  the  mass  of  the 
pile,  and  by  the  consistence  of  the  earth  penetrated  by  the 
point  of  the  pile,  and  also  by  the  friction  of  the  earth  against 
the  surface  or  sides  of  the  pile  that  have  penetrated  below  the 
surface.  Consequently  the  effect  of  the  blow,  or  the  depth 
penetrated  by  the  pile,  will  be  inversely  in  the  compound 
ratio  of  these  three,  viz.  inversely  as  «i(/',  where  7n  denotes 
the  mass  of  the  pile,  t  the  tenacity  or  cohesion  of  the  earth, 
and/the  friction  of  the  surface  penetrated  in  the  earth.  But, 
in  the  same  soil  and  with  the  same  pile,  m  and  tare  both  con- 
stant, in  which  case  the  depth  of  penetration  will  be  inversely 
only  as  /  the  friction.     On  all  accounts  then  the  penetration 

will  be  asT— 2^,  or  simply  as-  only,  for  the  same  weight  and 

mtj  J 

pile  and  soil. 

To  determine  the  depth. sunk  by  the  pile  at  each  stroke  of  the  ram. 

After  a  few  strokes,  so  as  to  give  the  pile  a  little  hold  in 
the  ground,  to  make  it  stand  firmly,  the  blows  of  the  ram  may 

be 
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be  considered  as  commencing  and  causing  the  pile  to  sink  a 
little  at  every  stroke,  by  which  small  successive  sinkings  of 
the  pile,  the  space  the  ram  falls  through  will  be  successively 
increased  by  these  small  accessions,  and  the  force  of  the  suc- 
cessive blows  proportionally  increased.  But  these,  on  the 
other  hand,  are  resisted  and  opposed  by  the  friction  of  the 
part  of  the  pile  which  has  been  sunk  before,  and  which  also 
sinks  at  each  stroke ;  and  as  the  quantities  of  these  rubbing 
surfaces  increase  in  a  greater  ratio  to  each  other,  than  the 
heights  fallen  through,  that  is,  the  resisting  forces  increasing 
faster  than  the  impelling  forces,  it  is  manifest  that  the  depths 
successively  sunk  by  the  blows  must  gradually  decrease  by 
little  and  little  every  time ;  which  is  also  found  to  be  quite 
conformable  to  experience.  Thus  then  the  successive  sink- 
ings will  proceed  gradually  diminishing,  till  they  become  so 
small  as  to  be  almost  imperceptible. 

Now  it  was  found  above  that  -7.  is  as  the  penetration  by  any 

blow  of  the  ram,  by  the  same  pile  in  the  same  soil,  that  is,  as 
the  height  fallen  directly,  and  as  the  resistance  or  friction  in 
the  earth  inversely.  Let  a  denote  any  other  and  greater 
height,  by  an  after  stroke,  and  f  its  friction  ;  also  p  the  pene- 
tration by  the  former  blow,  and  jp  that  by  the  latter,  which 
must  be  the  smaller  :    then,  by  the   foregoing  principle, 

^:-  : :  p  :  p ;  hence  a  :  a  :  :  /p  :  Fp,  which  is  a  general 

theorem. 

But  now,  with  respect  to  the  quantity  of  friction  from  any 
blow,  though  it  be  not  known  from  experiment  that  the  fric- 
tion is  exactly  proportional  to  the  rubbing  surface,  there  is 
great  reason  to  believe  that  it  niust  be  at  least  very  nearly 
so:  there  is  also  equal  reason  to  conclude  that  the  effect 
or  resistance  from  that  rubbing  surface  must  be  nearly  or 
exactly  as  the  length  of  space  it  moves  over,  that  is  by  the 
penetration  of  the  pile  by  any  blow.  Now,  if  d  denote  the 
depth  of  the  pile  in  the  ground  biefore  any  new  blow  is  struck 
by  the  rana,  and  b  the  depth  or  penetration  produced  by  the 
blow,  then  the  length  of  the  rubbing  surface  will  be  d-f- 1  6 ; 
for,  the  length  of  the  rubbing  surface  is  only  d  at  the  begin- 
ning of  the  motion,  and  it  is  d-^-  b  at  the  end  of  it,  the  me- 
dium of  the  two,  or  c?  4"  ib,  is  therefore  the  due  length  of 
the  surface,  and  the  space  or  depth  it  moves  over  is  b ;  there- 
fore the  whole  resisfance  from  the  friction  is  {d  -f-  ^b)b.  If 
D  then  denote  any  other  depth  of  the  pile  in  the  earth,  and 
b'  the  next  penetration,  the'h  (d  +  |6')  6^  will  be  its  friction. 
Substituting  now  b  for  p,  and  b'  for  p,  also  cZ  -{-  ^b  for/,  and 

D+^b^ 
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-^~  h  nearly,  because  b  is  small  in  com-- 


i>+  ^h'  hv  p,  in  the  general  theorem  a  :  am  fp  :  rp,  it  be- 
comes a:  a:  :  {d+±b)l  :  (D+iZ>')6',  for  the  general  relation, 
between  the  heights  fallen  and  the  resistance  and  penetration. 
This  theorem  will  very  conveniently  give  the  series  of  ef- 
fects, or  successive  sinkings  of  th^  piles,  by. the  blows  of  the 
ram.  Thus,  after  the  pile  has  been  properly  fixed,  or  indeed 
driven  to  any  depth  in  the  earth,  denoted  by  eZ,  then  to  give 
a  blow,  -the  ram  faHs  from  the  height  a  ^  d,  and  thereby 
sinks  the  pile  the  space  6  suppose  ;  hence  for  the  next  stroke 
the  fall  will  be  a  +  d  +  6  =  a  in  the  theorem  above,  and 
D  +^6  ==  ei  +  6  +ib\  the  next  penetration  or  sinking  beine 
V;  theref.  a+d  :  a+ d  +  b  1 1  {d  ^  ^b)b  :  {d  +  b  +  Uyb^ 
a  proportion  which  gives  the  quadratic  equa.  b^^+2b'(d+b):^ 

a+,d  ^  C^«^+^>,  the  root  of  which  is  b' «  -^  (df  +  h)  + 

^l^d  +  by+^±^x\2d  +  b)b2^^+^X^^ 
«+^        ^        •       -*         a+b     '^  d4^b 

nearly,  or  indeed  =-*        ^ 

parison  with  a+d. 

Now,  for  an  example  in  numbers,  suppose  a  =  5  feet  = 
60  inches,  (Z  =  10,  5  =  3,  that  is  a  — 60  the  height  of  the 
ram  above  the  top  of  the  pile  before  this  enters  the  ground  • 
d  =  10,  after  being  fixed  in  the  ground  ;    and  6  =  3  the 

sinking  by  the  next  blow  :  then -~t-6==i^~  X  3=?2-§5=5 

tt-p6      '^'13  * 

the  2d  stroke.  Next  substituting 
d  +  6  for  d,  and  b'  for  5,  the  same 
theorem  gives  24*8  for  the  next 
sinking,  or  the  next  value  of  6', 
And  so'  on  continually,  by  which 
means  the  series  of  the  successive 
corresponding  values  of  the  letters 
will  be  as  in  the  margin,  the  last 
column  showing  the  several  suc- 
cessive sinkings,  of  the  pile  by  the 
repeated  strokes  of  the  ram. 

Scholium.  Thus  then  it  appears  that  the  effect  of  any  ope- 
ration  of  pile-driving  may  be  determined.  It  is  manifest  also 
that  the  greater  a  is,  or  the  higher  the  top  of  the  machine  is 
where  the  ram  falls  from,  above  the  top  of*  the  pile  at  first, 
the  greater  will  be  every  stroke  of  the  ram,  ^nd  consequently . 
the  fewer  the  strokes  requisite  to  drive  the  pile  to  the  requi* 
site  depth.    But  then  every  stroke  will  take  a  longer  time. 

Vol,  IL  §3  ^ 


Specimen  of  the  Series 

of -the  Successive  values 

of  d,  b,  b\ 

d 

b 

r  y 

10 

3 

2-65 

13 

2-65 

2-48 

15-66 

2-49 

2-32. 

18-14 

2-32 

2-19 

20-46 

2-19 

2-08 

&c. 
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as  tlie  rafai  will  be  both  lon^ 

so  tbat  it  iriay  be  a  question  wbetber  on  the  wbble  the  busi- 
nei^s  may  be  effected  in  the  less  time  1>y  a  greater  height  ©f 
the  irtachineV  or  whether  there  be  any  liriiit  to  the  beight,  so 
as  to  jproduee  the»greatest  effect  in  a  given  time. 

To  answer  this  question,  let  a;  denote  the  indeterminate 
height  firom  which  any  weight  «y  is  to  fall,  z  the  time  of^rai^'^ 
ing  it  after  a  fall,  which  time  is  supposed  to  be  as  the  height 
X  to  which  it  is  raised,  also  m  the  given,  time  of  producing^ 
proposed  effect ;  thien  JV  a^=^  the  time  of  the  weight  fall- 
ing ;  therefore  J  V  ^  +  ^  =  the  whole  time  of  one  strok^ ; 

rnnspn  — -^^or  IS  the  number  of  strokes  made  itt 

conseq.   ^^^^       4^^"^     i^rmm         ,^       „  ,     .  , 

the  given  time  m^  and  hence  ^—^  =  the  whole  force  or 

effect  in  the  time  m.  Now  this  effect  or  fraction  increases 
continually  as  %  increases^  because  the  numerator  increases 
faster  than  the  .denominator,  since  the  former  increases  as  x, 
While  in  the  latter  though  the  one  term  ^  increases  as  xy  yet 
the  other  term  v^  a;  only  increases  as  the  root  of  x.  So  that, 
on  the  whole,  it  ^pear^  that  the.effect^  in  ai^ given  time,  in~ 
creases  moie  and  more  a^thet  height  ^increase^^ 

-■    V"' '         '^^^f^^  ■  '■■■'■  ■,"- 

To  determine  how  far  a  man,  i^ho  pushes  with  a  force  of  lOOlh, 

can  force  a  sponge  into,  apiece  of  ordnance,  whose  diameter 

is  drinches,  and  length  tenfeei^  when  the  b^^ 
'  W  inches:  the  vent^x)r  tpuch^ote,  being  stopped,  jmd  the 

spmge  having  no  windage  Jhatf  is,  J^^^^ 

A  column  of  quicksilver  30  inches  high,  atid  5  in  diameter, 
is  62  X30X'7854=r>B9'0S  inches  ;  whicb,  at  8-102  oz.  each 
inch,  weighs  4tt  2-48  oz.  or  29B  >28lb,  which  is  the -pressure 
of  the  atmosphere  alotie,  being  equal  fo  the  elasticity  of  the 
air  in  ife  natural  state ;  to  this  adding  the  lOOlb,  gives  33a^23lb, 
the  whole  external  pressure.  Then,  as, the  spaces  vsrhiclra 
quantity  of  air  possesses,  under  different  pressures,  are  in  the 
reciprocal  ratio  of  those  pressures,  it  will:  be  - as^98 -^8  : 
298-2i8  :  :  10  feet  or  120  inches  :  .90  inches  nearly,  the  space 
occupied  by  the  air ;  theref.  l20-^90==3p;inchcs,isthe  dis- 

taiice  sought. 

;   ^  pROBLteMm 

To  assign  the  Cause  of  the  Deflection  of  MUtary  ProjecHles. 

It  hayiug  been  surmlized  &atin  the  practice  qfart^^^ 
deflexion  of  the  shot  in  its  flight,  to  tl^  right  or  lefl^:  from  the 
line  or  direction  ttie  gun  is  laid  in,  chiefly  arises  from  the  mo- 
tion 
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tion  of  the  gun  during  the  time  the  shot  is  passing  out  of  the 
piece  ;  it  is  required  to  determine  what  space  an  18  pounder 
wHl  recoil  or  fly  back,  while  thesbotis  passing  out  of  ^  the 
gun  j  supposing  its  weight  tO' be  48001b  that  of  tbe  carnage 
|4dolb,  the  quantity  of  powder  8lh;  the  length  of  the  ^^^^ 
108  inches,  that  of  the  charge  13  inches,  and  the  diameter  of 
the  bore  5-13  inches  ;  supposing  also  that  the  resistance  from 
the  friction  between  the  platform  aad  carriage  is  equaL  to 

36dblb?'  ■  ^       .    :. 

it  is  well  known  that  confined  gunpowder,  when  fared, 
immediately  changeg  in  a  great  measure  into  an  elastic  air, 
which  endesivours  to  expand  in  all  directions.  Now,  in  the 
question,  the  action  of  this  fluid  is  exerted  equally  on  the 
bottom  of  the  bore  of  the  gun  aad  oh  the  ball,  during  the 
passage  of  the  latter  through  the  eylinder ;  the  two  bodies 
therefore  move  i^  opposite  directions,  with  veloeities  which 
are  at  all  times  ift  the  inverse  ratio  of  the  quantities  of  matter 
moved.  Now  let  a;  be  the  spaoe  through  which  the  gun  re- 
coils;  then^  as  the  charge  occupies  13  inches  of  the  barrel, 
and  thfe  semidistmeter  of  the  barrel  is  2-565,  the  space  moved 
through  by; the  ball  when  it  quits  the  piece,  is  108  -  13  — 
2-565  —  a:  ===  92-435  --  a; :  and  as  the  elastic  fldid  expatids 
in  both  directions,  the  quantity  which  advances  towards  the 
muzzle,  is  to  that  which  retreats  from  it,  as  92-435  —  x  to  ap : 

8a;         ■    92-435— a:  ^/^         W  rr         ^  *i. 

conseq.  9^:435  a^^    ^^^^^^     X  8  are  the  quantities  of  the 

powder  which  move,  the  former  with  the  gun,  and  the  latter 
with  the  ball ;  besides  these,  the  weight  of  ball  that  moves 
iforwards  being  18ib,  and  of  the  weights  and  resistance  back- 
wards 4800  -1-  2400  +  3j60©  =^  108001b,  hence  the  whole 

weights  moved  in  the  two  directions  are  10800  -f-  gg;^  and 

92-435 ^a;  998298+8a;      ^  2403-31  -  8a; 

^^ +7^2:435^,^  ^^'''-mm^'^:-^^  ''^' 

the  numerators  of  these  only.  But  when  the  time  and  mov- 
ing force  are  given,  or  the  same,  then  the  spaces  are  inverse- 
iy  as  the  quantities  of  matter  ;  therefore  a;  :  92-435^- a;  :  : 
2403-31  — 8a?  :  99829«rh8a;,  or  by  cornposition,  a;/:  92-435  :  : 
2403-31  —  8a: :  10Q0701SM ,  and  by  div.  x:  1  :  t  2403- 3 1 .-  Sx  : 
10826,  theref.  10826a;  =  2403-31  ~ 8a;,  or  ip834a;  =  2403^31, 
and  hence  a;±=-2218  iHch  ==  |  of  an  inch  nearly,  or  the  recoil 
of  the  gun  is  less  than  a  quarter  of  an  inch. 

Hence  it  may  be  concluded,  that  so  small  a  recoil,  straight 
backwards,  can  have  no  effect  in  causing  the  ball  to  deviate 
from  the  point^dline  of  direction  :  aiid  that  it  is  verjr  probable 
'     / '    ■■  /we 
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we  arie  to  seek  for  ibe  cause  of  this  effect  m  the  ball  striking 
or  rubbing  against  the  sides  of  Jthe  bore,  in  its  passage  through 
it  especially  near  the  exit  at  the  inuzzW;  bj  which  it  must 
liikppeQ  j  that  if  the  ball  strike  against  the  right  side^  the  ball 
will  deviate  to  the  left ;  if  it  strike  on  the  left  side,  it  must  de- 
iriate  to  the  right ;  if  it  strike  agaiiist  the  under  side,  it  niust 
throw  the  ball  upwards,  and  make  it  to  range  farther  •  but  if  it 
strike  against  the  upper  side  it  must  beat  the  ball  ddwnwardsiv 
and  cause  a  shorter  range  :  all  which  irregularities  are  found 
to  take  place,  especially  in  guns  that  have  much  windage,  or 
which  have  the  balls  too  small  for  the  bore. 

:  PROBLEM  U. 


A  hall  ofleadfofjc  inches  diameter^  is  dropped  from  theMp  of 
a  tower,  of  65  yards  high,  and  falls  into  a  cistern  full  of  wa^ 
ier  at  the  bottom  of  the  to'wer^^df^O^  yards  deep  :  it  is  requir' 
ed  to  determine  the  times  of  falling ,  both  to  the  surf  ace  and  to 
the  bottom  of  the  water. 

The  fall  in  air  is  196  feet,  and  in  water  60f  feet-  By  the 
Gpmmott  rules  of  descent,  as  y/  16  i  ^  195  ::  \"  :  JV195  =s 
3*49  seconds,  the  time  of  descending  in  air.  And  as  \/  16  : 
^105  :i32  :  ?v^I06==^lll»7l  feet,  the;velod^  at  the  end 
of  that  time/ or  with  which  the  ball  enters  the  wato 

Again,  by  prob.  22  of  this  vol.  arti;  2,  the  space,  s  =  7n:XhyP» 
'^^'  ^^S^'  ^^  rather^  X  hyp.  log.  of  1^  (the  velocity 
being  decreasing  and  c3  greatef  thana)  =-7^  X  com.  log.  of 

.        where  n  =  11325  the  density  of  lead,  n  ==:1006  that 

'       ^        V      256cif(N— w)     ,         371  ^ ,  \ 

of  water,  a^  -  ^  -^.b  =  g^^c  =  111-71  the  veloci- 
ty at  entering  the  water,  and  v  the  velocity  at  any  time  after- 
wards, also  ^  the  diameter  of  the  ball=  4  inches^  and  771  ==? 
2-30258$  the  hyp.  log.  of  10. 

Hence  then  n=  11325,  n=  1000,  n  ^  ^  =  10325,  c?  == 
4       1     ^^  256(i(N— »)■      256  .  J0325         ^^ 

3w        9n        9000         15         1         ,       ,, 

therefores-eof^^  X  log.  of^  ==  B^  X  log.  ~5^. 

This 
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This  theorem  will  give  s  when  5J  is  given,  and  by  reverting 
it  will  give  V  in  terms  of  5  in  the  foll6wings,manner* 

Dividing  by  5m,  gives-- —  =  log.  of  ^-—  =  n$^  by  putting 
om  '     ■  i)^  -r-a 

1  '  ■  '  ■  ~-    e^'— a'" 

n  =  -—:   therefore,  the  natural  number  is  10'**,  ==  — —  ; 

hence  t;2  _a==--Zl--,  and  v  =  ^  {a  +-^^),whichvby  sub- 
stituting the  numbers  above  mentioned  for  the  letters,  gives 
V  =  17*134  for  the  last  velocity,  when  the  space  5  =  60|,  or 
when  the  ball  arrives  at  the  tjottom  of  the  water. 

But  now  to  find  the  time  of  passing  through  the  water, 
piitting  ^=  any  time  in  motion,  and  s  and  v  the  correspond- 
ing spac^  ahd  velocity  the  general  theorem  for  variable  forces 

i  '  -'-  .      "1  ■■ 

gives  /  =;=  - .     But  the  above  general  value  of  5  being ^  X 

hyp^  log.    ^    ■   or  5  X  hyp,  log.  -^—  ,  therefore  its  fluxion 

~  conseq.  t  or  -  ==  -r — -  #  the  correct  fluent  oi 


t>2  — a\  V       v^-T-a 


which  is  —  X  hyp.  log.  (^V^  X  '^^-^-^)  -==  t  the  time, 

which  when  i^  =  17*134,  or  5  =  60f  giVes  2-6542  seconds, 
for  the  time  of  deacent  through  the  w^ 


PRGBtEMl^. 

Required  to  determine  what  must  he  the  diameter  of  a  mater- 
wheel,  so  as  to  receive  the  greatest  eff^ect from  a  stream  of  water 
of  \%  feet  fall? 

In  the  case  of  an  undershot  wheel 
put  the  height  of  the  water  ab  =  12 
feet=  a,  and  the  radius  bc  or  cd  of 
the  wheei===a;v  the  water  falling  perpen- 
dicularly onthe  extremity  of  the  radius 
CD  at  D.  Then  Acor  AD^a-rrr,  and  the 
velocity  due  to  this  height,  or  with  which 
thewater  strikes  the  wheel  at  DjWiU  be 
as  -^(a  --a;),  and  the  effect  on  the  wheel  bBing  as  the  velocity 
and  asthelength  of  the  lever  CD,  will  be  denoted  by  a;-^(a— a:) 
or  v^  (aa;?— a;3),  which  therefore  rausit  be  a  maximum,  or  its 
square  aa;2  ^a;3  jr^  ingixnrium.  In  fluxions  2 aari—Sie^i  —  0  ; 
and  hence  T  ==  ^a  =  8  feet,  the  raclius. 

But 
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But  if  the  water  be  Gonsidered  as  - 
eonducted  so  as  to  strike  on  the  bottazii 
ojfthe  wheel,  as  in  the  annexed  figure, 
it  will  thien  strike  the  wheel  with  its 
greatest  velocity,  and  there  can  be  no 
limit  to  the  size  of  th^  wheel,  since  the 
gireater  the  radius  qr  lever  bc,  the 
greater  will  he  the  etfect.* 

In  the  case  of  an  oy ersh bt  wheel , 
a-2a;  will  be  the  fall  of  wat^r,  y<(a-2a;) 
as  the  velocity i  and  a;  y/  (ct  —  tx)  or 
^(tta?2- 2x3)  the  effect,  then  aa;2-2a;^ 
is  a  maximum,  and  ictrri  —  ^%'^x  =  0 ; 
hence  a?=ia  =  4  feet  is  the  radius  of 
the  wheel. 

But  all  these  calculations  are  to  be  considered  as  independ- 
ent of  the  resistance  of  the  wheel,  and  of  the  weight  of  the 
w^ter  in  the  buckets  of  it.      , 


PROBLEM  13. 

What  angle,  must  a  projectile  make  mt%  the  plane  of  the  horizon, 
discharged  with  agiDen  velocity  v,  so  as  to  describe  in,  its  flight 
a  parabola  including  the  greatest  area  possihle  ? 

By  the  set  of  theorenas  (in  art.  9^  Projectiles)  for  any 
proposed  angle,  there  can  be  assigned  expressions  for  the 
horizontal  range  and  the  greatest  height  the  projectile  rises 
to,  that  is  thebase  and  axis  of  the  parabolic  trajectory.  Thus, 
puttings  and  c  for  the  sine  and  cosine  of  the  angle  of  eleva- 
tion ;  then,  by  the  first  line  of  thoSe  thedrems,  the  velocity 
being  «,  the  horizontal  range  R  is  =  ^^scv^  -,  and,  by  the  4th 
or  last  line  of  theorems,  the  greatest  height  h  is  ==^V  ^^^^* 
But,  by  the  parabola,  |  of  the  product  of  the  base  or  range 
and  the  height  is  the  area,  which  is  now  required  to  be  the 
greatest  possible.  Therefore  r  X  h  =  ^scv^)<^s^v^  trmst 
be  a  maximum,  or,  rejecting  the  constant  factors,  s*c  a  maxi- 
mum. But  the  cosine  c,  of  the  angle  whose  sine  isj  s,'  is 
^  (l«.s3)  ;  therefore  s3c==s3^(i ^^.a):^^  (36^,8)  ig^the 
maximam,  or  its  square  s« — -58  amaximum;  In  fluxions 
e$^$  —  ds'^s  =  0  =  3  —  4s3  ;  hence  4s2  =  5,  or  «^  .=  f ,  and 
s  =  i^3  =  -8660264,  the  sineof60<^,  which  is  the  angle  of 
elevation  to  produce  a  parabolic  trajectory  of  the  greatest 
area;   '-   ■-':•  '■"  '■'■  .;•;  .^  -        ■    ^  '.,•■"■'  ■,..■■ 


*  This  result  is  inadnnissible.    When  the  investigatipn  is  piroperly  cbnducted, 
it  is  found  that  the  effect  is  the  same,  whatever  be  the  radius  of  the  wheel.' 

PROBLEM 
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H10BLEM14. 

Suppose  a  cmmori  were  discharged  at  a  point  a  ;  it  is  required 
to  determine  how  high  in  the  air  the  point  C  must  I^e  raised 
above  the  horizontal  line  ab,  so  that  a  person  at  c  letting  fall 
a  leaden  bullet  at  the  moment  of  the  cannon^ s  explosion,  it. may 
arrive  at  t  at  the  same  instant  as  he  hears  the  report  of  the 
•annon,  but  not  till  ^^th  of  a  second  after  the  sound  arrives 
fit  b:  supposing  the  velocity  of  sound  to  be  1 1 40^ feet  p^M- 
eond,  and  that  ^e  bullet  falls  freely  without  any  resistance  from 
the  air  ? 

Xet  X  deitiote  the  time  in  which  the 
sound  passes  to  c  ;  then  will  oc—^^  be 
the  time  in  passing  to  b,  and  a;  the  time 
also  the  bullet  is  falHrig  through  cb. 
Theb,  by  uniform  motion,  ii  40a;  ==  ag, 
and  1140:^—114  =  ab,  also  by  desc^ents 
of  gravity,  P  ;  a;^  :  :  16  :  16x2=bc.  Then,  by  right-angled 
triangles,  ac3-bc2=ab2,  that  is  nm^x^-- 16^x^=^1140^ x^ 
--224 X1140a;+ 1142,  hence  224 XI  140a;-  162a;4=ll42,  or 
lOiS'Sic— a;4=6077vthe  root  of  which  e^ua.  is  a;=I003  se- 
conds/ or  hearly  10  seconds  ;  conseq.  bc=16x2 =1610  feet 
nearly,  the  height  required. 

PROBLEM  15. 

Required  the  quantity,  in  cubicyeet,  of  light  earthy,  necessary  to 
form  a  bank  on  the  side  of  a  canal ,  which  will  just  support  a 
pressure  of  water  5  feet  deep,  and  300  feet  long,  And  what 
will  the  carriage  of  the  earth  cost,  at  the  rate  of  1  shilling  per 
ton?  ,;:"'■■'"'''  '  .  ^  ■  '  ' ,'      ' 

This  question  may  be  considered  as 
relating  either  to  water  sustained  by  a 
solid  wall,  ©r  by  a  bank  of  lose  earth. 
Inthe  fprmer  case,  let  abc  denote^th^ 
wall,  sustaining  the  pressure  of  the  wa- 
ter behind  it.  Put  the  whole  altitude  AB 
s=e  a,  the  base  BC  or  thickness  at  bottom  .__«_^^ 
=  6,  any  variable  depth  AD  ==  aJ>  £uad        C  ^ 

the  thickness  there  de  =  y^  Now  the  effect  which  any  num- 
ber of  particles  of  the  jSuid  pressing  at  d  have  to  break  the 
wall  at  B,  or  to  overturn  it  there,  is  as  the  number  of  particles 
AD  or  X,  and  as  the  lever  bd  =  a  —  x  :  therefore  the  fluxion 
of  the  efffsct  of  all  the  forces  is  {a-x)x^  ==  axx  —  ^^P^^  *^® 
fluent  of  which  is  idx^-^^x^,  which,  when  a;  =  a,  is  ^a^  for 
the  whole  effect  to  break  or  overturn  the  wall  at  b  ;  and  the 

effects 
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effects  of  the  pressure  to  break  at  #  and  d  will  be  as  ab^  and 
AD  3.  Btit  the  strength  of  the  wall  at  d,  to  Fesist  the  fracture 
therei  like  the  lateral  strength  of  timber,  is  as  the  square  of 
the  thickness;  de^.  Merice  the  curve  line  aeg,  bounding 
the  back  of  the  wall,'8o  as  to  be  every  where  equally  strong, 
is  of  such  a  nature,  that  a;'  is  always  proportional  to  y^^  or  y 

as  x3 ,  and  is  therefore  what  is  called  the  senaicubical  parabola. 

Now,  to  find  the  area  ABC,  or  content  of  the  wall  bounded 

by  this  convex  curve,  the  general  fluxion  of  all  are  as  ^i-be- 

comes  aj^i,  the  fluent  of  which  i9^x^=^xx^  =  f rt-y,  that  is  f 
of  the  rectangle  ab  Xbc  ;  and  is  therefore  less  than  the  trian- 
gle abc,  of  the  same  base  and  height,  in  the  proportion  of  f 
to  I,  or  of  4  to  3. 

But  in  the  case  of  a  bank  made  of 
earth,  it  would  not  stand  with  that 
concave  form  of  outside,  ifiit  were  ne- 
cessary, but  would  dispose  itself  in  a 
straight  line  ac,  forming;  a  triangular 
bank  is c.     And  even  if  this  were  hot 

the  case  naturally,  it  would  be  proper  ^ ^  ^ 

to  make  it  such  by  art ;  because  now  C  B^ 

neither  is  the  bank  to  be  broken  as  with  the  effect  of  the 
leyer,  or  overturned  about  the  pivot  or  point  c,  nor  does  it 
resist  the  fracture  by  the  effect  of  a  lever,  as  before  ;  but,  on 
the  tsontrary,  every  point  is  attempted  to  be  pushed  ^horizon- 
tally outwards,  by  the  horizontal  pressure  of  the  water,  and 
it  is  i^esisted  by  the  weight  or  resistance  of  the  earth  at  any 
part  DE;  Here  then,  by  hydrostaticsy  the  pressure  of  the 
water  against  any  point  d,  is  as  the  depth  ad  -and,  in  the 
triangle  of  earth  ade,  the  resisting  quantity  in  de  is  as  de, 
which  is  also  proportional  to  ad  by  similar  triangles.  So  that, 
at  every  point  D  in  the  depth,  the  pressure  of  the  water  and 
the  resiMance  of  the  soil!  by  means  of  this  triangular  fojcm  in- 
crease in  the  same  proportion,  and  the  water  arid  the  earth 
will  every  where  mutually  balance  each  other,  if  at  any  one 
point,  as  b,  the  thickness  bc  of  earth  be  taken  such  as  to  ba- 
lance th^  pressure  of  ihe  water  at  B,  and  then  the  straight 
line  AC  be  drawiiy  to  determine  the  outer  shape  of  the* earth. 
All  the  earth  that  is  afterwards  placed  against  the  side  Ac,  for 
a  con^nitnt  breadth  at  top  ibr  a:  walking  path,  &c.  will  also 
giveM^-wJiole  a  suflScientssecurity- 
Butnow  to  adapt  these  prmcipleB  to  the  numeral  calcula- 
tion proposed  in  the  questioa  j  the  pressure  of  water  against 
the  point  b  being  denoted  by  the  side  ab  =  6  feet,  and  the 

weight 
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weight  of  water  being  to  earth  as  1000  to  1984,  therefore  as 
1984  :  1000  :  :  5  :  2'32  =  bc,  the  thickaess  of  earth  which 
will  just  balance  the  pressure  of  the  water  there  ;  hence  the 
area  of  the  triangle  abc  =  Jab  x  bc  =  ^J  X  2-^2  t=  6^3  ; 
this  mult,  by  the  length  300,  gives  1890  cubic  feet  for  the 
quantity  of  earth  in  the  baiik  ;  and  this  multiplied  by  1984 
ounces,  the  weight  of  1  cubic  foot,  gives,  for  the  weight  of  it, 
3749760  ounces  =  23436elbs  =  104-6i^6  tons  5  the  expense 
of  which,  at  1  shilling  the  ton,  is  6Z.  4{r.7irf. 


PROBLEM  16. 

A  person  standing  at  the  distance  of  20  feet  from  the  bottom  of  a 
wall,  which  is  supposed  perfectly  Miooth  andhard^  desires  to 
know  in  what  direction  he  must  tjiroisi)  an  elastic  ball  against 
iiy  with  a  velocity  of  ^0  feet  per  second,  so  ihat^  after  r eflec- 
tio7h  from  the  wall,  it  may  fall  c^t  the  greatest  distance  possi" 
ble  from  the  bottom  on  the  horizontal  plane,  which  is  2^  feet 
below  the  hand  discharging  the  ball, 

Iti  the  annexed  figure  let  dr 
be  the  wall  agaijo«t  which  the 
ball  IS  thrown ,  from  the  point 
A,   in   such  a  dir-rotion,  that  it 

shall  describe  the  parabolic  curve  -—__...,___ 

AE  before  strikiiJg  the  wall,  and  ""'"""'S\'"-  ,. ;:'  ^'"'^  p^ 
afterwards  be  so  reflected  as  to  describe  the  curve  ei?.  Now 
if  ES  be  the  tsingent  at  the  point  e,  to  the  curve  ae  describ- 
ed before  the  reflection,  and  ep  the  tangent  at  the  same 
point  to  the  curve  which  the  ball  will  describe  after  re - 
flectiouv  then  will  the  angle  REF  be  ^^=^^  and  if  the  curve 

PE  be  produced,  so  as  to  have  gf  for  its  tangent,  it  will  meet 
AC  produced  in  b,  makipg  bc  ==  ao,  and  the  curve  ae  will  be 
simtilar  and  equal  to  the  portion  be  of  the  parabola  bep,  but 
turned  the  contrary  way.  Conceiving  either  the  two  curves 
AE  and  E^y  or  the  cpntinued  curve  bep,  to*  be  described  by  a 
projectile  id  its  motion,  it  is  manifest  that,  whether  the  great- 
er portion  of  the  curve  be  described  before  or  aft;er  the  ball 
reaches  the  wall  dr,  will  depend  on  its  initial  velocity,  and  ditt 
the  distance  AC  of  bc,  and  on  the  angle  of  projection.  The 
problem  then  is  now  reduced  to  this,  viz.  To  find  the  angle 
at  whipli  a  ball  shall  be  projected  from  b,  with  a  given  inipe- 
tus,  so  tiiat  the  distance  pp,  at  which  it  falls,  from  the  given 
point  D  on  the  plane  pp,  parallel  to  the  horizon,  shall  be  a 
maximum.^ 

Vol.  11.  64  Now 
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Now  tbis  problem  maybe     p OB  -  ^X^  9 

constructed  in  the  foUawing 
manner  ;  From  an j  point  e 
itt  the  horizontal  line  dc,  let 
fall  the  indefinite  perp.  eg, 
on  which  set  off  eb  =  the 
impetus  corresponding  to  the  ^ 

given  velocity,  and  Bi  =  2i 

the  distance  of  the  horizontal  plane  below  the  ptint  of  pro- 
jection ;  also,  through  I  draw  ap  parallel  to  dc.  From  the 
point  B  set  offBP  =  be  +  ei,  and  bisect  the  angle  ebp  by  the 
line  bh  :  then  will  bh  be  the  required  direction  of  the  ball, 
and  IP  the  maximum  range  on  the  plane  AP. 

For,  since  the  ball  moves  from  the  point  b  with  the  veloci- 
ty acquired  by  falling  through  eb,  it  is  manifest,  from  p.  136 
this  voL  that  do  is  the  directrix  of  the  parabola  described  by 
the  ball.  And  since  both  Band  Pare  points  in  the  curve, 
each  of  them  must,  from  the  nature  of  the  parabola,  be  as  far 
from  the  forces  as  it  is  from  the  directrix  ;.  therefore  b  and  p 
will  be  the  greatest  distance  from  each  other  when  the  focus 
F  is  directly  between  theni,  that  is,  wbeii  bp  =  be+c?.  And 
when  BP  is  a  maximum,  since  bi  is  constant,  it  is  obvious  that 
IP  is  a  maximum  too.  Alao,  the  angle  fbh  being  -=  ebh,  the 
line  BH  is  a  tangent  to  the  parabola  at  the  point  b,  and  conse- 
quently it  is  the  direction  necessary  to  give  the  range  i p. 

Cor.  1.  When  B  coincides  with  I,  IP  \yill  be^^ 
=2ei,  and  the  angle  ebh  will  be  46*^ :  £is  is  also  manifestfrom 
the  common  modes  of  investigation.  ^ 

Cor,  2v  When  the  impetus  corresponding  to  the  initial  ve- 
locity of  the  ball  is  very  great  compared  with  ac  or  bg  (fig.  1 ,) 
then  the  part  ae  of  the  curve  will,  very  nearly  coincide  with 
its  tangent,  and  the  direction  and  velocity  at  a  may  be  ac- 
counted the  same  as  those  at  e  without  any  sensible  error.  In 
this  case  too  the  inipetus  be  (fig.  2)  will  be  very  great  ^pom- 
pared  with  bi,  and  consequently,  b  and  i  nearly  coinciding, 
the  angle  ebh  will  differ  but  little  from  45<>. 

CaXcul.  From  *the  foregoing  construction  the  calculation 
will  be  very  easy.  Thus  the  first  velocity  being  8Q  feet  =v, 
then^art.  ^g  Projectiles)  J  =^—~  =99-48 186^^^^ 

iinpeSis  ;  hence  ei  =  ep  =  101-98 IM,  and  bp  =  »e  +  ei  = 
201" 46372.  Now,  in  the  right-angled  triangle  bip,  the  sides 
BI  and  BP  are  known,  hence  ip  ==  201 -4482,  and  the  angle 
jgp^g9o  17'  20"  :  half  the  suppL  of  this  angle  is  46«  21'20' 
=  ebh.  And,  in  fig,  1,ip^id  =201-4482-.  10=  191 -4482= 
DP  ;  the  distance  the  ball  falls  from  the  wall  after  regi^. 
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PROBL]p:M  17. 

Prom  what  height  tthove  the  given  point  a  must  an  elastic  halt  he 
suffered  to  descend  freely  by  gravitfy  so  that  after  striking  the 
hard  plarie  at  b,  it  may  be  reflected  back  again  to.  the  point  a, 
in  the  least  time  possible  from  the  instant  of  dropping  it  ? 

Let  c  be  the  point  required  ;  and  put  ac  ==  a;,  and  C 
AB  =  a  ;  then  |  ^  cb  =7  |^v^(a+a;)  is  the  time  in  cb, 
and  i^^  cA=i  V  ^  i?  the  time  in  ca  ;  therefore  J^  ^ 
(a-\'x)'-\  \/  x'ls  ^e>  time  down  ab,  or  the  time  of  ris- 
ing from  B  to  A  again  :  hence  the  whole  time  of  fall- 
ing through  cb  and  returning  to  a,  is  ^  y/  (a  +  ^)  — i 
^x,  which  must  be  a  min*  or  2^  (a+ic)—  \^a;  a  mi-   -r^ 

oc  '  ^  X  '  '  -  '     ■  .       - 

nimum,  in  fluxions  -—^ — ; — r-  —  — -^—  =  0,  and  hence  re  =  TVaj 

that  is,  Ac==iAB/  ; 

PROBIJSM 18.  / 

Given  the  height  of  an  inclined  plane ;  required  its  length  so 

that  a  given  power  acting  on  a  given  weight,  in  a  directionpa' 

■    rallel  to  the  plane ^  may  dtaw  it  up  in  the  least  time  possible  ? 

Let  a  denote  the  height  of  the  plane,  x  its  length,  p  the 
power,  and  a?  the  weight.     Now  the  tendency  down  the  plane 

>"  '  .■   .  ■  '■■"         ■  o,w  _^. 

- .,  ■'■  ■,  aw  '..''  .'"       ,-  aw.    \  \.        ■  ^. '   ■•.-^■.  ■;  '    .- ,       ''   oa 
IS  =■  -r—.  hence  »——  =  the  motive -force,  and  — — -^ 
a;-  '^       X  ■      :.  p-rw 

^—v-=  the, accelerating  force  f:  hence,  by  the  theorems  for 
{P'¥w)x,  ^     \  -^  '  ^  ^ 

constant  forces  (See  Introduc,  to  Prac.  Ex.  on  Forces )^2=i'-.= 

■      ■  ■    /  ■■     '   sf 

(p+w)x^  ii  •    •  ^^  .  '     n      • 

^ —    ^  V    must  be  a  mmimum  ^  or— ^—  amm.  ;in  fluxions, 
\px-^aw)g  :,  px^aw 

k{jpx  —  ata;)a;it:  --  pa?2ir=  6,  or  px  ==  ^aa^,  and  hence  pi 

w  :  :  ^a  I  XVI  double  the  height  of  the  plane  to  its  lehgth. 

PROBLEM  19.  ■ 

Ji  cylinder  of  oak  is  depressed  in  water  till  i^s  top  ist  just  lero el 
with  the  swrfaccy  and  then  is  suffered  to  ascertd^Ai^^^ 
to  determine  the  greatest  altitude  to  wKich  U  %0t^fii^0^a^  the 
time  of  its  ascent.     :  K^^^^^"^^^^^^^- 

Let  a  =  the  length,  and  b  the  area  or  base  of  the  cylii^P* 

m  the  specific  gravity  of  oak,  that  of  water  being  1,  a!|io  a 

any  variable  height  through  which  the  cylinder  has  ascended. 

Then,  <x—^.ir  being  the  part  still  immersed  ip  the  water, 
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(a-x)  X  6X1  =  (a  -—a;)  6  ii  the  force  of  the  water  iipwa^^ 
to  raise  the  cylinder;  and  a  x  6  X  m  =  abmis  the  weight 
of  the  cylinder  opposing  its  ascent ;  therefore  the  efficacious 
force  to  raise  the  cylinder  is  (a  — a;)j>  — a6m;  and,  the  inass 
heingafem,  the  accelerating  force  is 

(a— a;)6-^d6m  __  a--a;~am  __  a?i'--a:__  _ 
'  abni  cm  am       *^^ 

putting  n  =  1  -—  m  the  difference  between  the  specific  gra- 
vities of  water  and  oak. 

Now  if  V  denote  the  velocity  of  ascent  at  the  same  time 
when  X  space  is  ascended,  then  by  the  theorems  for  variable 

forces,  vv  =  32/*i  =  —  X  {an'x-^xx) ,  therefore 

v^;=-  —  X  (^anx- a;2),  and  v  =  8  V  ~-~— -— :    but  When 
am  2am 

the  cylinder  has  acquired  its  greatest  ascent,  v  and  'zj?  ==  0, 

therefore  ^arm  -^  x^  =  0,  and  hence  x  =^2an  the  part  of  the 

cylinder  that  fises  out  of  the  water>  being  ==  '15a  or  /^  of  its 

length.  ^        '  .  .,/]  : 

To  find  when  the  velocity  is  the  greatest,  the  factor  Sana; 
— a;2  in  the  velocity  miist  be  a  max*  then  Sawar^^aji-  =  0, 
and  a;  ==  a»,  being  the  height  above  the  water  when  the  ve- 
locity is  the  greatest,  and  whidh  it  appears  is  just  equal  to  the 
half  of  2an  aibove  found  for  the  greatest  rise,  when  the  up- 
ward motion  ceases,  and  the  cylinder  descends  again  to  the 
same  depth  as  at  first,  after  which  it  again  returiisascfBnding 
as  before;  and  so  on,  continually  playing  up  apd  down  to  the 
same  highest  $nd  lowest  points  j  like  the  vibrations  pf  a  pen- 
dulum, the  motion  ceasing  in  both  eases  in  a  similar  manner  at 
the  extreme  points,  then  returning,  it  gradually  accelerates 
till  arriving  at  the  niiddle  point.  Where  it  is  the  greatest,  then 
gradually  retarding  all  the  way  to  the  next  extremity  of  the 
vibration,  thus  making  all  the  vibrations  in  equal  times,  to  the 
same  exitent  between  the  highest  and  lowest  points,  except 
that,  by  the  small  tenacity  and  friction  &c.  of  the  water  against 
the  sides  of  the  cylinder,  it  will  be  gradually  and  slowly  re- 
tarded in  its  motion,  and  the  extent  of  the  vibrations  decrease 
till  at  length  the  cylinder,  like  the.  pendulum,  come  to  rest  in 
the  middle  point  of  its  vibrations,  where  it  naturally  floats  in 
its  quiescent  state,  with  the  part  na  of  its  length  above  the 
water. 

The  quantity  of  the  greatest  velocity  will  be  found,  by 
substituting  na  for  a:,  in  the  general  value  of  th^  velocity 

2flWiC""ic^  a 

^V      o         >  when  it  becomes  8wV'-—=|  ^a  very  nearly, 

the 
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the  valae  of  Vw  being  '926,  and  consequently  that  of  w  =  1  — 

To  find   the  time  t  gthswering  to   any  space  a:.     Here 

^  =  -  =  - — =  a/  —  X  — 7-r— — —r  .and  by  the 

V  Max^x^       ^   32       y/(^^nax^x^)  ^ 

13th  form  the  fluent  is  t  =  }^2ma  X  a^  where  a  denotes  the 

circular  arc  to  radius  1  and  versed  sine  — .     Now  at  the  mid- 

,  na 

II         1  X        na 

die  of  a  vibration  x  is  ==  wa,  and  then  the  vers.  —  =  —  =  1 

na      na 

the  radius,  and  a  is  the  quadrahtal  arc=l-67G8  ;  theivtheflu. 
becomes  i  ^  2ma  X  1-6708  =  -17^/  a  X  1-5708  =  267y'a 
for  the  time  of  a  semivibratioa ;  hence  the  time  of  each  whole 
vibration  is  -634  y'  a  =  j%  v^a,  which  time  therefore  depends 
on  the  length  of  the  cylinder  a.  To  miake  this  time  =  1 
second,  «  must  be  =(V)^  very  nearly  ==  3  j  feet  or  42  inches. 
That  is,  the  oaken  cylinder  of  42  inches  length  makes  its 
vertical  vibrations  each  in  1  second  of  time,  oris  isochronous 
with  a  common  pendulum  of  39|  inches  long,  the  extent  of 
each  vibratibh  of  the  foriiier  ^b^^^  . 

PKOBLEM20. 

Required  to  determine  the  quantiiy  of  matter  in  a  sphere ,  the  deii- 
sity  varying  a^  ^h^  V'th  power  of  the  distance  from  the  centre  ? 

Let  r  denote  the  radius  of  the  sphere,  d  the  density  at 
its  surface,  a  =  3-1416  the  area  of  a  circle  whose  radius  is  1, 
and  X  any  distance  from  the  centre,  'rhen  4da;2  will  be  the 
surface  of  a  sphere  whose  radius  is  x  which  may  be  consi- 
dered by  expansion  as  generating  the  magnitude  of  the  solid  : 
therefore  4oa;2i  will  be  the  flbxipn  of  the  magnitude ;  but 

dxi^^ 
as  r»  :  x"^  ;  :  d  :  -■—  the  density  at  the  distance  tr,  therefore 

dx^      ^adx^^^v 
Aax^a:^  —-=•■'■.    •  ■ — ^  =3  the  fluxion  of  the  mass,  the  fluent 

'  ■  -T'^  •■     ■    r^    ■•■   '  ■  '  ■, 

4adx^^^  4adr^ 

of  which  -^j--— ^,  when  .r=r,  is—j^  of  the 

matter  in  the  whole  sphere. 

CoroL   1.  The  magnitude  of  a  sphere  whose  radius  is  r 

being  |ar 3,  which  call  m  ;  then  the  mass  or  solid  content  will 

3d  .      .      Sd 

be     ,  ^X  m,  and  the  mean  density  is     ,     . 

Corah  2.  It  having  been  computed,  iroin  actual  exjperi- 

mentSj 
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ments,  that  the  mediam  density  ©f  t^e  whole  mass  of  the 
earth  is  about  twrce  the  deasify  d  at  the  suriacCj  we  can 
now  determine  what  is  the  exponent  of  the  decreaaing  ratio 
of  the  density  from  the  centre  to  the  circniniference,  sup- 
posing it  to  decrease  by  a  regular  law,  viz.  as  a"* ;  for  theii  it 

will  be  2d  =  — j-^,  and  hence  71=  -f.     So  that,  in  this  case 

the  law  of  decrease  is  as  r    2^  or  aS  -j,  that  is  inversely  as 

the  fths  power  of  the  radius. 

PROBLEM  21. 

Required  to  determine  where  a  body  moving  down  the  convex 
side  of  a  cyeloid^  will  fly  off  and  quit  the  curve. 

Let  AVEB  represent  the  cy- 
cloid, the  properties  of  which 
may  be  seen  at  arts.  146  and 
147  this  vol.  and  vdc  its  gene- 
rating semicircle.     Let  E  be  the      _       

point  where  the  motion  com-  C  BCr- 

mences  whence  it  moves  alpiig  the  curve,  its  velocity  increas- 
ing  botli  on  the  curye,  and  also  in  the  horizontal  direction  df, 
till  it  come  to  such  a  pointV  f  suppose,  that  the  velbcity  in 
the  latter  direction  is  become  a  constant  quantity,  tben^  that 
wiU  be  the  point  where  it  will  ^uit  the  cycloid,  and  after- 
wards describe  a  parabola  fg,  because  the  horizontal  velocity 
in  the  latter  curve  is  always  the  same  coEistant  quantity,  (by 
art.  ^6  Projectiles.)  V: 

Put  the  diameter  vc  =  d^  vh  ^ayvi=x  ;  then  vd=^  c?ap, 
and  ID  =  V  {^^  —  ^^)«  Now  the  velocity  in  the  curye  at  p 
in  descending  down  EF,.being  the  same  as  by  falling  through 
HI  or  a;— a,  by  art.  139,  will  be  =  8  y'  (x-^-a)  ;  but  this  ve- 
locity in  the  curve  at  f,  is  to  the  horizontal  velocity  there, 
as  VD  to  ID,  because  vd  is  parallel  to  the  curve  or  to  the 
tangent  at  f,  that  is,  ^  dx  \  ^  [dx  —  x'^')  :  :  8  \/  {x  --  a^  \ 

VK^-'^y  y  V  —^)  ^ij^i^^jj  ig  |.|je  horizontal  veloaty  at  f, 

where  the  body  is  supposed  to  have  that  velocity  a  constant 
quantity  ;  therefore  also  ^  [x  —  a)  X  y/  {d  —  cr),  as  well  as 
(3;— a)  X  [d--x)  ■=■  ax  +  dx  —  ad  —  x^  ig  ^ constant  quan- 
tity, and  also  ax  4-  dx  ^  x^  :  but  the  fluxion  of  a  constant 
quantity  is  equal  to  nothing,  that  is  ax  +  dx  —  2xa:  =  0= 
a  +  d  —  2a;,  and  hence  x  =  |a  +  ^d  =  vi,  the  arithmetical 
mean  between  VH  and  vc. 

If  the  motion  should  commence  at  v,  then  a;  or  vi  would  be 
=^ic^,  and  i  would  be  the  centre  of  the  semicircle. 
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PROBLEM  22. 

Jf  a  body  hjBgin  to,  move  from  a^  with  a  given  velocity,  along 
the  quadrpLnt  of  a  circle  ab  ;  it  is  required  to  show  at  what 
pmnt  it  will  fly  cff^  from  the  curve. 

Let  i)  denote  the  point  where  the 
body  quits  the  circle  adb,  and  then,  de- 
scribes the  parabola  BE.  Draw  the  or- 
dinate DF,  and  let  ga  be  the  height 
preducing  the  velocity  at  a .  Put  g a = 
a,  AC  oc,  CD  ==  r ,  af =x  ;  then  the  velo- 
city in  the  curve  at  d  will  be  the  same 
as  that  acquired  by  falling  through  gf 
Or  a^x,  which  is,  a$  belbFe,:8 v'(<*+^)  > 
but  the  velocity  in  the  curve  is^  to  the  horizontal  yeloGity  as 
j>n  to  mw  or  as  c©  to  of  by  similar  triaingles,  that  is,  as  r  : 

r^x^  1 :  8  ^  {x-^a)  ;  8  ^  (a;  -f-  a)  X  -—-—,  which  is  to  be 

a  constant  quantity  where  the  body  leaves  the  circle,  there- 
fore also  ~(r —  x)  ^  (a;  -f  a)  and  (r  —  x)^  X  {x+a)  a  con-  ' 
stant  quantity  ;  the  fluxion  of  which  made  to  vanish,  gives  a> 


&] 

[   " 

A 
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"S 

=  AF. 


Hence,  if  a  =  Q,  or  the  body  only  commence  motion  at  a, 
then  a;  ==  l^r,  or  af=  ^ac  when  it  quits  the  circle  at  d^  But 
if  a  or  Gtt  were  =ir  or  |  ac,  then  r  —  2a.=  0,  and  the  body 
would  instantly  quit  the,  circle  at  the  vertex  a,  and  describe 
a  parabola  circumscribing  it,  arid  having  the  same  vertex  a. 

PROBLEM  23. 

To  determine  the  position  of  a  bar  or  beam  a^,  being  supported 
in  equilibrio  by  two  cords  ac^bc,; having  their  two  ends  fixed: 
in  the  beam,  at  A  and  n. 

By  art.  2 10  Statics,  the  position 
will  be  such,  that  its  cientre  of  gra- 
vity G  will  be  in  the  perpendicular 
or  plumb  line  CG. 

Corol,  1.  Draw  gd  parallel  to  the 
cord  AC.  Then  the  tiiangle  cgd, 
having  its  three  sides  in  the  direc- 
tions of,  or  parallel  to,  the  three 
forces,  viz.  the  weight  of  the  beam, 
and  the  tensions  of  the  two  cords  ac,  bc,  these  three  forces 
wijl  be  proportioiaal  to  the  three  sides  gg,  gp.  cd,  respectively, 

bv 
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by  art.  4f ;  that  is,  gg  is  as  th^w^ight  of  the  I?eam,  gd  as  the 
tension  or  force  of  ac,  andcD  as  the  tension  or  force  of  bc. 

CoroL  2.  If  two  planes  eaf,  hbi,  perpendiciilar  to  the  two 
cords,  be  substituted  instead  of  these,  the  beam  will  be  still 
supported  by  the  two  planes,  just  the  same  as  before  by  the 
cords,  because  the  action  of  the  planes  is  in  the  direction  per- 
pendicuiar  to  their  surface  j  and  the  pressure  on  the  planeg 
will  be  just  equal  to;  the  tension  pi-  force  of  the  respectiye 
cords,  So  that  it  is  the  very  same  things  whether  the  body 
is  sustained  by  the  two  cords  ac  ,  bc,  or  by  the  two.  planes  ef, 
HI ;  the  directions  and  quantities  of  the  forces  acting  at  a  and 
B  being  the  same  in  both  cases.— Also,  if  the  body  be  made 
to  vibrate  about  the  point  c,  the  points  a,  b  will  describe  cir- 
cular ares  coinciding  with  the  toucbj^ng  planes  at  a,  b-;  and 
moving  the  body  up  and  down  the  planes,  will  be  ju^t  the  same 
thing  as  making  it  vibrate  bj?  the  cords  ;  consequently  the 
body  can  only  rest,  in  either  case,  when  the  centre  of  gravity 
is  in  the  perpendicular  CG. 

.  '  ^  PROBLEM  24.  , 

To  determine  the  position  q^iheheam^^  hanging  hifjone  cfird 
,     ACB,  having  its  ends  fastened  at  a  and  B^and  sliding  freely 
0ver  atacU  or  pMeyJixM  (it  c,j       . 

G  being  the  centre  of  gfav^ity  of  the  beam,  cg  will  be  per- 
pendicular to  the  horizon^  as  in  the  last  problem.  -Now  as 
the  cord  acb  moves  freely  about  the  poiiit 
c,  the  tension  of  the  cord  is  the  sam^  in 
every  part,  or  the  same  both  in  ac  and  bc. 
Draw  GD  parallel  to  ac  :  then  the  sides  of 
the  triangle  cgd  are  proportional  to  the 
three  forces,  the  weight  and  the  tensions 
of  the  string ;  that  is,  cd  and  dg  are  as  the 
forcesor  tensions  in  cb  and  cA.    But  these  ^ 

tensions  are  equal ;  therefore  cd=©g,  and  conseq.  the  oppo- 
site angles  DCG  and  dgc  are  also  equal ;  but  the  angle  dgc  is 
=  the  alternate  angle  agg  ;theref.  the  angle  acg==bcg  ;  and 
hence  the  line  cg  bisects  the  vertical  angle  acb,  and  conseq, 
AC  :  CB  :  :  ag  :  gb, 

PROBLEM  25. 

To  determine  the  position  of  the  beamAB,  moveable  about  tlie 
end  B,  and  sustained  by  a  given  weight  g,  hangi7ig  by  a  cord 
Acg,  going  over  a  pulley  at  c,  md fixed  to  the  other  end  a. 

Let 
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Let  a?=  the  weight  of  the  beam, 
and  G  denote  the  place  of  its  cen- 
tre of  gravity*  Produce  the  di- 
rection of  the  cord  ca  to  meet  the 
horizontal  line  be  in  d  ;  also  Jet 
fall  AE  perp.  to  be  :  then  ae  is  the 
direction  of  the  weight  of  the  beam, 
and  DA  the  direction  of  the  weight  gy  the  former  acting  at  g 
by  the  lever  bg,  and  the  latter  at  a,  by  the  lever  ba  ;  theref* 
the  intensity  of  the  former  is  w  X  bg  and  that  of  the  latter^ 
X  BA  ;  but  these  are;  also  proportional  to  the  sines  of  their 
angles  of  direction  with  ab,  that  is,  of  the  angles  bae,  and  ba©  ; 
therefore  the  whole  intensity  of  the  former  is  «y  X  bg  X  sin^ 
bae,  and  of  the  latter  itis^XBAX  sin  bad.  But,  since  these 
two  foTces  balance  each  other,  they  are  equals  viz.  «?X  bgX 
sin.  bae=*|^  X  BA  X  sin  bad,  and  tiierefore  ?i«  :^  :  :  ba  X  sin« 
bad  :  bg  X  sin.  BAB,  or  w  X  Bci  :  g  xba  :  :  sin.  bad  :  sin.  bae. 

PROBLEM  26. 
To  deteTmine  the  position  of  the  beam  ab  sustained  by  the  given 

weights- m^  n,  by  means  of  the  cords  Acm,  bdw,  going  over 

the  fixed  pulleys  c^jy. 

Let  G  be  the  place  of  the  centre 
of  gravity  of  the  beam.  Now  the 
efifect  of  the  weight  w,  is  as  m, 
*and  as  the  lever  ag,  and  as  the  _ 
sine  of  the  angle  of  direction  a  ;  2» 
and  the  effect  of  the  weight  n,  is 
as  71,  and  as  the  lever  bg  and  as 
the  sine  of  the  angle  of  direction  b;  but  these  two  effects 
are  equal,  because  they  balance  each  other  ;  that  is,  m  X  ag 
X  sin.  A  =  n  X  bg  X  sin.  b  ;  theref.  m  X  ag  :  »  X  bg  :  i 
sin,  B  !  sin.  A. 

PROBLEM  27. 
To  determine  the  position  of  the  tTnw  posts  ad  and  be,  support- 
ing the  beam  ab,  so  that  the  beam  may  rest  in  equilibrio» 

Through  the  centre  of  gravity 
o  of  the  beam,  draw  cg  perp.  to 
the  horizon  ;  from  any  point  c 
in  which  draw  cad,  cbe  through 
the  extremities  of  the  beam;  then 
AD  anSvBE  will  be.  the  positions 
of  the  two  posts  or  props  re- 
quired, so  as  ab  may  be  sustain- 
ed in  equilibrio  ;  because  the  • 
three  forces  sustaining  any  body 
in  such  a  state,  must  be  all  directed  to  the  same  point  c. 
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Corol.  If  GF  be  drawn,  parallel  to  cd  ;  then  the  qtiantities 
of  the  three  forces  balancing  the  beam,  will  be  proportional 
to  the  three  sides  of  the  triangle  cgf,  viz.  cg  as  the  weight 
of  the  beamvcF  as  the  thmst  or  pressure  in  be,  and  fg  as  the 
thrn§t  or  pressure  in  AD.  - 

Scholium.  The  equilibrium  may  be  equally  maintained  by 
the  two  posts  or  props  ad,  be^  as  by  the  two  cords  ag,  bc, 
or  by  two  planes  at  a  and  b  perp.  to  those  cords.— It  does 
not  always  happen  that  the  centre  of  gravity  is  at  the  lowest 
place  to  which  it  can  get,  to  make  an  equilibrium  ;  for  here 
when  the  beam  ab  is  supported  by  the  posts  da,  eb,  the  cen- 
tre of  gravity  is  at  ther  highest  it  can  get ;  and  being  in  that 
position,  it  is  not  disposed  to  move  one  way  more  than  another, 
and  therefore  is  as  truly  in  equilibrio,  as  if  the  centre  was  at 
the  lowest  point.  It  is  true  this  is  only  a  tottering  e^uili^ 
brium,  and  any  the  least  force  will  destroy  it ;  and  then,  if 
the  beam  and  posts  be  moveable  about  the  angles  a,  b,  d.  e, 
which  is  all  along  supposed,  the  beam  will  descend  till  it  is 
below  the  points  d^  e,  and  gain  such  a  position  as  is  described 
in  prob.  26,  supposing  the  cords  fixed  at  e  and  d,  in  the  fig. 
to  that  prob.  and  then  g  will  be  at  the  lowest  point,  coming 
there  to  an  equilibrium  again.  In  planes,  the  centre  of  gra- 
vity g  may  be  either  at  its  highest  or  lowest  point.  And 
there  are  cases,  when  that  centre  is  neither  at  its  highest  nor 
lowest  point,  a3  may  happen  in  the  case  of  prob.  24.  vf^i 

PROBLEM  28. 

Supposing  the  beam  ab  hanging  by  a  pin  at  b,  and  laying  on  the 
wall  AC  ;  it  is  required  to  determjne  the  forces  or  pressures  y  at 
the  points  A  and  B,  and  their  directions. 

Draw  AD  perp.  to  AB,  and  through  .        E/ 

G,  the  centre  of  gravity  of  the  beam, 
draw  GD  perp.  to  the  horizon;  and 
join  BDy  Then  the  weight  of  the 
beam,  and  the  two  forces  or  pres- 
sures at  a  and  B,  will  be  in  the  di- 
rections of  the  three  sides  of  the 
triangle  adg  ;  or  in  the  directions 
of,  and  proportional  to,  the  three 
sides  of  the  triangle  gdh,  having 
drawn  gh  parallel  to  bd  ;  viz.  the  weight  of  the  /beam  as  gd, 
the  pressure  at  a  as  hd,  and.  the  pressure  b  as  gh,  and  in 
these  directions. 

Foi»»  the  action  of  the  beam  is  in  the  direction  gd  ;  and  the 
action  of  the  wall  at  a,  is  in  the  perp.  ad  ;  conseq.  the  stress 
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on  the  pin  at  B  must  be  in  the  direction  bd,  because  all  the 
three  forces  sustaining  a  body  in  equilibrio,  must  tend  to  the 
same  point,  as  d. 

CoroL  1.  If  the  beam  were  supported  by  a  pin  at  a,  and 
laid  upon  the  wall  at  b  ;  the  like  construction  must  be  made 
at  B,  as  has  been  done  at  a,  and  then  the  forces  and  their  di- 
rections will  be  obtained. 

CoroL  2.  It  is  all  the  same  thing,  whether  the  beam  is  sus- 
tained by  the  pin  b  and  the  wall  ac,  or  by  two  cords  be,  af, 
acting  in  tke  directions  bd,  da,  and  with  the  forces  hg,  hd. 

PROBLEM  29. 

To  determine  the  Quantities  and  Directions  of  the  Forces  exerted 
by  a  heavy  beam  ab,  at  its  two  Eottrevfiities  and  its  Centre  of 
Gravity^  bearing  against  a  perp,  wall  at  its  upper  end  b. 

From  B  draw  bc  perp.  to  the  face  of 
the  wall  BE,  which  will  be  th^:  direc-  r.      \/^^ 

tion  of  the  force  at  b  ;  also  through  g, 
the  centre  of  gravity,  draw  c6d  perp. 
to  the  horizontal  line  ae,  then  en  is  the 
direction  of  the  weight  of  the  beam  ; 
and  becauise  these  two  forces  meet  in 
the  point  c,  the  third  force  or  push  a, 
must  be  in  ca,  directly  from  c  ;  so  that  the  three  forces  are  in 
the  directions  cd,  bc,  ca,  or  in  the  directions  cb,  da,  ga  ;  and, 
these  last  three  forming  a  triangle,  the  three  forces  are  not 
only  in  those  directions,  but  are  also  proportional  to  these 
three  lines  ;  viz.  the  weight  in  or  on  the  beam,  as  the  line  cd; 
the  push  against  the  wall  at  b,  as  the  horizontal  line  ad  ;  and 
the  thrust  at  the  bottom,  as  the  line  ac. 

Some  of  the  foregoing  problems  will  be  found  useful  in  dif- 
ferent cases  of  carpentry,  especially  in  adapting  the  framing 
of  the  roofs  of  buildings,  so  a§  to  be  nearest  in  equilibrio  in 
all  their  parts.  And  the  last  problem,  in  particular,  will  be 
very  useful  in  determining  the  push  or  thrust  of  any  arch 
against  its  piers  or  abutments,  and  thence  to  assign  their 
thieknesf  necessary  to  resist  that  push .  The  following  prob- 
lem wilj  also  be  of  great  use  in  adjusting  the  form  of  a  man- 
sard roof,  or  of  an  arch,  and  the  thickness  of  every  part,  so 
as  to  be  truly  balanced  in  a  state  of  just  equilibrium. 

PROBLEM  30. 

Let  there  be  any  number  of  lines,  or  bars^  or  beams ^  ab,  bc,  cd, 
^£,4^0.  all  in  the  same  vertical  plane,  connected  together  and 
freely  moveable  about  the  joints  or  angles  a,  b,  c,  d,  e,  4^c^ 

and 
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^nd  kept  in  equiliblrio  by  their  own  weigkts^orhy  weights  only 
laid  on  the  ctngles :  It  is  required  io  assign  ike  prdportion  of 
those  weights  ;  as  also  the  force  or  push  in  the  direction  of  the 
and  the  horizontal  thrust  at  every  angh. 


Tiirdtigh  any 
point,  as  d,  draw 
a  vertical  line 
aDHg,  &Ci  ;  to 
which,  from  any 
point,  as  c,  draw 
lines  in  the  di- 
rection of,  or  pa- 
rallel to,  the  giv- 
en  lines  or  beams,  viz.  ca  parallel  to  ab,  and  c6  parallel  to  bc, 
and  ce  to  de,  and  cf  to  ef,  and  eg  to  fg,  &g.  ;  ^also  gh  parallel 
to  the  horizon,  or  perpendicular  to  the  vertical  line  (XDg,  in 
which  also  all  these  parallels  terminate. 

Then  will  dll  those  lines  be  exactly  proportional  to  the 
forces  acting  or  exerted  in  the  directions  to  which  they  are 
parallel,  and  of  all  the  three  kinds,  viz.  vertical,  horizontal, 
and  oblique.  Tlaat  is,  the  oblique  forces  pr  thrusts  in  direc- 
tion of  the  bars  -     -      -    >      -      -      AB,  BC,  CD,  DE,  EF,  FG, 

are  proportional  io  their  parallels  ca,  g^,^  cd,  ce,  c/,  eg ; 
and  the  vertical  weights  on  the  angles  b,  c,  d,  e,  f,  &c. 
are  as  the  parts  of  the  vertical  -  -  a:b,  6d,  ne,  ef  fg. 
and  the  weight  of  thp  whole  frame  abcdefg, 
is  proportional  to  the  sum  of  all  the  verticals,  or  to  flg  ;  also 
the  horizontal  thrust  at  every  angle,  is  every  where  the  same 
constant  quantity,,  and  is  expressed  by  the  constant  honzpn- 

tal  line  ch.  . 

bemonstratio7i,  AW  these  proportions  of -the  forces  derive 
and  follow  immediately  from  the  general  well-known  property 
in  Statics,  that  when  any  forces  balatice  and  keep  each  other 
in  equilibrio,  they  are  respectively  in  proportion  as  the  lines 
drawn  parallel  to  their  directions,  and  terminating  each  other. 
Thus,  the  point  or  angle  b  is  kept  in  equilibrio  by  three 
forces,  viz.  the  weight  laid  and  acting  vertically  downward 
on  that  point,  and  by  the  two  oblique  forces  or  thrusis  of  the 
two  beams  ab,  cb,  and  in  these  directions.  But  ca  is  parallel 
to  AB,  and  c6,  to  bc,  and  ab,  to  the  vertical  weight ;  these 
"  three  forces  are  therefore  proportional  to  the  three  lines  a6, 

In  like  manner,  the  angle  c  is  kept  in  its  position  by  the 
weight  laid  and  acting  vertically  on  it,  and  by  the, two  oblique 
forces  or  thrust  in  the  direction  of  the  bars  bc,  cd  ;   conse- 
quently 
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quBDtly  these  three  forces  are^roportioiial  ta  the  three  lines 
bv,  cbi  CD,  which  are  parallel  to  them. 

Also,  the  three  forces  keeping  the  point  d  in  its  position, 
are  proportional  to  their  three  paTallel  lines  dc,  cd,  ce.  And 
the  three^forces  balancing  the  angle  e,  are  proportional  to 
theil*  three  parallel  lines  ef,  ce,  cf.  And  the  three  forces 
balancing  the  angle  f,  are  proportional  to  their  three  parallel 
lines  ^,  e/,  c^.  And  so  on  continually,  the  oblique  forces 
or  thrusts  in  the  directions  of  the  bars  or  beams,  being  always 
proportional  to  the  parts  of  the  lines  parallel  to  theifi,  inter- 
cepted by  th^  common  vertical  line  ;  while  the  vertical  forces 
or  weights,  acting  or  laid  on  the  angles,  are  proportional  to 
the  parts  of  this  vertical  line  intercepted  by  the  two  lines  pa- 
rallel to  the  lines  of  the  corresponding  angles. 

Again,  with  regard  to  the  horizontal  force  or  thrust :  since 
the  litie  DC  represents,  or  is  proportional  to  the  force  in  the  - 
direction  dc,  arising  froni  the  weight  or  pressure  on  the  ahgle 
D  ;  and  since  the  oblique  forc^  dc  is  equivalent  to,  and  re- 
solves into,  the  two  dh,  hc,  and  in  those  directions,  by  the  re- 
solution of  forces,  viz.  the  vertical  force  dh,  and  the  horizon- 
tal force  Hc;  it  follows,  that  the  horizontal  force  or  thrust  at 
the  angle  d,  is  propbrtional  to  the  line  ch  ;  and  the  p4rt  of 
the  vertical  force  or  weight  on  the  angle  d,  which  produces 
the  oblique  force  dc,  is  proportional  to  the  part  of  the  verti- 
cal line  dhV 

In  like  manner,  the  obliq^ue  force  c5,  acting  at  c,  in  the  di- 
rection cb,  resolves  into  the  two  5h,  ad  ;  therefore"  the  hori- 
zontal force  or  thrtist  at  the  angle  c,  is  expressed  by  the  line 
CH,  the  very  same  as  it  was  before  for  the  angle  d  ;  and  the 
vertical  pressure  at  c,  arising  from  the  weights  on  both  n  and 
e,  is  denoted  by  the  vertical  line  hn. 

Also,  the  oblique  force  etc,  acting  at  the  angle  b,  in  the  di- 
rection ba,  resolves  into  the  two  an,  hg  ;  therefore  again  the 
horizontal  thrust  at  the  angle  b,  is  represented  by  the  line  ch, 
the  very  same  as  it  was  at  the  points  c  and  d  ;  aftd  the  verti- 
cal pressure  at  b,  arising  from  the  weights  on  b,  c,  and  d,  is 
expressed  by  the  part  of  the  vertical  line  an. 

Thus  also,  the  oblique  force  ce,  in  direction  de,  resolves 
intd  the  two  ch,  ne,  being  the  same  horizontal  force  with  the 
vertical  ne  ;  and  the  oblique  force  c/*,  in  direction  ef,  resolves 
into  the  two  ch,  h/;  and  the  oblique  force  eg,  in  direction 
FG,  resolves  into  the  two  ch,  Hg  ;  and  the  oblique  force  eg, 
in  direction  fg,  resolves  into  the  two  ch,  Hg  ;  and  so  on  con- 
tinually, the  horizontal  force  at  every  point  being  expressed 
by  the  same  constant  line  cH  ;  and  the  vertical  pressures  on 
(he  angles  by  the  parts  of  the  verticals,  viz.  oh  the  whole 

vertical 
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vertical  pressuKe  at  b,  from  the  weights  on  the  angles  b,  c,  d  ; 
and  6h  the  whole  pressare  on  c  from  the  weights  on  c  and  d  ; 
and  DH  the  part  of  the  weight  on  d  causing  the  oblique  force 
DC  ;  and  hc  the  other  part  of  the  weight  on  n  causieg  the  ob- 
lique pressure  de  ;  and  h/  the  whole  vertical  pressure  at  e 
from  the  weights  on  d  and  e  ;  and  h^  the  whole  vertical  pres- 
sure on  F  arising  from  the  weights  laid  on  d,  e,  and  p.  And 
so  on. 

So  that,  on  the  whole,  an  denotes  the  whole  weight  on  the 
points  from  D  to  a  ;  and  ug  the  whole  weight  on  the  points 
from  D  to  G  ;  and  ag  the  whole  weight  on  all  points  on  both 
sides;  while ^.6,  6d,  ne,  e/*,^  express  the  several  particular 
weights,  laid  on  the  angles  b,  c,  d,  e,  f. 

Also,  the  horizontal  thrust  is  every  where  the  satne  con- 
stant quantity,  and  is  denoted  by  the  line  ce. 

Lastly,  the  several  oblique  forces  or  thrusts,  in  the  direc- 
tions AB,  BG,  CD,  DE,  EF,  FG,  arc  exprcssed  by,  or  are  propor- 
tional  to,  their  corresponding  parallel  lines,  ca,  cfe,  cd,  cc, 

c/^-Cg.  •.    '      '  ■    }■ 

CoroL  1 .  It  is  obvious ^  and  remarkable ,  that  the  lengths 
of  the  bars  ab,  bc,  &c.  do  not  effect  or  alter  the  proportions 
of  any  of  these  loads,  or  thrusts  ;  since  all  the  lines  ca;  cb^ahy 
&c.  remain  the  same,  whatever  be  the  lengths  of  ab,bc,  &Gi 
The  positions  of  the  bars,  and  the  weights  on  the  angles  dcr 
pending  mutually  on  each  other,  as  well  as  the  horizontal  and 
oblique  thrusts.  Thus,  if  there  be  given  the  position  of  bc, 
and  the  weights  or  loads  laid  en  the  angles  d,  c,  b  ;  set  these 
on  the  vertical,  DH.,  d6,  ha^  then  ci,  ca  give  the  directions  or 
positions  of  cb,  ba,  as  well  as  the  quantity  or  proportion  ch  of 
the  constant  horizontal  thrust. 

Corol,  2.  If  cH  be  made  radius  ;  then  it  is  evident  that 
Ha  is  the  tangent,  and  ca  the  secant  of  the  elevation  of  ca  or 
ab  above  the  horizon  ;  also  h6  is  the  tangent  and  c&  the  secant 
of  the  elevation  of  qfe  or  CB  ;  also  hd  and  gd  the  tangent  and 
secant  of  the  elevation  of  cd  ;  also  ue  and  ce  the  tangent  and 
secant  of  the  elevation  of  C6  or  de  ;  also  nf  and  c/  the  tan- 
gent and  secant  of  the  elevation  of  ef  ;  and  so  on  ;  also  the 
parts  of  the  vertical  ab,  iDi,ef,^,  denoting  the  weights  laid 
on  the  several  angles,  are  the  differences  of  the  said  tangents 
of  elevations.     Hence  then  in  general, 

1st.  The  oblique  thrusts,  in  the  directions  of  the  bars,  are 
to  one  another,  directly  in  proportion  as  the  secants  of  their 
angles  of  elevation  above  the  horizontal  directions  ;  or,  which 
is  the  same  thing,  reciprocally  proportional  to  the  cosines  of 
the  same  elevations,  or  reciprocally  proportional  to  the  sines 
of  the  vertical  angles,  tt,  5,  d,  6,/,  g^  &c.  made  by  the  verti- 
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cal  line  with  the  several  directions  of  the  hars;  because  the 
secants  of  any  angles  are  always  reciprocally  in  proportion  as 
their  cosines.  . 

2.  f  he  weight  or  load  laid  on  each  angle,  is  directly  pro- 
portional to  the  difference  between  the  tangents  of  the  eleva- 
tions above  the  horizon,  of  the  two  lines  which  form  the  angle. 

3.  The  horizontal  thrust  at  every  angle,  is  the  same  con- 
stant quantity,  and  has  the  same  proportion  to  the  weight  on 
the  top  of  the  uppermost  bar,  as  radiufe  has  to  the  tangent  of 
the  elevation  of  that  bar.  Or,  as  the  whole  vertical  a^,  is  to 
the  line  ch,  so  is  the  weight  of  the  whole  assemblage  of  bars, 
to  the  horizontal  thrust  Other  properties  also,  concerning 
the  weights  and  the  thrusts,  might  be  pointed  out,  but  they 
are  less  simple  and  elegant  than  the  above,  and  are  therefore 
omitted;  the  following  only  excepted,  which  are  inserted 
here  on  account  of  their  usefulness. 

Corol.  3.  It  may  hence  be  deduced  also,  that  the  weight 
or  pressure  laid  on  any  angle,  is  directly  proportional  to  the 
continual  product  of  the  sine  of  that  angle  and  of  the  secants 
of  the  elevations  of  the  bars  or  lines  which  form  it.  Thus, 
in  the  triangle  6cd,  in  which  the  side  ^d,  is  proportional  to 
the  weight  laid  on  the  angle  c,  because  the  sides  ofany  tri- 
angle are  to  one  another  as  the  sines  of  their  opposite  angles, 
therefore  as  sin.  d  :  cb  ::  sin.  bcB  :  6d  ;  that  is,  i»D  is  as 

.  *   . ,     X  cb:  but  the  sine  of  angle  d  is  the  cosine  of  the 
sm  .  D 

elevation  dch,  and  the  cosine  of  any  angle  is  reciprocally 
proportional  to  the  secant,  therefore  6d  is  as  sin,  ^cd  X  sec. 
DCH  X  c6 ;  and  c6  being  as  the  secant  of  the  angle  6ch  of 
the  elevation  of  6c  or  bc  above  the  horizon,  therefore  bv  is 
as  sin.  6cD  X  sec.  &ch  x  sec.  bch  ;  and  the  sine  of  bcB 
being  the  same  as  the  sine  of  its  supplement  bcd  ;  therefore 
the  weight  on  the  angle  c,  which  is  as  6d,  is  as  the  sin.  bcd 
X  sec.  DCH  X  sec.  6ch,  that  is,  as  the  continual  product  of 
the  sine  of  that  angle,  and  the  secants  of  the  elevations  of  its 
two  sides  above  th^  horizon. 

CoroZ.  4.  Further,  it  easily  appears  also,  that  the  same 
weight  on  any  angle  c,  is  directly  proportional  to  the  sine  of 
that  angle  bcd,  and  inversely  proportional  to  the  sines  of 
the  two  parts  bop,  dcp,  into  which  the  same  angle  is  divided 
by  the  vertical  line  cp.  For  the  secants  of  angles  are  reci- 
procally proportional  to  their  cosines  or  sines  of  their  com- 
plements; but  Bcp  =  c6h,  is  the  complement  of  the  eleva- 
tion 6gh,  and  dcp  is  the  complement  of  the  elevation  dch  ; 
therefore  the  secant  of  ben  X  secant  of  dch  is  reciprocally 
as  the  sin.  bgp  X  sin.  dcp  ;  also  the  sine  of  6cd  is  ~  the  sine 

of 
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of  its  supp)fiment  BCD  f  eonseqiieTitlj  the  weigbt  on  the  angle 
G,  which  is  propdrtional  to  sin.  bci>  X  sec^  6ctt  X  sec.  dgh, 
.      _  sin  .  BCD  ,         _         _    _ 

is  also  proportional  to  -r — -^  -■- . .  : ■  when  the  whole 

'^    ^  sin.  BCP  X  sin.  dcp 

frame  or  series  of  angles  is  balanced  j  or  kept  in  equilibrio,  l>y 
the  weights  on  the  angles  j  the  same  as  in  the  preceding  pfo- 
position.  • 

Scholimn,  The  foregoing  proposition  is.  very  fruitful  in 
its  practical  consequences,  and  contains  the  whole  thisory  of 
arches,  which  may  he  deduced  from  the  premises  by  suppos- 
ing the  constituting  bars  to  become  very  short,  like  arch 
stones,  so  as  to  form  the  curve  of  an  arch.  It  appears  too, 
that  the  horizontal  thrust,  which  is  constant  or  uniformly  the 
same  throughout,  is  a  proper  measuring  unit,  by  mjeahs  of 
which  to  estimate  the  other  thrusts  and  pressures,  as  thiey 
are  all  determinable  from  it  and  the  given  positions  ;  and  the 
value  of  it,  as  appears  above,  may  be  easily  computed  from 
the  uppermost  6r  vertical  part  alone,  or  from  the  whole  as- 
semblage together,  or  from  any  part  of  the  wholie,  counted 
from  the  top  downwards. 

The  solution  of  the  foregoing  proposition  depend?  on  this 
cbnsidetatipn,  viz.  that  an  assemblage  of  bars  or  beams,  being 
connected  together  by  joints  at  .their  extremities^  and  freely 
moveable  about  them,  may  be  pfoced  in  such  a  vertical  posi- 
tion, as  to  be  exactly  balanced  or  kept  in  equilibrio,  by  their 
mutual  thrusts  and  pressures  at  the  joints  ;  and  that  the  effect 
will  be  the  same  if  the  bars  themselves  be  considered  as  with- 
out weight,  and  the  angles  be  pressed  diown  by  laying  oi]i 
them  weights,  which  shall  be  equal  to  the  vertical  pressures 
at  the  same  angles,  produced  by  the  bars  iri^  the  caSe  when 
they  are  considered  as  endued  with  their  own  natural  weights. 
And  as  we  have  found  that  the  bars  may  be  of  any  length, 
without  affecting  the  general  properties  and  propprtions  of 
the  thrusts  add  pressures,  therefore  by  supposing  them  to 
become  short,  like  arch  stones,  it  is  plain  that  we  shall  thisn 
have  the  same  principles  and  properties  accommodated  to  a 
real  arch  of  equilibration,  or  one  that  supports  itself  in  a  per^ 
feet  balance.  It  may  be  further  observed  that  the  conclu- 
sions here  derived,  in  this  proposition  and  its  corollaries, 
exactly  agree  with  those  derived  in  a  very  different  Way,  in 
my  principles  of  bridges,  viz.  in  propositions  1  and  2,  and 
their  corollaries. 

PROBLEM  31. 
If  the  whole  figure  in  the  lust  problem  be  inverted y  or  turned 
round  the  horizontal  lipe  aq  as  un  axis ,  till  it  be  completely 

reversed 
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reversed,  or  in  the  same  vertical  plane  below  the  first  position^ 
each  angle  d,  /?,  <J*c.  being  in  the  same  plumb  line;  and  if 
weights  i,  fe,  Z,  m,  n,  which  are  respectively  equal  to  the  weights 
laid  on  the  angles^  b,  c,  d,  e,  f,  of  the  first  figure^  be  now  sus' 
pended  by  threads  from  the  corresponding  angles  b^  c,  d,  e,f 
of  the  lower  figure;  it  is  required  to  show  thai  those  weights 
Iteep  this  figure  in  exact  equilibrio,  the  same  as  the  former  and 
all  the  tensions  or  forces  in  the  latter  case^  whether  vertical  or 
horizontal  or  oblique^  will  be  exactly  equal  to  the  correspo'nd' 
ing  forces  of  weight  or  pressure  or  thrust  in  the  like  directions 
of  the  first  figure, 

b 


This  necessarily  happens,  from  the  equality  of  the  weights, 
and  the  similarity  of  the  positions,  and  actions  of  the  whole  in 
hoth  cases,  Thtis,  from  the  equality  of  the  corresponding 
weights,  at  the  like  angles,  the  ratios  of  the  weights,  ab,  bd^ 
dh,  he,  &c*  in  the  lower  figure  are  the  rery  same  as  those  a6, 
5f),  DH,  He,  &c.  in  the  upper  figure  ;  and  frotti  the  equality  of 
the  constant  horizontal  forces  cht,  €^,  and  the  similarity  of  the 
positions ,  the  corresponding  vertical  lines ,  denoting  the  w eights , 
are  equal,  namely,  ab=^ab^bn^^bd,  dh  ::^dh,  &c;  The  same 
may  be  said  of  the  oblique  lines  also,  ca,  ch,  &c.  which  being 
parallel  to  the  beams  a&,  be,  &c.  will  denote  the  tensions  of 
these  in  the  direction  of  their  length,  the  same  as  the  oblique 
thrusts  or  pushes  in  the  upper  figures.  Thus,  all  the  corres- 
ponding weights  and  actions  and  positions,  in  the  two  situa- 
tions, being  exactly  equal  and  similar*  changing  only  drawing 
and  tension  ior  pushing  and  thrusting,  the  balance  and  equili- 
brium of  the  upper  figure  is  still  preserved  the  same  in  the 
hanging  festoon  or  lower  one. 

Scholium.  The  same  figure,  it  is  evident,  will  al^o  arise,  if 
the  same  weights,  i,k^  I,  m,  n,  be  suspended  at  like  distances, 

Vor.:  IL  Qd  Ah. 
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A&,  he,  &c.  on  a  thread,  or  cord,  or  chain,  &c.  haying  in  itself 
little  or  no  weight.  For  the  equality  of  the  weights,  and  their 
directions  and  distances,  will  put  the  whole  line,  when  they 
come  to  equilibrium,  into  the  same  festoon  shape  or  figcire. 
So  that,  whatever  properties  are  inferred  in  the  corollaries 
to  the  foregoing  prob.  will  equally  apply  to  the  festoon  or 
lower  figure  hanging  in  equilibrio.  . 

This  is  a  most  useful  principle  in  all  cases  of  equilibriums, 
especially  to  the  mere  practical  mechanist,  and  enables  him 
in  any  experimental  way  to  resolve  problems,  which  the  best 
mathematicians  have  found  it  no  easy  matter  to^effect  by  mere 
computation.  For  thus,  in  a  simple  and  easy  way  he  obtains 
the  shape  of  an  equilibrated  arch  or  bridge ;  and  thus  also  he 
readily  obtains  the  positions  of  the  rafters  in  the  frame  of  an 
equilibrated  curb  or  mansard  roof;  a  single  instance  of  which 
may  serve  to  show  the  extent  and  uses  to  which  it  may  be  ap- 
plied. Thus,  if  it  should  be  required  to  make  a  curb  frame 
roof  having  a  given  width  ae,  and 
consisting  of  four  rafters  ab,  bc, 
CD,  DE,  which  shall  either  be 
equal  or  any  given  proportion  to 
each  other. .  There  can  be  no 
doubt  but  that  the  best  form  of 
the  roof  will  be  that  which  puts 
all  its  parts  in  equilibrio,  so  that  there  may  be  no  unbalanced 
parts  which  may  require  the  aid  of  ties  or  stays  to  keep  the 
frame  in  its  position.  Here  the  mechanic  has  nothing  to  do 
but  to  take  four  like  but  small  pieces,  that  are  either  equal 
or  in  the  same  given  proportions  as  those  proposed,  and  con- 
nect them  closely  together  at  the  joints  a,  b,  c,  d,  e,  by  pins 
or  strings,  so  as  to  be  freely  moveable  about  them  y  then  sus- 
pend this  from  two  pins  a,  e,  fixed 
in  a  horizontal  line,  and  the  chain 
of  the  pieces  will  arrange  itself 
in  such  a  festoon  or  form^  abcde, 
that  all  its  parts  will  come  to  rest 
in  equilibrio.  Then,  by  invert- 
ing the  figure,  it  will  exhibit  the 
form  and  frame  of  a  curb  roof 
fl^y^e,  which  will  also  be  in  equi- 
librio, the  thrusts  of  the  pieces 
now  balancing  each  other,  in  the 
same  manner  as  was  done  by  the  mutual  pulls  or  tensions  of 
the  hanging  festoon  ab  c  d  e.  By  varying  the  distance  ae,  of 
the  points  of  suspension,  moving  them  nearer  to,  or  farther 
off,  the  chain  will  take  different  forms ;  then  the  frame  abcde 

may 
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may  be  made  similar  to  that  form  which  has  the  most  pleasing 
or  convenient  shape,  found  above  as  a  model. 

Indeed  this  principle  is  exceeding  fruitful  in  its  practical 
consequences.  It  is  easy  to  perceive  that  it  contains  the 
vii^hole  theory  of  the  construction  of  a  riches :  for  each  stone 
of  an  arch  may  be  considered  as  one  of  the  rafters  or  beams 
in  the  iforegoing  frames,  since  the  whole  is  sustained  by  the 
mere  principle  of  equilibration,  and  the  method-  in  its  appli- 
cation, will  afford  some  elegant  and  simple  solutions  ojf  the 
most  difficult  cases  of  this  important  problem. 


PROBLEM  32. 

Of  all  Hollow  Cylinders^  whose  Lengths  and  the  Diameters  of 
the  Inner  and  Outer  Circles  continue  the  same,  it  is  required 
to  show  what  will  be  the  Position  of  the  Inner  Circle  when  the 
Cylinder  is  the  Strongest  Laterally, 

Since  the  magnitudes  of  the  two  circles  are  constant,  the 
area  of  the  solid  space  included  between  their  two  circum- 
ferences, will  be  the  same,  whatever  be  the  position  of  the 
inner  circle,  that  is,  there  is  the  same  number  of  fibres  to  be 
broken,  and  in  this  respect  the  strength  will  be  always  the 
same.  The  strength  then  can  only  vary  according  to  the 
situation  of  the  centre  of  gravity  of  the  solid  part,  and  this 
again  will  depend  on  the  place  where  the  cylinder  must  first 
break,  or  on  the  manner  in  which  it  is  fixed. 

Now,  by  cor.  8  krt.  25 1  Sta- 
tics, the  cylinder  is  strongest 
when  the  hollow,  or  inner  cir- 
cle, is  nearest  to  that  side 
where  the  fracture  is  to  end, 
that  is,  at  the  bottom  when  it 
breaks  first  at  the  upper  side, 
or  when  the  cylinder  is  fixed 
only  at  one  end  as  in  the  first 
figure.  But  the  reverse  will  be 
the  case  when  the  cylinder  is 
fixed  at  both  ends;  and  con- 
sequently when  it  opens  first  below, 
2d  figure  annexed. 


or  ends  above,  as  in  the 


PROBLLM33. 


To  determine  the  Dimensions  of  the  Strongest  Rectangular  Beam, 
thatcanbecutoutofaGivenCylindir, 

Let 
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Let  AB,  tbe  breadth  of  the  required 
beam,  be  denoted  by  6,  ad  tbe  depth  by 
d,  and  the  diameter  ac  of  the  cylinder 
by  D.  Now  Wben  ab  is  horizontal,  the 
lateral  strength  is  denoted  by  bd^  (by  art. 
248  Statics),  which  is  to  be  a  maximum, 
But  ad2  =  Ac2  —  ab2^  or  d2  =  p?  — .  fea  . 
theref.  hd^  =  (d^  —62)^  ==  D^i-^fc^  ig  ^ 
maximum  :  in  fluxions  d^^— 3625=o=d2,_352^  or  ds==363; 
also  ci2=D2  —62  =362 _&2==262.  Conseq.  fe2  :  d[2  ;  j^a  .  : 
1:2  :  3,  that  is,  the  squares  of  the  breadth,  and  of  the 
depth,  and  of  the  cylinder's  diameter,  are  to  one  another  re- 
spectively as  the  three  numbei's  1,2,  3. 

Corol,  1 .  Hence  results  this  easy  prac- 
tical construction  ;  divide  the  diameter  ac 
into  three  equal  parts,  at  the  points  e,  p  ; 
erect  the  perpendiculars  eb,  fd  ;  and  join 
the  points  b,  d  to  the  extremities  of  the 
diameter  :  so  shall  abcd  be  the  rectangu- 
lar end  of  the  beam  as  required.  For, 
because  AE,AB,  ac  are  in  continued  pro- 
portion (theor.  87  Geom.),  theref.  ae  :  ac  : :  ab^  :  ac2  :  and 
in  like  manner  af  :  ac  : :  ad2  :  ac2  ;  hence  ae  :  af  :  ac  :  : 


AB2 


1  i  2  :  3. 


CoroL  2.  The  ratios  of  the  three  6,  df,  d,  being  as  the 
three  ^  1,  V  2,v'3,  or  as  1, 1-414  1:732,  are  nearly  as  the 
"three  5,  7,  8-6,  or  more  nearly  as  12,  17,  20*8. 

Corol.  3.  A  square  beam  cut  out  of  the  same ,  cylinder, 
would  have  its  side  =  d  ^  1=^d^2.  And  its  solidity  would 
be  to  that  of  the  strongest  beam,  as  ^©2  to^n^  ^  2,  or  as 
3  to  2^2,  or  as  3  to  2-828 ;  while  its  strength  would  be  to  that 
of  the  strongest  beam,  as  (d^D^  to  n\/ \  X|d2 ,  or  as  J  ^  2 
to  1^3^  or  as  9 1/2  to  8^3,  or  nearly  as  101  to  liO. 

Corol,  4.  Either  of  these  beams  will  exert  the  greatest 
lateral  strength,  when  the  diagonal  of  its  end  is  placed  verti- 
cally, by  art.  252  Statics. 

CoroL  6.  The  strength  of  the  whole  cylinder  will  be  to 
that  of  tbe  square  beam,  when  placed  with  its  diagonal  verti- 
cally, as  the  area  of  the  circle  to  that  of  its  inscribed  square. 
For,  the  centre  of  the  circle  will  be  the  centre  of  gravity  of 
both  beams,  and  is  at  the  distance  of  the  radius  from  the 
lowest  point  in  each  of  them ;  conseq.  their  strengths  will 
be  as  their  arrears,  by  art.  243  Statics. 


PROBLEM 
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PROBLEM  34. 

To  determme  the  Difference  in  th$  Strength  of  a  Triangular 
Bmm,  according  as  it  lies  with  the  Edge  or  with  the  Flat  Side 
Upwards. 

In  the  same  beam,  the  area  is  the  same,  and  therefore  the 
strength  can  only  vary  with  the  distance  of  the  centre  of 
gravity  from  the  highest  or  lowest  point ;  hiit  in  a  triangle,  the 
distance  of  the  centre  of  gravity  frpm  an,  angle,  is  double  of 
its  distance  from  the  opposite  side  ;  therefore  thjB  strength  of 
the  beam  will  be  as  2  to  1  with  the  different  sides  upwards, 
under  different  circumstances,  viz.  when  the  centre  of  gra- 
vity is  farthest  from  the  place  where  fracture  ends,  by  art.  243 
Statics,  that  is,  with  the  angle  upwards  when  the  beam  is 
supported  at  both  ends  ;  but  with  the  side  upwards,  when  it 
is  supported  only  at  one  end,  (art.  252  Statics),  because  in  the 
former  case  the  beam  breaks  first  below,  but  the  reverse  in 
the  latter  case. 

PROBLEM  35. 

Given  the  Length  and  Weight  of  a  Cylinder  or  Prism^  placed 
Horizontally  with  one  evid  firmly  fixed,  and  will  jmt  support 
a  given  weight  at  the  other  end  without  breaking ;  itis  requir- 
ed to  find  tiie  Length  of  a  Similar  Prisra  or  Cylinder .,  which, 
when  supported  in  like  manner  at  one  e7id,  shall  just  bear 
without  breaking  another  given  weight  at  the  xmsupported  endi 

Let  I  denote  the  length  of  the  given  cyhnder  or  prism,  d 
the  diameter  or  depth  of  its  end,  w  its  weight,  and  u  the 
weight  hanging  at  the  unsupported  end  ;  also  let  the  like 
capitals  JL,  d/w,  u  denote  the  corresponding  particulars  of 
the  other  prism  or  cylinder.  Then,  the  weights  of  similar 
solids  of  the  same  matter  being  as  the  cubes  of  their  lengths., 

as  Z^  :  L^  : :  — tjy,  the  weight  of  the  prism  whose  length, 

is  L.  2>row  ^wl  will  be  the  stress  on  the  first  beam  by  its  own 
weight  tie;  acting  at  its  centre  of  gravity,  or  at  half  its  length  ; 
and  /m  the  stress  of  the  added  weight  u  at  its  extremity,  their 
Slim  {\W'\-u)l  will  therefore  be  the  whole  stress  on  the  given 
beam :  in  like  manner  the  whole  stress  on  the  other  beam, 

L  3  L  3 

whose  weight  is  w  or  —w^  will  be  (iw+u)L  or  (— w+u)l. 

But  the  lateral  strength  of  the  first  beam  is  to  that  of  the 
second,  as  d^  to  d^  (art.  246.  Statics),  or  as  l^  to  l^  ;  and  the 
strengths  and  stresses  of  the  two  beams  must  be  in  the  same 
ratio,  to  answer  the  conditions  of  the  problem  :  therefore  as 

{\W'\'U)l 
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^Lw+u)l  :  —W'\rv)L  ::  l^  :  l^  ;  this  analogy,  turned  into 

an  equation,  gives  h^- ~  II^  +  -  Pv  =  0,  a  cabic  equa- 
tion from  which  the  numeral  value  of  l  may  be  easily  deter- 
mined, wben  those  of  the  other  letters  are  known. 

Carol.   1.     When  u   vanishes,  the  equation  gives  x^  = 

/l2,  or  L  =  7,  whence  w  :  W'{'2u  ::  I  x  h^  for  the 

length  of  the  beam,  which  will  but  just  support  its  own 
weight: 

CoroL  2,  If  a  beam  just  only  support  its  OTp  weight, 
when  fixed  at  one  end  ;  then  a  beam  of  double  its  length 
fixed  at  both  ends,  wiU  also  just  sustain  itself :  or  if  the  one 
just  break,  the  other  will  do  the  same. 


PROBLEM  36.  ' 

Given  the  Length  and  Weight  of  a  Cylinder  or  Prism,  Jlxed 
Horizontally  as  in  the  foregoing  problem^  and  a  weight  which, 
when  hung  at  a  given  point.  Breaks  the  Prism;  it  is  required 
to  determine  how  much  longer  the  Prism,  of  equal  Diameter 
or  of  equal  Breadth  and  Depth,  may  Be  extended  before  it 

.  Break,  either  by  its  own  weight,  or  by  the  addition  of  any  vther 
adventitious  weight. 

Let  I  denote  the  length  of  the  given  prism,  tsjits  weight, 
and  w  a  weight  attached  to  it  at  the  distance  c?  from  the  fixed 
end ;  also  let  l  denote  the  required  length  of  the  other  prism, 
and  u  the  weight  attached  to  it  at  the  distance  d.  Now  the 
strain  occasioned  by  the  weight  of  the  first  beam  is  ^wl,  and 
that  by  the  weight  u  at  the  distance  rf,  is  du,  their  sum  ^wl 
+-du  being  the  whole  strain.     In  like  manner  ^wl  +  du  is 

the  strain  on  the  second  beam  ;  but  I  :  l  : :  w  :  —  =  w  the 

■  L 

weight  of  this  beam,  theref.  2L.  +  du  =  its  strain ♦     But  the 

Alb  --■  ' 

Strength  of  the  beam,  which  is  just  sufficient  to  resist  these 

strains,  is  the  same  in  both  cases  ;  therefore  —-+  du  = 

2Z 
^wl  -\'  du,  and  hence,  by  reduction,  the  required  length 

r,^,'^^+2^»'-2DU. 

L  =  v'  (ZX — — ). 

^  w  ' 

O}ro/.  1.  When  the  lengthened  beam  just  breaks  by  its 

own 
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own  weight,  then  u  s=j  0  or  vanishes,  and  the  required  length 
feecomes  l  =  ^{ty.  - — — — ). 


w 


Carol,  2.     Also  when  u  vanishes,  if  d  becomes  =  /,  then 
E  s=  Z  ^  ^!- — -  is  the  required  length. 


PROBLEM  37, 

Let  AB  be  a  beam  moveable  about  the  end  a,  so  as  to  make  any 
angle  bac  with  the  plane  of  the  horizon  ac  :  it  is  required  to 
determine  the  position  of  a  prop  or  supporter  n^  of  a  given 
length^  tfoMch  shall  sustain  it  with  the  greatest  ease  in  any 
given  position  ;  also  to  ascertain  the  angle  bag  when  the  least 
force  which  <an  sustain  ab,  is  greater  than  the  least  force  in 
any  other  position. 

Let  G  be  the  centre  of  gravity  of  the 

beam;  and  draw  omperp.  to  ab,  g«  to 

AC*,  Tim  to  gw,  and  afh  to  de.     Putr= 

AG,  p==DE,vBy  =  the  weight  of  the  beam 

ab,  and  a»  .=  a;»     Then  by  the  nature  of 

the  parallelogram  of  forces,  an  :  gwi,  or 

by  sim,  triangles,  AG=3=r  :  An  =  x  :  :  T<y  : 

wx  • 

— ,  the  force  which  acting  at  g  in  the  di- 
r 

rection  WIG,  is  sufficient  to  sustain  the  beam  ;  and  by  the  nature 

wx.   ,  .  .       «  wx 

of  the  lever,  ae  :  AG==r  ;  :  —  the  requisite  force  ate  ;  — , 

AG  ^  AE 

the  fotce  capable  of  supporting  it  at  e  iii  a  direction  perp.  to 

,  wx     Wx  ■  . 

AB  or  parallel  to  i»g  ;  and  again  as  af  :  ae  ; :  —  :  ^—  the 

force  or  pressure  actually  sustained  by  the  given  prop  de  in  a 
direction  perp.  to  af.  And  this  latter  force  will  manifestly 
be  the  least  possible  when  the  perp.  af  upon  de  is  the  great- 
est possible,  whatever  the  angle  bag  miay  be,  which  is  when 
the  triangle  ade  is  isosceles,  or  has  the  side  ad=ae,  by  an  ob- 
vious corol.  from  the  latter  part  of  prob.  6,  Division  of  Sur- 
faces, vol.  1. 

Secondly,  for  a  solution  to  the  latter  part  of  the  problem, 

wx 
we  have  to  find  when  —  is  a  maximum  :  the  angles  d  and  e 

'  AF 

being  always  equal  to  each  other,  while  they  vary  in  magni- 
tude by  the  change  in  the  position  of  ab.  Let  ap  produced 
meet  G»  in  h  :  then,  In  the  similar  triangles  adf^  ahw,  it  will 

be 
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be  AF  :  An=x  :  :  DF=i»  :  nn,  hence  —  = — ,  and  conseq.  - 

X  w  =^— Xa?.     But,  by  theor.  83,  Geom.  and  comp.  ag+aw 

2P  jp , 

=r+a; :  An=x  :  :  gn= V(r3— a;^)  :  un  =— -— ^  (^^  —  ««) 


r-^-x' 


"^^^r+x  *  ^^^^®^"^^*^y^^^  force—  X  tiy,  acting  on  the 

prop,  is  also  truly  expressed  by  —  ^  — — .  Then  the  flux- 

•'  ip^  r+a; 

ion  of  thig  made  to  vanish  gives  ar=  "^  '"^^y  r  the  cos.  angle 

BAc=51  **  SO'j  the  inclination  required. 

•   PROBLEM  38. 

Suppose  the  Beam  ab,  instead  of  being  moveahle  about  the  centre 
A,  as  in  the  last  problem,  to  be  supported  in  a  given  position 
by  means  of  the  given  propi>E:  it  is  required  to  determine 
the  position  of  that  prop,  so  that  the  prismatic  beam  ac  on 
which  it  stands,  m&y  be  the  least  liable  to  breaking,  this  latter 
beam  iein^  only  supported  at  its  two  ends  A  and  q. 

Put  the  base  ac=  6,  the  prop  DE=p, 
AC  =  r,  the  weight  of  ab  =  w,s  and  c  the 
sine  and  cosine  of  Z  a,  «  =  sin  ^  e,  2/  =: 
sin.  ^  D,  arid  z  =  ae.     Then,  by  trigon. 

s  :y  ::  pi  5,  or  ^  =  -^  and  ad  =  ^:  also 
X      p  s 

cw  =  the  force  of  the  beam  at  g  in  direc- 
tion cm.  Let  F  denote  the  force  sustain- 
ing the  beam  at  E  in  the  direction  ED  :  then,  because  action 
and  re-action  are  equal  and  opposite,  the  same  force  will  be 
exerted  at  d  in  the  direction  de  :  therefore  ag  .  cw  =  fz:v, 
J  rcw      ■       .      ,  . 

and  F  = .     Again,  the  vertical  stress  at  d,  will  be  as  f  X 

zx 

sine  dX AD  .  dc=f2/  •  ad  .  dc=:  —^  X  ^(5-^)  =:=  (substi- 
tuting iibr  its  equal  ^)  !:^X  ^X  ^!=^=.rct^X^^ 

P      .  Z'    px  S  S  8 

rawp  ^  .bs  .  J5 

"~y-  X  (--  —  a;)  =  a  minimum  by  the  problem.     Conseq.  — 

—a;  is  a  minimum,  or  x  a  maximumi^  that  is,  a:=l,  and  the  an- 
gle E  is  a  right  angle;  Hierice  the  point  e  is  easily  found  by 
this  proportion,  sin.  a  :  cos.  a  :  :  ed  :  ea.  ^ 

PROBLEM 
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PROBJLEIVr  39.  . 

To  explain  the  Disposition  of  (he  Paris,  of  Machines. 

When  several  pieces  of  timber,  iron;  or  any  other  matieri- 
als,  are  employed  In  a  machine  or  structure  of  any  kind,  all 
the  parts  both  of  the  same  piece ,  and  of  the  different  pieces  in 
the  fabric,  ought  to  be  so  ^justed  with  respect  to  magnitude, 
that  the  strength  ih  every  part  may  be,  as  near  as  possible,  in 
a  cpnstajit  proportion  to  the  stress  or  strain  to  which  they 
\tiil  be  siibjected.  Thus,  in  the  construction  of  any  engine, 
the  weight  and  pressure  on  every  part  should  be  investigated 
and  the  strength  apportioned  according^^^  All  levers,  for 
instance,  should  be  oiade  strongest  virhere  they  are  most 
strainM :  viz.  levers  of  the  first  kind,  at  the  fulcrum  |  levers 
of^  the  second  kind,  where  the  weight  acts  ;  and  ffiose  of  tibe 
third  kind,  where  the  power  is  applied.  The  atles  of  wheels 
and  pulleys,  tbe  teeth  of  wheels,  also  ropes,  &g.  must  be 
ihadestroiiger  or  weaker,  as  they  are  to  be  more  or  less  act- 
ed on.  The  strength  allotted  should  be  more  than  fully  com'' 
petent  to  the  stress  to  tvhich  the  part^  can  ever  be  liable  ;  but 
Tidthout  allowing  the  surplus  to  be  extravagant  for  an  over 
excess  of  strength  in  any  part,  instead  of  being  serviceable^ 
would  be  very  injurious,  by  increasing  the  resistence  the  ma» 
chipe  has  to  overconae,  and  thus  encumbering,  impeding,  and 
even  preventing  the  requisite  motion  :  while,  on  the  other 
hand,  a  defect  of  strength  in  any  part  will  cause  a  failure 
there,  and  either  render  the  whole  useless,  or  demand  very 
frequent  repairs,  . 

/  PROBLEM  40. 

Temeertain  the  Strength  of  Various  Snhstances, 

l7he  proportions  that  we  have  given  on  the  strength  and 
stress  of  materials,  however  true,  according  to  the  principles 
assumed,  are  of  little  or  no  use  in  practice,  till  the  compara-' 
tive  strength  of  different  substanjces  is  ascei'tained  :  and  even 
then  they  will  apply  more  or  less  accurately  to  different  sub- 
stances* flitherto  they  have  been  applied  almost  exclusive-? 
ly  to  the  resisting  force  of  beams  of  timber  ;  though  proba- 
bly no  materials  whatever  accord  less  with  the  theory  than 
timber  of  all  kinds.  In  the  theory,  the  resisting  body  is  sup- 
posed to  be  perfectly  homogeneous  j  or  composed  of  parallel 
fibres,  equally  distributed  round  an  axis,  and  presenting  uni- 
form resistance  to  rupture..  But  this  is  not  the  case  in  a  beam 
of  timber :  for,  by  tracing  the  process  of  vegetation  3  it  is  readily 

Vol..  IL  67  seeii 
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seen  that  the  figneous  coats  of  a  tree,  formed  by  its  arinuai 
growth  are  almost  cdiicentric  ;  beipg  like  so  maiiy  hollow  cy- 
linders thrust  into  each  other,  and  united  by  a  kind  of  me- 
dullary substance,  which  offers  but  little  resistahce :  these 
hollow  cylinders  therefore  furnish  the  chief  strength  and  re- 
sistance to  this  force  which  tendsjo  break  them; 

Now,  when  the  trunk  of  a  tree  is  squaredVin  order  that  it 
may  be  converted  into  abeam,  it  is  plain  that  all  the  ligneous 
cylinders  greater  than  the  circle  inscribed  in  the  square  or 
rectangle,  which  is  the  transverse  section  pf  the  beam,  are 
cut  off  at  the  sides  ;  and  therefore  almost  the  whole  strength 
or  resistance  arises  from  the  cylindric  trunk  inseribed  in  the 
solid  part  of  the  beam  ;  the  portions  of  the  cylindric  coats, 
situated  towards  the  angles,  adding  but  little  comparatively  to 
the  strength  and  resistance  of  the  beam.  Hetice^t  follows 
that  we  cannot,  by  legitimate  comparison,  accurately  deduce 
the  strength  of  a  j oist ,  cut  from  a  small  tree;  by  experiments 
on  another  which  has  been  sawn  from  a  much  larger  tree  or 
block.  As  to  the  concentric  cylinders  abbvementioned,  the^ 
are  eyi(pently  not  all  of  equal  strength  :  those  nearest  the 
centre,  being  the  oldest,  are  also  the  hardest  and  strongest ; 
which  again  is  contrary  to  the  theory,  ip  which  they  are  sup- 
posed uniiorn^  throughout.  But  y^et,  after  all  however^  it  is 
still  Ibiind  tbat,  in  some  o^  the  most  important  pro Wems,  the 
results  of  th^  theory  and  .weli^  conducted  experiments  cpin- 
cidev  even  with  regard  to  timber  :  thus,  for  exanipie,  the  ex- 
periments on  rectangular  beams  afford  results  deviating  but  in 
a  very  slight  degree  from  the  theorem,  that  the  strength  is 
proportional  to  the  product  of  the  breadth  and  the  square  of 
the  depth.  ; 

EKperiments  on  the  strength  of  different  kinds  of  wood, 
are  by  no  means  so  numerous  as  might  be  wished  :  the  mpst 
useful  seem  to  be  those  made  by  Muschehbroek,  Buffon, 
Emerson,  Parent,  Banks,  and  Girard.  But  it  will  be  at  all 
times  highly  advantaged  us  to  make  new  experiments  on  the 
sa^me  subject ;  a  labour  especially  reserved  for  engineers  who 
possess  skill  and  zeal  for  the  advancement  of  their  profession. 
It  has  been  found  by  experiments,  that  the  same  kind  of  wood, 
and  of  the  same  shape  and  dimensions,  will  bear  or  break 
with  very  different  weights  ;  that  one  piece  is  much  stronger 
than  another,  not  only  cut  but  of  the  salme  tree,  but  out  of 
the  same  rod  ;  and  that  even,  if  a  piece  of  any  length,  planed 
equally  thick  throughout,  be  separated  into  thre^  or  four 
pieces  of  an  equal  length,  it  will  often  be  found  that  these 
pieces  require  different  weights vfo  break  them.  Emerson 
observes  that  wood  from  the  boHghs  and  branches  of  trees  is 

far 
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far  breaker  than  that  of  the  trank  or  body  ;  the  wood  of  the 
large  limbs  stronger  than  that  of  the  smaller  ones  ;  and  the 
wood  in  the  heart  of  a  sound  tree  strongest  of  all ;  though 
some  authors  differ  on  this  point.  It  is  also  observed  that  a 
piece  of  timber  which  has  borne  a  great  weight  for  a  short 
time,  has  broke  with  a  far  less  weight,  when  left  upon  it  for 
a  much  longer  time.  Wood  is  also  weaker  when  green,  and 
strongest  when  thoroughly  dried,  in  the  cpurse  of  two  or 
three  years ,  at  least.  .Wood  is  often  very  much  w eakeried  by- 
knots  in  it ;  also  when  cross  ^grained,  as  often  happens  in  saw- 
ing, it  will  be  weakened  in  a  greater  or  less  degree,, according 
as  the  cut  runs  more  or  less  across  the  grain.  From  all 
which  it  follows^  that  a  considerable  allowance  ought  to  be 
Etiade  for  the  varipus  strength  of  wood,  when  applied  to  any 
use  where  strength  and  durability  are  required^ 

Iron  is  much  more  uniform  in  its  strength  than  wood.  Yet 
experimjBnts  show  that  there  is  some  difference  ari3ing  from 
different  kinds  of  ore  :  a  difference  is  also  found  not  only  in 
iron  from  different  furnaces,  but  from  the  same  furnace,  and 
eyen  from  the  same  naelting;  which  may  arise  in  a  great  mea- 
sure from  the  different  degrees  of  heat  it  has  when  poured 
into  the  mould.      . 

Every  beam  or  bar,  whether  of  wood,  iron,  or  stone,  is 
more  easily  broken  by  any  transverse  strain,  while  it  is  also 
suffering  anjr  very  great  compressiori  endways  ;  so  ihuch  so 
ind eed  that  we  have  sometimes  seen  a  rod,  or  a  long  slender 
beam  when  used  as  a  prop  or  shoar,  u?rged  home  to  such  a 
degree  that  it  has  burst  asunder  with  a  vidlent  spring.  Se- 
veral experinients  have  been  made  on  this  kind  of  strain  :  a 
piece  of  white  marble,  J  of  aia  inch  square.,  and  3  inches  long, 
bore  08lbs  ;  but  when  compressed  endways  with  3G0lbs:  it 
broke  with  14^  lbs.  The  effect  is  much  niore  observable  in 
timber,  and  more  elastic  bodies;  but  i^  considerable  in  all. 
This  is  a  point  therefore  that  must  be  attended  to  in  all  ex- 
periments ;  as  well  as  the  following,  viz.  that  a  beam  support- 
ed at  both  ends,  will  carry  almost  twice  as  much  when  the 
the  ends  beyond  the  props  are  kept  from  rising,  as  when  the 
beams  rest  loosely  on  the  props. 

The  following  list  of  the  absolute  strength  of  several  ma- 
terials, is  extracted  from  the  collection  made  by  professor 
Robison,  from  the  experiments  of  Muschenbroek  and  other 
experirnentalists.  The  speciniens  are  supposed  to  be  prisms 
or  cylinders  of  one  square  inch  transverse  area,  which  are 
stretched  or  drawn  lengthways  by  suspended  weights,  gradu- 
ally increased  till  the  bars  parted  or  were  torn  asunder  by  the 

number 
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tttofeet  of  ayoirdupois  pounds,  ^^^^^0^^^^  of  many  trials^ 

^t  opposite  ^aGhoaine.  ^ 

lbs. 

860 
1,600 
2,600 
2;900 


Gold,  cast 
Silver,  cast 
Coppei',  cast 
Iron/ cast . 
Iron,  bar  • 
Steel,  bar 


lbs4 
22,000 
42,000 
34,000 
50,000 
70,000 
136,000 


Tin,  cast  .     .     .     * 
Lead,  cast      .     .     . 
ftegulus  of  Antimpny 
Zinc     *     •     •     •     •^ 
Bisinuth   ♦     .     *     w 


It  is  very  remarkable  that  ialmost  all  the  metallic  mixtures 
are  more  tenacious  than  the-  metals  themselves^  The  change  of 
tenacity  depends  much  on  the  proportion  of  the  ingredient? ; 
and  yet  the  proportion  which  produces  the  most , tenacious 
mixture,  is  different  in  the  different  metals.  The  propdrtiott 
of  ingredients  hete  selepted,  is  that  which  produces  the  great- 
est strength*      •  : 

■■-lbs.  '■--/;'  -•.-.■':.■.       "   /■  '■■^* 

/  lirass,  of  copper  and  tin  61 ,000 
i^tin,^  1  lead  .  .  /  10,200 
8  tin,  Izinc  .  .  /  i0,G0O 
4  tin,  1  regul.  antini.  12,000 
8  l^ad,  1  zinc      .     ,       4,600 


2  paf  ts  gold  mth  1 

silver  *  .  v  . 
5  pts  goldi  1  chopper 
5  silver,  1  copper  . 
45i}ver,  I  till  ^  i 
6^ojpperj  1  tin 


28,000 
60,000 
48,500 
41^000 
60,000 


4  tin*  1  lead,  1  zinc      13,009 


These  numbers  are  of  copsiderable  use  in  th^  a^t^»  ,  The 
mixtures  of  <:opper  and  tin  are  particularly  interestihgin  the 
iabric  of  great  guns.  By  mixing  copper,  whose  ^e^e^it 
strength  does  not  exceed  37,000  with  tin  which.4<^es  nptea^- 
ceed  6000,  is  produced  a  metal  whose  ten?icity  is  almost -double, 
at  the  same  time  that  it  is  hardesr  and  more  easily  wrought : 
it  is  however  more  fusible.  We  see  also  that  a  very  small 
addition  of  ziinc  almost  doubles  the  tenacity  of  tin y  and  in- 
-ereases  the  tenacity  of  lead  5  times  ;  and  a  small  addition  of 
lead  doubles  the  tenacity  of  tin..  These  are  economical  mij^^ 
tures  ;  and  afford  valuable  information  to  plumbers  fpr  aug- 
inenting  the  strength  of  water-pipes.  Also,  by  having  re^ 
eourSe  to  these  tables,  the  engineer  can  proportion  the  thic]^- 
ness  of  his  pipes,  of  whatever  metal,  to  the  pressujpes  they 
are  to  suffer/ 

2d.  Woods.  &c. 


Loeu^t  tree 
Jujeb  »    . 
Beech^  Oak 
Orange     » 
Alder  .    . 


lbs. 

lbs. 

20,100 

Elm      .     .     . 

.     .13,200 

18,600 

Mulberry 

.     V     12,600 

17,500 

WiUow     .    . 

.     .     12,600 

15,600 

Ash      .     .     * 

.     .     12j000 

13,900 

Plum    .     .    . 

.     .     11,800 

■'^-^ 
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El<kr     .     *     '■:*--■    .  10,000    Cypress      .    .     «     .    6^000 
Pomegranate    .     .     .     9,760    Poplar   .     .     ...     6,600 

Lemon        .     •     •     .     9.260     Cedar    •     ...     .     4,880 

Tamarincl    ...     .     8,760     Ivory    V.     .     ..16,270 

Fir.     .     .     .     .     .     8,330    Bone      .     .     .     .     .   -5,250 

Walnut       .     .     .     .     8,130     Horn      .     ...     .     8,750 

Pitch  pine.  ,  .  .  7,660  Whalebone  .  .  .  7,600 
Qjaince  /  .  .  {  .  .  J^,760  Tooth  of  siea-^alf .  .  4,073 
It  is  to  be  observed  that  these  nxjmbers  express  something 
more  than  the  utmost  cohesion  ;  the  weights  being  such  as 
will  very  sodn  perhaps  in  a  roinute  or  two,  tear  the  rods 
asunder:  It  niay  M  said  in  general,  that  |  of  these  weights 
will  sensibly  impair  the  strength  after  Oigcting  a  considerable 
while,  and  that  one -half  is  the  utniost  that  caii  remain  per- 
^anenljy  suspeiided  at  the  rods  with  safety  ;  and  i^is  thi^last 
Mlotment  that  the  engineer  should  reckon  upon  in  liis^  cori- 
jstriiictipns.  There  is:  however  considerable  diflference  iiri  this 
respect :  woods  of  a  very  straight  fibre,  sucli  as  fir,  will  be 
less  impaired  by  any  load  which  is  not  sufficient  to  break  thern 
immediately.  According  to  Mr,  Emerson,  the  load  which 
may  be  safely  suspended  to  an  inch  square  of  various  naiateri- 
als,  is  as  follows  : 

■^  'v-  .'■':■.         ;;.;■:.;...  m.      ^  v^s. 

Iron  .  .  .  .  .  76,460  Red  fir,  holly,  eldier, 
Brass  .  .  .  .  .3^00  plane  ..  :  .  6^000 
Hempen  rope  .  >.  19,600  Cherry,  hazle  .  V  4,760 
ivory  V  ;  .  .  .  1 6,700!  Alder,  asp,  bircli, 
Oakv box,  yew,  plum  7,fi^5Q  willow  .  :'.  .  .4,290 
film,  ash,  beech  .  ,'  6,070'  Freestone  .  : ;  .  .  ;9 14 
Walnut^plumb..  6,36a  Lead  ...  .  .  430 
':      ^  .      '    ■    '.  .   ■. ■'  "••  '        -■,-'■  :^wts. 

He  gives  also  the  practical  rule,  that  Iron  .  .  .  ;  i35rf« 
a* cylinder  whose  diameter  is  d  inches,  Good  rope  .  22c^2 
loadedto  i  of  its  absolute  strength,^  will  <)ak  .  .  >  ^  Hd^ 
carry  permanently  as  here  annexed .         Fir  .  .  .  .  .       9d^ 

Experiments  on  the  transverse  strengtk  of  bodies  are  easily 
made,  and  accordingly  are  very  numerous,  especially  those 
made  oh  timber,  being  the  most  eommoh  and  the  most  inte- 
restitvg.  The  completest  series  we  have  seen  is  that  given 
by  Belidor,  in  his  Science  deslngenieurs,  and  is  exhibited  in 
the  following  table.  The  first  column  simply  indicates  the 
number  of  the  experiments  ;  the  column  6  shows  the  breadth 
of  the  pieces,  in  inches  ;  the  column  rf  contains  their  depths  ; 
the  column  Z  show;S  the  lengths  ;  and  column  /6s  shows  the 
weights  in  pounds  which  broke  them,  when  suspended  by 
their  middle  points,  being  the  rnediuna  of  3  trials  of  eaph 
piece  :   the   accompanying  words,  fixed  and  loose  deft.oting 
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whether  the  ends  were  firmly  fixed  down,  or  siinply  lay  loos^ 
on  the  supports. 


No. 

b 

rf 

:•■/>•■.■ 

lbs. 

1 

1 

1 

18 

406    loose. 

2 

1 

1 

18 

608     fixed. 

3 

2 

J 

18 

805    loose. 

4 

1 

2 

18 

1680    loose. 

6 

1 

1 

.    36 

187    loose. 

.   6 

1 

1 

56 

283    fixed. 

■  'f  ■; 

2 

2 

36 

1585    loiose. 

8 

If 

% 

36 

1660    loose. 

By  coniparing  experiments  1  and  3j  the  strength  appears 
proportional  to  the  hreadth. 

Experiments  3  and  4  &how  the  strength  to  be  as  the  breadth 
multiplied  ty  the  scjuare  of  the  de^^ 

Experiments  1  and  5  show  the  strength  nearly  in  the  in- 
verse ratio  of  the  lengths,  but  with  a  sensible  deficiency  in 
the  longer  piecek  - 

EXp^timents:  5  and  7  show  the  strength  to  be  proportionial 
to  the  breadth  and  the  square  6f  the  depth.  "' ■]■ 

Experiments  1  and  7  show  the  same  thing,  Gompotinded 
with  the  inverse  ratio  of  the  length  ;  jthe  deficiency  of  which 
is  not  sQremarkableherey 

Expe^riments  I  and  2,  and  experiments  5  and  6,  show  the 
increase  of  strength,  by  fastening  down  the  ends,  to  be  in  the 
proportioh  of  2  to  31  which  the  theory  states  as  2  to  4,  the 
difference  being  prpbably  owing  to  the  manner^f  fixing. 

Mr.  Buffon  made  humerdus  experiments,  both  on  smali 
bars,  and  on  large  ones,  which  are  the  best.  The  following 
is  a  specimen  of  one  set,  made  en  bars  of  sound  oak,  clear  of 
knolsv,  ■  \/       '  '•   ^      -■,   ■•.: 


Broke 

Length 

Weight 

with 

Bent 

Time 

feet, 

lbs; 

lbs. 

inch. 

min. 

■  7-- 

^60 

5350 

3-6 

29^  : 

I    56 

6275 

4-5 

22 

Z 

\    68  * 

4600 

3-75 

15 

\    63 

4500 

4.7 

.13 

.    :9 

5    77 
\    71 

4100 

.  4-85 

14     ; 

3950 

6-5 

12 

10 

^    84 
^82 

3626 

5-83 

15 

3600 

6  6 

15 

12 

iioo 

1  98 

3060 

7 

2925 

8 

Column 
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Golumn  1  shows  the  length  of  the  bar,  in  feet,  clear  be- 
tween the  supports,— ColumQ  2  is  the  weight  of  the  bar  in 
lbs,  the  2d  day  after  it  was  felled.— Column  3  shows  the  num- 
ber of  pounds  necessary  for  breaking  the  tree  in  a  few  mi- 
nutes.—GoL  4  is  the  number  of  inches  it  bent  down  before 
breaking.- GoL  5  is  the  time  at  which  it  broke.-— The  parts 
next  to  the  root  tyere  always  the  heaviest  and  strongest. 

The  following  experiments  on  other  sizes  were  made  in  the 
same  way  ;  tif^o  at  least  of  each  length  being  taken >  and  the 
table  contains  the  mean  results.  The  beams  were  all  squared,, 
and  their  sides  in  inches  are  placed  at  the  top  of  the  colunias, 
their  lengths  in  feet  being  in  the  first  column.  The  numiaers 
in  the  other  columns,  are  the  pounds  weight  which  broke  the 
;pieces.  ']'■■  '.;,[. 


4 

5 

^■^  & 

■•7.  ..• 

'■  :B:>i 

;■'■;  a:  ' 

7 

6312 

11525 

18930 

^2200 

47649 

11626 

8 

4650 

9787 

1552b 

26050 

39760 

10085 

9 

4025 

8308 

13160 

22360 

32800 

8964 

10 

3612 

7126 

11250 

19475 

27750 

8068 

.12  . 

2987 

6075 

9100 

16176 

23460 

6723 

14 

5300 

7475  ■ 

13225 

19775 

6763 

16 

4360 

6362 

11000 

16375 

6042 

18 

3700 

6562 

9246 

13200 

4482 

2Q 

3225 

4950 

8375 

11487 

4034 

22 

2976 

3667 

24 

2162 

3362 

28 

1776 

2881 

Mr.  Buffon  had  found,  by  many  trials,  that  oak  timber  lust 
much  of  its  strength  in  the  course  of  seasoning  or  drying  ;  and 
therefore,  to  secure  uniformity,  his  trees  were  all  felled  in 
the  same  season  of  the  year,  were  squared  the  day  after,  and 
the  experiments  tried  the  third  day.  Trying  them  in  this 
green  state  gave  hina  an  opportunity  of  observing  a  very  cu- 
rious phenomenon.  When  the  weights  were  laid  quickly  on, 
nearly  sufficient  to  break  the  beiamv  a  very  sensible  smoke 
was  observed  to  issue  froni  the  two  ends  with  a  sharp  hissing 
sound;  which  continued  all  the  time  the  tree  was  bending 
and  cracking.  This  shows  the  great  effects  of  the  compres- 
sion, and  that  the  beam  is  strained  thrdugh  its  whole  length, 
which  is  shown  also  by  its  bending  through  the  whole 
length. 

Mr.  Buffon  considers  the  experiments  with  the  6-inch  bars 
as  the  standard  of  comparison,  having  both  extended  these  to 
greater  lengths,  and  also  tried  more  pieces  of  each  length. 

Nowj 
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Now,  the  theory  determines  the  relative  strength  of  bars,  of 
the  s'ajne -section,  to  be  inversely  as  their  lengths;  but  most 
of  the^trials  show  a  great  deviation  from  this  rule,  probably 
owingj  in  part  at  least,  to  the  weights  of  the  pieces  them- 
selves. Thus,  the  5-inch  bar  of  2B  feet  long  should  have 
half  the  strength  of  that  of  14  feet  or  2650,  whereas  it  is  only 
1775  ;  the  bar  of  14  feet  should  have  half  the  strength  of  that 
of  7  feet,  or  5762,  but  is  only  5300  ;  and  so  of  others.  The 
column  A  is  added,  to  show  the  strength  that  each  of  the  5-inch 
bars  ought  to  have  by  the  theory.  ^ 

Mr.  Banks,  an  ingenious  lecturer  on  natural  philosophy, 
has  made  many  experiments  on  the  strength  of  oak,  deal,  and 
iron.  He  found  that  the  worst  or  weakest  piece  of  dry  heart 
of  oak,  1  inch  square,  and  1  foot  long^,  broke  ^with  602lbs,and 
the  strongest  piece  with  974lbs  :  the  worst  piece  of  deal  broke 
with  464lbs,  and  the  best  ^ith  6901bs.  A  like  bar  of  the 
^  worst  kind  of  cast  iron  2  J  90lb's.  JBars  of  iron  set  up  in  posi- 
tions oblique  to  the  horizon,  showed  strengths,  noarly  propor- 
tional to  the  sines  of  elevation  of  the  /pieces.  Equal  bars 
placed  Jhprizontally,  on  supports  3  feet  distant,  bore  6f ,  cwt ; 
the  same  at  2^  feet  distance  broke  only  with  9  cwt. — An  arch- 
ed rib  of  29i  feet  span,  and  1 1, inches  high  in  the  centre,  sup- 
ported 99i  cwt ;  it  sunk  in  the  middle  3^  inches,  and  rose 
again  I  on  removing  the  load.  The  same  rib  tried  without , 
abutments,  broke  with  56  cwt.-^Another  rib,  a  segment  of  a 
circle,  29^  feet  span,  and  3  feet  high  in  the  middle  bore  100^ 
cwt,  and  sunk  ly^^  in  the  middle.  The  same  rib  without  abut- 
ments, broke  with  64^  cwt. 

Mr.  Banks  made  also  experiments  at  another  foundery,  on 
like  bars  of  1  inch  square,  each  yard  in  length  weighing  91bs, 
the  props  at  3  feet  asunder. 

The  1  St  bar  broke  with 963  lbs. 

The  2d  ditto 968 

The  3d  ditto 994 

Bar  made  from  the  cupola,  broke  with      .     .     864 
Bar  equally  thick  in  the  middle,  but  the  ends 
shaped  into  a  parabola,  and  weighed  6y%  lbs, 

broke  with 574 

From  these  arid  many  other  experiments,  Mr.  Banks  con- 
cludes, that  cast  iron  is  from  3^  to  4^  times  stronger  than  oak 
of  the  same  dimensions,  and  from  5  to  6^  times  stronger  than 
deal. 

Some  Examples  for  Practice^ 

The  theory,  as  has  been  before  mentioned,  is,  That  the 
strength  of  a  bar,  or  the  weight  it  will  bear,  is  directly  as 

the 


':^- 
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the  breadth  and  square  of  the  depth  divided  by  the  lengths 
So  that,  if  h  denote  the  breadth  of  a  bar,  d  the. depth,  I  the 
length,  and  w  the  weight  it  will  bear ;  and  the  capitals  b,  d^ 
h,  w  denote  the  like  quantities  in  another  bar;  then;  by  the 

rule-^-  :  m  : :  — —  :  w,  which  gives  this  general  equation 

hd^LMv  ==  BD^Z^,  from  which  any  one  of  the  letters  is  easily 
found  when  the  rest  are  given. 

Now,  if  we  take,  for  a  standard  of  comparison,  this  expe- 
riment of  Mr.  Banks,  that  a  bar  of  oak  an  inch  square. and  a 
foot  in  length;  lying  on  a  prop  at  each  end,  and  its  strength, 
or  the  utmost  weight  it  can  bear,  on  its  middle,  660lbs  :  here 
6  =l,,d[  =  1,  /  =  1,  tnj  =  660  ;  these  substituted  in  the  above 
equation,  it  becomes  lw  ==  660bd2  ,  from  whic^h  any  one  of 
the  four  quantities  l,  w,  b,  d,  may  be  found,  •when  the  other 
three  are  given,  when  the  calcnlatibn  respects  oak  timber. 
But  for  fir  the  like  rule  will  be  lw  =  400bd^,  and  for  iron 
lw=2640bd2. 

Exam,  A.  Required  the  utmost  strength  of  an  oak  beam,  of 
6  inches  square  and  S.feet  long,  supported  at  each  end,  or  the 
weight  to  break  it  in  the  middle  ?  660bd3 

Here  are  given  b=6,  d=  6,  l  =  8,  to  find  w  =»  — 7"~~ /^ 

!!221?2i^=e60X3X9=17820lbs, 
■■,  8  - 

Exam*  2.  Required  the  depth  of  an  oak  beam,  of  the  same 
length  and  strength  as  above,  but  only  3  inches  breadth'' 

Here,  as  3  :  6  : :  36  :  d2=72,  theref.  d=-v/72=8-485  the 
depth. 

This  last  beam,  though  as  strong  as  the  former,  is  but  little 
more  than  I  of  its  size  or  quantity.  And  thus,  by  making 
joists  thinner,  a  great  part  of  the  expense  is  saved,  as  in  the 
modern  style  of  flooring,  &c. 

Exam.  3.  to  determine  the  utmost  strength  of  a  deal  joist 
of  2  inches  thick  and  8  inches  deep,  the  bearing  or  breadth  of 
the  room  being  12  feet  ?— Here  b=2,  p=8,  l=:12  ;  then  the 

440XbXd2        440X2x64 
rule  LW  =  440bd2  gives  w==  .  .     .    —  .q    —  = 

11^^  =  4693  lbs. 

3  -..';.,  .  .  -  .'        .     _  .\         -  . 

Exam.  4.     Required  the  depth  of  a  bar  of  iron  2  inches 

broad  and  8  feet  long,  to  sustain  a  load  of  20,000lbs  ?— Here 

5=2,  L=  8,  and  w  =  20,000,  to  find  d  from  the  equation  i-w 

r.  .  LW  8X20000      1000      _^  ^  ^    , 

=2640Rn2    viT'    r»2=- ■ = . ^= — — =;=  30*3,  anq 

--^b4UBD  ,  VIZ.  i>       g^^^j^        2640X2         33 

p=^30'3==5|r  inches  the  depth. 
Voi^.  If.    /  68  Mmm, 
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Exam.  5.  To  fifid  the  leogth  of  a  bar  of  oak,  ah  inch 
6tj[Uare,>o  th^^hen  StjppdHed  at  both  ends  it  may  ja§t  break 
by  its  bwti  weight  ?— Here  according  t6  the  notation  ^ndcal- 
ctifetton  in  pi*ob,  5^^  ?==!,  iiy==|  of  a  lb,  the  weight  of  1  foot 


in  length,  and  w=C60lbs. 
57*45  feet  nearly. 


Then  L=V-^=^^/ 3301=^ 


Exam,  6.  To  find  the  length  of  an  iron  bar  an  inch  square, 
that  it  amy  break  by  its  own,  weight,  when  it  is  supported  at 
both  ends.— Here  as  before  Z=  1  ,tiy==  3lbs  nearly  the  weight 
of  i  foot  in  length,  also  u  =  2640.  Therefore  l  =  I  ^/ 
w4'2u  ■ 

—  ^41-97  ieet  nearly. 

JVbre.  It  might  perhaps  have  been  supposed  that  this  last 
result  should  exceed  the  preceding  one  :  but  it  liiust  be  con- 
sidered that*  while  iron  is  only  about  4  times  stronger  than 
oak,  it  is  at  least  8  times  heavier. 

Exam.  7.  When  a  height  w  is  suspended  from,  e  on  the 
arm  of  a  crane  ABODE,  it  is  required  to  find  the  pressure  at 
the  end  D  of  the  spur,  and  that  at  b  against  the  upright  post  ac. 

H6r%,  by  the  nature  of  the  lever  S5w=: 

the  pressure  at  d  in  the  vertical  direction 
DF :  but  this  pressure  in  df  is  to  that  in  db 


as  DFto  DB,  viz,  i)F  :  db  :  : — % 

^,  -,,-  ',  ''   "'CD'        ti^ 

the  |>re^sure  in  db  ;  and  again,  db 

CE  .  DB    CE     CE 


GE  .  DB 


W 


.  CD 

FB  or 


UK      UK 

^  w  :  7—  w==-^w  the  pressure  against  b  in  direc- 

CD  DF  BC  . 


CD 

DF 

tidn  FB. 

Thus,  for  example,  \i  cE=161eet,  60=6,  cd==8,  bd 

and  w=:3,^ns  ;  then  £^-l^w  ==:i|^v^  X3=  10  tons  for  the 


=  10, 


BC  .CD 


6 


pressure  on  the  spur  i)i3.    Mso— w=:12x  3  =  8  tons,  the 

CD  6 

force  tending  to  break  the  bar  AC  at  B. 

PROBLEM  41. 
To  determine  the  circumstances  of  Space,  Penetration,  Velocity], 
knjS,  Time,  arising  fro^n  a  BaU  mo^oing  with  a  Given  Velodty 
miBrikinga'mo'Vieable  Mock  erf  Wood,  or  other  Substance. 
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Let  the  ball  move  in  the  direction  ae  passing  through  the 
centre  of  gravity  of  the  bloek  b,  impinging  ou  the  point  c  ; 
and  when  the  block  has  moved  through  the  space  cd  in  con- 
sequence of  the  blow,  let  the  ball  have  penetrated  to  the 
depth  DE. 

Let  B=  the  mass  or  niatter  in  the  block, 

b  =  the  same  in  the  ball, 

5=  CO  the  space  moved  by  the  block, 

a;  =  DE  the  penetration  of  the  b$ll.  and  theyef. 

s  +  X  ===  c^  the  space  described  by  the  b^H, 

a  ==  the  first  velocity  of  the  baU,^ 

/y  =;:  the  velocity  of  the  ball  at  E, 

u  =  velocity  of  the  block  at  the  same  instant, 

t  =  the  time  of  penetration,  or  pf  the  motion, 

r==  the  resisting  force  of  the  w^ 

Then  shall  -  be  the  accelerating  force  of  the  block, 

and  7  the  retarding  force  of  the  ball. 
b  -,..,'■■ 

Now  because  the  momentum  bm,  cominunicated  to  the 
block  in  the  time  ^,  is  that  which  is  lost  by  the  ball,  immely 
—  hv^  therefore  bw  =  -  bi^  and  bw  =  —  6u.  But  whea 
v  =  «,  w  ==  0  ;  therefore  by  correcting,  bw  ^  b{a  ^  t?)  ;  or 
the  momentum  of  the  block  is  every  where  equal  to  the  ino- 
mentum  lost  by  the  ball.  And  when  the  ball  has  penetrated 
to  the  uttoost  depth,  or  when  u  =  xi,  this  becomes  bm  =  6 
(a  -^  «,)  or  afe  =  (b  +  6>  I  that  is,  the  momentum  before 
the  stroke,  is  equal  to  the  motqentum  after  it.  And  the  ve^ 
locity  communicated  will  be  the  same,  whatever  be  the  re- 
sisting force  of  the  block,  the  weight  being  the  same. 

Again,   (by   prob.    6,    Forces),  it  is  m^  = -— ,  and — 


B 


-0^  =  12.-  X  (s  +  a:),  or  rather,  by  correction,  a^ 
b 

-^^{s  +  x).    Hence  the  penetration  or  rr  =  -^^^ — - — -. 

And  when  v  =  w,  by  substituting  u  for  v,  and  bw^  for  4grs, 

ba^-^(B+b)u^        ,,,  . 
the  greatest  penetration  becomes         .^       ^    f^pd  this  again 

by  writing  a&  for  it  its  value  (B-f-fe)^,  gives  the  greatest  pene- 
tration a;  ^ -^^  = 
equal  to  -^-^  when  the  block  is  fixed,  or  infinitely  great ;   and 

^  "•  13 
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k  always  very  nearly  equal  to  the  same-— r  when  b  is  very 
^at  in  respect  of  &> 

Hence  ,  +  a.  =  "Iz^^  6  =J—J^±^i  =^±^  X  ^. 
4gr  4gr  (b+6)2       4gr 

And  theref.  B  +  6  :  B  +26  ::  x  :  s+x^OTB-f-bihiix  :.s 

,  bx  BS^aa 

and  5  ==: — i-^=s -^- — .  - .-  •'  ■■.^.. 
8+6      4gf{B-|-6)2 

Exam.  When  the  ball  is  iron,  and  weighs  1  pound,  it 
jpenetrates  elm  about  13  inches  when  it  moves  with  a  veloci- 
ty of  1600  feet  per  second,  in  which  case, 

r        (^  16002  90002         ^^^- 

^:rs:..^^_  =    -- — —__  =-  -^ — - — _  =32284  nearly. 
b      4gr       4X16J^X|f       193X13  «*^     J^ 

When  B  r=r  500lbj  and  i  ==  1  5  thent^  =^  •^^=  -tttt  ==  ^ 

B+o        501 

feet  nearly  per  second,  the  velocity  of  the  block. 

Ai  BtA2  500X9    .  1  !,    r  \r    r^^ 

Also^  :==--— ==  ■      .  -  =-— --  part  of  afoot,  or 

y    4^r      4X16^X32284      :461|*^  ' 

;^y  of  an  inch,  which  is  the  space  moved  by  the  block  when 

the  ball  has  completed  its  penetration. 

^  '  ^  I  =^  46l|x1^ 

2— .26     :;• 

"       2H-2^      46U*^  Ti'      6+13.  231  1.,     « 

t  =  —^ — -  =       2^ — — ^  >_3  — 1_^ — ^  -  / ..  =  _-_  part  of  a 

?^  1500  6  .231  .  1500       692  ^ 

second,  the  time  of  penetration, 

m)BLEM42.  . 

To  Jind  the  Veloeit'g  and  Tune  of  a  Heavy  Body  deseending 
down  the  Arc  of  a  Circle,  or  vibrating  in  ike  Arc  by  a  Line 
fixed  in  the  Centre. 
Let  i)  be  the  beginniug  of  the  descent, 

t  the  centre,  and  a  the  lowest  point  of  the 

circle  ;  draw  rm  and  pq  perpendicular  to 

AC.  Then  the  vdocity  in  p  being  the  same 

las  in  Q,  by  falling  through  eq,,  it  will  be 

^==2^(f  XE€t)==8v^(a-.a;),  whena=AE5 

,  ^=:A^.     ^'  ..--'/."•' 


But  the  flux*  of  the  time  f  is  =— — and  ap 


r 


wherer=^the radius ac.  Theref. *i^=--X 


y'(2ra;-a;2) 
1^ 


8     ^/  (Srx— 5c2  X  ^/{a-'X) ' 
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^tt;X 


where  d  =  2r  the  diameter. 


'        -  'U  -'"'■■     ' 

&c.),  by  developing  y^(l  -^T »»  ^  series. 

'  ■  ■  -            '■       '    i>  '  -2  •  ^-  ■■•  ■  •. 

But  the  fluent  of —7 — -^.  is  -  X  arc  to  radius  ^a  and 

.  '   .     ;-^  ■■.  ■        ^  ■"       -       ']    ,         .    '^       ■   2rc-  •■^  .  ■ 

vers,  a:,  orit  is  the  arc  whose  radi  is  1  and  vers.  —  :  which 

"   ,■•  ■  ■.'  Clt 

call  A.  And  let  the  fluents  of  the  succeeding  terms,  without 
the  coefficients,  he  B,c,  d,  e  ,  &g.  Then  will  tlie  fluxion  of  any 
one  as  Qj  at  71  distance  from  a,  he  q_==  a^'^A  =^  arp,  which 
suppose  also  ==  the  flux,  of  6p  -^  dx""-^^  {ax  —  a;2)  =±  6p  — 

V       W  '     n      .^ax-^x^       *    ... 
d(n^ l)xxr^V  («^  -  *' )  -  fe^"^X-^^^_^^  =^  fep  — 

«/i  X  ^    -^  ■  <—  =  ^P  —  ^(?^-|)ap  +  (^nxp . 

,^{£tX-^X'^)  % 

Hence,  hy  equating  the  coefficieuts  of  the  like  terms, 
i         -   2»— r  ;         (2?i— l)ap-2:K^-V(^^— ^^) 

Which  being  substituted,  the  fluential  terms  become  ^  X 

1      flA-^2v/(aa;^a:^>       1  v3       3aB-2a;^(aa:^a7^) 

^""^""SS*  2  2  .  4c«2  '  4 

^        •  :: ^2i_^ — -/— &c).  Or  the  same  fluents 

2.4  .6^3  6 

will  be  found  by  art.  80  Muxions. 

But  when,  ir  =  a,  those  terms  become  barely      -  {q"~~'  ^ 

12 a     12  .  32a2     12  .  52  .  52^3       ^  V  .  r  V   . 

/     i_*     — •■   -..  •■  -^—^ — -— — -^_— .&C.Y:   which  beinff 

^ "      22 cz    22 .  42rf2>  22 : 42 .  62fl^3         y » 

subtracted,  and  x,  taken  ==  t>,  there  arises  for  the  whole 
time  of  descending  dbivn  da,  or  the  corrected  value  of  ^= 

3.1416^^     .  12^: .  l^^ 

~~l6       /^  V  T^  22 (^ ^ '22.42 a2\^  22.42;62c?3  *         >' 

When  the  arc  is  small,  as  ii^  the  vibration  of  the  pendu- 
lum of  a  clock,  all  the  terms  of  the  series  may  be  omitte^d 
after  the  second,  and  then  the  time  of  a  semi-vibration  t  i? 

nearly  =H!£?;^txCl+^V      And  theref  the  times  of 
^  4      ^2  8r-  vibration 
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vibration  af  a  pendulum,  in  different  ar<QS»  are  as  8r  Hf  a,  or  S 
tinies  the  radios  added  td  the  Tereed  sine  o 

If  D  be  the  degrees  of  the  pendulum's  vibration,  on  each  ' 
side  of  the  lowest  point  of  the  small  arc,  the  radius  being  r, 
the  diameter  d^  and  3-1416  =/> :  then  is  the  length  of  that 

arc  A  ==  c^K^f^'  ^^^  the  versed  sine  in  terms  of  the 
arc  is  a  =g  _  ^4-  &c.  =*^-^  +  &c.  Therefore 

the  first  term,  bj  rejecting  all  the  rest  of  the  terois  on  acr 
count  of  their  smallness,  or^  =  ^^  nearly  =  ^^--j.      This 

value  then  being  substituted  for  -j  or  --• 

value  of  the  time,  it  becomes  t  =;=       .      ^/o  ^  (^ "t"  ^otiod/ 

nearly.     Arid  therefore  the  times  of  vibration  in  different 
small  arcs,  areas  52624+P^>  or  as  62524  added  to  the  square 
of  the  number  oiTdegrees  in  the  arc^ 
Hence  it  follows  that  the  time  lost  in  each  second,  by  vi- 

brating  in  a  circle,  instead  of  the  cycloid,  is  ^-      -j  andcon^ 

sequently  the  time  lost  in  a  whole  day  of  24  hours,  x)r  24  }i 
60  X  60  seconds,  i^  |  d^  n^garly.  In  like  manner,  the  seconds 
lost  per  day  by  vibrating  in  the  arc  of  A  degrees,  is  f  A^. 
Therefore,  if  the  pendulum  keep  true  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day,  by  vibrating  in  the 
other,  will  be  f  (d^  —  A^)^  So,  for  example,  if  a  penduiunj 
measure  tru^  time  in  an  arc  of  3  degrees,  it  will  lose  1 1|  se?- 
conds  a  day  by  vibrating  4  degrees  ;  and  26 1  seconds  a  day  by 
vibrating  4  deigrees;  and  so  on. 

And  in  like  manner,  we  might  proceed  for  any  other  curve, 
as  the  ellipse,  hyperbola,  parabola  &c. 

Scholium,  By  comparing  this  with  the  results  of  the  prob- 
lems 13  and  14,  Prac.  Ex.  on  Forces,  it  will  appear  that  the 
times  in  the  cycloid,  arid  in  the  arc  of  a  circle,  arid  in  any  chord 
of  the  circle,  are  respectively  as  the  three  quantities. 

I,  4  + --&c.apd 


8r  '      ^78^4 

or  nearly  as  the  three  quantities  1 ,  1  +  ^-,  1  •27324  ;  the  first 

and  last  being  constant,^  but  the  middle  one,  or  the  time  in  the 

circle, 
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circte,  varying  with  the  extent  of  th e  arc  of  yibration .  Also 
the  time  in  the  cycloid  is  the  leastV  hut  in  the  chord  the 
greatest ;  for  the  greatest  value  of  the  series,  in  this  prob, 
when  a  =  r,  on  the  arc  ad  is  a  quadrant,  is  I- 180 14  ;  and  in 
that  case  the  proportion  of  the  three  times  is  as  the  numbers 
1,  lvi8014,  1-27324.  Moreover  the  time  in  the  circle  ap- 
proaches to  that  in  the  cycloid,  as  the  arc  decreases,  and  they 
are  very  nearly  equal  when  that  arc  is  very  small. 

PROBLEM  43. 
To  find  th^  time  and  Velocity  of  a  Chain,  consisting  of  very  small 
links  ^  descending  f^om  a  smooth  h&rizdnfal  plane  ;  ^he  Chain 
being  100  inches  lorrgyand  one  inch  of  it  hanging  qjf  the  Plane 
at  the  commence n^ntef  Motion. 

Put  a  =  1  inch ,  the  lengtj^  at  the  begintiing  ; 

I  ==  100  the  whole  length  of  the  chain  ^ 

a:  ==  any  variable  length  of  the  plane. 
Then  a;  is  the  ny)tive  for<;e  to  move  the  body, 

and  t-==/the  accelerative  force. 

Hence  vv='2gfa=:SgX  J  Xie^^^- 

'  -  ■■  2^x^       '  ■     '  ' 

The  fluents  give  v^'=  •       ,      But  -y  ==  0,  when  x  ==  a, 

theref  by  correction ,  v^=^g  X      ;.      ,  and  'P=^(2g  X  -~t-  ) 

the  velocity  for  any  length  a?.  And  when  the  chain  just 
quits  the  plane,  a;  •=  1,  and  then  the  greatest  velocity  is 

196r45S02  inches,  or  16^^71^85  feet,  per  sec^iji.     ^ 

;Agak  /or  |^  v^  g-  ^  y^r^^^^  V  ^^  correct  fluent  of 
whidh  is  i  ^  ^  --  X  1<^.  -'  •■'^y-V  .M-^-,  ;^^  the  thne  for  any 
length  X.     And  when  a?==i   100,  it  is  ^=  ^/-^  X  log. 

■  "^^-^--^  2-69676  ^conds,  the  titne  when  tlie  last  of 
the  chain  just  quits  the  plain. 

mmmm  u: 

To  finSl  the  Time  anS  Velocit;y  of  a  Chain,  of  very,  small  Ldnks, 
quitting  a  Pulley^  by  passing  freely  over  it :  the  whole  Length 

bein^ 
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^  MfigtOO  Inchesi,  and  iheo^EniWi^^^  the 

'  other  at  the  Beginning)  ^H:'^-^:f'^S-:'-'"'  '^:  '■-'  "■'  -- ''  '■ 

Pat  a  =  2,  I  =-20Q,  and  x  =  «f)  affliy  Ipi^  ^ 

difference  of  the  twa  parts  AB,  AC.     Then ^^^^^^^^^^    y 

f,=^f.  and  wor  %/^,,=^  f '  *^  ^  T^V 

Hence  the  c6rrej?t  fluent  IS -y^  =gx-T--j-— 

'i,=^(gX---T— -),  the  general  expression  for  the 

veloc.   And  when  x  ==  I,  or  when  c  arrives  at  a,  it  A 

V'l^^'^^       jOO     /  -         100 

inches,  or  16^371585  feet  for  the  greatest  veloci-     , 

ty  when  the  chain  just  quits  the  pulley." 

Affain  ;  or  -  ±Jl^^—  X  — ^^— -^.       And  the  cor- 

T^Qt;auent  is  t^  ^^^^  ^^^^ 

expression  for  the  time.    And  when  a:  =  Zv  it  becomes  <=== 

I  l-iri/(P ^m    .  .200../    2004-v/(2002 -2?)_ 

A^-Xlos  ^^Q^V"^^^^  =~  2^69676  seconds,  the  whole 

time  when  the  chain  jusf^iuits  the  pulley.  ^     , 

So  that  the  velocity  and  time  at  quitting  the  pulley  in  this 
prob.  and  the  plane  in  the  last  prob.  are  the  same  ;  the  dis- 
tance descended  99  being  the  same  in  both.  For  though 
the  weight  I  moved  in  this  latter  case  ^  be  double  of  what  it 
was  in  the  foriher;  the  moyin^  force  x  is  also  double,  because 
here  the  one  end  pf  thd  chain  shortens  as  much  as  the  other 
end  lengthens,  so  that  the  space  deseeded  ^a;  is  doubled, 

and  becomes  a; ;   and  hence  the  accelerative  iorcej  of/is 

the  same  in  both  ^  and  of  course  the  velodty  and  time  the 
sam€i  for  the  same  distance  descended. 

-       PROBLEM  45. 
To  find  thefirumher  of  Vihratiqm  inade  iy  two  Weights,  connect- 
edhyaveryfine  Thread,  famng  freely  over  a  Ta€%or  a  Pul-- 
ley,  whUe  the  lesB  Weighi  is  dr^^^  hy  the  Descent  of 

tJie  heavier  WeiM  at  the  other  End. 

^  Suppose 
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Suppose  the  motion  to  commence  at  equal  die-  . 

tances  below  the  pulley  at  b  ;  and  that  the  weights 
are  1  and  2  pounds. 

Put  a  =  AB,  half  the  length  of  the  thread  ; 

b  =  39i  inc.  or  3||  feet,  the  second^s  pend 

a;  =  Btiy  =  BW,  any  space  passed  over  ;  wi 

z  =  the  number  of  vibrations. 

Then  —j--  =  /  =i  is  the  accelerating  force.       -^^ 
And  hence  -u  ov  ^  ^fs  =  ^  ^gfa,  and  i  or-5= 


But  by  the  nature  of  pendulums,  y/  (cl±x)  :  ^b  :  :  1  vibr.  1 

^  ——  the  vibrations  per  second  made  by  either  weight, 

namely,  the  longer  or  shorter,  according  as  the  upper  or 
under  sign  is  used,  if  the  threads  were  to  continue  of  that 
ength  for  one  second.    Hence,  then,  as 

1'^  :  /  : ;  */  —7--  •  k^i  \/-~r~  ^  %/  T7  ^     J/     -t-  o\ 
^  a±x  ^  a±v      ^  4gf       ^{ax±x^,) 

the  fluxion  of  the  number  of  vibrations. 

Now  when  the  upper  sign  +  tafees  place,  the  fluent  i^ 

And  when  x  =■  a,  the  same  then  becomes  z  =  v^  -r  X  log. 

1+V2=  v^^  X  log.  1 +^2=v^i^^^<^S- 1  +  t/2  == 

?688611,the  whole  number  of  vibrations  made  by  the  der 
scending  weight. 

But  when  the  lower  sign,  or  — ,  takes  place,  the  fluent  is 

b  2a; 

4/  -— »  X  arc  to  rad.  1  and  vers.  — .  Which,  when  »  =  «, 
^  4^/  a 

^      o....v>       3X391       3*1416         ,117| 
givesip  ^  ^=3.1416  X  ^  — -|  =  — -  xV^  - 

1*227091,  the  whole  number  of  vibrations  made  by  the  lesser, 
or  ascending  weight. 

SchoL  It  is  evident  that  the  whole  number  of  vibrations, 
in  each  case,  is  the  same,  whatever  the  length  of  the  thread 
is.  And  that  the  greater  number  is  to  the  less,  as  1*5708  to 
the  hyp.  log.  of  1  +  -v/  2. 

Farther,  the  number  of  vibrations  performed  in  the  same 
time  t,  by  gn  invariable  pendulum,  constantly  of  the  same 

length  a,  is  v/  -7  ==  -781190.     For  the  time  of  descending 

Vol.  II,  69  the 
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the  space  a,  or  the  fluent  of  }==  \^  C^v&mx  =  a,  is  ^  = 

\/ —f*     And,  by  the  nature  of  pendulums,  ^  a  :  -^  &  :  :  1 

oj  h  .        . 

vibr.  :  ^  -the  number  of  vibrations  performed  in  1  second: 

ft  r  jL  L  ' 

hence  Y  \t  i\  ^- :  t  ^-az  «/— .;,  the  constant  huinber  of  vi- 
a     ^  a     ^  gf 

brations. 

So  that  the  three  numbers  of  vibrations,  namely,  of  the 

ascending,  constant,  and  descending  pendulums,  are  propor- 

.    tional  to  the  numbers  1-5708,  1 ,  and  hyp.  log.  1  +  ^  2,  or  as 

1-6708, 1,  and  -88137  ;  whatever  be  the  length  of  the  thread. 

-  REMARK. 

The  solution  here  given  by  Dr.  Hutton  to  this  46th  prob- 
lem, is  erroneous  ;  one  of  his  errors  in  the  solution  consists 
in  his  not  attending  to  the  difference  of  tension  in  the  pendu- 
lum as  it  ascends,  descends,  or  continues  of  an  invariable 
length  ;  his  method  will  give  vibrations  to  the  descending 
pendulum,  even  when  the  tension  is  infinitely  small  or  nothing. 
A  true  investigation  of  the  problem  affords  several  curious 
results  ;  but  in  some  cases  we  are  led  to  very  tedious  compu* 
tations. 

PROBLEM  46. 

To  deiermkiM  the  Circumstances  of  the  Ascent  and  Descent  of 
two  unequal  Weights y  suspended  at  the  two  Ends  of  a  Thread 
passing  over  a  Pulley  :  the  Weight  of  the  Thread  and  of  the 
Pulley  being  considered  in  the  Solution* 

Let  I  =  the  whole  length  of  the  thread  ;  Cf^B 

a  ==  the  weight  of  the  same  ; 

b^=.  kw  the  dif,  of  lengths  at  first; 

d  =  w— tsy  the  dif.  of  the  two  weights  ;  i— .  A 

c  =  a  weight  applied  to  the  circnmference,       ^ 
such  as  to  be  equal  to  its  whole  wt.  and 
friction  reduced  to  the  circumference  ;  9W 

s  =  w+tiy+a+c  the  sum  of  the  weights  moved. 

Then  the  weight  of  h  is  -y,  and  d^—  is  the  moving  force  at 

first.  But  if  X  denote  any  variable  space  descended  by  w,  or 
ascended  by  «y,  the  difference  of  the  lengths  of  the  thread 
will  be  altered  2a; ;  so  that  the  difference  will  then  be  b-^^x^ 

and  its  weight -r-T--a;conseq.t^ie  motive  force  there  will  be 
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d  —  ——(X  =£--:-:"^  ,  -  ' —  and  therefl -z =/  the 

accelerating  force  there.     Henee  then-uii  =  Sg/jc-  =  ^x  X 

±lf y:!^ ;  the  fluents  of  whicli  give  -o^  -=-^gxx -j-— 

OP  V  =  2  ^-|  X  >v/  (ear+a;2)  the  general  expression  for  the 

velocity,  putting  €=-- — .     And  when  a:=o,  or  w  becomes 

as  far  below  w  as  it  was  above  it  at  the  beginning,  it  is  barely 

T?=2^  —^  for  the  velocity  at  that  time.     Also,  when  aV  the 

s 
weight  of  the  thread,  is  nothing,  the  velocity  is  only  2  v^ 

-^,  as  it  ought. 

Again,  for  the  time  ^  or  -  ==?  i  v^—  X      .  ^,    „\  ;  the  flu- 

ents  of  which  give  t—y/  —  x  log.  ^^     ^^  the  gene- 

xal  expression  for  the  time  of  descending  any  space  x. 

And  if  the  radidjala^  be  expanded  in  a  series,  and  the  log.  of 
it  be  taken,  the  same  time  will  become 

Which  therefore  becomes  barely  v^-j-  when  a,  the  weight  of 

the  threadjis  nothing ;  as  it  ought. 

PROBLEM  47. 

To  find  the  Velocity  and  Time  of  Vibration  of  a  small  Weight, 
fixed  to  the  middle  of  a  Line,  or  fine  Thread  void  of  Gravity, 
and  stretched  by  a  given  Tension)  the  extent  of  the  Vibration 
heifig  very  smalt , 


-D 

Let  I  =  AC  half  the  length  of  the  thread  ; 
-  »  =  GD  the  extent  of  the  vibration; 
X  =  CE  any  variable  distance  from  c  ; 
^  si  fft  of  the  small  body  fixed  to  the  middle  ; 

w  =  a 
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w  =  a  wt.  which  huDg  at  each  end  of  the  thread,  will 

-        he  equal  to  the  constant  tension  at  each  end,  acting 

in  the  direction  of  the  thread. 

Now,  by  the  nature  of  forces,  AE  :  ge  :  :  w  the  force  in 

direction  ea  :  the  force  in  direction  ec.      Or,  because  ac  is 

nearly  =  aej  the  vibration  being  very  small,  taking  ac  in- 

wx         * 
Stead  of  AE,  it  is  AC  ;   c£  :  :  w  :  —  the  force  in  es  arising 

frbm  the  tension  in  ea*  Which  will  be  also  the  same  for 
that  in  EB.  Therefore  the  sum  is  — —  =  the  whole  motive 
force  in  ec  arising  from  the  tensions  on  both  sides.  Conse^ 
quently  -j-  =/  the  accelerative  force  there.  Hence  the 
equation  of  the  fluxions  vv  or  %/«  =  "  g^^cv  ^^^  ^^^  ^^^^ 

^^  ~  ""  '^^ '  ^"^  ^^^^  "*"  "^  "^^  *^^®  '^""^^^  andshould 

be  =  0  ;  theref.  the  correct  fluents  are  v^  ==  4gw  x-  ""  — # 

■  ■     ■       /  (w 

and  hence  v^^/  {4gw  X  ^  '^^  )  the  velocity  of  the  little 

body  ^  at  any  point  e^  And  when  x  =  0,  it  is  i;  =  2a  ^ ^ 
^  ^   Iw 

for  the  greatest  Telocity  at  the  point  Ci 

Now  if  we  suppose  w  =  1  grain,  w  =  61b  troy^  or  28800 
grains,  and  2/  =  ab  =  3  feet ;    the  velocity  at  c  becomes 

8x16tVX2880O       ,,,,■  ^     , 

a-v/— — ^^ =llllfa.     Sothat 

if  d  i==:  ,\ inc.  the  greatest  Veldc.  is  9^5-  ft.  per^ec. 
if  a  =  1  inci  the  greatest  veloc.  is  92||  ftw  per  sec. 
if  a  :=  6  inc.  the  greatest  veloc.  is  666y\  ft.  per  sec. 

^o  find  the  time  t,  it  is  i  or  -^  =  i  \/  —-  v Il£__ 

.  v         ^^  W^   %/(a3-a;2)* 

iience  the  correct  fluent  is  t  =t:  -|  -v/~  X  arc  to.  cosine  -  and 

w^  a 

S?adius  1,  for  the  time  in  de.     And  when  x  =  0,  the  whole 

time  in  DC,  or  of  half  a  vibration^  -7854  •/  — ;  and  conseq. 
the  tikne  of  a  whole  vibration  through  odh  1>3708  -/^l, 

Wff 

Using  the  foregoing  numbers,  namely  ay  ssi^w^SSSOOv 

and 
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11111 


1  -^ 


and  ?|3=  3  feet  5  this  exptession  for  tbe  time  gives  c.  ..^^  — 

353f,  the  number  of  vibfatioiis  pet  secdnd.  Batiftiy==2, 
there  would  be  250  vibrations  per  second  ;  and  if  2»  =  100, 
there  would  be  36|f  vibrations  per  second. 

PROBLEM  48. 

To  detetntine  the  sdme  as  in  the  last  Prohlem,  isihen  the  Distance 
CD  hears  some  sensible  Proportion  to  the  Length  ab  ;  tke  Terii 
sion  of  the  Thread  however  being  still  supposed  a  Consfant 
i^uantity. 


Using  here  the  same  notation  as  in  the  last  problem,  and 

taking  the  true  variable  length  ae  for  ac,  it  is  ae  or  eb  :  ce  : : 

2  Wic  2  Wic 

2w  :  — r-  =  — 7A  , '     X  the  whole  motive  force  from  the  two 
^       AE         ^{l^+x^) 

2  w            X 
equal  tensions  w  in  ae  and  eb  ;  and  theref.  — -  X  — 77 — .  =/ 

is  the  accelerative  force  at  e.     Theref.  the  fluxional  equation 


m  vv  or  SJfff 


___  4Xvg 


=  — ^  X 


— 7m — T\\  aod  the  fluents  v^  =-— ^  )^ 


\/  (Z2  +  x^).    But  when  x  =  a,  these  are  0  = 


Sw^-, 


y^  (Z2  +  a'^)  ;  therefore  the  correct  fluents  are  v^  =•■ — §  X 


W  Q'  +  a^y  -  a/  (/^  +  x^)]  =  1:1^   X  (ad  -  ab).     And 

BWfi" 
hence "y  ==v'  L"^-  ^  (ad— ae)]  the  general  expression  for 

the  velocity  at  e.     And  when  e  arrives  at  c,  it  gives  the 

greatest  velocity  there  ==-^[--~2^X(ad  -*ac)].    Which  when 

w=28800,  w^l,  2Z=3  feet,  and  cd=6  inches  or  i  a  foot,  is 

V'  (8  X  28800  X  18rV  X  ^^^^"^^^^  P^r  second; 

Which  came  out  555/^  in  the  last  problem,  by  using  always 
AG  for  AE  in  the  value  of/.    But  when  the  extent  of  the  vi- 
brations 
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bratioDS  is  very  small,  as  ^V  ^f  ^^  inch,  as  it  commonly  isj 
tbi#  greatest  velocity  here  will  be;^8  X  28800  X  16^  X 
4  32  0  0=^4  nearly,  which  in  the  last  problem  was  9^*^  nearly. 

To  find  the  time,  it  is  t  or — =-1/ r— ■  X  - 


-0  ^8w^  a/[c-^/(^^+^')]' 
making  c  =  ad=^(Z2  -f-  ct^).  To  find  the  fluent  the  easier, 
multiply  the  numer.  and  denom.  both  by  ^  [<J+'v/(^*+^)  J 

so  shall  t^^  ^-X  "T^i^ij  X  v^  [c  +  V  p  +=r«)-l. 

Expand  now  the  quantity  \/  [c  +  v'  (^^  +  «^)j  i^  a  series, 

and  put  cZ=c4"/,  so  shall  i  =A/r— X  — 7^^^ — tCI+tt,  — 

32(^2/3^  "*        mdsTi""^^""            .  2048cZ^Z7  ^^  ^c.) 

Now  the  fluent  of  the  first  term  — r-« ris  =  the  arc  to  sine- 

and  radius  1,  which  arc  call  a  ;  and  let  p,  %  be  the  fluents  of 
any  other  two  successive  terms,  without  the  coefficients,  the 
distance  of  %  from  the  first  term  a  being  w  ;  then  it  is  evi* 
dent  that  <^=  a;^  p  =  x^'^a.^  and  p  =  a;2«— 2^,  Assume  theref. , 
^=;^>P^ea;2n-.i^^a2_^2)  5  theu  is  c^ora;2  p=:6  p  — (271—  1) 

P  +e^*  p  =  6p  —  (2w  —  1  )ea2  p  -f.  2nea;2  p.     Then,  comparing 
the  coefficients  of  the  like  terms,  we  find  1  =  2e;t,  and  6= 

(2/1 -~  1W2  ;  from  which  are  obtained  c=--,  and  &=— r — a'. 
^  -^       '  2?i  2w 

Consequently  Q  =^ -^ ^^-^ — — i,  the  general 

27i 

equation  between  any  two  successive  terms,  and  by  means  oii 

which  the  series  may  be  continued  as  far  as  Tve  please.     And 

hence,  neglecting  the  coefficients,  putting  a  =  the  first  term, 

namely  the  arc  whose  sine  is  -,  and  b,  c,  d,  &c.  the  follow- 

mg  terms,  the  series  is  as  follows,  a  -j ■^ — —  + 

■  ^  ^ ^4 ^ ^&c.  Now  when 

4  6 

a;=0,  this  series  ~0  ;  and  when  a;=a,  the  series  becomes  Jp 
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4.  -^  +  — --  H T-  &c.  where  p  =  3-1416,  or  the  series 

isip^l  +  Ja' +  i^a*  +  |^~a«  &c.) 

So  that,  by  taking  in  the  coefficients,  the  general  time  of 
passing  over  any  distance  DE  will  be 

^?!^)xipX(l+-i-j4«^-g±i.l-4a*^  -arc.  sin. 
^      Bwg       ^^     ^        4c?Z  ^        .32d^l^  2  .  4 

jc      1    agA^a7v<(a^— T^)     2<?4-/3a2B-a;^v/(ag-ccg) 

a""45/'"  2   .  "^SS/^^Zs-  4  ^^' 

And  hence;  taking  a;=0,  and  doubling,  the  time  of  a  whole 

vibration,  or  double  the  time  of  parsing  over  cd  will  be  equal 

1.3.5  40(^34.8(^2/4. 12^^2+5^3     1.3.6.7    ,,■ 

2.4.6  2048^4/'^  '2.4.6.8  "^ 

Which,  when  a==Oj  or  c=Z,  becomes  only  Jp  V —  >  ^^^  same 

',■•■'  ,         _  ^       ' 

as  in  the  last  problem,  as  it  ought. 

Taking  here  the  same  numbers  as  in  the  last  problem, 

riz.  I  ==  I,  a  =  i,  w  =  2,  w  =  28800,,^  =  I63-U.  then 

iP^    f       =  -0040514,  and  the  series  is  14-  -OOSTes  — 
"         2w^ 

•0001754  -000003,  &c.  =  1-006590 ;  therefore  •0040514X 

1-006590  = '0040965  =  77-—- is  the  time  of  one  whole  vi- 
246i 

bration,  and  consequently  245i  vibrations  are  performed  in  a 

second  ;  which  were  250  in  the  last  problem, 

PROBLEM  49. 

It  is  proposed  to  determine  the  Velocity,  and  the  time  of  Vibra- 
tion of  a  Fluid  in  the  arms  of  a  Canal  or  bent  Tube. 

Let  the  tube  ABCDEF  have  its  two       ^n' — — — —r—iG^ 
branches  AC,  GE  vertical,  and  the  lower       "^  >^w 

part  CDE  in  any  position  whatever,  the  ^"^  Z„„Z1l1  -1  r 
whole  being  of  an  uniform  diameter  or  S  ^  \„IIH.H  —  e 
width  throughout.  Let  water,  or  qtiick-  ...-"■-• 

silver,  or  any  other  fluid,  be  poured  in, 
till  it  stand  in  equilibrio,  at  any  hori-  _ 

zontal  line  Bp.     Then  let  oiie  surface  be  pressed  or  pushed 
down  by  shaking,  from  b  to  c,  and  the  other  will  ascend 
through  the  equal  space  fg  ;  after  which  let  them  be  per- 
mitted 
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mitted  fr^e^tp  return.  The  sarfaces  will  then  continually 
Tibrate  in  eqiilal  times  between  ac  and  eg.  The  velocity  and 
times  of  which  oscillations  are  therefore  required. 

When  the  surfaces  are  any  where  out  of  a  horizontal  line, 
as  at  p  and  ^,  the  parts  of  the  fluid  in  qdr,  on  each  side, 
below  Q,R,  will  balance  each  other ;  and  the  weight  of  the 
part  in  PR,  which  is  equal  to  2pf,  gives  motion  to  the  whole. 
So  that  the  weight  of  the  part  2pp  is  the  motive  force  by 
»  ^  wt.  of  2pF 

which  the  whole  fluid  is  urged,  and  therefore-—^ 7-  is  the 

°  whole  wt. 

accelerative  force.      Which  weights  being  proportional  to' 

their  lengths,  if  I  be  the  length  of  the  whole  fluid,  or  axis  of 

a 
the  tube  filled,  and  a  =;  fg  or  bc  ;  then  is  -=  the  accelerative 

force.     Patting  theref.  a;  =  op  any  variable  distance,  v  th^ 

Telocity,  and  t  the  time  ;  then  pf  =  a  —  a;,  and  - — ==/ 

4a- 

the  accelerative  force ;  hence  vv  or  2gfs  =  -y  {ctx—x^) ; 
the  fluent  of  which  give  v^  :=^ -f-  (2aa:  — o:^),  and  t?  = 
^/  (4^  X  — -p — )  is  the  general  expression  for  the  velocity 


":W^^': 


at  any  term.     And  when  x  ^=^  a^  it  becomes  -y  «=s  2a  ^  |-  for 


,     \\,   UCUUUiC»  v    «=^    *»  -^'         ^ 

the  greatest  velocity  at  b  «nd  f. 

Again,  for  the  time,  we  have  Vor-=i\/-X — .^  ^  -    -v  ; 

the  fluents  of  which  give  ^  =  ^  -»/  -X  arc  to  versed  sine  - 

g  a 

and  radius  one,  the  general  expression  for  the  time.     And 

when  X  =  a,  it  becomes  ^  =  Jp  y"  —  for  the  time  of  moving 

.  ^  I 

from  «  to  F,  jp  being  =  3'1416,  and  consequently  Jp  ^- 

the  time  of  a  whole  vibration  from  g  to  e,  or  from  c  to  a. 
And  which  therefore  is  the  same,  whatever  ab  is,  the  whole 
length  I  remaining  the  same. 

And  the  time  of  vibration  is  also  equal  to  the  time  of  the 
vibration  of  a  pendulum  whose  length  is  \l,  or  half  the  lengtlt 
of  the  axis  of  the  fluid.  So  that,  if  the  length  I  be  78|  inches, 
it  will  oscillate  in  J  second. 

Scholium,    This  reciprocation  of  the  water  in  the  canal,  is 

nearly 
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nearly  similar  to  the  motion  of  the  waves  of  the  sea.  For 
the  time  of  vibration  is  the  same,. however  short  the  branches 
are,  provided  the  whol^  length  be  the  same.  So  that  when 
the  height  is  small,  in  projportion  to  the  length  of  the  canal, 
the  motion  is  similar  to  that  of  a  wavie,  from  the  top  to  the 
bottom  or  hollow,  and  from  the  bottom  to  the  top  of  the 
next  wave  ;  being  equal  to  two  vibrations  of  the  canal ;  the 
whole  length  of  a  wave,  from  top  to  top,  being  double  the 
length  of  the  canaK  Hence  the  wave  will  move  forward  by 
a  space  nearly  equal  to  its  breadth,  in  the  time  of  two  vibra- 
tions of  a  pendulum  whose  length  is  (i/)  half  the  length  of 
the  canal,  or  one-fourth  of  the  breadth  of  a  wave,  or  in  the 
time  of  one  vibration  of  a  pendulum  whose  length  is  the 
whole  breadth  of  the  wave,  since  the  times  of  vibration  are 
as  the  square  roots  of  their  lengths.  Consequently,  waves 
whose  breadth  is  equal  to  3 9|  inches,  or  3||  feet,  will  nsbvB 
over  3||  feet  in  a  second,  or  195f  feet  in  a  minute,  or  nearly 
2  miles  and  a  quarter  in  an  hour.  And  the  velocity  of  greater 
or  less  waves  will  be  increased  or  diminishedin  the subdupli- 
Gate  ratio  of  their  breadths.    . 

Thus,  for  instance,  for  a  wave  of  18  inches  breadth,  as 
V39|  :  391-  ::  ^U  i  ^{39}  X  18)  =  fy'SlSrrr  26'6377 
the  velocity  of  the  wave  of  18  inches  breadth. 

PROBLEM  50. 

To  determine  the  Time  of  emptying  any  Ditch  <>^  Inundation^ 
^c.  by  a  Cut  or  Notch,  from  the  Top  to  ih^  Bottom  of  it,    r 

Let  X  =  AB  the  variable  height  o^  water  at 
any  time  : 
h  ==  AC  the  breadth  of-^l^e  cut ; 
d  =  the  whole  or  ^s*  depth  of  water  ; 
A  =  the  area^^the  surface  of  the  water 

ii>  ifie  ditchi ; 
^  =  j^ri^u  feet.     ^  .         ,  : 

The  v^^ocity  at  any  point  d,  is  as  ^  bd,  that  is,  as  the  ordi-  ^% 

nate  p^  of  a  parabola  Bfic,  whose  base  is  ac,  and  altitude  ab. 
therefore  the  velocities  at  all  the  points  in  ab,  are  as  all  the 
ordinates  of  the   parabola.     Consequently  the  quantity  of  ^  ; 

wat^r  running  through  the  cut  abgc,  in  any  timer  is  to  the  '  d 

quantity  which  vpould  run  through  an  equals  aperture  placed  ;  ^ 

all  at  the  bottom  in  the  sanie  time,  as  the  area  of  the  para-  '^, 

bolaW,  to  the  area  of  the  parallelogram  abgc,  that  is,  as  ''A- 

^  tQ-i|r  ■        .,      '  ■,     '  '  V  ...  /■  -^U, 

But  V'^  .:  ^x  :  ;  2g  :  2y/gx  the  velocity  at  ag  ;  therefore  ft 

f  X  2  y/  gw  X  fi  =  ^bx  ^  gx  is  the  quantity  discharged  per 
ToL.  n.  70  second 
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second  throtigh  abgc  ;  and  consequently— —^^^  is  the  Te- 
locity per  second  of  the  descending  surface.  Hence  then 
^^y^:  -i  : :  1"  :  ^^^  =  t  the  fluiion  of  the  time  of 

descending. 

Now  when  A  the  surface  of  the  water  is  constant,  or  the 
ditch  is  equally  broad  throughout,  the  correct  fluent  of  this 

fluxion  gives  <  ==^,        X^    ""."^  for  the  general  tinae  of 
2by/g         y/dx 

sinking  the  surface  to  any  depth  x.  And  when  x  =  0,  this 
expression  is  infinite  ;  which  shows  that  the  time  of  a  com- 
plete exhaustion  is  infinite. 

But  if  d!  =  9feet,  ft  =  2  feet,  a  =  21  X  1000  =  21000, 
and  it  be  required  to  iexhaust  the  water  down  to  J^  of  a  foot 
deep  I  then  x  ^^  Jg ,  and  the  above  expression  becomes 
3X21000       3— i      ■  ,;         .  •  ^       ,        , 

~TT7T-r~  X  — — ^  =  14400  ,  or  lust  4  hours  for  that  time. 

4X4J:r  3  '  •^ 


'96 


And  if  it  be  required  to  depress  it  8  feet  or  till  1  foot  depth 
of  water  remain  in  the  ditch,  the  time  of  sinking  the  water 
to  that  ^ypint  will  be  43' 38^ 

Again,  if  the  ditch  be  the  same  depth  and  length  as  before, 
but  20  feet  broad  bottom,  and  22  at  top  ;  then  the  descend- 
ing surface  will  be  a  variable  qiiantity,  and,  (by  prob.  16  Prac. 

Ex.  on  Force,*?),  it  will  be     Z.    X  20000 ;  hence  in  this  case  the 
yu 

flux,  of  the  time,  or  ^T:^  /becomes^—??  X  ^  ?^ 

correct  fluent  of  which  is  t  ^  J^  x  f^^^-^^^  for 

the  time  of  sinking  the  water  to  an;y  (Jepth  x. 

Now  when  07  =  0,  this  expression  f^^  the  complete  ex- 
haustion becomes  infinite. 

But  if  .  .  X  =  1  foot,  the  time.tis  42' 56''^. 

And  when  ar  =  ^V  ^ot,  thfe  time  is  3^  50'  U%. 

PROBLEM  51. 

To  determine  the  Time  of  filling  the  Ditches  of  a  Fortification 
6  Feet  deep  with  water ^  through  the  Sluice  of  a  Trunk  of  3 
Feet  Square^  the  Bottom  of  which  is  level  with  the  Bottom  of 
the  Ditch,  and  the  Height  of  the  siipplying  Water  is  9  Feet 
above  the  Bottom  of  the  Ditch, 

Let  ACDB  represent  the  area  of  the  vertical  sluice,  being  a 
square  of  9  square  feet,  and  ab  level  with  the  bottom  of  the 

ditch 
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ditch.     And  suppose  the  ditch  filled  to  any  height  ae,  the  sur- 
face heing  then  at  ef. 

Put  a  ==9  the  height  of  the  head  or  supply  ; 

^  =  3=  AB  =  AC  ; 


^=16tV;  ^ 


A  =  the  area  of  a  horizontal  section  of     ^' 
the  ditches  ;  E 

a;  ==  a -^  AE,   the  height  of   the   head        

ahove  EF.  ^  ^ 

Then  V^  :  \/^  '  -  ^g  :  2^gi»  the  velocity  with  which  the 
water  presses  through  the  part  aefb  ;  and  theref.  2  V  gas  X 
AEFB  =  ^b  \/  gx(.a  —  x)  is  the  quantity  per  second  running 
through  AEFB,  Also,  the  quantity  running  per  second  through 
ECDF  is  2  x/  g^  ^  Ta  ECDF  =  V  ^\/ ^^  (^  —  a-hx)  nearly. 
For  the  real  quantity  is,  hy  proceeding  as  in  the  last  prob. 
the  difference  between  two  parab.  segs^  the  alt.  of  the  one 
being  a;,  its  base  5,  and  the  alt.  of  xthe  other  a  —  ^  ;  and  the 
medium  of  that  dif.  between  its  greatest  state  at  ab,  where  it 
il  x^o^Dj  and  its  least  state  at  cd,  where  it  is  0,  is  nearly  ||  ed. 
Consequently  the  sum  of  the  two,  or  |6y<grr(a  4-  H^  —  ^) 
is  the  quantity  per  second  running  in  by  the  whole  sluice 

'  ACDB.    Hence  then  f  6  ^  gx  X  — -— =  v  is  the  rate 

•  •      \, -,...■     .'  ■    "         •     .  A'- 

or  velocity  per    second    with  which  the  water    rises  in 

X 

ditches ;  and  so  v  :  —  i  :  :   1''  :  ;==—-== x 

the  fluxion  of  the  time  of  filling  to  any  height  ae^  putting 
e  =  a+  116. 

Now  when  the  ditches  are  of  equal  width  throughout,  a 
is  a  constant  quantity,  and  in  that  case  the  correct  fluent  of 

this  fluxion  is  t  =  -g^-xlog.(4^^^X  ^' 7^5  the  ge- 

neral  expression  for  the  time  of  filling  to  any  height  ae,  or 

a  "^  Xy  not  exceeding  the  height  ac   of  the  sluice.     And 

6a 
when  X  =  AC  =  a  —  6  =  ^i  suppose,  then  t  =  ,  X  log, 

(^^-^^Jl  .  ^^7^"^)  is  the  time  of  filling  to  cd  the  top  of 

the  sluice. 

*  Again,  for  filling  to-  apy  height  gh  above  the  sluice,  x  de- 
noting as  before  a  -  ag  the  height  of  the  head  above  gh, 
2  ^  gx  will  be  the  velocity  of  the  water  through  the  whole 
sluice  AD  :  and  therefore  "ih^  ^  gx  the  quantity  per  second, 

and 
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and  — —  =7?  the  rise  per  second  of  the  water  in  the  ditches ; 

consequently  v  }  -  i  : :  l''  :  ^  =  -  -  = -Tli.  x  -^  the 

general  jatixion  of  the  time ;    the  correct  fluent  of  which 

being  0  when  rr  =  a  — >  6  =  d;is  t  =  ,■  ^      (w'c? «.  ^a:^  the 

time  of  filling  from  CD  to  GH. 

Then  the  sum  of  the  two  times,  namely,  that  of  filling 
from  AB  to  CD,   and    that    of  filHng    from  cd  to   gh,    is 

A    ,^£_^     _e  ,^  ^^^^ ,  vie -v^     f„^  ^^^ 

Whole  time  required.     And,  using  the  numbers  in  the  prob., 

thisbecomes-^^[^^^+--^Xl.(^^^ 

=  0-03577277A,  the  time  in  t^rins  of  a  the  area  of  the 
length  and  breadth,  or  horizontal  section  of  the  ditches.  And 
if  we  fiuppose  that  that  area  to  be  200000  square  feet,  the^ 
time  required  will  be  7154^  or  1^  59'  14'*^ 

And  if  the  sides  of  the  ditcb.slope  a  little,  so  as  to  be  a 
little  narrower  at  the  bottom  than  at  top,'  the  process  will  be 
nearly  the  same,  substituting  for  a  its  variable  value,  as  in 
the  preceding  problem.  And  the  time  of  filling  will  be  very 
nearly  the  same  as  that  above  determined. 

PROBLEM  25. 

But  if  the  Water,  from  which  the  Ditches  are  to  he  filled,  he  the 
Tide,  rahich  at  Low  Water  is  below  the  Bottom  of  the  Trunk, 
and  rises  to  d  Feet  above  the  Bottom  of  it  by  a  regular  Rise  of 
One  Foot  in  Half  an  Hour;  it  is  required  to  ascertain  the 
Time  of  Filling  it  to  6  Feet  high,  as  before  in  the  last  Problem, 

Let  acdb  represent  the  sluice  ;  and  when  the  tide  has  risen 
to  any  height  gh,  below  cd  the  top  of  the  sluice,  without  the 
ditches,  let  ef  be  the  mean  height  of  the  water  within. 
And  put  &  =  3  =  AB  =  AC  ;  t 

A  =  horizontal  section  of  the  ditches  ;       C- 

JT  =  AG  ;  G- 

-e-^AE.  E- 


D 
H 

3' 


Then/g  :Veg  : :  2g  :  2^g  {x-^z)  the  velo 

city  of  the  water  through  aefb  ;  and 
^g  :yEG  : :  fg  :  f^g{x-'z)  the  mean  vel.  through  eghf  ; 
theref.  2bz^/g{x  —  z)  is  the  quantity  per  sec.  through  aefb  5 
^nd  lK^""^)\/^(^-  ^)  is  the  same  through  eghf  j 


conseq. 
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conseq.  f&  s/  g  X  (%  +  2^)  v^  (a?  ^  -2')  is  the  whole  through 
AGHB  per  second.     This  quantity  divided  by  the  surface  a, 

gives  — —--  X  (2a;  +  2')  v^  (x^z)  =  i)  the  velocity  per  secdod 

with  which  (EF,  or  the  surface  of  the  water  in  the  ditches, 
rises.    Therefore. 

51?  :  z  : :  1    :  ?  = — ; — -    X 


But,  as  GH  rises  uniformly  1  foot  in  30'  or  1800'^  there- 
fore 1  :  AG  : :  1800''  :  1800a;=  t  the  time  of  the  tide  rising 

through Ao  ;  conseq.r  =  1800i  =^-  x  -— ^_---, 

or  ^z=  (2a;+'2^)\/(2C— 5r)  .  i  is  the  fluxional  equa.  expressing 

A  3200 

the  relation  between  x  and  2  :  where  m  ==    ^,    .. ==  —-— 

12006  v/g        231 

or  13^1  J  when  A  =  200000  square  feet. 

Now  to  find  the  fluent  of  this  equation,   assume  z   = 

Aa;*+Ba;*+6a;'^' +Da;'^  &c.     So  shall. 

2a;+2r=2a;+Aa7^+Ba;^-fca;  ^  &c. 

,^    .    ^     .         N-     V.  #.        3a3   f.      a3+6ab    »^.; 
(2a;+z)v'(a;-2r):r=2a:^a:^-— a; V ;t — -x  ^  a;  &c, 

and  mz  =  fmAa;^i^+|mBa;-i+V^^^^^+¥^^*  ^  -^^c* 
•Then  equate  the/coefficients  of  the  like  terms/ 

so  shall  and  consequently 

■ImA  =  2  -         a  =  -r- , 

5m  ' 

#mB  =  0,  B  =  0,  :, 

.      \  •  24  • 

ymD  =  -f.3..|AB,.  B  =  -.^-,  -|: 

&c. ;  &c. 

,  Which  values  of  a,  b,  c,  &c.  substituted  in  the  assumed  value 
of  2r,  give 

_   4    #^^ 24_  V         16  _   14 

^""5^""         275m3''^875r?i4''  ' 

4     # 
.^j- ;>  — -—-a:- very  nearly.  - 


Hosted  by  Google 


550  PROMISCUOUS  EXERCISES. 

And  when  a;  =  3  =  ac,  then^  ==  *886  of  a  foot,  or  10| 
inches,  =  ae,  the  height  of  the  water  in  the  ditches  when 
the  tide  is  at  cd  or  3  feet  high  without,  or  in  the  first  hour 
and  half  of  time. 

Again,  to  find  the  time,  after  the  aboye,  when      \ 
EF  arrives  at  cd,  of  when  the  water  in  the  ditches  .  G  —-'■ — g; 
arrives  as  higtypis  the  top  of  the  sluice .-  C— — hD 

The  notation  remaining  as  before,  E  —  •■""-  Jg 

then  2&2'V'g(a;—r-?)  per  sec.  funs,  through  AF, 
and  |5(3  -  ^)  V  g{x — e)  per  sec.  thro'  ed  nearly ;     A         B 
therefore  py/g  X  ( 1 2  +  2^)  ^  {x  -  z)  is  the  whole  per  second 
through  AD  nearly. 

conseq.     ^   X'  0^  -f  i)  ^  (a;V  z):=^vis  the  velocity  per 

second  of  the  point  E  ;  and  therefore, 

7ni=^{l2+z)y/{x-^2)  .  i,  where  w=^— =23/^ nearly. 

As«ume  z==^ax'^+bx'^+  cx'^-^-hx^  &c.     So  shall 
^/         N        i      A^      a2+4b  #      a3+4ab+8c  4o 

1 2+2r=  1 2+A.x2^+Ba;2 +ca;2  &c. ; 

(12+^)  .V(«-'2')  •  i=12,x^:^-.6Aa;*i-(|A2+6B)A-  &c.  5 

i .  2  3. 

wi=|mA!c2^-|-4^Ba:2^+|.mca;3i  &c.  ' 

Then,  equating  the  like  terms,  &c.  we  have 

8                24       -     96  64  ,      « 

A  =  -,B=^ -,c  =  — --,  D  =  -— ■  nearly,  &c. 

„                S  #,     24      .    96    #  ,     64,       , 
Hence  2^=— a;-' x^+ — —x'-h- — x^  &c. 

m  W3  5/7l3  37/i4  ' 


ii,-  Or  2r=s  —a; '^nearly. 


But  by  the  first  process,  when  a;=3,  ;?=:-886  ;  which  sub- 
stituted for  them,  we  have  z  =  -886,  and  the  series  =  1-63  : 
therefore  the  correct  fluents  are 

8    3       04 
^^.886=-I-63+— a;^.-  —x^hcr, 
m  m^ 

,^^,8    3       24        ■ 
in  m^ 

And  when  z  =  3  =  ac,  it  gives  x  =  6-369  for  the  height  of 
the  tide  without,  when  the  ditches  are  filled  to  the  top  of  the 
sluice,  or  3  feet  high  ;  which  answers  to  3^  IT  4".  . 

^  Lastly,. 
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Lastly,  to  find  the  time  of  rising  the  remainittg  3  feet  above 
the  top  of  the  sluice ;  let  '    '.  - 

a:==CG  the  height  of  the  tide  above  cp,  €:-~«-..~..~b; 

r=cE  ditto  in  the  ditches  above  cd  ;  E  — 

and  the  other  dimensions  as  before.  C 

Then  ^  g  :  ^eg  :  :  2g  :  2  ^  ^  (a:-.2r)  =  the . 
velocity  with  which  the.  water  runs  through  the  ^ 

whole  sluice  ap;  conseq.  ADX2^g  (x-^z)  =i^      -^ 
^^^Z g  {x  -  z)  is  the  quantityper  second  running  through  the 

sluice, ^nd — ^^[^  (x^z)  =  v  the  velocity  of  z,  or  the  rise 

•A. 

of  the  water  in  the  ditches,  per  second  ;  hence  u  :  i  ;  :  i'' ;  } 

■  Z  __        A  z 

A  ' 3200 

the  fluxional  equation  :  where  m  =  -.-■ —  = . 

^  '  1802^0.       2079 

To  find  the  fluent, 

^  A  .5  6. 

Assume  z=-Ax^'\'Bx^'\'Cx^+jyx^  &c, 
Ihen  X-— 2r=a;— Aaj2 — Bx2--ea;2&c.  , 

.    ,f        V      ^-       A  |.       a2+4b  f  .^ 

Z  o 

1  2  3. 

«»2  =|?iAa;2:^ +|.;iBa;2i -{-#?ica;2i  &c. 
Then  equating  the  like  terms  gives 

/>=3r»' ^^^i^' ''^so^' '•=8ii^' ^'=- 

Hence  z  =  -—a;^  —  - — x^A — x^ — x^  &c. 

3w      '    6^2     ^90712  8I0»C    *^^- 

But,  by  the  second  case,  when  2' ==  0,  a:  =  3-369,  v^hich 
being  used  in  the  series,  it  is  1-936  ;  therefore  the  correct 

fluentis2r  =  — 1.936+  3^^^-g^a;2   &c.     And  when 

2'  ==  3,  ic  =  7  ;  the  heights  above  the  top  of  the  sluice  ;  an- 
swering  to  6  and  10  feet  above  the  bottom  of  the  ditches. 
That  is,  for  the  water  to  rise,  to  the  height  of  6  feet  within 
the  ditches,  it  is  necessary  for  the  tide  to  rise  to  1©  feet  with« 
out,  which  just  answers  to  5  hours  ;  and  so  long  it  would  take 
to  fill  the  ditches  6  feet  deep  with  water,  their  horizontal 
area  being  2Q0G00  square  feet. 

Further^  when  a?  =  6,  then  z=  2»117  the  height  above 


*  JVb^e.  The  fluxional  equatioa  mi  =  «  \/(a:— «)  may  be  ihte§^rated  without 
seiies, — ^Editor, 

the 
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the  top  of  the  sluiee  ;  to  which  add  3,  the  height  of  the 
sluice,  and  the  sum  5- 11 7,  is  the  depth  of  ws^ter  in  the  ditches 
in  4  hours  and  a  half^  or  when  the  tide  has  risen  to  the  height 
of  9  feet  without  the  ditches. 

JSToti,  In  the  foregoing  problems,  concerning  the  afflux  of 
water,  it  is  taken  for  granted  that  the  velocity  is  the  same  as 
that  which  is  due  to  the  whole  height  of  the  surface  of  the 
supplying  water  ;  a  supposition  which  agrees  with  the  prin- 
ciples of  the  greater  number  of  authors':  though  some  make 
the  velocity  to  be  that  which  is  due  to  the  half  height  only  : 
and  others  make  it  still  less. 

Also  in  some  places,  where  the  difference  between  two  pa- 
rabolic segments  was  to  be  taken,  in  estimating  the  mean  ve- 
locity of  the  water  through  a  variable  orifice,  1  have  used  a 
near  mean  value  of  the  expression  ;  which  makes  the  opera- 
tion of  finding  the  fluents  much  more  easy,  and  is  at  the  same 
time  sufficiently  exact  for  the  purpose  in  hand. 

We  may  further  add  a  remark  here  concerning  the  method 
of  finding  the  fluents  of  the  three  fluxional  forms  that  occur, 
in  the  solution  of  this  problem,  viz.  the  three  forms  mz  *= 
{^x+z)  \/  {x  — ■  z)  X,  and  mz  c=  (112  -f-  z)  y/  {x  —  z)  i,  and 
qjiz  =  y'(x'-z)cx;  the  fluents  of  which  are  found  by  assuming 
the  fluent  m^  in  an  infinite  series  ascending  in  terms  of  ic  with 
indeterminate  coefficients  a,  b,  c,  &c.  which  coefficients  are 
afterwards  determined  in  the  usual  way,  by  equating  the  cor- 
responding terms  of  two  similar  and  equal  series,  the  one  se- 
ries denoting  one  side  of  the  fluxional  equation,  and  the  other 
series  the  other  side.  By  similar  series,  is  meant  when  they 
have  equal  or  like  exponents  ;  though  it  is  not  necessary  that 
the  exponents  of  all  the  terms  should  be  like  or  pairs,  but  on- 
ly some  of  them,  as  those  that  are  hot  in  pairs  will  be  can- 
celled or  expelled  by  making  their  coefficients  ==  0  or  nothing. 
Now  the  general  way  to  make  the  two  series  similar,  is  to 
assume  the  fluent  z  ciqual  to  a  series  in  terms  of  a?,  either  as- 
cending or  descending,  as  here 

z  =  a;'* +0;'*** +a:'"  + 2«  &e.  for  ascending, 
or  2"  ==  x^  -i'X'^^+x'''^^^  &c.  for  a  descending 
series,  having  the  exponents  r^  r  dt:  s,  r  dz  25,&c.  in  arith- 
metical progression,  the  first  term  r,  and  common  difference 
s  ;  without  the  general  coefficients  a,  b,  c,  &c.  till  the  values 
of  the  exponents  be  determined.  In  terms  of  this  assumed 
series  for  z,  find  the  values  of  the  two  sides  of  tbe  given 
fluxional  equation,  by  substituting  in  it  the  said  series  instead 
of  2  ;  then  put  the  exponent  of  the  first  term  of  the  one  side 
equal  that  of  the  other,  which  will  give  the  value  of  the  first 
exponent  r ;  in  like  manner  put  the  exponents  of  the  two  2d 

terms 
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ferms  equal,  which  will  give  the  value  of  the  common  differ- 
ence 5  ;  and  hence  the  whole  series  of  exponents  r,  r±^s^  r 
±:!^s&c.  becomes  known. 

Thus,  for  the  last  of  the  three  fluxional  equations  above 
mentioned,  viz.  mi:=='  y/  {x—z)a:,  ov  only  z=:^  V'  (3^7- -2^)  ^  5 
having  assumed  as  above  2- ==  aj^'+o;''^*  &c.  and  taking  the 
fluxion,  then  z  =?V~^^  +  x''*^—^  x  +  &c.  omitHng  the  co- 
'efliGients;  and  the  other  side  of  the  equation  ^  (a; -^^)  i  = 

^  {x  no^-x"^'  &c.)  =  ajs^— ic^-2^&tc.  Now  the  exponents 
of  the  first  terms  made  equal,  give  r^ l=^j  theref.  r=l+^ 
=1 ;  and  those  of  the  2d  terms  made  eqaal,  give  r+s—  l=r 
—  J,  theref.  s--l=~.i,  and  «=1— i=i  :  conseq.  the  whole 
assumed  series  of  exponents  r,  r+s,  r+25,  i&c.  become  |,|,  f , 
&c.  as  assumed  above. 

Again,  for  the  2d  equation  wi:orz==  (12  +  z)  ^  {x  -^)|? 
=  (ct  -H  2:)  ^  {x  —  zYx  ;  assuming  z=aj''+a;^*^  &c.  as  before, 

then  i:  ==  rr^-^  i,+  a;^*,_ii&iG.  and  y^(a;— 2•)i=a:2a:-a?^~3:l? 
&c.  both  as  above  ;  this  mult,  by  a  +  ir  or  a'\'x''  -^x^"^^  &c. 

gives  ax^ir-o^a^'^ii  &c  :  then  equating  the  first  exponents 
gives  r—  1==J  ot  r=fV  and  r+s—  1==*!— i,  or  s  =  1  — f =i  ; 
hence  the  series  of  exponents  is  f »  f  5  i*  &c«  the  same  as  the 
former,  and  as  aissumed  above. 

Lastly,  assuming  the  same  form  of  series  for  z  and  z  as  in 
the  above  two  cases,  for  the.  l^t  fluxional  equation  also,  viz. 

jM2=r(2a;+'2;)^  (a?  — 2f)i  :  then^  {x-^z)x=^x^xvx'^^^x  &c» 

which  mult,  by  ^x-^-z^  gives  ^x^x—xr'^^x  &c.  :  here  equat- 
ing the  first  exponents  gives  r—  1  =  f  or  r  =  f ,  and  equating 
the  2d  exjioneiits  gives  r  +  s  —  1  =  r  +  ir  or  «  ^  f  ?  hence 
\hQ  series  of  exponents  in  this  case  is  f ,  |,  y ,  &c.  as  used 
for  this  case  above.  Theu,  in  every  csise,  the  general  co- 
efiicients  A,  b,  c,  &c.  are  joined  to  the  assumed  terms  it'',  a;''*% 
&c.  and  the  whole  process  conducted  as  in  the  three  series 
just  referred  to. 

Such  then  is  the  regular  and  legitimate  way  of  proceeding, 
to  obtain  the  formi  of  thes  series  with  respect  to  the  exponents 
of  the  terms.  But  in  many  cases  we  may  perceive  at  sight, 
without  that  formal  process,  what  the  law  of  the  exponents 
will  be,  as,  I  indeed  did  in  the  solutioris  in  the  series  above 
referred  to  ;  and  any  person  with  a  little  graetice  may  easily 
do  the  same; 


PROBLEM 
Vet.  ir.  71 
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PROBLEM  53. 

To  determine  the  Fall  of  the  Water  in  this  Arches  of  a  Bridge. 

_  The  effects  of  obstacles  placed  in  a  current  of  ^ater,  such 
a«  the  piers  of  a  bridge,  are,  a  sudden  steep  descent^  and  an 
increase  of  velocity  in  the  stream  of  water,  just  und^r  the 
arches,  more  or  less  in  proportion  to  the  quantity  of  the  ob- 
struction and  velocity  of  the  current ;;  being  very  small  and 
hardly  perceptible  where  the  arches  are  iarg§  and  the  piers 
few  or  small,  but  in  a  high  and  extradrdinai^  degree  at  Lon- 
don-bridge, and  some  others,  wh<6re  ^  pife  ahd  the  ster- 
lings ^reso  very  large,  iaproporfioff  to  the  aft^hesv  This ^^^^ 
the  case^  not  only  in  such  streams  as  run  always  the  same 
way,  but  in  tide  rivers  also,  both  upward  and  downward,  but 
inuch  less  in  the  former  than  in  the  latter*  buring  the  time 
of  flood,  when  the  tide  is  flowing  upward,  the  rise  of  the 
water  is  against  the  under  side  of  the  piers  ;  but  the  differ- 
ence between  the  two  sides  gradually  diminishes  as  the  tide 
flows  less  rapidly  towards  the  conclusion  of  the  flood.  Wheix 
this  has  attained  its  fuH  height,  and  there  is  no  lotiger  any 
€urrent,  but  a  stillness  prevails  in  the  water ibr  a  sliort  time, 
the  surface  assumes  an  equal  level,  both  above  and  belotv 
bridge.  But  as  soon  as  the  tide  begins  tb  ebb  or  return 
a^ain,  the  Ttesisitance  of  the  pi^rs  agaiust  the  stream,  ^d  the 
contraction  of  the  waterway,  cause  a  rise  ojf  the  sul-face^^^a^ 
and  under  the  arches,  with  a  full  and  a  more  rapid  descent  in 
the  contracted  stream  just  below.  The  quantity  of  this  rise, 
and  of  the  consequent  velocity  belowvkeep  both  gradually  in- 
creasing, as  the  tide  continues  ebbing,  till  at  quite  low  water, 
when  the  stream  or  natural  current  being  the  quickest,  the 
fall  under  the  arches  is  the  greatest.  And  it  is  the  quantity 
of  this  fall  which  it  is  the  object  of  this  problem  to  deter- 
minp^ 

Now,  the  motion  of  free  runtiing  water  is  the  consequence 
of  and  produced  by  the  force  of  gravity,  as  wallas  that  of  any 
other  falhng  body.  Hence  the  height  due  to  the  velocity,  that 
is,  the  height  to  he  freely  fallea  by  any  body  to  acquire  the 
observed  velocity  of  the  natural  stream,  in  the  river  a  little 
way  above  bridge,  becomes  known.  From  the  same  velocity 
also  will  be  found  that  of  the  increased  current  in  the  nar- 
rowed way  of  the  arches,  by  taking  it  in  the  reciprocal  pro- 
portion of  the  breadth  of  the  river  above,  to  the  contracted 
way  in  the  arches  ;  viz.  by  saying,  as  the  latter  is  to  the  for- 
mer, so  is  the  first  velocity,  or  slower  motion,  to  the  quicker. 
Next,  from  this  last  velocity,  will  be  found  the  height  due  to 

it 
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it  as  before,  that  is,  the  height  to  be  freely  fallen  through  by 
gravity,  to  produce  it.  Then  the  difference  of  these  two 
heights,  thus  freely  fallen  by  gravity,  to  produce  the  two 
velocities,  is  the  required  quantity  of  the  waterfall  in  the 
arches  ;  allowing  however,  in  the  calculation  for  the  contrac- 
tion, in  the  narrdwed  passage,  at  the  rate  as  observed  by  Sir 
I.  Newton,  in  prop.  36  of  the  2d  book  of  the  Principia,  or  by 
other  authors,  being  nearly  in  the  ratio  of  25  to  21.  Such 
then  are  the  elements  and  principles  on  which  the  solution 
of  the  problem  is  easily  made  out  as  follows. 

Let  b  =  the  breadth  of  the  channel  in  feet ; 

V  =  mean  velocity  of  the  water  in  feet  per  second  ; 
c  ==  breadth  of  the  waterway  betw:een  the  obstacles. 

■  21 

Now  25 :  21  :  :  c :  —c,  the  waterway  contracted  as  above. 

21  266 

And  -—c:b::v:  -—r-Vi  the  velocity  in  the  contracted  way. 

25  21c 

Also  322  r  -u^  :  :  ig  .  j.-^a ,  height  fallen  to  gain  the  velocity  v. 

And322  :(~vy  : :  16  :  (~yx  ^V^^,  ditto  for  the  vel.|^-^. 
^21c  '  ^21c'^       ***  21c 

256        V"^       v^ 
Then  (— )«X — —  -—  is  the  measure  of  the  fall  required. 
^21c^      64       64  , 

Or  T(~ -^^  — 11  Xtt-  is  a  rule  for  computing  the  fall. 
^^2lc^        •'64 

1.4252 c3      _ 

Or  rather  •  ^       X^^  very  nearly,  for  the  fall. 

Exam.  1.     For  London-Bridge, 

By  the  observations  made  by  Mr.  Labelye  in  1746, 
The  breadth  of  the  Thames  at  London-bridge  is  926  feet ; 
The  sum  of  the  waterways  at  the  time  of  low-water  is  236  ft.; 
Mean  velocity  of  the  stream  just  above  bridge  is  SJ  feet  per 
second.  But  under  almost  all  the  arches  are  driven  into  the 
bed  great  numbers  of  what  are  called  dripshot  piles,  to  pre- 
vent the  bed  from  being  washed  away  by  the  fall.  These 
dripshot  piles  still  further  contract  the  waterways,  at  least  } 
of  their  measured  breadth,  or  near  39  feet  in  the  whole  ;  so 
that  the  waterway  will  be  reduced  to  197  feet,  or  in  round 
numbers  suppose  200  feet. 

Then  6  =  926,  c  =  200. -y  =.  3|: 

Hence 
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„  l-4262-^c2      1217616-400G0        '„ 

Hence ■ -=- — — — =:  '46* 

'  64c2  64x40000 


And  ^2  =_^=10J^. 


192 

Theref.  4o  X  10/^  ~  4-73  ft.  $|  in.  the  fall  required.  By 
the  most  exact  observations  made  about  the  year  1736,  the 
measure  of  the  fall  was  4  feet  9  inches. 

Exam.  2.     For  Westminster-bridge, 

Though  the  breadth  of  th^  river  at  Westminster-bridge  is 
1220  feet ;  yet,  at  the  time  of  the  greatest  fail,  there  is  water 
through  only  the  13  Jarge  arches,  which  amount  to  but  820 
feet ;  to  which  adding  the  breadth  of  the  12  intermediate 
piers,  equal  to  174  feet,  gives  994  for  the  breadth  of  the  ri- 
ver at  that  time  ;  and  the  velocity  of  the  water  a  little  above 
the  bridge,  from  many  experiments,  is  not  more  than  2i  feet 
per  second. 

Here  then  b  =  994,  c  =  820,  v  =  2}  =  f . 

„  1.4262— c2      1403011-67240,0      ^.^^^ 

Hence — —  ==_ — — : — , -—:  '01722. 

64c2  64X672400 

'812     ■   ■  ■'  ■  .     ■-/■ 

And^a  =  _  =  5j_ 

Theref.  •01722  x  5yV  =  -0872  ft.  =1  in.  the  fall  requir- 
ed ;  which  is  about  half  an  inch  more  than  the  greatest  fall 
observed  by  Mr.  Labelye. 

And.  for  Blackfriar's-bridge,  the  fall  will  be  much  the  same 
as  that  of  Westminster, 
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BY  THE  EDITOR,  R.  ADRAIN. 


JVew  Method  of  deUrmiriing  the  Angle  contained  by  the  chords 
of  two  sides  of  a  Spherical  Triangle. 

See  prob.  V.  page  77vvol.  2. 


THEOREM. 


If  ajiy  two  sides  of  a  SpheTical  Triangle  be  produced  till  the 
continuation  of  each  side  be  half  the  supplement  of  that 
side,  the  arc  of  a  great  Circle  joining  the  extremities  of  the 
sides  thus  produced  will  be  the  measure  of  the  angle  con- 
tained by  the  chords  of  those  two  sides. 


DEMONSTRATION. 

Let  the  two  sides  ab,  ac  of  the  spheric£|l 
triangle  abc  be  produced  till  they  meet  iu 
G,  and  let  the  supplements  bg,  cg,  be  bisect- 
ed in  D  and  e,  also  let  the  chords  atwb,  a?zc 
of  the  arcs  ab,  ac  be  drawn  ;  and  the  great 
circular  arc  de  will  be  the  measure  of  the 
rectilineal  angle  contained  by  the  chords 

AmB,  A?IC. 


Let  the  diameter  ag  be  the  common  section  of  the  planes 
of  ABG,  acg,  and  f  the  centre  of  the  sphere,  from  which  draw 
the  straight  lines  FD,  FE. 

Since,  by  hypothesis,  ge  is  the  half  of  gc,  therefore  the 
angle  at  the  centre  gfe  is  equal  to  the  angle  at  the  circumfe- 
rence GAnc  (theo.  49,  Geom.)  and  therefore  Anc  and  fe,  be- 
ing in  the  same  plane,  are  parallel:  in  like  manner,  it  is 
shown  that  fd  and  A?nB  are  parallel,  and  therefore  the  recti- 
lineal angles  bac  and  dfe,  are  equal,  and  consequently,  since 
DE  is  the  measure  of  the  angle  dfe,  it  is  also  the  measure  of 
the  angle  contained  by  the  chords  A?nB  and  auc,  q..  e.  d.  . 

Ifew 
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Jfew  method  of  determining  the  Oscillations  of  a  Variabk 
Pendulum, 

The  principles  adopted  by  Dr.  Hutton  in  the  sX)lution  of 
his  43th  problem,  page  637,  vol.  2yare,  in  my  opinion,  erro- 
neous. He  supposes  the  number  of  vibrations  made  in  a 
given  particle  of  time  to  depend  on  the  length  of  the  pendu- 
lum only,  without  considering  the  accelerative  tension  of  the 
thread  ;  so  that  by  his  formula  we  have  a  finite  number  of  vi- 
bratiom  performed  in  a  finite  time  by  the  descending  weight, 
even  when  the  ascending  weight  is  infinitely  small  or  nothing. 
Besides,  the  stating  by  which  he  finds  the  Auction  of  the  num- 
ber of  vibrations,  is  referred  to  no  georae<^7ical  or  mechanical 
priHciple,  and  appears  to  be  nothing  but  a  mere  hypothesis. 
The  following  is  a  specimen  of  the  method  by  which  such 
problem*  may  be  solved  according  to  acknowledged  princi- 
ples. 

PROBLEM. 

Jftts)o  unequal  weights  m  and  m^  connected  by  a  thread  passing 
freely  over  a  pulley,  are  suspended  vertically ^  and  exposed  to 
the  action  of  common  gravity,  it  is  required  to  investigate  the 
number  of  vibrations  made  in  a  given  time  by  the  greater 
weight  m,  supposing  it  to  descend  from  the  point  of  suspen- 
sion, and  to  make  indefinitely  small  removals  from  the  verti- 
cctl.  ■ 

SOLUTION. 

Let  the  summit  a  of  a  vertical  abode  be  the 
point  from  whicii  m  descends,  b  any  point  in  ae 
taken  as  the  beginning  of  the  plane  curve  BniDn 
described  by  m,  which  is  connected  with  m' by 
the  thread  Am.  Let  mc  be  at  right  angles  to  ae, 
and  put  Ac=rc,  cm=y,  Am=r ;  also  let  t,  t  and  t 
be  the  times  of  the  descent  of  m  through  the  ver- 
tical spaces  AB,  AC,  and  bc  ;  ^=32^  feet,  =  the 
measure  of  accelerative  gravity  ;  /=  the  mear 
sure  of  the  retarding  force  which  the  tension  of  _ 

the  thread  exerts  on  m  in  the  direction  mA,  and  c  =  the  in- 
definitely small  horizontal  v^elocity  of  m  at  b. 

fx 
As  r  :  re  ::f'/—=  the  vertical  action  of  the  tension  on  w; 
r  ' 

fx  — 
and  theref  g  —*'—--  the  true  accelerative  force  with  which 

-in  is  urged  in  a  vertical  direction. 

Again, 
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fy 
Again,  r  :  2/  ••/•  —  =  the  horizontal  action  on  m  produced 

by  the  tension  of  the  thread  Am.  Thus  the  whole  accelerative 
forces  by  which  m  is  urged  in  directions  parallel  to  x  and  y^ 

are  ff— ~,  and  —,  the  former  of  these  forces  tending  ta  in- 
r  r 

crease  cc,  and  the  latter  to  diminish  y  ;  and  therefore  by  the 

general  and  well  known  thieorem  of  variable  motions  (See 

Mec,  CeL  B,  1 ,  Chap.  2),  we  have  the  two  equations 

But  by  hypothesis,  the  angle  wac  is  indefinitely  small,  we  have 
therefore-  =  1,  and/=—p~  =  a  given  quantity  ;  our  first 
fluxional  equation  therefore  becomes 

of  which  the  proper  fluent  is  a:~^(g  — /)  t^  :  and  by  substitut- 
ing for  X  the  value  just  found,  our  second  fluxional  equation 
becomes 

X-=: £_  _£_  or  -7^  ^py  =  0,  (putting  «  =  — ^  =^ ^ 

Now  when  p  is  less  than  J,  let  5'=v'J— Pj  and  in  this  case  the 

correct  fluent  of  the  equation  -r|—|-pi/=0,  is  easily  found  to  be 

from  which  equation  it  is  manifest  that  as  t  increases  y  also  in- 
creases, so  thatm  never  returns  to  the  vertical,  and  there  are 
no  vibrations.  Again,  whenjp  =s  a,  the  correct  fluent  of  the 
same  fluxional  equation  is 

|^=v/'^hyp.log.(l). 

So  that  in  this  case  also,  when  t  increases  2/  increases,  and  the 
body  m  never  returns  to  the  vertical.     Since  in  this  case  p= 

^^^  =1,  therefore  17m'=OT,  and  therefore  by  this  case 

and  the  preceding,  there  are  no  vibrations  performed  by  the 
descending  weight  m  when  it  is  equal  to  or  greater  than  17 

times  the  ascending  weight  m'. 

But  when  pis  greater  than  J,  put  w  =  ^ p  —  i,  and  in  this 
ca^c  the  correct  equation  of  th«  fluents  is 

2/_ 
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|-=  — -  .  sm.  <7i  .  hyp.  log.  -). 

This  equation  shows  us  that  we  shall  have  2/=0  as  often  as 

n.  hyp.  log.  -  becomes  equal  to  any  complete  number  of  se- 

micircumferences  :  if  therefore  9r^=:3-1416,  and  n  =  any  num- 
ber in  the  series  l,  2,  3, 4, 5,  &c.  we  can  have  y=0  only  when 

».  hyp.  log.  -=n:t,  from  which  we  have  — ,    suppos- 

Bng  hyp.  log.  c=l,  and  therefore 

NTT 

which  shows  the  relation  between  the  number  of  vibrations  N 
and  the  time  t  in  which  they  are  performed! 

Hence  it  is  manifest,  that  the  times  or  durations  of  the  ser 
veral  successive  vibrations  constitute  a  series,  in  geometrical 
progression. 
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CHAPTER  i. 


Containing  ike  First  Principles  of  Descriptive  Geometry^ 
with  Illustrations, 

Descriptive  Geometry  is  the  art  of  determining  by  con- 
structions performed  on  one  plane  the  various  points  of  lines 
and  surfaces  which  are  in  different  planes.  The  principle  on 
which  this  art  is  founded,  consists  in  projecting  the  points  of 
any  line  or  surface  on  two  given  planes  at  right  angles  to  each 
other.  These  two  planes  are  usually  denominated  the  hori- 
zontal and  vertical  planes,  or  the  fundamental  or  primitive 
planes,  or  the  planes  of  projection.  In  the  constructions  the 
vertical  plane  is  supposed  to  have  revolved  about  the  line  of 
their  common  intersection,  and  to  be  coincident  with  the  ho- 
rizontal plane ;  and  it  is  by  means  of  this  coincidence  that 
both  the  projections  on  the  horizontal  and  vertical  planes  are 
effected  by  constructions  performed  on  the  horizontal  plane. 


To  illustrate  this,  let  abcd  be  the  horizontal  plane,  and 

EFGH  the  vertical  plane  at  right  angles  to  it,  and  meeting  it  in 

Vol.  II,  12  the 
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the  straight  line  of  their  common  section  ef.  Suppose  p  t© 
he  any  point  in  space,  from  which  on  the  plane  abcd  let  fall  the 
perpendicular  pp'^  meeting  that  plane  iin  p' ;  and  on  the  vertical 
plane  efgh,  let  fail  from  p  the  perpendicular  pp"  meeting  it  in 
p'' ;  then  r  and  p'^  are  the  projections  of  the  point  f  on  the 
primitive  planes  :  and  it  is  obvious  that  the  projections  of  any 
other  point  besides  p  cannot  be  coincident  with  both  the  points 
p'  and  p'',  and  therefore,  when  the  points  p' and  p"  are  given, 
there  is  but  one  point  p  of  which  they  are  the  projections. 

From  the  point  p'  draw  in  the  horizontal  plane  tbe  straight 
line  p-K  at  right  angles  to  the  common  section  ef,  and  join  p''k. 
It  is  obvious  that  p'k  is  at  right  angles  to  the  plane  efgh,  and 
by  supposition  pp"  is  at  right  angles  to  the  same  plane,  conse- 
quently pp'Vp'k  are  parallels,  and  therefore  in  one  plane  i  and 
since  the  angle  pp'k  is  a  right  angle,  therefore  p'pp  '  is  also  a 
right  angle  :  and  because  pp"k  is  a  right  angle,  it  follows  that 
p'kp''  is  likewise  aright  angle  ;  thus  it  appears  that  the  plane 
figure  pp  KP'  is  a  rectangle,  and  the  two  distances  p'k,  p'''k,  are 
equal  to  the  two  projecting  perpendicular?  pp''  and  pp'  .  Those 
perpendiculars  pp"  and  pp',  or  their  equals  ,vk,  p'k,  are  called 
the  ordinates  of  the  point  p. 

Suppose  now,  after  the  points  p'  and  p^are  determiDed,  that 
the  plane  efgh  revolves  about  its  intersection  ef  from  its  po- 
sition at  right  angles  to  abcd,  until  it  coincides  with  the  horizon^ 
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JI 


B 


G 


P' 
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tal  plane  :  during  this  revolution  the  straight  line  kp'  in  its 
motion  continues  at  right  angles  to  the  common  section  ef  ; 
and  when  the  vertical  plane  efgh,  has  coincided  with  the 

horizontal 
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Sxorilzontal  plane  abcd,  the  line  f^'k  of  the  former  plane  evident- 
ly falls  in  the  continuation  of  pk  ;  so  that  p'k,  kp",  make  one 
straight  line  at  right  angles  to  ef,  and  lying  in  the  horizontal 
plane  ;  the  distances  p'k,  p'k,  being  the  ordinates  or  co-ordi- 
nates to  p,  the  point  in  space. 

The  point  p  in  space  is  said  to  be  given,  when  the  two 
perpendiculars  or  ordinates,  p'k  and  p'k,  are  given  in  magni- 
tude and  position  ;  and^  point  sought,  p  is  said  to  be  found 
when  the  two  ordinates  p'k  and  p'^jc  have  been  found.  The 
various  positions  of  the  projections  p'  and  p"  corresponding 
to  the  different  situations  of  the  point  p  in  space,  should  be 
clearly  conceived  by  the  learner  ;  on  this  account  the  follow- 
ing varieties  of  position  deserve  attention  :  and  it  is  particu- 
larly to  be  noted,  that  the  horizontal  projection  of  the  point 
in  space  is  marked  with  one  accent,  and  the  vertical  projec- 
tion with  two  accents,  by  means  of  which  the  severnl  points 
of  the  horizontal  and  vertical  planes  will  be  easily  distin» 
guished, 
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If  the  point  p  which  is  to  be  projected,  be  in  the  ground 
line  or  common  intersection  ef,  of  the  fundamental  planes,  its 
projections  p',  p''',  must  evidently  coincide  with  the  point  itself 
as  in  N<»,  1. 

If  the  point  p  be  in  one  of  the  fundamental  planes  but  not 
in  the  other,  let  it  first  be  in  the  horizontal  plane  at  p',  as  in 
N*.  2,  N«.  3.  In  each  of  which  the  vertical  projection  p'' 
falls  on  the   ground  line ;    in  N».  2,  the  point    /is  before 

the 
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the  vertical  plane,  and  in  N**.  3.  the  point  p' is  behind  the 
vertical  plane.  Next  let  the  point  p  be  in  the  vertical  but 
not  in  the  horizontal  plane,  as  at  p"  N*^.  4,  No.  6.  In  each 
of  these  cases  the  horizontal  projection  is  manifestly  on  the 
ground  line  at  p'.  In  N^.  4,  the  point  p  or  p"  is  in  the  verti- 
cal plane  directly  above  the  point  p'  of  the  ground  hne,  and 
by  the  revolution  of  the  vertical  plane  efgh  into  a  horizoiital 
Jjosition,  the  point  p'  falls  behind  the  ground  line  ef.  In  N^. 
6,  the  point  p  or  p^'is  directly  below  the  point  p'  of  the  ground 
line  in  the  continuation  of  the  vertical  plane  efgh  below  the 
horizontal  plane  ABCD  ;  and  by  the  samerevolution  of  efgh  as 
before,  the  point  p"  of  the  vertical  plane  immediately  below  p', 
is  brought  up  to  the  horizOBtal  plane  ;  so  that  in  this  last  case 
the  point  p"  is  before  the  ground  line  :  and  therefore  the 
points  p"and  p"  of  N**.  4  and  N*^.  5,  fall  on  opposite  sides  qf 
EF  on  the  horizontal  plane  by  the  revolution  of  the  vertical 
plane.  When  the  point  of  space  p  is  in  neither  of  the  primi- 
tive planes,  there  are  four  different  situations  in  which  it  may 
be  found,  that  require  to  be  particularly  distinguished  from 
one  another. 


i.  When  the  point  p  is  above  the  horizontal  plane  and  be* 
fore  the  vertical  plane.  In  this  case  the  horizontal  projection 
p'  falls  before  the  ground  line  ef,  and  the  vertical  projection 
p''  falls  behind  ef  ;  the  horizontal  and  vertical  ordinates  be- 
ing rp^  and  KPv  To  conceive  distinctly  the  place  of  the 
point  p,  take  in  ef  the  distance  kl  eqaal  to  kp",  and  on 
the  horizontal  plane  complete  the  rectangle  klmp'»  Ima- 
gine now  that  the  rectangle  klmp' revolves  about  its  fixed 
side  Kp'  from  a  horizontal  to  a  vertical  position  by  the  ascent 
^f  the  rectangle  above  the  horizontal  plane  ;  and  when  the 

rectangle 
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rectangle  klmp'  is  in  this  vertical  position,  its  angular  point  m 
will  coincide  with  the  point  p  of  which  the  projections  are  p' 
and  f'  :  and  the  angular  point  l,  after  having  described  a 
quadrant  of  a  circle  on  the  primitive  vertical  plane,  will  coin- 
cide with  that  point  of  it  which  is  the  vertical  projection  of  p? 
and  which  is  denoted  by  the  paint  f^\ 

2.  When  the  point  p  is  above  the  horizontal  plane  and  be- 
hind the  vertical  plane.  In  this  case  the  projections  p' and 
p''  both  fall  behind  the  ground  line  ef,  in  the  same  straight 
line  Kp"p'.  Having  made  kl  equal  to  kt\  and  completed  the 
rectangle,  suppose  it  to  revolve  about  its  side  kp'  which  re- 
main fixed  by  ascending  from  a  horizontal  to  a  vertical  posi- 
tion, and  the  point  m  will  coincide  with  the  point  p,  which  is 
conceived  to  be  directly  above  p'  ,  and  at  an  altitude  equal  to 
jry'orp'M* 


3.  When  the  point  p  is  below  the  horizontal  plane  and  behind 
the  vertical  plane.  In  this  case  the  point?' of  the  horizontal 
projection  of  p  falls  behind  the  ground  Hne  i:f,  and  the  vertical 
projection  p''  foils  before  it.  To  determine  the  situation  of 
the  point  p,  corresponding  to  the  projections  p'  and  p'',  com- 
plete the  rectangle  klmp^  as  before  ;  and  suppose  it  to  revolve 
about  the  fixed  side  p'k,  from  a  horizootal  to  a  vertical  posi- 
tion by  the  descent  of  the  side  lm.  so  that  the  point  m  may 
be  directly  below  the  point  p'  of  the  horizontal  plane.  Then 
will  the  point  m  coincide  with  the  point  p,  of  which  the  hori- 
zontal and  vertical  projections  are  p'and  p''.  When  the  rect- 
angle klmp'  is  in  the  vertical  position,  and  m  Goinciding  with 
p,  MP' is  the  projecting  line  or  ordinate  upwards  from  p  on  the 
horizontal  plane,  and  ml  is  the  projecting  line  from  p  on  the 
vertical  plane  ;  the  point  l  being  in  the  vertical  plane  direct- 
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ly  below  k.  The  point  l  immediately  below  k  is  that  which  is 
denoted  by  the  point  p"  ;  it  is  brought  into  the  point  p''  coin- 
ciding with  the  horizontal  plane  by  the  revolation  of  the  ver- 
tical plane  about  ef,  from  a  vertical  to  a  horizontal  position, 
the  upper  part  of  the  vertical  plane  falling  behind  ek  toward 
CD,  and  the  lower  part  rising  so  as  to  coincide  with  the  hori- 
zontal plane  before  ef  towards  ab. 

4.  When  the  point  p  is  below  the  horizontal  plane  and  be- 
fore the  vertical  plane.  In  this  case  both  points  of  projection  t 
and  p"  are  before  the  ground  line  ef.   The  exact  situation  of  p 


correspondihg  to  p'  and  p'',  may  be  known  by  constructing  the 
rectangle  klmp^  as  before,  and  conceiving  it  to  revolve  about 
KP',by  descending  from  a  horizontal  to  a  vertical  position.  Iii 
this  vertical  situation  of  the  rectangle,  the  point  m  coincides 

with 
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with  the  point  p,  which  is  directly  below  p',  and  mp',  ml  are 
the  two  projecting  lines  by  which  p  is  represented  at  p'  on 
the  horizontal  plane,  and  at  l  directly  below  k  in  the  verti- 
cal plane.  By  the  revolution  of  the  vertical  plane  about  ef, 
the  point  of  projection  l  directly  ]below  k  is  brought  upwards 
into  the  point  p"  on  the  horizontal  plane. 

As  a  farther  elucidation  of  the  general  principle,  let  us  coh- 
sider  the  projections  of  straight  lines. 


Let  ABCD  be  the  horizontal  plane,  and  efgh  the  vertical 
plane  at  right  angles-  to  the  former,  and  meeting  it  in  their  com- 
mon intersection  Ef^ ;  and  let  fq,  be  any  straight  line  in  space. 
From  p  and  q,  any  two  points  of  the  straight  line  pq  imagine  two 
straight  lines  pp  and  q^'  to  be  drawn  at  right  angles  to  the  hori- 
zontal plane  abcd  and  meeting  it  in  p  and  q.'  ;  and  from  the  same 
points  pand  Qtwo  other  straight  lines  pp^^  and  q^''  to  be  drawn 
at  right  angles  to  the  vertical  plane  efgh,  meeting  it  in  the 
points  f'  and  q!\  Draw  p'k,  q,'l  at  right  angles  to  the  ground 
line  EF  ;  join  p'k,  ^"l  ;  and  we  have  as  before  the  rectangle 
pp'Kp'',  of  which  the  sides  pp'^  and  pp',  or  their  equals  p'k  and 
p'k,  are  the  ordinates  of  the  point  p  ;  and  in  like  manner  q,q'' 
and  Q^',  or  their  equals  q't  q'^l,  are  the  ordinates  of  the  point 
of  space  Q. 

Suppose  now  a  plane  to  pass  through  the  line  in  space  pq, 
and  either  of  the  perpendiculars  pp',  and  qq,'  :  and  it  is  easy 
to  perceive  that  it  will  pass  through  the  other  perpendicular, 
and  meet  the  horizontal  plane  in  the  straight  pV  which  joins 
the  points  p'  and  q!:  It  is  also  evident  that  all  the  perpendi- 
cular* 
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culars  let  fall  on  the  horizontal  plane  from  the  several  points 
of  the  line  in  pq  will  meet  the  horizontal  plane  in  the  straight 
line  p'a' ;  the  straight  line  pV  is  therefore  called  the  hori- 
zontal projection  of  the  straight  line  p^.  From  this  construc- 
tion it  is  plain  that  the  projection  of  a  straight  line  on  a  plane 
is  a  straight  line  on  the  plane  passing  through  the  projections 
on  the  same  plane  of  any  two  points  of  the  proposed  straight 
line  ;  or  which  amounts  to  the  same  thing,  the  projection  of  a 
straight  line  on  a  plane  is  the  common  intersection  of  this  plane 
and  another  plane  at  right  angles  to  the  former,  and  passing 
through  the  straight  line. 

From  this  definition  it  is  manifest  that  pV^is  the  projection 
of  PQ  on  the  vertical  plane  ;  so  that  pV  and  pV  are  the  ho- 
rizontal and  vertical  projections  of  the  straight  hne  p^. 

Conceive  now  that  after  the  projections  of  pq,  are  thus 
made,  the  vertical  plane  efgh  revolves  about  the  common 
section  ef  from  a  vertical  position  till  it  coincide  with  the  ho- 
rizontal plane,  the  higher  part  of  the  vertical  plane  being 
supposed  to  fall  bejlind  the  common  section  ef  ;  the  straight 


D 


H 
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lines  which  are  at  right  angles  to  ef  will  fall  in  the  continuation 
of  p'k  and  q'l  :  so  that  the  projections  of  rq,  will  now  obtain 
the  positions  p'q,  p'V  ob  the  same  plane  ;  the  ordinates  p'k,  kp" 
making  one  straight  line,  and  <il,  L^'also  making  one  straight 
line. 

The  various  positions  of  the  projections  p'^',  p  V'  will  be 
fully  exemplified  in  the  subsequent  problema ;  it  is  sufficient 

to 
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to  observe  here  tliat  a  straight  line  jp^  is  said  to  be  given  in 
space  when  its  projections  p'^'  and  f^oi^  are  given  ;  and  a 
straight  lioe  p^  is  said  to  be  found  when  its  projections  pq% 
3>'^''  are  found.  To  which  we  may  add  that  the  two  planes 
passing  through  pq  and  each  of  the  projections  p'Q'  andp"^'''' 
are  called  the  projecting  planes  of  vq, ;  of  course  a  straight 
line  will  always  be  given  in  position,  when  we  have  the  inter- 
section of  its  projecting  planes./ 

When  a  plane  exists  in  space  it  is  referred  to  the  planes  of 
projection  by  means  of  its  two  intersections  with  those  two 
planes.  Let  abcd  and  efgh  be  the  horizontal  and  vertical^ 
planes  ;  and  let  KaR^"be  any  other  plane  :  this  plane  will  in 
general  cut  both  the  planes  of  projection ;  the  horizontal 
plane  in  the  straight  line  kq'  and  the  vertical  plane  in  the 
straight  line  kq".  These  intersections  k^*^^-  kq.'"  are  called 
the  traces  of  the  plane  kq!  rq*'';  the  formei*  kq,'  being  the 
borizontal  trace  of  thev  plane,  and  net"  its  vertical  trace. 
When  the  vertical  plane  efgh  revolves  about  the  ground 
line  from  a  vertical  to  a  horizontal  ppsitioii,  the  vertical 
trace  k^''  will  be  in  the  horizontal  plane,  and  the  two 
traces  will  then  be  in  the  same  horizontal  plane,  meeting  each 
other  in  the  point  k  in  which  the  plane  kq'rq'V  cuts  the 
ground  line  EF.  A  plane  is  said  to  be  given  in  position  Vfhen 
its  hprizpntal  and  vertical  traces  are  given. 


The  various  positions  of  the  traces  of  a  plane  according  to 
the  situation  of  the  plane  will  be  exhibited  ia  some  of  the 
problems  in  the  following  chapter. 
'   Vol/IK  73  CHAPTER 
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chapter:  11. 


Containing.  Fundamental  Problems^ 


PROBLEM  I. 

If  a  straight  line  he  given  hy  its  projections ^  it  is  required  t» 
find  its  height  above  the  horizontal  plane  at  any  point  of  its 
projection  on  that  plane. 

Let  ABCD  be  the  hori-    j) 

zontal   plane,   and   efcd 

the  vertical  plane,  which 

by  revolution  about  their 

common  intersection   or 

ground  line  ef,  is  brought 

into  a  horizontal  position,   -nj 
Let  pV  and  p"^"  be  the 

two  projections  of    the 

given  line,  the  former  pV 

on  the  horizontal  plane, 

the  latter  p'V  on  the  ver- 
tical plane  ;  it  is  required 

to  find  the  altitude  of  the  given  line  above  any  point  p'  of  the 

horizontal  projection  PQ.'. 

Draw  PK  at  right  angles  to  the  ground  line  ef,  and  produce 
p'k  if  necessary  to  meet  p^'a'^  fhe  vertical  projection  in  p"  : 
and  Kp"  will  be  the  height  of  the  given  straight  line  above  the 
point  t\ 

Be^cause  p V  is  the  horizontal  projection  of  a  straight  line, 
therefore  the  poipt  p'  is  the  horizontal  projection  of  some 
point  p  of  that  line ;  but  the  two  projections  of  a  point  are 
always  in  the  same  straight  line  at  right  angles  to  the  ground 
line,  therefore  the  vertical  projection  of  p  is  in  p'kp":  and 
because  p'V'  is  the  vertical  projection  of  the  given  liBie,  the 
vertical  projection  of  p  must  be  in  p"€t",  therefore  the  verti- 
c^  projection  of  p  is  in  the  point  p'' which  is  the  intersection 
of  p  KP'' and  p"^".  Therefore  p'k,  p^'k  are  the  horizontal  and 
vertical  ordinates  of  the  point  p,  and  KP^-is  equaUto  the  height 
of  the  given  line  above  the  point/. 

If  ^'  be  ai^ypther  point  in  th^^  horizontal  projeetioii  pV  5 
draw:  a?  before^^oi''  at  right  angles  ^EE,^a^^  the 

height  required.    In  this  secx)nd  case  the  pointy"  falls  before 

the 
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the  ground  line;  and  therefore,  agreeably  to  the  illustrations  of 
the  projections  of  a  point  given  in  the  first  chapter,  the  dis- 
tance lq''  is  a  depresssion  belpw  the  horizontal  plane  :  that  is, 
the  point  q,  of  which  ^'  and  ^"  ate  the  horizontal  and  vertical 
projections,  is  directly  below  the  point  ct' of  the  horizontal 
plane,  its  distance  below  ^' being^ equal  to  lq".  Thus  it  ap- 
pears that  the  point  of  the  given  Une,  of  which  p  and  p'  are 
the  projections,  is  above  the  horizontal  plane  and  before  the 
vertical  plane,  but  that  the  point  of  this  line  of  which  ^  and 
^"  are  the  projections,  is  below  the  hoi'izontal  and  behind  the 
vertical  plane. 


X<i' 


Again,  let  p'  ^',  and  p'' 
^"be  the  horizontal  and 
vertical  projections  ef  a 
straight  line,  and  ab  the 
ground  line.  In  this  figure 
the  point  of  the  given 
line  Q,  of  which  q'  and  ^" 
are  the  projections,  is  a- 
boye  the  point  4'  of  the 
horizontal  plane  j  at  a 
height  equal  to  the  ordi- 
nate L  €i" ;  and  the  point 
of  the  lipe  p,  of  which  v  and  p''  are  the  projections,  is  below 
the  point  p' of  thes  iliorizontal  plane,  the  depression  of  the 
point  being  equal  to  the  ordinate  kp'':  whence  it  appears  that 
the  point  of  the  given  line  projected  into ^'  and  ^''  is  above 
the  horizontal  and  behind  the  vertical  plane  ;  and  that  the 
point  projected  into  p'  and  p''  is  below  the  horizontal  and  be- 
fore the  vertical  plane*     ' 

If  the  projections  p  ft'  and  p'/ a''  intersect  in  r',  the  ordinate 
yiM  is  common  to  both  the  horizontal  and  vertical  projections. 

It  is  evident  that  if  the  point  p"  of  the  vertical  projection 
were  given,  we  proceed  as  before  to  find  the  point  p',  and 
consequently  the  distance  KP^of  the  point  from  the  vertical 
plane. 

PROBLEM  n. 

If  the  projecting  planes  of  a  given  straight  line  be  supposed  to 
revolve  about  the  projections  of  the  straight  line,  till  they  co- 
incide with  the  planes  of  projection,  it  is  required  to  ^nd  the 
positions  of  the  straight  line  on  the  horizontal  and  vertical 
planes. 

Let 
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A      ^^ 
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■tlr^ 

.  1 

Let  Ai3  be  the  ground  line, 
and  p'  Q'i  p"  q"  the  horizon- 
tal and  vertical  projections 
of  the  lines,  which  are 
therefore  given.  From  any 
two  points  P',  Ql  of  the  ho- 
rizontal projection  p'  ^ 
draw  p'kp",  and  qlq.'',  at 
fight  angles  to  the  ground 
line  AB,  meeting  the  verti- 
cal projection  p''q"  in  p'^' 
and  ft'' :  also  draw  p'r,  q,'s 
at  right  angles  to  p'^Vand 
p"t,  q.'^v  at  right  angles  to 
ip'V;  and  make  pr,  q,'  s 
equal  to  kp'',  IuQl  ^  and  p''  t, 
ift'V  equal  to  kp',  l^'  :  join  rs,  tv,  w^hich  will  be  the  posi- 
tions required. 

For  the  altitudes  at  p'  and  ft'  are,  by  prob.  1,  equal  to  kp^ 
andLft",  and  at  right  angles  to  p'ft' :  these  altitudes  therefore 
must  by  their  revolution  about  p'ft'  coincide  with  the  straight 
lines  PR y  and  ft's,  and  cojisequently  the  straight  line  itself 
must  coincide  with  rs.  Exactly  in  the  same  way  it  is  shown 
that  the  straight  line  will  coincide  with  the  line  tv. 
'  Hence  we  have  a  simple  method  of  determining  the  posi- 
tion of  a  straight  line  in  space  when  we  have  its  projections  : 
we  have  only  to  find  the  position  of  the  line  on  the  horizontal 
plane  by  this  problem,  as  sr  ;  and  then,  supposing  the  trape- 
zoid p'RSft'  to  revolve  about  its  side  pV  from  a  horizontal  to 
a  vertical  position,  the  line  rs  will  coincide  with  the  straight 
line  of  which  the  projections  are  py  and  p'V. 

In  like  manner,  if  we  suppose  the  trapezoid  p'TVft"  to  re- 
volve about  the  side  pV^  from  a  horizontal  to  a  vertical  po- 
sition, it  will  then  be  at  right  angles  to  the  vertical  plane, 
which  in  the  Construction  coincides  with  the  horizontal  plane  : 
and  if  now  the  vertical  plane  resume  its  vertical  position,  vt 
will  coincide  with  the  given  line.  Thus  rs,  tv  will  coincide, 
and  p'ft'sR,  KP'ft'^L  will  be  the  projecting  planes  of  the  given 
line* 

In  this  construction  the  ordinates  kp'^,  "lol  are  both  altitudes 
above  the  horizontal  plane,  and  therefore  the  perpendiculars 
p'r,  ft's  are  drawn  on  the  same  side  of  p^ft';  and  because  the 
points  p',  ft'  are  both  before  the  ground  line,  the  perpendi- 
culars p'^T,  ft'V  are  both  on  the  same  side  of  v*  ft'' ;  and  in 
this  case  the  part  of  the  given  line  with  which  rs  coincides  is 
directly  above  the  projection  p'  ft'o 

If 
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If  the  points  p'  and  q,  of  the 
liorizontal  projection  are  both 
behind  the  ground  line  ab,  and 
p",  <^*  the  points  of  vertical 
projection,  both  before  ab;  the 
construction  of  the  positions 
RS,  TV  are  made  as  before  : 
but  in  this  case  the  trapezoid 
p'rsp"  must  descend  by  re- 
volving about  p'  €t',  in  order 
that  Rs  mdy  coincide  with  the 
given  lioe,  which  lies  direct- 
ly below  p'q'. 

When  the  two  points  p' 
and  Qi  of  the  horizontal 
projection  are  both  on  one 
side  of  the  ground  line,  and 
the  corresponding  points 
p"  and  Q,"  of  the  vertical 
projections  ^^re  on  differ- 
ent sides  of  ACB .  1  n  this 
case  we  place  the  perpen- 
diculars p -R  arid  q's  on  dif- 
ferent sides  of  P'a' ;  and 
RS  being  drawn  will  be  the 
horizontal  position  of  the 
given  line. 

If  we  suppose  the  plane  p'rsq,'  to  revolve  about  p'q,'  from 
a  horizontal  to  a  vertical  position  by  the  ascent  of  the  point 
RVand  consequently  by  the  descent  of  s,  the  straight  line  rs 
will  then  coincide  with  the  given  line:  _ 

It  is  evident  therefore,  that  the  segment  of  the  given  straight 
line  with  which  Rs  coincides,  has  one  part  of  it  above  the 
horizontal  plane  and  another  part  below  it.  r 

From  these  varieties  already  considered,  it  appears  that 
when  the  vertical  projections  p",  q"  are  both  on  the  same 
side  of  the  ground  line  ab,  the  perpendiculars  p'r,  q's  must 
be  placed  en  the  same  side  of  pq';  and  when  p",  q,"  are 
on  different  sides  of  ab,  the  perpendiGulars  p'r,  ^'smustbe 
placed  on  differejit  sides  of  p'q!. 

PROBLEM  III. 

To  find  ike  'points  in  which  a  given  straight  line  meets  the  planes 

of  projection, 

-     Let  AB  be  the  ground  line,  and  p'a',  p"q"  the  horizontal'  and 

Vertical  projections  of  the  given  line,  which  projections  are 

therefore 
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therefore  given.  Construct  by  prob.  2.  the  positiofis  us,  ty^ 
of  the  given  line  on  the  primitive  planes  by  revolving  about 
the  projections  ^'cC,^"q^:  produce  rs,  tv  if  necessary  to 
meet  the  projections  p'(^,  p"<^  in  x  and  v  ;  and  x  and  y  will 
be  the  points  in  which  the  given  line  meets  the  horizontal 
and  vertical  planes. 

If  Rsx,  TVY  revolve  about  p'^'  and  p'V;  they  will  (the  ver- 
tical plane  being  supposed  at  right  angles  to  the  horizontal) 
each  coincide  with  the  given  line,  and  therefore  the  points  x 
and  Y  are  in  the  given  line.  The  point  x  belongs  to  the  ho- 
rizontal plane,  but  the  point  y,  though  determined  by  a  con- 
struction on  the  horizontal  plan^,  is  not  a  point  of  this  plane 
through  which  the  given,  straight  line  passes  ;  it  is  a  point  of 
the  vertical  plane,  and  by  the  revolution  of  the  vertical  plane 
from  a  horizontal  to  a  vertical  position,  it  falls  below  the 
ground  line  ab. 

In  determining  the  points 
X  and  Y  by  this  method,  par- 
ticular attention  must  be  paid 
to  the  positions  of  the  points 
p',  ^',  p",  et\  with  respect  to 
the  gtound  line  ab.  In  the 
annexed  figure  the  points  p" 
and  ft"  fall  on  dififerent  sides 
of  AB,  and  therefore  the  per- 
pendiculars PR  and  ft's  equal 
to  Kp"  andLft"  must  beset  on  different  sides  of  pV,  arid  the 
point  X  in  which  the  given  line  meets  the  horizontal  plane, 
is  between  the  points  p'  and  q' :  but  because  the  points  p'  and 
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q'  are  both  on  the  same  side  of  ab,  the  perpendictilars  p"t  and 
ft'V  equal  to  KP'  and  L€t',  must  be  placed  on  the  same  side  of 
the  projection  fV. 

Another  Construction^ 

Let  AB  be  the  ground  line, 
and  JLP ,  K^'- ,  the  horizontal 
and  vertical  projections  of 
the  given  line,  which  meet 
the  ground  line  ab  in  k  and 
L,  From  K  and  L  draw  kp', 
L^"  at  right  angles  to  ab, 
meeting  the  projections  lp' 
and  kq"  inp-,  q":  the  points 
p'  arid  q,"  are  those  in  which 
the  given  straight  line  meets 
the  horizontal  and  vertical 
planes. 

The  truth  of  this  con- 
struction appears  from  prob. 
1.  For  the  point  p'  of  the 
horizontal  projection  has  p'k  for  its  distance  from  the  vertical 
plane,  which  is  also  the  distance  of  the  point  p,  of  which 
p'  is  the  horizontal  projection  from  the  same  plane ;  but  cor- 
responding to  this  horizontal  distance  kp',  there  is  no  vertical 
distance  or  ordinate  of  p,  and  therefore  the  point  p  must  be 
in  the  horizontal  plane  and  consequently  coincident  with  p.' 
In  like  manner  it  appears  that  the  vertical  ordinate  ^"l  has  no 
corresponding  horizontal  ordinate,  and  therefore  the  point  q^ 
of  which  ^"  is  the  vertical  projection,  must  be  in  the  vertical 
plane,  and  must  therefore  coincide  with  the  point  a". 

If  one  of  the  projections,  as 
the  horizontal  projection  p'q',  ^**'^vS'^ 
be  parallel  to  the  ground  line 
AB,  let  the  other  projection,  a_ 
viz.  the  vertical  projection 
^"k  meet  the  ground  line  ab 
in  K  :  from  k  draw  kp'  at  right 
angles  to  AB  meeting  p'a' in  p'; 

and  p'  will  be  the  point  in  which  the  given  line  meets  the  ho- 
rizontal plane. 

Biecause  p'^'  is  parallel  to  ab,  it  is  evident  that  a  plane  pass- 
ing through  p'^'  and  perpendicular  to  the  horizontal  plane, 
and  which  is  therefore  a  projecting  plane  of  the  given  line, 
must  be  parallel  to  the  vertical  plane  :  thus  it  appears  that 
when  the  horizontal  projection  pV  is  parallel  to  the  ground 

line 
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line  .AB,.the  given  linejs  in  a  plane  paralM  tO|t|^  vertical,, and 
that  consequently  all  its  horizontal  ordinates  are  equal. 

The  given  line  meets  the  horizontal  plane  in  p',  and  at  any 
point  a'  of  the  horizontal  projection  has  an  altitude  equal  to 
the  ordinate  lq,". 

Jf  both  the  projections  pV  a 

and  p'V,  are  parallel  tq  the        P  Q^^ 

ground  line  ab,  the  given  line 

is  in  a  vertical  plane  passing    ^  j> 

through  v[(Si,\  and  in  a  horizon- 
tal plane  passing  thr^ough  p^q", 
and  consequently  the  given 
line  is  a  parallel  to  the  ground 

line  AB.  This  also  is  readily  deduced  from  finding  the  posi- 
tions of  the  given  line  on  the  horizontal  or  vertical  plane  by 
rotation  about  the  projections  by  prob,  2,  , 

,  PBOBLEMIV. 

To  find  the  angles  z^hick  d  given  stfaigJii  line  makes  withthei 
'flakes  of  projections. 


p- 


Let  AB  be  the  ground  line,  and  p'q',  p"q",  the  horizontal 
and  vertical  projections  of  the  given  line.  Find  by  prob.  2, 
the  positions  of  the  given  line  rs,  tv  on  the  horizontal  anl' 
vertical  plane  which  produced  if  necessary  meet  the  projec- 
tions p'q.',  pV  in  X  and  y ;  and  kxp',  typ"  are  the  angles 
which  the  given  line  makes  with  the  horizontal  and  vertical 
planesi  r 

If  the  triangle  rxp'  revolve  from  a  horizontal  into  a  verti- 
cal 
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cal  position  it  will  by  prob.  2,  coincide  with  the  given  line 
and  the  angle  rxp'  will  therefore  coincide  with  the  angle 
which  the  given  line  makes  with  the  horizontal  plane  ;  in  the 
same  manner  it  is  shown  that  tvp"  is  equal  to  the  angle 
which  the  given  line  makes  with  the  vertical  plane. 

If  the  vertical  projection  p"q."  be  parallel  to  the  ground  line 
AB,  it  is  evident  that  rs  will  be  parallel  to  p V  :  of  course  the 
angle  x  will  vanish,  and  the  given  straight  line  is  parallel  to 
the  horizontal  plane.  In  like  mariner,  if  p'q,' be  parallel  to 
AB,  TV  will  be  parallel  to  p"q,",  the  angle  y  will  vanish  and  the 
given  straight  line  is  parallel  to  the  vertical  plane. 


Another  Construction, 

Let  AB  be  the  ground  line,  and  p'l,  q!'&  the  horizontal  and 
vertical  projections  of  the  given  str-aight  line  which  meet  ab 
in  L  and  k.  Draw  kp',  l^"  at  right  angles  to  ab,  and  meeting 
the  projections  in  p*  and  ct".  Make  lm  equal  to  lp',  and  kn 
equal  to  kq",  and  the  angles  lmq,",  knp"  are  equal  to  the  an- 
gles which  the  given  line  makes  with  the  horizontal  and  ver- 
tical planes. 


A  H 


For  p'  is  the  point  in  which  the  given  line  meets  the  hori° 
zontal  plane,  by  prob.  3,  and  l^"  is  the  altitude  of  the  given 
line  at  l;  it  is  evident  therefore,  that  the  angle  which  the 
given  line  makes  with  the  horizontal  plane,  is  equal  to  the  an- 
gle at  the  base  of  a  right  angled  triangle  of  which  the  base  is 
LP ,  or  £M,  and  perpendicular  l(^',  and  is  consequently  equal 
to  tie  angle  q"ml. 

PROBLEM  V. 

To  find  the  distance  between  two  points  given  by  their  projep^  - 

tions. 
Vol.  II.  74  het 
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Let  AB  be  the  ground  line, 
r',  a',  tlie  iiortepntal  projec- 
tiions  of  tlie  two  given  points, 
and  p",  q",  their  vertical  pro- 
jections :  join  p'  p",  and  ^' 
of',  and  the  straight  lines  pp",^' 
qq!",  will  cut  the  ground  line 
at  right  angles  in  k  and  l. 
I>ratv  pV>  and  find  by  prob. 
2,  the  horizontal  positien  us 
of  the  line  by  means  of  the 
ordinates  kp".,  lq!\  and  rs  will 
be  the  required  distance. 

The  truth  of  this  construction  is  easily  perceived  ;  for  if 
the  trapezoid  p'<i'sii  assume  a  vrrtrcal  position  on  the  base 
pVj  the  straight  line  as  will  evidently  coincide  with  the  re- 
quired line. 

A  similar  coiistruction  may  be  made  on  the  vertical  pflane  by 
joiiQing  the  J)oint«  p"  and  Q^". 

Ftotti  this  con^trnction  We  ^^" 

deduce  the  following  theorem. 
The  square  of  the  distance 
between  two  points,  is  equal 
to  the  sum  of  the  squares  of  ^_ 
the  interval  between  their  or- 


dinates ;  of  the  difference  of 
the  horizontal  ordinates,  and 
of  the  difference  between  their 
vertical  ordinates.  Forif^'V, 
q'x  be  parallel  to  ab,  and  sv 
be  parallel  to  q'p',  the  square 
of  RS  is  equal  the  squares  of 
sv  and  VR  ;  but  the  square  of  sv  is  equal  to  the  square  of  q'p', 
which is^qtial  to thfe sqtta?r^s  of  ^x,  xt', or  of  lk,  xp)  and  tbe 
^ttarfe43f  VII  is  e^nal  ;te  the  sc[ttare  of  vp" ;  therefee  ^he 
sqa&pie  of  us  iis  equal  (to  *he  s^^titi^es  of  st,  xp',  and  vp". 


Another  Consiructioii  of  pr&h*  B' 

Let  AB  be  the  ground  line,  and  p',  q',  p  ",  ^",  the  horizontal 
and  vertical  projections  of  thegiiiren  points  as  before,  and  cbii- 
sequently  pV,  q,Vi  at  right  angles  to  ab  meeting  itin  k  andx. 
Through^^"  draw  Y^i'm  parallel  to  ab,  in  which  take  ^>z  equal 
to  p'<i' ;  join  p^Z  which  will  beihe  distance  required. 

To 
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To  demonstrate  this 
draw  %x  parallel  to  ab  : 
and  because  YZ  is  equal  to 
p'q',  therefore  tbe  square 
of  Yz  is    equal   to    the 

squares  of  p'x,  ^'x ;  and  ^  ''-    ^    "^      X    "B 

therefore  the  square  of 
?"z  is  equal  to  the  squares 
©f  KL,  xp',  and  Yp"  ;  and 
therefore,  by  the  preced- 
ing theorem,  ^''z  is  equal 
to  the  distance  between 
the  given  points. 

A  similar  construction  may  be  made  by  drawing  the  parallel 
through  q'  instead,  of  ft",  and  using  the  distance  p" ft"  instead 

PROBLEM  VL 

Through  a  given  point  to  draw  a  straight  line  parallel  to  a 
given  straight  line. 

Let  AB  be  the  ground  line, 
p'ft'^  and  p"ft^'  the  horizontal 
and  vertical  projections  of 
the  given  line,  and  r',  r"  the 
horizontal  and  vertical  pro- 
jections of  the  given  point.    

Through  n!  and  r"  draw  r's'  J^ 
and  r"s"  parallel  to  pft'  and 
p"ft";  andR's',R"8"  will  be  the 
horizontal  and  vertical  pro- 
jections of  the  required  line. 

For  let  two  parallel  planes 
pass  through  p'ft',  r's'^  at  r^ht 
angles  to  the  horizontalpiane; 
and  let  two  other  parallel  planes  pafs  through  p"ft",  r's"  ^^ 
right  angles  to  the  vertical  plane  which  is  supposed  coinci- 
dent with  the  horizontal  plane.  Conceive  the  vertical  plane 
to  revolve  about  ab  from  its  horizontal  to  its  vertical  position, 
while  the  parallel  planes  through  pV,  K'f  continue  at  right 
angles  to  it ;  then  the  straight  line  of  wfcich  p'ft'  and  p"ft"  are 
the  projections,  will  be  the  common  section  of  the  planes 
pa^^in^  through  p'^  and  p^q"  ;  and  the  line  of  which  Vs'jand 
IrT^s"  Eo^  the  prcjfed^^^  will  be  in  the  parallel  planes  passing 
thrbiigh  these  lines  ;  but  when  two  parallel  planes  are  cut  by 
two  other  parallel  planes,  the  common  sections  are  parailel; 

therefore. 
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therefore,  the  straight  line  of^wbickKV  and  fits''  are  the  pro- 
jections, is  paMliel  to  the  given:  straight  lineiioftwhiGh  the  pro- 
jections are  pQ^  and  fV.  c 

And  because  the  projections  r's^  and  rV  pass  through  the 
projections  a'  and  r">  therefore,  the  straight  line  of  which  r's' 
and  ft "  s"  are  the  projections,  passes  through  the  given  point* 

CdroL  If  the  projections  of  two  straight  lines  on  the  hori- 
zontal plane  be  parallel,  and  also  their  projections  on  the  ver- 
tical plane,  the  straight  hne  themselves  are  parallel.  To 
which  may  be  added,  that  if  two  straight  lines  be  parallel 
their  projections  on  the  horizontal  plane  are  parallel,,  and  also 
their  projections  on  the  vertical  plane. 

PROBLEM  VII. 

To  find  the  angle  contained  hy  two  given  straight  lines  me&ting 
each  other. 

Let  AB  be  the  ground  line,  p'q'  and  v"(^'  the  horizontal  and 
vertical  projections  of  one  of  the  given  lines,  and  p'r',  p"r"  the 
horizontal  and  vertical  projections  of  the  other  ;  the  horizon* 
tal  projections  intersecting  in  p',  and  the  vertical  in  p",  which 
ate  evidently  the  projections  of  the  point  in  which  the  given 
straight  lines  cut  each  other,  and  therefore  p'kp  is  a  straight 
line  meeting  the  groi^id  Une  ab  at  right  angles  in  k. 


,  S'ind  by  proh^  3,  the  points  m  and  n  in  which  the  given 
straight  lines  meet  the  horizontal  plane  ;  and  by'prob.  6,  find 
the  distances  from  the  point  of  the  intersection  of  the  given 
lines  to  each  of  the  points  m  and  n  ;  with  the  centres  m  and  n 
^nd  distances  just  found,  describe  two  arcs  sx,  sy  intersecting 
in  s  5  join  ms,  ns,  and  the  angle  msn  will  be  the  angle  re- 
j^uired. 

^  To 
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Tp  demonstraite  this  draw  Mif,  and  we  have  two  triangles , on 
the  samfevbase  MN,  one  of  whiGh  has  its  vertex  in  s,  and  the 
other  its  vertex  in  the  point  in  which  the  given  lines  intersect 
each  other  ;  and  because  the  two  sides  of  one  of  these  triangles 
is  by  construction  equal  to  the  two  sides  of  the  other,  and  the 
base  MN  common,  therefore  the  angles  at  their  vertices  must 
be  equal  ;  therefore  msn  is  equal  to  the  angle  contained  by  the 
given  straight  lines, 

€oroL  Since  the  triangle  mp'n  is  the  horizontal  projection 
of  the  triangle  msn,  wheji  s  coincides  with  the  point  of  in- 
tersection of  the  given  lines  ;  it  follows  that  the  perpendicu- 
lars p't  and  st  must  be  in  the  same  straight  line  ;  and  there- 
fore, the  required  angle  may  be  found  as  follows  :  having  m> 
and  N  as  before,  join  mn,  and  through  p'  draw  tp's  at  right  an- 
gles to  MN,  with  the  centre  m  and  distance  ms  equal  to  the  dis- 
tance from  M  to  the  point  of  intersection  of  the  given  linies, 
describe  an  arc  sx  cutting  tp's  in  s  ;  join  sn  .  and  msn  will  be 
the  angle  contained  T}y  the  given  lines.  From  this  construc- 
tion it  is  evident  that  if  the  point  n  go  off  to  infinity,  the 
straight  line  mn  will  become  parallel  to  p'n,  and  consequently 
Tp's,  which  is  always  at  right  angles  to  mnj  will  then  be  at  right 
angles  to  p'r'. 


Hence  the  following  construction  of  the  case  when  one  oi 
4he  projections  p"r"  is  parallel  to  the  ground  line  ab. 

Let  AB  be  the  ground  line,  p'q,',  and  p"€t"  the  horizontal  and 
vertical  projections  of  one  of  the  given  Unes,  and  pV,  p"r" 
those  of  the  other,  the  vertical  projection  p"r"  being  parsallel 
to  AB.  Draw  p's  at  right  angles  to  p'r'  ;  find  m  the  point  in 
which  the  straight  line  of  which  p'a  and  pV'  are  the  projec- 
tions meets  the  horizontal  plane  ;  also  find  the  distance  from 
M  to  the  pointln  which  the  given  lines  meet  each  other  ;  with 
this  dis^nce  as  radius  and  centre  m  describe  an  arc  sx  meet- 
ing 
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ing  p's  in  s  ;  join  us  ;  lastly,  draw  sv  parallel  to  ^ft',  and  msv 
will  be  eqo^  to  ^e  angle  contSih^d  WtB^  grren  straight 
lines,  .      .    ^ 


When  the  given  lines  meet  each  other  in  a  point  of  the 
horizontal  or  vertical  plane,  the  problem  may  be  constructed 
in  the  following  manner  : 


Let  AB  be  the  ground  line  5  r'Q,  and  p"a",  the  projections  Of 
one  of  the  given  lines,  and  p'r',  pV  of  the  other ;  the  given 
lines  meeting  in  the  point  p'  of  the  horizontal  plane  b    Draw 

any 
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any. two  perpendiculars  to  tifi  ground  Mae  a^^^  and  nV;  and 
a',  q"  will  be  the  projections  of  a  point  in  <me  of  the  giy^eu 
lines,  and  r',  r"  those  of  a  point  in  the  other.  Find  by  prob* 
5,  the  two  distances  from  p  to  each  of  the  two  points  of  which 
Q,',  a">  r',  r"  are  the  projections,  and  also  the  distance  between 
these  two  points :  construct  a  triangle  of  which  the  three 
sides  are  equsd  to  these  three  distances;  and  its  angle  contain- 
ed by  the  first  two  distances  will  be  equal  to  the  angle  ^sought. 

PROBLEM  Vlir. 

If  a  plane  be  given  by  its  traces  or  intersections  with  the  hori- 
zontal and  vertical  planes^  it  is  required  to  determine  its  al- 
titude aboue  any  given  point  of  the  horizontal  plane. 

Let  AB  be  the  ground 
line,  EP'  the  horizontal 
trace  of  the  given  plane, 
and  eg"  its  vertical  trace ; 
and  let  p' be  any^oint  in 
the  horizontal  plane :  it  is 
required  to  find  the  alti- 
tude oi  the  plane  above 
the  point  p', 

Dtaw  >'l  pafaljel  to  i?'e 
meeting  the  ground  line  in 
L ;  and  lm"  at  rigbt  angles 
to  AB  meeting  the  vertical 
trace  eg"  in  m";  from  m"  draw  m"p"  parallel  to  ab,  meeting  p'r 
produced  if  necessary  in  p"  ;  and  p"k  will  be  the  height  of  the 
plane  above  the  horizontal  plane  at  the  point  p\ 

Conceive  a  vertical  plane  to  pass  through  p'l;  this  plane 
will  meet  the  givJ^n  plane  in  a  stt-aight  line  parallel  to  ef', 
because  lp'  and  ep'  are  parallel ;  and  therefore,  the  common 
intersection  of  this  vertical  plane  a>nd  the  given  plane  is  pa- 
rallel to  PL,  and  consequently  the  altitiide  of  the  given  plane 
above  the  point  p  is  equal  to  its  altitude  above  the  point  l  : 
but  since  the  trace  em"g"  represents  a  straight  line  drawn  on 
the  vertical  plane,  therefore  lm"  is  the  height  of  the  point  u 
of  the  given  j^ane,  that  is,  lm"  is  the  altitude  of  the  given 
plane  above  the  point  l  ;  therefore,  jlm^',  and  consequently  its 
equal  KP",  is  the  altitude  of  the  given  plane  above  the  given 
point  p'. 

(ptM*^  It  appeal^  fiiom  tiie  demonstration,  that  the  altitude  of 
the  given  plane  id)ave  every  ^oint  of  p'l  is  equal  to  KP^'pr 
xm"  ;  and  therefore,  p'l  and  p"te"  are  the  horizontal  and  ver- 
tical 
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tieal  projections  of  the  stra%Ift  line  ia  which  thl2  vertical  piafSe 
passing  through  p-L  intersects  the  ^ven  plane. 

When  the  point  p'  is  he- 
yond  the  ground  line  ab, 
the  straight  Hne  p'l  must 
he  drawn  in  a  direction 
opposite  to  that  in  the  pre- 
ceding figare  in  order  to 
meet  the  ground  line. 

For  the  point  p'  in  these 
two  figures,  we  have  found 
an  altitude  of  the  given 
plane,  or  the  plane  passes 
over  the  given  point  of  the 
horizontal  plane. 

But  in  the  annexed  figure 
*  the  perpendicular  from  l  meets 
eg"  produced  below  the  ground 
line  AB,and  therefore,  the  given 
plane  is  below  the  horizontal 
plane  at, the  point  p',  the  depth 
below  p'  being  equal  to  kp'  ; 
however,  the  position  of  p" 
shows  universally  whether  the 
distance  from  p'  at  right  angles 
to  the  horizontal  plane  be  an  elevation  or  depression ;  for 
when  p"  is  behind  the  ground  lioe,  it  denotes  an  elevation :  and 
when  before  the  ground  line,  it  denotes  a  depression. 

When  the  traces  of  the 
plane  are  parallel  to  the     -p'/  rp// 

ground  line,  the  construe-  "     — — 

tion.is  as  follows  : 

Let  AB  be  the  ground 
line;  p'q',p'V  the  horizoii- 
tal  and  vertical  traces  given 
which  are  parallel  to  ab  ; 
and  r'  any  gi  veh  point  in  the 
horizontal  plane.  Through 
r'  draw  r'x  kt"  meeting 
R'€t',  AB,  p"^"  at  right  angles 
in  X,  K,  and  t('  ;  make  kv 
equal  to  kt",  join  vx,  and  through  r' draw  r's  parallel  ab, 
meetiqg  vx  produced  if  necessary  in  ^s  ;  and  rV  will  be  the 
altitude  or  depression  required, 

.If 
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If  th^  tmngle  vxK  revolve  aboiit  the  side  kx  from  a  hori- 
zontal position  to  a  vertical,  it  is  evident  that  the  point  v  will 
coincide  with  the  point  t"  of  the  given  plane,  and  vk  will  be 
the  altitude  at  k  ;  therefore,  r's  which  also  becomes  perpendi- 
cular to  the  horizontal  plane,  is  the  altitude  or  depression  of 
the  given  plane  at  the  point  r'. 

In  a  similar  manner,  when  a  point  h  given  in  the  vertical 
plane,  we  may  determine  the  horizontal  distance  of  the  point 
from  the  given  plane. 

PROBLEM  IX, 


Through  a  given  point  to  draw  a  plane  parallel  toagiiienplane^ 

Let  AB  be  the  ground 
line  ;  ef',  eg"  the  hori- 
zontal and  vertical  traces 
of  the  given  plane;  and  p', 
p"  the  projections  of  the 
given  point.  Through 
the  point  p'  draw  the 
straight  line  fc  parallel  -^~ 
to  the  horizontal  trace 
Ve,  meeting  the  ground 
line  AB  in  c  :  draw  from 
c  the  straight  line  cm"  at 
right  angles  to  ab,  and 
through  p"  the  straight 
line  p"m"  parallel  to  ab  : 
through  m"  draw  m"d  pa- 
rallel to  g"e,  and  dl'  parallel  to  ef'  ;  and  dl  ,  dm"  will  be  the 
horizontal  and  vertical  traces  of  the  plane  required. 

For,  since  the  plane  of  which  the  traces  are  dl',  dm",  has 
cm"  for  its  altitude  at  c  ;  therefore,  bj  cor.  to  prob.  8,  the  alti- 
tude at  p'  is  also  equal  to  cm'  or  its  equal  kp"  ;  and  therefore  j 
the  point  of  which  the  projections  are  p  and  p"  is  in  the  plane 
i.'dm".  Suppose  now  the  vertical  plane  with  its  jparallel  lines 
dm"  and  eg"  to  revolve  about  ab  from  a  horizontal  to  a  verti- 
cal position  ;  and  because,  in  this  situation  the  two  straight 
lines  LD,  dm"  are  respisctively  parallel  to  f'e,  eg",  therefore 
the  plane  passing  through  l'd,  dm"  is  parallel  to  the  plane  pass- 
ing through  f'e,  eg";  and  coEisequentlj,  i/p,  dm"  are  the  traces 
of  the  plane  required. 
yoil.  Ih  75  PROEI^M; 
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PRCMBLEMX. 

To  find  the  straight  line  which  is  the  intersection  of  two  given 
planes. 

Let  df',  do"  be  the  ho- 
rizontal and  vertical  traces 
of  one  of  the  given  planes, 
and  ef',  eg"  those  of  the 
other.  Let  the  horizontal 
traces  of  the  given  planes  j^ 
meet  in  f',  and  their  verti- 
cal traces  in  g".  From  f' 
and  g"  draw  f'k  and  g"l  at 
right  angles  to  the  ground 
line  AB  ;  join  f'l,  kg",  and 
f'l,  kg"  v(^ill  he  the  hori- 
zontal and  vertical  traces 
of  the  intersection  required. 

For  since  each  of  the  given  planes  passes  through  the  point 
f',  therefore  f'  is  a  point  in  the  horizontal  plane  through  which 
the  required  line  must  pass :  in  like  manner  it  is  shown  that 
the  required  line  must  pass  through  the  point  g"  of  the  verti- 
cal plane,  therefore  the  intersection  of  the  given  planes  must 
pass  through  the  points  f'  and  g"  ;  but  f'l  and  kg"  are  evident- 
ly the  horizontal  and  vertical  projections  of  a  straight  line 
passing  through  f'  and  g",  and  therefore  f'l  and  kg'  are  the  ho- 
rizontal and  vertical  projections  of  the  straight  line  required. 

PROBLEM  XI. 

To  find  the  angles  which  a  given  plane  makes  with  the  fundamen- 
tal planes. 

Let  AB  be  the  ground 
line,  and  ef',  eg"  the  hori- 
zontal and  vertical  traces 
of  the  given  plane.  In 
the  horizontal  trace  ef 
take  any  point  f',  from 
which  draw  f'k  at  right  an- 
gles to  it;  meeting  the 
ground  line  ab  in  k  ;  draw 
kg"  at  right  angles  to  ab, 
meeting  eg"  in  g"  ;  make 
kl  equal  to  kf',  join  g'x, 
and  the  angle  g"lk  will  be 

equal 
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equal  to  the  angle  which  the  given  plane  n^akes  with  the  hori- 
zontal plane.  Or  draw  km  at  right  angles  to  kf'  and  equal  to 
kg"  ;  join  mf',  and  mf'k  will  be  equal  to  the  angle  which  the 
given  plane  makes  with  the  horizontal  plane. 

For,  if  the  right-angled  triangle  f'em  revolve  about  its  base 
f'k  from  a  horizontal  to  a  vertical  position,  the  straight  line 
F'M  will  coincide  with  the  given  plane  ;  because  km  is  now  at 
right  angles  to  the  horizontal  plane,  and  equal  to  kg"  which  is 
the  altitude  of  the  given  plane  above  the  point  k.  And  be- 
cause the  straight  line  ef'  is  at  right  angles  to  kf',  the  common 
intersection  pf  the  horizontal  plane,  and  of  kf'm  in  its  verti- 
cal position,  therefore  ef'  is  at  right  angles  to  mf',  as  well  as 
to  kf',  and  consequently  kf'm  is  the  inclination  of  the  given 
plane  to  the  horizontal  plane,  or  kf'm  is  the  angle  required. 

Again,  since  g"k,  el  are  equal  to  mk,  kf',  and  the  angles 
g"kl,  mkf'  are  equal,  being  right  angles ;  therefore,  the  angle 
g"lk  is  equal  to  mf'k,  and  is  therefore  equal  to  the  angle  con- 
tained by  the  given  plane  and  the  horizontal  plane. 

In  like  manner  we  may 
proceed  to  find  the  angle 
contained  by  the  given  plane 
and  the  vertical  plane. 

Let  AB  be  the  ground  line, 
ef.'  and  eg"  the  horizontal 
and  vertical  traces  of  the 
given  plane.  From  any 
point  g"  of  eg"  draw  gk'  at 
right  angles  to  eg",  and  kf' 
at  right  angles  to  ab  ;  make 
KL  equal  to  kg",  join  f'l,  and 
f'lk  will  be  the  angle  con- 
tained by  the  given  plane  and 
the  vertical  plane. 

prcIblemxii. 

If  a  siveih  plane  revolves  about  its  intersection  with  the  horizon^ 
tal  plane  till  these  two  planes  coincide,  it  is  required  to  find 
on  the  horizontal  plane,  the  position  of  any  given  point  of  the 
given  plane. 

Let  AB  be  the  ground  line  ;  ef'  and  eg"  the  horizontal  and 
vertical  traces  of  the  given  plane  ;  and  p'  the  horizontal  pro- 
jection  of  the  given  point  in  the  plane.  Draw  through  the  given 
point  p'  the  straight  Hne  p'f'  at  right  angles  to  ef',  and  kp'l  at 
right  angles  to  p'f  ;  from  the  point  k  of  the  ground  line  draw 
kg"  at  right  angles  to  ab  ;   make  r'x  equal  to  kg"  ;  joia  f% 

and 
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and  take  in  fV  produced 
if  iiecefesary  the  distance^ 
f'm,  and  f'n,  each  equal 
to  f'l,  and  m  and  n  will 
be  tlie  point  required  on 
the  horizontal  plane. 

For,  if  the  triangle  p'f'l 
revolve  from  a  horizontal 
to  a  vertical  position  about 
the  base  p'f',  till  it  become 
vertical,  the  straight  line 
f'i,  will  coincide  with  the 
given  plane,  and  I,  with 
the  given  point ;  because 
kg",  to  which  p'l  is  equal, 
is  the  altitude  of  the  plane 
above  the  point  p'  of  the 
horizontal  plane.  And 
because,  when  the  triangle  lfV  is  vertical,  the  straight  line 
i.f'  is  at  right  angles  to  ef,  the  intersection  of  the  horiizontal 
plane  and  the  given  plane  ;  therefore,  if  the  given  plane  re- 
volve about  ef',  the  given  point  with  which  l  has  become 
coincident,  must  fall  on  the  straight  line  pV  which  is  at  right 
angles  to  ef'  ;  and  since  lf'  is  equal  to  f'm,  or  fn,  therefore 
the  given  point  ffiiust  fall  on  one  of  the  points  m  and  n. 

Another  Construction^ 


Lei 
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Let  AB  be  the  ground  line  ;  ef  and  eg"  the  horizontal  and 
vertical  traces  of  the  given  plane  ;  and  f  the  horizontal  pro»: 
jection  of  the  given  point.  Having:  drawn  as  before  mf'p'n 
at  right  angles  to  ef',  maKe  f'l  equal  to  the-  altitude  kg"  of  the 
plane  above  p  ;  join  p'l,  and  make  f'm,fn  each  equal  to  p'l, 
and  M  or  N  will  be  the  point  required. 

For;  because  the  square  of  p'l  is  equal  to  the  squares  of 
p'e'  and  f'l,  that  is,  to  the  squares  of  pV  and  the  altitude  of  the 
given  point  above  p'  ;  therefore,  p'l  is  the  distance  in  the  given 
plane  from  f'  to  the  given  point.  And  since  the  given  point  is  in 
a  vertical  plane  passing  through  mn,^  therefore  by  the  revolution 
of  the  given  plane  about  ef  ,  the  point  given  will  describe  the 
circumference  of  a  circle  on  the  vertical  plane  passing  through 
MN  ;  and  this  circumference  must  meet  the  horizontal  jplane 
in  the  points  m  and  n  ;  because  fm  and  f'n  are  each  equal  to  t'l. 
the  distance  of  the  given  point  from  f',  consequently  m  andN 
are  the  points  required.  V 

PROBLEM  Xlli. 


To  find  the  angle  C07itained  by  the  traces  of  a  given  plane. 

Let  AB  be  the  ground  line  ; , 
ef',  eg"  theJhorizontal  and  ver- 
tical traces  of  the  given  plane. 
Take  k  any  given  point  in  ab, 
draw  kg"  at  right  angles  to  ab, 
meeting  the  vertical  trace  eg" 
in  g",  and  g"  will  be  a  given 
point  in  the  given  plane,  and  k 
ts  horizontal  projection  :  find 
by  prob.  12,  the  position  l  of 
the  point  g"  by  revolution  of 
the  given  plane  till  it*coincide 
with  the  horizontal  plane  ; 
join  EL,  and  f'  el  will  be  the 
angle  sought.  ' 

For,  since  the  point  g"  fills  on  the  point  h  of  the  horizontal 
plane,  therefore  the  straight  line  or  trace  eg"  will  coincide 
with  EL  ;  but  f'e  is  the  horizontal  trace,  therefore  f'el  h 
the  angle  contained  between  the  traces  of  the  given  plane. 

When 
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When  one  of  the  angles  aeg" 
is  acute  and  the  other  aed' 
obtuse,  take  as  before  any 
point  K  in  the  ground  line 
AB,  make  kg''  perpendicular 
to  AB,  meeting  the  vertical 
trace  eg'' in  o";  and  conse- 
quently, g"  is  a  point  of  the 
vertical  plane,  of  which  k  is  -A. 
the  horizontal  projection:find 
L  the  position  of  g"  on  the 
horizontal  plane  ;  join  el; 
and  led'  will  be  the  angle 
contained  between  the  traces 
of  the  given  plane. 

If  the   given    horizontal 
trace  ed',  instead  of  being 

given  before  the  ground  line  ab,  is  given  behind  it  as  ep',  the 
construction  is  exactly  the  same  as  before ;  and  lef'  is  the  an* 
gle  contained  between  the  horizontal  trace  ef'  and  the  ver- 
tical trace  eg''. 


PROBLEM  Xiy. 

To  describe  a  plane  through  three  given  points. 

Let  AB  be  the  ground 
line;  p',  q',  r'  the  hori- 
zontal projections  of  the 
three  given  points  ;  and 
v'\  Q,'\  r",  their  corres- 
ponding vertical  projec- 
tions. Through  p',  q', 
and  p",  q"  draw  ci'p'f', 
and  p"q"g",  the  horizon- 
tal and  vertical  projec- 
tions of  a  straight  line 
passing  through  two  of 
the  given  points;  and 
th ro ugh  Q.'  ,r'  ;  ^"a"  draw 
q'r'h  ,  and^"R"  the  hori- 
zontal and  vertical  pro- 
jections of  a  straight 
line  passing  through  o- 
ther  two  of  the  given  points.  Find  by  prob.  3,  the  points  f 
and  Hin  which  these  two  straight  lines  meet  the  horizontal 

plane, 
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pkne,  and  g"  the  point  in  which  one  of  them  meets  the  ver- 
tical plane. 

Draw  h'f'e, meeting  the  ground  line  ab  in  e;  join  eg";  and 
eh',  eg"  will  he  the  horizontal  and  vertical  traces  of  the  re- 
quired plane. 

The  straight  line  of  which  p'q,'  and  p"^"  are  the  horizontal 
and  vertical  projections,  passes  through  two  of  the  given  points; 
therefore,  that  straight  line  must  lie  in  the  required  plane ; 
but  that  line  passes  through  the  point  p'  af  the  horizon tal 
plane;  therefore,  the  required  plane  passes  through  f':  for  the 
same  rea^n  the  required  plane  must  pass  through  h';  and 
consequently,  ef'h  is  the  horizontal  trace  of  the  requir- 
ed plane  :  and  because  the  vertical  trace  must  pass  through 
the  points  e  and  g"  of  the  vertical  plane,  therefore  eh"  is  the 
vertical  trace  ;  and  consequently,  ef'  and  eg"  are  the  horizon- 
tal and  vertical  traces  of  the  required  plane. 

Instead  of  finding  two  points  in  the  horizontal  and  one  in 
the  vertical  plane,  we  may  find  two  in  the  vertical  and  one 
in  the  horizontal  plane:  or  we  may  find  two  points  in  the 
horizontal  plane,  and  two  in  the  vertical ;  and  the  two  straight 
lines  drawn,  these  points  on  the  horizontal  and  vertical  planes 
will  be  the  traces  of  the  required  plane.  Sometimes  the 
point  e  in  which  the  traces  meet  the  ground  line  is  too  re- 
mote to  be  conveniently  found  in  practice :  this  happens 
when  one  or  both  of  the  traces  are  nearly  parallel  to  the 
ground  line :  in  this  case,  it  is  proper  to  find  two  points 
through  which  the  horizontal  trace  must  pass,  and  in  a  simi- 
lar manner,  two  points  through  which  the  vertical  trace  must 
pass  in  the  vertical  plane. 

PROBLEM  XV. 

Through  a  given  point  to  draw  a  straight  line  perpendicular 
to  a  given  plane. 

Let  AB  be  the  ground  line;  ef',  eg"  the  horizontal  and  ver- 
tical-traces of  the  given  plane;  and  p',  p"  the  horizontal  and 
vertical  projections  of  the  given  point.  Through  the  projec- 
tions p'  and  p",  draw  the  straight  lines  p'  f',  p"  g"  at  right  an- 
gles to  the  given  traces  ef'  and  eg",  and  p'f',  p"g"  will  be  the 
horizontal  and  vertical  projections  of  the  line  required. 

Conceive  a  vertical  plane  to  meet  the  horizontal  plane  in  p'f'; 
and  because  ef'  is  drawn  in  one  of  these  planes  at  right  angles 
to  their  common  section,  therefore  ef'  is  perpendicular  to 
the  vertical  plane  passing  through  p'f';  and  consequently,  the 
given  plane  which  passes  through  ef',  is  at  right  angles  to  the 

vertical 
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vertical  plane  passing  through  p'f't  but  the  given  point  is  in 
this  vertical  plane,  therefore  a  straight  line  drawn  from  the 
given  point  at  right  angles  to  the  given  plane,  must  lie  in  this 
vertical  plane,  and  therefore,  p'f'  is  the  horizontal  projection 
of  the  required  straight  line.  In  a  similar  manner,  it  may  be 
shown  that  p"g"  is  the  vertical  projection  of  the  required  line. 


E^ 


CoroL  From  the  demonstration  of  this  construction,  it  ap- 
pears that  when  a  straight  line  and  a  plane  are  at  right  angles 
to  each  other,  the  projections  of  the  straight  Jine  are  at  right 
angles  to  the  corresponding  traces  of  the  plane. 

PROBLEM  XVI. 

Through  a  given  pointy  to  draw  a  plane  at  right  angles  to  a 
given  straight  line. 

Let  AB,  be  the  ground  line  ;  mf',  ng"  the  projections  of  the 
given  straight  line  ;  and  p',  p"  the  projections  of  the  given 
point. 

Through  the  point  p'  draw  hp'l  at  right  angles  to  mp'  meet^ 
ing  the  ground  line  in  l  ;  draw  from  l  the  straight  line  ld"  at 
right  angles  to  ab,  meeting  the  straight  line  p"d"  parallel  to 
AB  in  d"  :  Through  d"  draw  ed"g"  at  right  angles  to  the  ver- 
tical projection  ng",  meeting  ab  in  e  ;  from  b  draw  ef'  at  right 
angles  to  the  horizontal  projection  mf',  and  e?',  eg"  are  the 
traces  of  plane  required. 

Because  the  traces  ef',  eg"  are  at  right  angles  to  the  given 
projections  mp',  ng"  of  the  straight  line  ;  therefore,  by  the  pre- 
ceding^^ corollary,  the  plane  of  which  ef',  eg"  are  the  traces 
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is  at  right  angles  to  the  given  straight  line.  Again,  because 
Kp"  is  equal  to  ld",  which  is  the  height  of  the  plane  above  the 
horizontal  plane  at  L,  and  consequeDtlj  to  the  height  at  p'  or 
any  point  in  lp'h  ;  therefore,  the  plane  of  which  ef',  eg"  are 
the  traces,  passes  through  the  given  point,  and  is  consequently 
the  plane  required. 

PROBLEM  XVII. 

[t  is  required  to  find  the  point  ints?liich  a  given  straight  line  tn^ 
ter sects  a  given  'plane ^ 

Let  AB  be  the  ground  line  ;  pq'  the  horizontal,  and  p"l  the 
verticalprojection  of  the  given  line;  and  fir',  eg"  the  horizbu" 
tal  and  vertical  traces  of  the  given  plane. 

Let  F  ^'  meet  the  ground  line  ab  in  m,  draw  mg"  at  right  an^ 
gles  to  AB,  an4  haviftg  drawn  mr  at  right  angles  to  p'q',  make 
it  equal  to  mg"  ;  let  p  q'  meet  ef'  in  f,  and  join  f'r.  Again, 
find  by  prob.  2,  the  position  c^'t  of  the  given  line  on  the  hd- 
rizontal  plane  by  revolution  about  the  horizontal  trace  mf', 
and  let  q,'t  intersect  f'r  in  s  ;  draw  sp'  at  right  angles  to  ^'f', 
and  p'kp"  at  Tight  angles  to  ab,  then  p',p"  will  be  the  horizon- 
tal and  vertical  projections  of  the  point  in  which  the  given 
plane  is  intersected  by  the  given  straight  line. 

Because  mr  is  ^equal  to  mg",  it  is  evident,  that  f%  is  the  ho- 
rizontal position  of  the  straight  line  in  which  the  given  plane 
Is  cut  by  a  vertical  plane,  passing  through  MFVand  ci't  i5  the 
horizontal  position  of  the  given  line ;  therefore,  if  the  trian* 
gle  ^'sf'  revolve  about  ^'f  from  a  horizontal  to  a  vertical  po- 
sition, the  point  s  will  be  at  Once  in  the  given  straight  line  and 
given  plane;  and -^ill  therefore  be  in  the  point  required* 

Vol.  11.  76  And 
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Aiid  isince,  ^p'  is  perpendicular  to  p'q',  the  straight  line  t's 
will  become  perpendicular  to  the  horizontal  plan6  ;  and  there- 
fore, p'  is  the  horizontal  projection  of  thfe  required  point. 

Lastly,  beGause  p'  is  the  vertical  projection  of  a  point  in 
the  given  line  of  which  p'  is  the  horizontal  projection  ;  there- 
fore, p'  and  p"  are  the  projections  of  the  required  point  on  the 
horizontal  and  vertical  planes. 

Another  Construction, 

Let  AB  he  the  ground 
line ;  t'a, p"q,' '  the  horizon- 
tal and  vertical  projections 
of  the  given  line  ;  and  ep', 
EG^'  the  horizontal  and  ver- 
tical traces  of  the  given 
plane. 

Let  p'a'  nae^t  ab  in  ja,  md 
EF  in  p'f  md  from  H  and 
f'  draw  Mis,  fl  at  right  sin- 
gles to  the  ground  line  ab, 
meeting  eg",  and  ab  in  jn 
and  L  ;  join  ln"  meeting  a" 
g"  produced  if  necessary  in  p".  Oraw  p"kp  at  right  angles  to 
ab  meeting  €i'f'  in  p',  and  p',  p"  will  be  the  hpria&ojntal  and  ver- 
tijG^i  pr<)jections  of  the  point  required. 

For  sin"  is  the  altitude  of  the  given  plane  ahove  the  ppint  % 
and  n"  is  the  vertical  projcKitiofiL  of  the  point  of  the  plane  in 
which  it  is  intersected,  hy  th%  perpendicukr  to  the  horizon- 
tal planeji^  m  ;  also  i,  is  the  veftical  projectipn  of  the  point 
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p',  and  therefore,  ln"  is  the  vertical  projection  of  the  straight 
line  which  is  the  common  section ^f  the  given  plane,  and  a 
vertical  plane  passing  through  mf' :  but  the  given  line  is  in 
this  vertical  plane  ;  and  therefore,  meets  the  given  plane  in 
some  point  of  the  line,  in  which  the  given  plane  is  intersected 
hy  the  vertical  plane  passing  through  mf'  :  therefore,  the  ver- 
tical projection  of  the  required  point  must  be  in  ln",  and  it 
must  also  be  in  q^^'g"  ;  therefore  it  is  in  p",  the  intersection  of 
ln",  ^"g"  ;  but  p'  is  the  corresponding  horizontal  projection 
of  that  point  in  the  given  line  of  which  q!'  is  the  vertical  pro- 
jection, and  consequently  p',  p"  are  the  horizontal  and  vertical 
projections  of  the  point  required. 

PROBLEM  XVIII. 

To  draw  thf'ough  a  given  point  a  straight  line  perpendicular  to 
a  given  straight  line. 

LetAB  be  the  ground  line  ;  - 

df',  ch"  the  projections  of 
the  gjvea  straight  line,  and 
p',  p"  the  projections  of  the 
given  point.  Find  by  prob. 
16,  ef'  and  eh"  the  horizon- 
tal and  vertical  traces  of  a 
plane  at  right  angles  to  the 
given  straight  line,  and 
passing  through  the  given 
point  of  which  the  projec- 
tions are  p'  and  p" ;  again 
byprob.  17,  find  Q'-and  q", 
the  projections  of  point  in 
which  the  given  line  meets 
the  plane  of  which  ef'  aqd 
eh"  are  the  traces:  lastly  through  p',  ^',  p",  q"  draw  p'q', 
p"q",  which  will  be  the  horizontal  and  vertical  projections  of 
the  line  required. 

For,  because  the  plane  of  which  ef',  eh"  are  the  traces  is 
at  right  angles  to  the  given  line,  and  passes  through  the  given 
point  of  which  p',  p"  are  the  projections;  therefore,  the  per- 
pendicular on  the  given  line  from  the  given  point  must  be  in 
the  plane  f'eh",  and  must  pass  through  the  point  in  which  the 
given  line  passes  through  this  plane,  that  is,  through  the  point 
of  which  q!  and  q"  are  the  horizontal  and  vertical  projections  : 
the  line  required  must  also  pass  through  the  given  point  of 
which  p',  <^"  are  the  projections  ;  consequently,  p'q',  f"(i"  are 
the  horizontal  and  vertical  traces  of  the  line  required. 

PROBLEM 
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PROBLEM  XIX. 

To  find  the  angle  contained  between  a  g^en  plaiie  and  agiveit 
straight  Urn,         i 

The  constructloil  itiajr  be  given  in  general  terms  as  follows  ; 
Take  any  point  in  the  given  straight  line,  from  which  by  prob* 
15,  draw  a  straight  line  perpendicular  to  the  given  plane* 
Find  by  prob;  7»  the  angle  contained  by  these  two  str^ght 
lines,  which  will  be  the  compleineht  of  the  angle  required. 

For^  if  we  draw  a  straight,  line  iti  the  given  plane,  from 
the  point  in  which  the  given  line  meets  it  to  the  point  in  which 
the  forementioned  perpendicular  meets  it,  we  shall  hav^  a 
right  angled  triangle  in  which  one  of  the  acute  angles  is  the 
angle  contained  by  the  given  plane,  and  given  straight  line  ; 
mnd  the  other  acute  angle,  is  the  angle  contained  by  the  given 
straight  line  and  the  perpendicular  on  the  plane  :  and  there*- 
fore,  this  latter  angle  is  evidently  the  complement  of  the  an- 
gle required* 

I  shall  now  illustrate  this  general  construction  by  a  parti* 
cular  example  in  which  all  the  operations  are  exhibited. 

Let  AB  be  the  ground  line^  ef',  eg"  the  horizontal  and 
vertical  traces  of  the  given  plane ;  aud  r'^',  ^"^''  the  horizon- 
tal and  vertical  projections  of  the  given  straight  line.  From 
\^"  the  point  in  which  the  vertical  projection  p"q"  meets  the 
ground  line  ab  ;  draw  ^'^!  at  right  angles  to  ab,  and  q'  is  the 
point  in  which  the  given  line  meets  the  horizontal  plane. 
From ^'v  a"  draw  ci'f',  ietV  at  right  angles  to  ef',  eg",  and  q'f', 
ia^'o"  will  by  prob.  1 5,  be  the  projections  of  a  straight  line 
dipa^n  from  the  point. of  which  Q,',  ^'  are  the  projections  at 
right  angles  to  the  given  plane. 


x^ 

^ 

0'^ 

h^ 

k\ 

A 

XK  B 

^u 

""V-^. 
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2?ow,  make  f'c  equal  to  lf"  which  is  the  height  of  the  per- 
|)endicular  to  the  plane  at  f',  and  ^'c  is  the  distance  of  the 
point  q!  from  the  point  of  which  the  projections  are  f'  and  f"  ; 
again,  make  p'n  equal  to  kp"  which  is  the  height  of  the  given 
line  at  p',  and  consequently  q'n  is  the  distance  of  the  point  q! 
from  the  point  of  the  given  line  of  which  p'  and  p"  are  the 
projections.  Through  p'  draw  df'h  parallel  to  ab,  make  dh 
equal  to  p'V  and  r'a  will  be  the  distance  between  the  two 
points  of  whi<^h  the  horizontal  projections  are  p'j  f'^  and  their 
vertical  projections  p"  and  f".  Lastly,  with  the  centres  f'  and 
H,  and  distances  f'm  and  hm  equalto  q,'c,  and  Vn,  describe  two 
arcs  intersecting  in  m,  and  f'mh  is  the  angle  contained  by  the 
given  straight  line,  and  the  perpendicular  to  the  plane  haying 
qV  and  q,"g"  for  its  horizontal  and  vertical  projections,  and 
is  therefore,  the  complenient  of  th<e; angle  reqyired. 

PROBLEM  XX; 

To  find  the  angle  contained  by  two  given  planes^ 

General  Construction* 

Find  by  prob.  10,  the  straight  line  which  is  the  common 
section  of  th^  given  planes,  through  any  point  of  which  draw 
by  prob.  16,  a' plane  at  tight  angles  to  it:  by  prob.  10,  find 
the  common  sections  of  this  plane  with  each  of  the  given 
platies  I  and  lastly,  by  prob.  7,  find  the  angle  contained  by 
these  two  intersections,  which  willbe  the  angle  required* 

Because  a  plane  cuts  the  common  section  of  the  given 
planed  at  right  angles,  it  is  evident,  that  the  intersections  of 
this  plane  with  the  given  planes  are  at  right  angles  to  the 
common  section  of  the  given  planes  ;  apd  consequently,  the 
angle  contained  by  these  intersections  is  equal  to  the  required 
angle  contained  by  th«  given  planes. 

In  the  figure  annexed,  all  the  lines  are  drawn  that  art? 
wanted  in  the  construction;  let  ab  be  the  ground  line  ;  df', 
dg"  the  horizontal  and  vertical  traces  of  one  of  the  given 
planes;  and  ef',  eg"  those  of  the  other. 

Draw  f'm,  g"g  at  right  angles  to  ab,  and  f'g,  mg"  are  the  ho- 
rizootal  and  vertical  projections  of  the  common  section  of  the 
given  planes  :  draw  f'l,lh"  at  right  angles  tO  gf',  G"M,andF  llh'^ 
are  the  traces  of  a  plane  at  right  angles  to  the  common  section 
of  the  given  planes.  Draw  h"h  at  right  angles  to  ab,  and  f'h, 
mh''  are  the  projections  of  the  intersection  of  the  plane  f'lh" 
with  the  given  plane  f'dh":  and  hc  being  made  equal  to  hf', 
h"c  is  the  distance  in  this  intersection  from  f'  to  h";  in  like 
manner  by  making  kint  equal  to  kf',  we  have  k"n  equal  to  the 

distance 
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distance  from  r  to  k"  in  the  intersection  of  the  plane  F'tH"; 
and  the  given  plane  fW,  and  h"k"  is  the  distance  between 
the  points  H  aud  k'  which  are  both  in  the  vertical  plane ; 
now  with  the  centres  h",  k"  and  distances  h"c,  k"«  describe 
two  arcs  intersectingm  x,  and  K"xH"will  be  the  angle  required. 

PROBLEM  21. 

Through  agivesKSirdigkt  line  to  draw  a  plme  paroMel  to  an- 
other given  straight  Urn. 

through  any  point  of  the  line  through  which  the  plane 
must  pass,  draw  by  prob.  6,  a  straight  line  parallel  to  the 
other  given  line.  Find  by  prob.  3,  the  points  of  the  horizon- 
tal  plane  in  which  this  parallel  and  the  first  .mentioned  line 
pass  through  1 1  through  these  two  points  draw  a  straight 
hue  which  will  be  the  horizontal  trace  of  the  plane  required 
In  like  manner,,  by  tindingthe  two  points  in  which  the  paral- 
lel and  hrst  mentioned  line  meet  the  vertical  plane,  and  draw- 
ing a  straight  line  through  them,  we  have  the  vertical  trace 
01  tiie  plane  required. 

Becaiise  the  plane  thus  constructed  passes  through  the 
points  in  which  the  first  mentioned  line  and  parallel  meet  the 
fundamental  planes  ;  therefore,  these  lines  are  in  the  plane  • 
but  when  two^straight  lines  are  parallel,  any  plane  passing 
throughoneofthem  is  parallel  to  the  other. 

Construction  in  ■which  are  drawn  all  the  necessary  lines. 
Let^AB  be  the  ground  line ;  pV,  rV  the  horizontal  and 
vertical  projections  of  the  straight  line  through  which  the 

plane 


JVoU.  The  line  kk"  at  right  angles  to  as  is  wanting  in  the  figure; 
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plane  must  pass,  and  kk  ,  ll"  the  horizontal  and  vertical  traces 
©f  the  straight  line  to  which  the  plane  must  he  parallel. 


Draw  any  straight  line  p'p"  at  right  angles  to  ab,  meeting  the 
horizontal  and  vertical  projections  pV  and  pV  in  p'  and  p'- ;  and 
p',  p"  will  he  the  projections  of  a  point  in  the  first  mentioned 
line.  Through  p  and  p"  draw  np'n",  mpV  parallel  to  the 
projections  kk',  ll"  of  the  second  given  line,  and  nk",  mh",  are 
the  projections  of  the  straight  line  passing  through  the  point 
p',  p"  and  parallel  to  the  straight  line  kk,  ll".  Find  f'  arid 
n'  the  points  in  which  the  line  pV,  pV,  and  the  line  nn',  mh" 
meet  the  horizontal  plane,  and  g",  h"  the  points  in  which  the 
same  lines  meet  the  vertical  plane  ;  and  efV  g"eh"  being 
drawn  will  be  the  horizontal  and  vertical  traces  of  the  plane 
required. 


CHAPTER 
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CHAPTER  III. 


Construction  of  the  Cases  in  Spherics. 

Right-angled  Spherical  triangles. 

CASE  L 

Given  the  two  legs  of  a  right  angled  spherical  triangle  to  find  the 
the  angles  and  hypothenuse. 

Let  AB  be  the^  ground  line, 
aief',  aeg"  two  angles  of  which 
the  measures  are  the  giv^en 
sides.  Find  by  prob.  11,  the 
angles  which  the  plane  having 
ef'  and  eg"  for  its  horizontal 
and  vertical  traces  makes  with 
the  horizontal  and  vertical  -bi- 
planes, and  these  angles  will  be  -^ 
the  angles  required. 

Thus  klg"  is  the  angle  of 
the  spherical  triangle  which  is 
opposite  to  the  side  that  mea- 
si^res  the  angle  aeg".  Again 
find  by  prob,  12,  the  position 
M  on  the  horizontal  plane  of 
the  point  g"  in  the  vertical 
trace  eg",  and  f'em  will  be  the 
angle  of  which  the  hypothe- 
nuse is  the  measure. 

For,  eohfeeiving  keg  to  be  at  right  angles  tp  the  horizontal 
plane  aef'  ip  the  commop  section  ab,  and  that  a  plane  passes 
through  ef'  and  eg'',  we  shall  evidently  have  a  solid  angle  at  e, 
of  which  the  three  plane  sides  are  kef',  keg",  and  the  angle 
of  which  the  sides  are  ef',  eg"  and  which  by  construction  is 
equal  to  the  angle  f'em.  This  solid  angle  at  e  has  its  sides 
and  the  inclinations  of  these  sides  equal  to  the  sides  and  angles 
of  a  right-angled  spherical  triangle ;  the  right  angle  contained 
by  the  horizontal  and  vertical  planes,  being  the  right  angle  of 
the  spherical  triangle,  and  the  inclinations  of  the  plane  passing 
through  ef'  and  eg",  to  the  horizontal  and  vertical  planes  being 
the  oblique  angles  of  the  triangle. 

CASE 
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CASE  II. 

Given  one  leg,  and  the  hypothemise  of  a  right-angled  spherical 

triangle  to  find  the  three  remaining  parts. 

Let  AB  be  Ihe  ground 
line  ;  aef',  f'em  the  given .  \Ut" 

leg    and    hypothenuse.  ^^^ 

Draw  from  any  point  k  of 
the  ground  line  ab  the 
straight  line  kp'm  at  right 
angles  to  ef  :  make  el 
equal  to  kp'  ;  draw  kg 
at  right  angles  to  ab,  and 
make  lg  equal  to  f'M;  then 
shall  ef',  eg"  be  the  hori- 
zontal and  vertical  traces 
of  the  plane  of  the  hy- 
pothenuse, aeg"  the  leg 
required,  and  g"lk  the 
angle  adjacent  to  the  giv- 
en side  or  leg  aef'. 

This  construction  is  merely  the  converse  of  that  in  case  1 
Beeause  lg"  is  by  construction  equal  to  f'm,  therefore  m  is  the 
horizontal  position  of  the  point  g"  by  the  rotation  of  the  plane 
of  the  hypothenuse  about  ef';  and  therefore,  the  angle  con- 
tained by  f'e  and  eg",  when  consideredin  the  vertical  plane,  is 
equal  to  the  given  hypothenuse  p'em.  Also,  by  prob.  1 1 ,  g"l^ 
is  the  inclination  of  the  plane  of  the  hypothenuse  to  the  hori- 
zontal plane.  By  the  same  prob.  we  may  determine  the  in- 
clination of  this  plane  of  the  hypothenuse  to  the  ycrtica:} 
plane,  which  will  be  the  angle  of  the  spherical  triangle  ?idja^. 
cent  to  the  side  aeg", 

CASE  III. 

Given  one  leg  and  the  adjacent  angle  of  a  right-angled  triangh 
to  determine  Utie  remaining  parts^ 

Let  AB  be  the  ground  line  ;  and  aef  the  given  leg  on  the 
horizontal  plane.  From  any  point  k  in  the  ground  line  abi 
draw  kp'  at  right  angles  to  ef'  ;  make  kl  equal  to  kf'  ;  at  l 
make  the  angle  alg"  equal  to  the  given  angtej^and  let  lg"  meet 
the  straight  line  kg"  at  right  angles  to  ab  in  g";  join  eg",  and 
ef',  eg"  will  be  the  horizontal  and  vertical  traces  of  the  plane 
of  the  hypothenuse;  alsd,  if  f'm  be  made  equal  to  lg'*  the 
angle  fem  will  be  the  hypothenuse. 

For,  since  kg"  is  at  right  angles  to  ab,  kf'  to  ef',  and  kl  equal 
to  kf';  therefore  the  given  angle  klg"  is  by  prob.  11,  the  in^ 
clination  to  the  horizontal  plane  of  the  plane  of  which  ef' 
s^nd  eg"  are  the  horizontal  and  vertical  traces,  which  is  the 

ToL.  II,  77  spherical 
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spherical  angle  coiitained  by  the  hypotbi^ttUBil^bd  base. 
Therefore  keg"  is  the  remaining  leg :  ahd,  siiic^  k  U  thfe  bbri. 
zontal  position  oif  the  point  g'^'  by  rotatioja  aMut  ef',  thierefore 
f'em  is  tke  hypothenuse. 

.  ./,.■■  cAsfciV:  [       \  '   ' 

Giveri  oheieg  ani  the  oppoHie  angle  tofind  the  Hma^ 
vjl^  ike  triangle. 

l6tiBb6th^grotind 
iifie ;  ^tid  ifeo"  the  attv 
gle  bf  t^hich  the  given 
leg  is  the  measure. 
From  K,  any  point  in 
AB  draw  kg"  at  ri^t 
angles  to  ab,  and  make 
k^"l  equal  to  the  com- 
plement of  the  given 
angle  :  With  the  cen- 
tre K,  and  distance  iCL 
describe  a  circular  ^rc 
LF-ii  and  draw  ef' to 
toilch  the  arc  lf'h  in 
f',  then  ef',  eg"  are 
the  horiz6ntal  and  ver- 
tical traces  of  the  plgftie 
of  thiB  hypothenuse, 
and  of  course  the  angle 
aef'  has  for  its  mea- 
sure the  remaining  leg  of  the  triangle. 
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For,  if  we  join  kf',  the  angle  kf'e  is  a  right  angle,  and  there- 
fore klg"  is  the  angle  made  with  the  horizontal  plane  hy  the 
plane  of  which  the  horizontal  and  vertical  traces  are  ef',  eg". 

The  hypothenuse  may  be  determined  as  before. 

CASE  V. 

Giveu  the  hypothenuse  and  one  angle  of  a  spherical  triangle^  to 
determine  the  remaindng  parts. 

Let  f'em  be  the  giv- 
en hypothenuse  and  \(x' 
from  any  point  f'  in  the 
side  ef'  draw  f'm  at 
right  angles  to  f'e  :  at  p' 
make  mf'h  equal  to  the 
given  angle,  and  draw 
HH  at  right  angles  toF'n. 

In  mf'  produced  take 
f'k  equal  to  p'h;  join 
EK,  and  draw  kg"  at 
right  angles  to  ek  ; 
inake  kl  equal  to  kf', 
and  lg"  equal  to  f'm  ; 
join  eg",  and  kef',keq" 
will  be  the  angles  of 
which  the  required 
legs  are  the  measures. 

For  if  AB  be  the 
ground  line  ;  and  ep', 
eg"  the  horizontal  and 
vertical  traces  of  a  plane,  it  is  plaii^  that  the  inclination  of  this 
plane  to  the  horizontal  plane  is  klg",  which  by  construction 
is  equal  to  mf'h  :  and  the  hypothenuse  or  angle  contained  by 
ef'  horizontal  and  eg"  in  the  vertical  plane  is  equal  to  th^ 
given  angle  f'em. 

CASE  VI. 

Given  the  angles  of  a  right  angled  spherical  triangle  to  d^er* 
mine  the  legs  and  the  hypothenuse. 

Let  AB  be  the  ground  line  ;  with  one  of  the  given  angles  klg" 
as  an  an^e  and  the  complenfiiBnt  keg"  of  the  othe^  given  angle 
as  an  opposite  side,  construct  a  spherical  triangle  by  case  4, 
a^d  the  complements  of  its  remaining  side  aef',  of  its  hypo- 
thenuse f'em,  and  of  its  remaining  angle,  will  be  the  hypothe- 
nuse and  two  legs  of  the  triangle  required.  _ 

Let 
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Lei  Afec  be  ah  equilateral , 
'Equiangular,  rectangular  splieri- 
ical  triangle,  all  the  sides  being 
quadrants  and  all  the  angles  right 
iangles  ;  and  let  any  two  great 
drcles  BFD  AFE  pass  through  B 
and  A,  and  bd,  ae  will  be  quad- 
rants, and  the  angles  at  d  and  e 
right  angles  ;  and  therefore  adf^ 
kEF  ate,  right  angled  triangles^ 
having  the  angles  at  f  equal ;  and 
the  remaining  parts  of  each  are 
complements  ofthose  of  the  other: 

thus,  BF  is  the  complement  of  df  ;  be  is  the  complement  of 
CE  or  of  the  angle  daf,  and  the  angle  ebf  or  its  measure  dc  id 
the  complement  of  the  side  adj, 

Suppose  now  that  the  angles  daf,  dfa  are  given  to  find  the 
r6tftainibg  parts  of  the  trianglie  adf.  From  what  has  just  bee« 
shown,  we  have  in  the  triangle  bef,  the  angle  bfe  and  the 
opposite  side  be  which  is  the  complement  of  the  given  angle 
DAF.  It  is  evident  therefore,  that  when  two  angles  are  given 
in  the  triangle  AbF^  we  have  only  to  construct  the  triangle 
S5EF  of  which  th6  angU  bfe  and  the  opposite  side  be  are  given  ; 
■which  is  effected  i^s  in  case  4.  And  afterwards  we  obtain  af^ 
A0i  DF  by  taking  the  complements  of  fe,  the  angle 'ebf,  and 
'the  hypothenuse  bfV 

CASES 
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tASES  OF  OBLIQUE  ANGLED  SPHERICAL 
TRIANGLES. 


CASE  I. 

driven  the  three  sides  of  a  spherical  triangle  to  determine  the 
angles. 

With  the  centre  e  and  any  radius  ae,  descrihe  on  the  hori- 
zontal plane  a  circle  abcd,  in  the  circumference  of  which 
take  AB,  Bc,  CD  equal  to  the  three  given  sides  :  from  a  and 
p  draw  AFH  and  dkl  at  right  angles  to  eb  and  eg,  intersecting 
feach  other  in  g.  On  the  chord  ah  as  a  diameter  describe  the 
semicircle  amh  ;  draw  gm  at  right  angles  to  ah  ;  join  fm,  and 
MFH  will  be  the  angle  contained  by  the  sides  equal  to  ab  and  bc, 

D 


Supposing  E  to  be  the  centre,  and  ae  the  Tad  ins  of  the 
sphere,  to  which  the  spherical  triangle  belongs  ;  let  the  se- 
micircle AMH  revolve  from  its  horizontal  to  a  vertical  positioh, 
and  suppose  the  angle  be  a  to  revolve  about  the  side  be  ;  it  is 
plain,  that  the  point  a  will  describe  the  circumference  amh. 
In  the  same  manner,  the  point  d,  will  describe  the  circtimter^ 
'  ence 
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cnce  of  a  V(grtical  circle  on  the  diameter  dl.  It  is  evident 
therefore,  that  mg  will  thus  hecome  the  commoB  section  of 
these  two  vertical  semicircles,  and  m  the  point  with  which  a 
and  D  coincide,  when  ea  and  ed  are  coincident.  And  because 
when  the  triangle  gmf  is  vertical,  mf  will  be  at  right  angles  to 
EB,  the  angle  gfm  will  be  the  inclination  of  the  plane  of  the 
angle  "BEA  to  the  horizontal  plane  when  the  points  a  and  m  co- 
incide. 

By  a  similar  construction,  we  may  determine  the  remaining 

;les. 

Another  Construction. 

Let  AB  be  the  ground  line  ;  in  which  take  any  poiilt  g,  and 
and  draw  cp"  at  right  angles  to  a9.  At  any  point  p"  in  this 
perpendicular  make  the  angles  j:j»".Ej  cd'^f,  and  fdV' eqi|aj  to 


A     G 


the  angles  of  which  the  given  sides  of  the  spherical  triangle 
are  the  measures  :  make  d"g"  equal  to  d"e  ;  join  fg";  and  with 
the  centres  c  and  f,  and  distances  ce,  fg"  describe  two  arcs 
intersecting  in  h';  join  ch',  and  fch'  will  be  the  angle  opposite 
to  the  side  which  measures  the  angle  fdV. 

Gx^nceive  the  vertical  plane  to  stand  at  right  angles  to  the 
horizontal,  and  in  this  situation  suppose  dh"  to  be  joined  ;  also 
cfraw  FH.  Now  cd"f  being  at  right  angles  to  the  plane  cfh  , 
it  is  evident  that  cfhV  is  a  triangular  pyramid  of  which  the 
base  is  GF|i',  and  vertex  d"  :  and  since  ch'  is  equal  to  ce,  and 
the  angles  p'gh',  dce  equal  being  right  angles,  therefore  the 
angle  cp"h'  is  equal  to  cd"e,  and  d"h'  to  d"e.  Also,  because 
d"h'  is  equal  to  d"e,  that  is,  tp  d"g",  and  fh  to  fg'',  and  d"f  com- 
mon to  the  two  triangles  fdV,  fd"g";  therefore  the  angle 
f»"h  is  equal  to  the  given  angle  fd'g^';  and  thus  it  is  manifest, 

that 
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that  the  thi*ee  artgles  at  the  summit  d"  of  thfe  pyramid,  viz. 
€d"h',  cd"f,  fd''h'  are  equal  to  the  three  given  angles  cdV> 
cd"f,  Fi>"G';  consequently,  if  with  the  centre  d"  and  radius  d"e 
we  describe  a  spherical  surface,  its  intersections  with  the 
planes  of  the  angles  cd"h',  gd"f,  fd"h,  will  be  the  spherical 
triangle,  clk  havitig  the  given  sides.  And  because  d"c  is  at 
right  angles  to  cf  and  cn\  therefore  cf  and  em'  are  the  tan- 
gents of  the  arcs  cl  and  ck,  and  therefore  the  plane  atigle  fch' 
is  equal  to  the  spherical  angle  lgk. 

CASE  n. 

Given  two  sides  and  the  contained  angle  to  detetfnine  the  remain' 
ing  parts  of  the  triangle. 

With  the  centre  e  and  any  distaiice  e a,  describe  on  the 
horizontal  plane,  the  circle  abcd  ;  in  the  circumference  of 
which  take  ab,  bc  equal  to  the  two  given  sides.  Make  bh 
equal  t©  ab  ;  join  ah,  and  on  it  as  a  diameter  describe  the  SA- 


mlcircle  amh  :  at  the  ijentre  f  make  the  angle  «fm  equal  tQ 
the  given  contained  angle  ;  draw  mg  at  right  angles  to  ah,  md 
^KP  at  dght  afiigles  to  CE,  md  cd  shall  be  the  side  of  the  sphe- 
riqal  triangle  th^  ^  apposite  to  the  given  angle* 

The 
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The  trutbof  this  construction  is  evident  from  the  demon- 
stration of  the  first  construction  given  to  the  preceding  case. 

Another  Constru<:tion  of  Case  2, 

Let  AB  be  the  ground  line  ;  in  which  take  any  point  c,  and 
draw  cd''  of  any  length  at  right  angles  to  ab.  Make  the  angles 
ep"E,  cd'f  equal  to  the  two  given  sides,  and  ech'  equal  to  the 
given  angle  :  with  the  centre  c  and  distance  ce  describe  the 
arc  eh',  and  join  fh'  ;  lastly,  make  d"g",  fg"  equal  to  de  and 
fh'  respectively,  and  the  measure  of  the  angle  fd"g"  will  be 
the  side  required. 


This  construction  is  evident  from  the  demonstration  of  the 
second  construction  given  to  the  preceding  case, 

CASE  III. 

Given  two  sides  and  an  angle  opposite  to  one  of  them  to  find  the 
remaining  side. 

With  the  centre  e'  and  any  radius  cV  describe  on  the  hori- 
zontal plane  a  circle  abd',  in  the  circumference  of  which  take 
c'b,  bd'  equal  to  the  given  sides,  and  c'a  equal  to  bc'.  Join  ab, 
on  which  as  a  diameter,  describe  the  semicircle  ag"b  :  at  f 
the  centre  of  ac'b  make  the  angle  afg"  equal  to  the  given 
angle  ;  from  g"  draw  g'h  at  right  angles  to  ab,  and  make  gk 
equal  to  the  chord  bd'  ;  with  the  centre  h  and  radius  kh  de- 
scribe the  circle  klm,  cutting  acb  in  l'  and  m',  and  cV,  or  c'm' 
will  be  the  required  side  of  the  triangle. 

Conceive  ab,  to  be  the  ground  line  :  and  ag"b  to  be  on  the 
vertical  plane,  making  right  angles  with  the  horizontal  plane  ; 
also,  suppose  a  sphere  to  be  described  with  the  centre  e'  and 

distance^ 
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distance  e'c'  ;  then  it  is  evident  that  the  semicircumference 
ag"b,  is  in  the  surface  of  the  sphere,  that  c  is  one  of  its  poles  ; 
and,  consequently,  that  the  distance  from  c'  to  g"  in  the  arc  of 
a,great  circle  of  the  sphere,  is  equal  to  the  arc  c'b. 

Ct" 


Imagine  a  plane  to  pass  through  c'e',  and  make  with  af  an 
angle  equal  to  the  given  angle  ;  this  plane  will  evidently  pass 
through  the  point  g"  of  the  vertical  plane,  because  the  angle 
g"fh  was  made  equal  to  the  given  angle,  and  the  arc  of  the 
great  circle  between  c'  and  g"  lying  in  theforementioned  plane, 
will  make  with  c'a  an  angle  equal  to  the  given  angle. 

Again,  g"h  being  at  right  angles  to  the  horizontal  plane, 
every  point  of  the  circumference  kl'm'  is  equally  distant  from 
V;  consequently  the  arc  of  the  great  circle  passing  from  g"  to 
L  or  m'  has  its  chord  equal  to  g"h,  or  the  chord  bd',  and  there- 
fore the  arc  between  g"  and  l  ,  or  between  g"  and  m,  is  equal 
to  the  given  side  bd'. 

Thus  it  is  plain  that  c',g"  and  l  or  m'  are  the  angular  points 
of  a  spherical  triangle  having  two  of  its  sides  equal  to  c'b  and 
bd',  and  its  angle  opposite  the  side  c'l  or  c'm'  equal  to  the  given 
angle  ;  and  therefore,  c'l  or  cm'  is  the  third  side  required. 

The  three  remaining  cases  of  oblique  angled  spherical  tri- 
angles^ are  constructed  exactly  as  the  three  preceding  cases, 
by  means  of  the  polar  triangle  described,  voL  ii,  page  30. 
See  the  author's  figure  to  theorem  iV  of  spherics. 

Va/..  II.  78  CASE 
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CASE  IV. 


If  the  three  angles  of  the  spherical  triangle  t>EP  be  givete 
to  find  the  sides ;  we  take  the  supplements  of  the  given  angles, 
We  have  the  three  sides  of  the  suppleoaental  or  polar  triangle 
ABC  ;  and,  the  angles  of  the  triangle  being  found  by  case  1 ,  their 
supplements  will  be  the  sides  required  in  the  triangle  def. 


CASE  V. 


if  the  side  de  and  the  adjacent  angles  at  d  and  e,  be  given" 
to  find  the  remaining  parts  of  the  triangle  def  ;  by  taking  the 
supplements  of  the  given  parts  tj^e  have  the  two  sides  ab,  ac 
and  the  contained  angle  bag,  to  find  the  remaining  parts  of  the 
triangle  abc  by  case  2» 


CASE  VI. 


If  the  side  DF  and  the  two  angles  at  n  and  e  be  given  in  the 
triangle  def  to  find  the  remaining  parts  ;  we  have  in  the  trian- 
gle ABC  the  two  sides  ab,  ac,  and  the  angle  abc  opposite  to  on 
of  them,  to  find  the  remaining  side  by  case  3. 


€HAtTJEfe 
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CHAPTER  IVe 

CONSTRUCTION  OP  THE  CONJC  SECTIONS, 

PROBLEM  h 

To  comtruct  a  conic  surface, 

1.  Draw  the  ground  line  ab,  in  the  horizontal  plane ;  tak^ 
any  point  p'  for  the  centre  of  the  circular  hase  of  the  cone;' 
and  with  the  radius  of  the  h^e  descrihe  about  p'  as  a  centre, 
the  circle  c^'r'  for  the  base  of  the  cone.  From  p'  let  fall  on 
AB,  the  perpendicular  p'k,  in  which  produced  take  k?"  equal 
to  the  axis  of  the  cone  ;  that  is  to  the  distance  between  the 
vertex  of  the  cone,  and  the  centre  p'  of  the  ba3C  ;  and  p''  will 
be  the  vertical  projection  of  the  vertex  of  the  cone* 


Because  the  axis  of  the  cone  is  at  right  angles  to  the  b^e^ 
it  is  evident  that  the  horizontal  projection  of  the  axis  is  sim- 
ply the  point  p'  ;  and  kp"  at  right  angles  to  the  ground  hne  ab 
is  its  vertical  projection  :  and  therefore,  p'  and  p"  are  the  ho- 
rizoutal  and  vertical  projections  of  the  vertex  of  the  cone. 

^.  To 
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2,  To  project  the  slant  side  of  the  cone,  take  any  point  ^' 
in  the  circamfereaee  of  the  base,  through  which  and  the  cen- 
tre p  draw  (ifr'  a  diameter  of  the  base  ;  also,  from  q,'  draw 
q^L  at  right  angles  to  the  ground  line  ab  ;  and  join  p"l  ;  then 
will  p'q'  and  p"l  be  the  horizontal  projections  of  the  slant  side 
of  the  cone  which  passes  throngh  the  point  q'. 

This  construction  of  the  slant  side  is  evident,  because  l 
being  the  vertical  projection  of  the  horizontal  point  ^' ;  there- 
fore p'  and  q'  are  the  horizontal  projections  of  two  points  of 
the  slant  side,  and  p",l  the  corresponding  vertical  projections  ; 
and  consequently,  p'^',  p"l  are  the  required  projections  of  the 
slant  side  passing  through  q'. 

If  we  make  a  similar  construction  for  the  slaat  side  passing 
through  R  we  have  the  construction  of  the  two  slant  sides  of 
the  cone,  in  which  the  curve  surface  of  the  cone  is  inter- 
sected by  a  vertical  plane  passing  through  the  axis  of  the  cone, , 
Thus  p"l  and  p"m  are  the  vertical  projections  of  the  opposite 
slant  sides  passing  through  the  extremities  of  the  diameter 
q'r'  of  the  base,  and  the  opposite  radii  p'q',  p'r'  are  the  cor- 
responding horizontal  projections. 

3.  To  find  the  vertical  projection  of  any  point  of  the  sur- 
face corresponding  to  any  given  horizontal  projection.  Let 
s'  be  any  given  horizontal  projection  of  a  point  of  the  curve 
surface  of  the  cone  ;  draw  the  radius  p's'q',  and  having  con- 
structed the  slant  side  by  its  projections  p'ct',  p"l,  draw  s'ns"  at 
right  angles  to  the  ground  line  ab,  meeting  the  vertical  pro- 
jection p"l  in  s",  and  s"  will  be  the  vertical  projection  of  that 
point  of  the  conic  surface  which  has  s  for  its  horizontal  pro- 
jection. 

In  the  preceding  construction  we  have  considered  only  that 
part  of  the  whole  conic  surface  which  is  between  the  vertex 
and  base  ;  but  as, the  conic  surface  may  be  extended  indefi- 
nitely downwards  below  the  base y  and  upwards  above  the  ver- 
tex, it  is  plain  that  the  horizontal  projection  rVq'  of  the  op- 
posite slant  sides  as  well  as  the  vertical  projections  p"k,  p"m, 
should  be  produced  indefinitely  both  ways;  that  is,  rV  to- 
wards f'  and  /;  and  p"k,  p"m  towards  e",  k"  ;  h",  d". 

Now,  the  vertical  projections  r"e",  d"h"  being  both  in  a  ver- 
tical plane  passing  through  f'j,  if  we  produce  s's"  to  meet 
d"h"  in  t",  we  shall  have  t"  for  the  vertical  projection  of  the 
point  in  which  a  perpendicular  to  the  horizontal  plane 
at  s'  meets  the  slant  side  which  passes  through  the  point  r' 
of  the  base :  this  perpendicular  therefore  meets  the  conic 
surface  in  two  points,  of  which  s"  and  t"  are  the  vertical  pro- 
jections, the  horizontal  projections  being  coincident  in  the 
point  s'.     Also,  the  vertical  ordinates  of  these  two  points  being 

*  NS" 
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m"  and  nt",  it  is  evident  that  the  part  of  the  perpendicular  at 
s'  which  is  projected  into  s"t',  falls  without  the  conic  surface  j 
the  remaining  parts  of  it  falling  within  the  upper  and  lower 
divisions  of  the  conic  surface. 


If  we  produce  qk  to  meet  d"h"  in  €t",  the  point  o.*'  will  be 
the  vertical  projection  of  the  point  in  which  the  perpendicu- 
lar irom  ^'  to  the  horizontal  plane,  meets  the  upper  division 
ojf  the  coniQ  surface.     In  like  manner,  if  r'm  be  produced  t^ 
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R  ,  we  have  the  vertical  projection  of  the  poi&t  in  which  the 
perpendicular  at  r'  meets  the  slant  side  of  the  cone  passing 
thrott^  q!:  and,  hecause  mk"  and  Kq"  are  equal,  as  is  evident 
from  the  construction,  it  follows  that  r"  and  ^"  are  the  vertical 
projections  of  two  points  diametrically  opposite  in  a  circular 
section  of  the  upper  conic  surface  parallel  to  the  base. 

If  we  take  any  point  f'  in  r'^'  produced,  and  draw  dV  oe" 
at  right  angles  to  the  ground  line  ab\  it  is  plain  that  d"  and  e" 
are  the  vertical  projections  of  the  points  in  the  upper  and 
lower  divisions  of  the  conic  surface  through  which  a  straight 
line  passes,  that  is,  perpendicular  to  the  horizontal  plane  at  f\ 
so  that  of',  od"  are  the  horizontal  and  vertical  ordinates  of  the 
point  of  intersection  in  the  upper  division,  and  df',  oe"  in  the 
lower.  Also  that  part  of  the  perpendicular  at  f',  that  is  re- 
presented by  d"e",  falls  without  the  conic  surface ;  and  the  re- 
mammg  parts  above  d"  and  below  e"  fall  within  the  upper  and 
lower  divisions  of  the  conic  surface, 

PROBLEM  n. 

To  find  the  point  in  which  a  given  plane  is  cut  fjy  the  given  slant 

side  of  a  cone. 
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Let  EK  be  the  ground  line  ;  p'  tbe  centime  of  the  base  t  r'^' 
on  the  horizontal  plane  ;  p"  the  vertical  projection  of  the  ver- 
tex of  the  cone,  ^'  any  given  point  in  the  circumference  of  the 
base,  and  r'^',  p"l  the  horizontal  and  vertical  projections  of 
the  slant  side  passing  through  q,';  also,  let  eg',  ef"  be  the  ho- 
rizontal and  vertical  traces  of  the  given  plane. 

Since  the  slant  side  is  given  by  its  horizontal  and  vertical 
projections  p'^',  p"l,  and  the  plane  by  its  traces,  we  have  only 
to  find  the  projections  of  the  required  point  by  prob.  17,  chap. 
2.  The  operation  is  as  follows  :  Produce  q'r'  to  g'  and  h  ; 
draw  g'v  and  hp"  at  right  angles  to  eh  ;  join  vf'  cutting  p"l  in 
s",  and  draw  sV  at  right  angles  to  eh  cutting  eh  and  p  ^'  in  n 
and  s,  and  ns',  srs"  will  be  the  horizontal  and  vertical  projec- 
tions of  the  point  required. 

In  a  similar  manner  we  find  the  horizontal  and  vertical  pro- 
jections, d'  and  D"»of  the  point  in  which  the  given  plane  is  cut 
by  the  slant  side  which  passes  through  r'  the  other  extremity 
^f  the  diameter  ^'r'. 

If  the  point  e  be  at  an  infinite  distance,  the  traces  eg'  and 
EP"  become  parallel  to  the  ground  line  ;  and  this  circumstance 
produces  a  variation  in  the  method  of  construction  for  some 
points  that  may  require  farther  iliustTation* 
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^  liet  AB^e  the^i^oaiMlme  f  4k^  of  llise  tone  ba 

the  horizontal  plane,  p'  its  cen tre j'kjp'^  the  Vertical  projectfon 
of  the  axis  of  the  cone  ;  and  ef'v  g'bT  the  traces  of  the^ven 
plane,  which  are  parallei to  AB.  .    ^    - 

^  Suppose  the  horizontal  projection  q'r-  of  two  opposite  sMt 
sides  to  be  the  diameter  of  the  base  parallel  to  ab;  and  there- 
fore p"l,  p"m  the  vertical  projections  of  those  sides.  To  de- 
termine the  points  in  which  the  plane  meets  those  slant  sides 
we  may  proceed  as  follows  : 

Make  kd  equal  to  ko,  join  cd  cutting  qV  in  z';  make  ky" 
equal  to  pz\  and  through  y"  draw  s'-'t"  parallel  to  ab  ;  then 
s"s  and  tV  being  drawn  perpendicular  to  ab,  will  give  th« 
horizontal  projections  of  the  required  points  ;  and  s",  t''  the 
corresponding  vertical  projections. 

Again,  to  determine  the  intersection  of  the  plane  and  slant 
side  passing  through  k  :  make  pV  equal  to^Kp"  which  is  the 
altitude  of  the  cone;  draw  kv' intersecting  c'd  in  w';  make 
w'x  parallel  to  ab,  and  x  will  be  the  horizontal  projection  of 
the  required  point,  and  x'w  will  be  equal  to  the  vertical  or- 
dinate, the  horizontal  ordinate  being  kx'. 

PROBLEM  ni. 

To  construct  the  horizontal  projection  of  the  curve  made  by  the 
intersection  of  a  given  plane  with  a  given  conic  surface. 

Let  ab  be  the  ground  line  ;  kq'c  the  circumference  of  the 
base  on  the  horizontal  plane,  touching  the  ground  line  in  k  ; 
let  p'  be  the  centre  of  the  base,  and  at  the  sanae  time  the  ho- 
rizontal projection  of  the  axis,  and  vertex  ;  and  kp"  the  ver- 
tical projection  of  the  axis. 

Suppose  the  given  intersecting  plane  to  be  parallel  to  the 
ground  line,  or  which  is  the  same  in  effect,  let  the  horizontal 
and  vertical  traces  a'v,  tV  of  the  given  plane  to  be  parallel 
to  ab,  and  suppose  the  horizontal  trace  aV  to  touch  the  base 
of  the  cone  in  c'. 

To  find  the  axis  of  the  projection,  make  ka  equal  to  kk", 
and  join  c'a  in  p'r'o' parallel  to  ab  ;  take  pV  equal  to  kp"; 
join  Ko'  intersecting  ac'  in  \5\  and  from  u'  draw  u'd'  parallel  to 
AB,  and  cV  will  he  the  axis  of  the  projection. 

Again,  to  find  the  points  in  which  the  curve  to  be  projected 
€uts  the  diameter  qV  parallel  to  ab  ;  from  ^'and  ^'  draw  q'l, 
r'm  perpendicular  to  ab,  and  p'^'l,  p'^m  will  be  the  projections 
of  the  slant  sides  passing  through  ^'and  r':  let  c'a  meet  pVin 
p/,  and  having  made  k?"  equal  p'r,  draw  hVj"  parallel  to  Ab, 
and/'/,H"H'  parallel  to  p"p' land  j'V  will  be  the  points  re- 
quired in  qV. 

To 
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To  find  the  point  in  which  the  curve  meets  any  other  radi- 
us p's',  draw  s'n  Jlt  right  angles  to  ab  ;  join  f^'n  which  is  the 
vertical  projection  of  the  slant  side  passing  through  s':  pro- 
duce p's  to  meet  a'v'  and  ab  in  v'  and  t  ;  draw  v  b,  tt"  pa- 
rallel to  P'*p",  and  join  bt",  cutting  p"n  in  e"  ;  draw  e'e'  paral- 
lel to  P'p  andE'  will  be  the  pointjn  which  p's'  is  intersected 
by  the  curve. 


In  a  similar  manner  we  may  find  any  number  of  points  in 
the  required  section  c  e'dV. 

When  the  points  v,  and  t  become  to  remote  too  be  conse- 
quently used  in  the  construction,  we  may  find  the  required 
points  of  the  curve  by  the  method  used  in  determining  the 
intersection  of  the  plane  by  the  slant  side  passing  through  k. 

In  this  example,  in  which  the  cone  is  divided  by  the  plane 
into  upper  and  under  parts  of  the  conic  section,  is  called  an 

VolVII.  79  ellipse; 
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ellipse  ;  the  curve .  c  e  dV  is  therefore  the  projection  of  m 
ellipse,  and  conseqQODtly,  cVi>V  is  also  an  ellipse.    . 

PROBLEM  IV.  .      ' 

To  construct  the  ellipse  of  which  the  curve  c  e'dV  in  the  precede 
ing  problem  i»  the  horizontal. 

This  problem  is  readily  solved  by  finding  by  prob.  12 
chap.  ir.  the  positions  of  the  points  of  the  curve  on  the  hori- 
zontal plane  by  the  revolution  of  the  intersecting  plane  to  a 
coincidence  with  the  horizontal  plane. 


Orj  We  may  proceed  as  follows,  which  is  nearly  equivalent. 
Because  kg' is  the  position  on  the  horizontfeil  plane  of  the 
slant  side  passing  through  h,  and  kc'a  the  angle  of  elevation 
^-f  the  given  plane  ;  it  is  plain,  that  cu'  is  the  transverse  axis 

.    .     :-     -  of 
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of  the  ellipse  section  required.  Make  a'<j^  equal  to  cVj  and^ 
will  be  the  position  on  the  horizontal  plane  of  the  vertex  de- 
termined by  u'. 

In  like  manner,  take  c'jt  equal  to  gr',  and  naake.  the  per- 
pendicular f^Ti  equal  to  p'p',  and  >;  will  be  a  point  in  the  requir- 
ed section.  In  a  similar  manner,  we  may  find  any  number  of 
points  in  the  circumference  of  the  required  ellipse  J^ec'c^. 

It  is  evident,  from  this  construction,  that  the  ellipse  ^ec'$ 
is  derived  from  cVd'f'  be  elongating  each  abscissa  from  c' as 
cp'  in  the  constant  ratio  of  g^h'  to  cV;  so  that  cp'  is  to  c'jt  as 
c^d'  to  c'i',  while  the  semiordinate  ^  remains  the  same  as 
p'h^ 

And  as  the  curve  ^Ec'^f  is  by  Jthe  definitions  of  conic  sec* 
tions  an  ellipse,  it  is  manifest  from  the  constant  ratio  of  the 
abscissas  cp/  and  cV  having  a  common  semiordinate  p'h'  or 
srj?^  that  the  projection  ce'  d'f'  is  also  an  ellipse. 


PROBLEiyi  V. 


To  construct  the  section  of  a  cone  hy  a  plane  parallel  to  the  axis 
of  the  cone. 


Let  AB  be  the  ground  line  ;  p'the  centre  of  the  circular  base 
k^b!  of  the  cone  touching  the  ground  line  ab  in  k  :  produce 
the  radius  p'k  to  p",  and  take  kp"  equal  to  the  axis  of  the  cone 
which  is  supposed  to  be  at  right  angles  to  the  plane  of  its  base, 
and  consequently  to  the  horizontal  plane  ;  theii  p^Kisthe  ver^ 
tical  projection  of  the  axis,  and  p"  of  the  vertex. 

Suppose  the  cutting  plane  to  be  parallel  to  the  vertical  plane^ 
and  to  intersect  the  horizontal  plane  in  the  straight  line  r'yq, 
which  is  therefore  parallel  to  ab,  and  consequently  perpendi- 
cular to  the  diameter  ck. 

Draw  any  radius  pVt  of  the  base,  meeting  r'^'  in  s",  and 
the  eircumfierence  of  the  base  in  t.  Find  by  prob.  1,  chap. 
IV,  the  vertical  projection  p'V  of  the  slant  side  passing  thr4)ugh 
T,  tibe  corresponding  horizontal  projection  of  this  slant  side 
being  f't  :  through  i  draw  s's"  at  right  angles  to  ab, -and  meet- 
ing v#  in  s^',and  ns''  is  the  altitude  of  the  conic  surface  at  s', 
because  ns',  ns"  are  evidently  co-ordinates  of  a  point  of  the 
sMia^t  side  passing  throu^  t • 

Aitd,  since  the  cutting  plane  which  passes  through  r'^'  is 
per|rend«Hilar  to  the  hofizontal  plaaCjit  is  evident  that  ns', 
m"  are  the  co-ordinates  of  tfeie  point  in  which  the  slant  side 

terminating 
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terminatiDgin  T  penetrates  the  cutting  plane  ;  if  therefore  we 
make  s'l  equal  to  nj",  it  is  plain  tlia,tjL  will  be  the  position  on 
the  horizontal  plane  of  the  point  denoted  by  $',  s",  by  the  re- 
volution of  the  cutting  plane  about  the  intersection  r'q,'. 


By  a  similar  coiistruction^  we  may  determine  any  number 
of  points  in  the  curve  q,'lxr',  which  will  be  the  section  re-^ 
quired. 

The  curve  required  may  be  obtained  still  more  simply  by 
merelyjfinding  the  perpendiculars  Ns%,and  describing  the  curve 
through  L,s",M^&c.  without  determining  the  corresponding 
points  in^'Lxa'^ 

It  is  evident  that  the  plane  meeting  the  base  at  right  angles 
in  PY^'  mustalso  rtieet  the  upper  division  of  the  conic  surface, 
and  produce  another  section  equal  and  similar  to  q'xr-.  The 
curve,  determined  by  this  construction  is  an  hyperbola. 
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PROBLEM  VI. 

To  construct  the  intersection  of  a  conic  surface  by  a  plane  pa- 
ralkl  to  one  of  the  slant  sides  of  the  cone. 

Let  AB  be  the  ground  line  ;  p'  the  centre  of  the  cone's  base, 
which  is  supposed  to  be  coincident  with  the  horizontal  plane  ; 
and  let  the  base  efk  touch  the  ground  line  in  k  :  in  p'k  pro- 
duced, take  KP"  equal  to  the  altitude  or  axis  of  the  cone,  and 
p"  is  the  vertical  projection  of  the  summit  of  the  cone.  Let 
the  cutting  plane  be  parallel  to  the  ground  line,  and  meet  the 


G? 


Y^ 


E" 


base  in  the  horizontal  trace  ef,  which  will  consequently  b6 
parallel  to  ab  :  in  kp"  produced  if  necessary,  take  KY^afoifrth 
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pip*|prtional  to  the  three  straight^imes  j:f',  ikk,  kp^,  and  the 
s^ght  line  g'-y'V'  parallel  to  ABrWill  Be  Ihe  vertical  trace  of 
the  cutting  plane. 

The  angle  which  the  slant  side  passing  through  z  makes  with 
the  horizontal  plane  is  evidently  the  acute  angle  at  the  base  of 
a  right-angled  plane  triangle  of  which  the  baseHs  zp',  and  per- 
pendicular equal  to  KP" ;  and  the  angle  which  the  cutting  plane 
makes  with  the  horizontal  plane  is  also  the  acute  angle  at  the 
base  of  a  right-angled  triangle  of  which  the  *base  is  xk  and 
perpendicular  ky"  ;  and  since  these  two  triangles  are  in  the 
same  plane  and  have  the  ba$es  and  altitudes  proportionals,  it 
is  plaia  that  the  acute  angles  at  their  bases  are  equal,  and  that 
the  sla«t  side  passing  through  z  is  parallel  to  the  plane  of 
whiM  the  traces  are  ef,  g"h". 

To  construct  the  curve  of  intersection  draw  any  radius  p'^  ; 
from  a  draw  ^m  at  ri^ht  angles  to  ab,  and  join  p^m,  then  p'<i, 
and  p''m  are  the  horizontal  and  vertieal  traces  of  the  slant  side 
passing  through  q.  Find  by  prob.  2.  chap,  iv  the  horizontal 
and  vertical  projections  s'  and  s"  of  the  point  in  which  this 
slant  side  meets  the  cutting  plane  ;  and  by  prob.  1^.  chap,  u, 
/find  ithe^^ositibhon  the  horizontalplaneof  the  point  of  whiph 
s'  and  s"  are  the  projections  by  the  rotation  of  the  cutting  plane 
about  the  ihtersection  ef,  andi  is  a  point  in  the  required 
curve. 

In  a  similar  nmnner  we  may  proceed  in  determining  any 
number  of  points  ]i^the  required  curve  FIVE. 

T?he  ordinates  h*b/  coristruction  given 

inprpb  2,  chap.  iv.fortheslantside»  passing  through  the  ex- 
tremities of  the  diameter  DR  parallel  to  the  ground  line  ab. 

The  vertex  vis  found;  by  taking  ka  equal  to  ky",  and  p'd 
eqpl  ito  KP";  then  drawing  ax  and  kd,  we  have  the  position 
c"bf  the  vertex  of  the  curve  on  the  horizontal  plane  ;  and 
therefore  making  XV  eqiial  to  xc,  the  point  v  will  be  the  ver- 
tex of  the  curve. 

It  is  obvious  that  the  curve  FIVE  is  a  parabola. 
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LOGARITHMS 


OF  ' 

FHE 

NUMBERS 

FROM 

1  to  1000. 

N. 

Log-   1 

N.- 

Log.   N. 

Log. 

N. 

Log. 

1 

0.000000 

26 

1.414973 

51 

1.707570 

76 

I.B80814 

2 

0.301030 

27 

1.431364 

52 

1.716003 

77 

1.886491 

3 

0  477121 

28 

1.447158 

53 

1.724276 

78 

1.892095 

4 

0.602060 

29 

1.462398 

54 

1.732394 

79 

1  897627 

5 

0.698970 

30 

1.477121 

.55 

1,740363 

80 

1.903090 

6 

0.778161 

31 

1.491362 

56 

1.748188 

81 

1.908485 

7 

0.845098 

32 

1,505150 

57 

1.755875 

82 

1.913814 

8 

0  903090 

p3 

1.518514 

,58 

1.763428 

83 

1;9I9078 

9 

0.954243 

.34 

1.531479 

59 

1.770852 

84 

1.9^4279 

10 

1.000000 

35 

1.544068 

60 

1.778151 

85 

1.929419 

11 

1,041393 

36 

1.556303 

61 

1,785330 

86 

1.934498 

12 

1.079181 

37 

1.568202 

62 

1.792392 

87 

1.939519 

13 

1.113943 

38 

1.579784 

63 

K79g341 

88 

1.944485 

14 

1.146128 

39 

1.591065 

64 

1.806180 

89 

1.949390 

15 

1.176091 

40 

1.602060 

65 

1.812913 

90 

1.954243 

16 

1.204120 

41 

1.6/2784 

66, 

1.819544 

91 

1.959041 

17 

1.230449 

42 

1.623249 

67 

1.826075 

92 

1.963788 

18 

1.255273 

43 

1.633468 

68 

1.832509 

93 

1.968483 

19 

1.278754 

44 

1.643453 

69 

1.838849 

94 

1.973  l'2iB 

20 

1.301030 

45 

1.653213 

70 

1.846098 

95 

L977724 

•21 

1.322219 

46 

h'662758 

71 

1.851258 

96 

1.982271 

22 

1.342423 

47 

1.672098 

72 

1.857333 

97 

1.986772 

23 

1.361728 

48 

1.681241 

73 

1.8633'2S 

98 

1.991226 

24 

1.3802  U 

49 

1.690196 

74 

1.869232 

99 

1.995635 

25 

l.*397940 

50 

1.698970 

^  75 

1.875061 

100  12.000000 

N.  B.  In  the  following  table,  in  the  last  nine  columns  of  each 
page,  where  the  first  or  leading  figures  change  from  9's  to 
O's,  points  or  dots  are  now  introduced  instead  of  the  O's 
through  the  rest  of  the  line,  to  catch  the  eye,  and  to  indi- 
cate that  from  thence  the  corresponding  natural  number  in 
the  first  column  stands  in  the  next  lower  line,  and  its  an- 
nexed first  two  figures  of  the  Logarithms  in  the  second 
column. 
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LOGARITHMi. 


N. 


100 

ioi 

102 
103 
104 
105 
106 

lor 

108 
109 
110 
111 
112 
113 
114 
115 
116 

iir 

118 
119 
120 
121 
122 
123 
124 

^  its 

126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 

i: 

139 
140 
141 
1 42 

1 143 

|144 
]I45 
1146 
1 147 
}U8 
149 


000000 

4321 

8600 

012837 

7033 

021189 

5306 

9384 

033424 

7426 

041393 

5323 

9218 

053078 

6905 

060698 

4458 

8186 

071882 

5547 

9181 

082785 

6360 

9905 

093422 

6910 

100371 

3804 

7210 

110590 

3943 

727] 

120574 

3852 

7105 

.130334 

3539 

6721 

9879 

143015 

6128 

9219 

152288 

5336 

8362 

161368 

435.^ 

7317 

170262 

186 


0434 
4750 


086,8 
5181 


9026  9451 
3259' 3660 
745117868 
16031 20 1 6 
5715  6125 


9789 
3826 
7825 
\787 
5714 
9606 
463 
7286 
1075 
4832 
8557 
2^50 
5912 
9543 
3144 
6716 
.258 
3772 
H^7 
0715 
4146 
7549 
0926 
4277 
7603 
0903 
4178 
7429 
0655 
S868 
7037 
194 
3327 
643 
9527 
2594 
5640 
8664 
1667 
4650 
7613 
0555 
3478 


.  195 
4227 
8223 
2182 
6105 
9993 
3846 
7666 
1452 
5206 
8928 
2617 
6276 
9904 
3503 
7071 
611 
4122 
7604 
1059 
4487 
7888 
1263 
4611 
7934 
1231 
4504 
7753 
0977 
4177 
7354 
508 
3630 
6748 
9835 
2900 
5943 
8965 
1967 
4947 
7908 
0848 
3769 


1301 
5609 
9876 
4100 
8284 
2428 
653 
.600 
4628 
8620 
2576 
6495 
.380 
4230 
8046 
1829 
5580 
9298 
2985 
6640 
.266 
3861 
7426 
i963 
4471 
7951 
1403 
4828 
8227 
1599 
4944 
8265 
1560 
4830 
8076 
1298 
.4496 
767  \ 
822 
3951 
7058 
142 
3205 
6246 
9266 
2266 
5244 
8203 
1141 
4060 


1734 
6038 
.  300 
4621 
8700 
2841 
6942 
1004 
5029 
9017 
2969 
6885 
.766 
4613 
8426 
2206 
5953 
9668 
3352 


S 


2166 
6466 
.724 
4940 
9116 
3252 
7350 
1408 
5430 
9414 
3362 
7275 
1153 
4996 
8805 
2582 
6326 
..38 
3718 


6 


7G047368 
.  626  .  987 


4219 

7781 

1315 

4820 

8298 

1747 

5169 

8565 

1934 

5278 

8595 

1888 

5156 

8399 

1619 

4814 

7987 

1136 

4263 

7367 

.449 

3510 

6549 

9567 

2564 

5541 

8497 

1434 

4351 


4576 

8136 

1667] 

5169 

8644 

2091 

5510 

8903 

2270 

5611 

8926 

2216 

5481 

8722 

1939 

513 

8303 

1450 

4574 

7676 

.756 

.3815 

6852 

9868 

2863 

5838 

8792 


2498 
6894 
1147 
5360 
9532 
3664 
7757 
1812 
5830 
98  J 1 
37S5 
7664 
1538 
5S7S 
9185 
2958 
6699 
407 
4085 
7731 
1347 
4934 
8490 
2018 
5518 
8990 
2434 
5851 
9241 
2605 
5945 
9256 
2544 
5806 
9045 
2260 
5451 
8618 
176 
4885 
7985 
1063 
4120 
7154 
168 
3161 
6134 
9086 


1724  2019 
464ll4932 


3029 
7321 

1570 
5779 
9947 
4075 
8164 
2216 
6230 
.207 
4148 
8053 
1924 
5760 
9563 
3333 
7071 

776 
4451 
8094 
1707 
5291 
8845 
237Q 
5866 
9335 
2777 
6191 
9579 
2940 
6276 
9586 
2871 
6131 
9368 
2580 
5769 
8934 
2076 
5196 
8294 
1370 
4424 
7457 
.469 
3461 
6430 
9380 
2311 
5222 


8 


3461 
7748 
1993 
6197 
361 
4486 
8571 
2619 
6629 
.602 
4540 
8442 
2309 
6142 
9942 
3709 
7443 
1145 
4816 
8457 
2067 
5647 
9198 
272  J 
6215 
9681 
3119 
6531 
9916 
3275 
6608 
9915 
3198 
6456 
9690 
2900 
6086 
9249 
2389 
5507 
8603 
1676 
4728 
7759 
i769 
3758 
6726 
9674 
2603 


3891 
8174 
2415 
6616 
,775 
4896 
8978 
3021 
7028 
998 
4932 
8830 
2694 
6524 
.320 
4083 
7B15 
1514 
51S2 
8819 
2426 
6004 
9552 
3071 
6562 
1026 
3462 
6871 
.253 
3609 
6940 
0245 
3525 
6781 
12 
3219 
6403 
9564 
2702 
5818 
8911 
1982 
5032 
8061 
1068 
4055 
7022 
9968 
28951 


5512|58p2| 
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iNr~o 


150 
451 

;152 
15.S 

;i54 

Sl55 
156 
.I5t 
l':S8 

[159 
160 
j:61 
<162 
163 
.164 
i65 
1 66 
167 
,168 
169 
170 
171 
172 
173 
174 
175 
176. 

irr 

178 
179 
ISO 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 


176091 
S977 

181844 
4691 
7521 

190332 
3125 
5899 
865  J^ 

2Qmr 

AsltO 
6826 

-  9515 

21218^ 
-4844 
.748^ 

220108 

2716 

5309 

-  7887 

230449 
2996 
.5528 
8046 

240549 
3038 

.'  5513 
7973 

-250420 
285.3 
5273 
■  765^9 

260071 

2451 

,  4818 

7172 

9513 

27 IS^^ 
4158 

>  6462 
r8754 

281033; 
3301 
5557 

.    7.802 

29.0O35 

'  5256 
4466 
6665 
88^53 


1 


6381 

9264 

2129 

49751 

7803 

0612 

34Q3 

6176 

8932 

1670 

4391 

7096 

9783 

2454 

5109 

7747 

0370 

2976 

5568 

8144 

07.04 

3250 

57.61 

8297 

0799 

3286 

5759 

8219 

0664 

3096 

3514 

7918 

0310 

268*8 

5054 

7406 

9746 

2074 

4389 

.6692: 

8982 

1261 

^527 

5782 

8026 

0257 

2478 

4687 

6884 

9071 


6670 
9552 
2415 
5259 
8084 
0892 
3681 
6453 
9206 
J943 
4§63 
7365 
..51 
2720 
5373 
8010 
063.1 
3236 
5826 
8400 
0960 
3504 
6033 
8548 
1048 
3534 
6006 
^464 
O908 
3338 
5755 
81=58 
0548 
2925 
5290 
7641 
9930 
2306 
4620 
6921 
9211 
1488 
3753 
6007 
8249 
0480 
2699 
4907 
7104 
9289 


6959 
9J839 
-2700 
5542 
8366 
1171 
3959 
6729 
9481 
2216 
4934 
7634 

319 
2986 
5638 
8273 
0892 
3496 
6084 
8657 
1215 
3757 
6285 
8799 
1297 
3782 
6252 
8709 
1151 
3580 
5996 
8398 
0787 
3162 
$^325 
7875 

21 
2538 
4850 
71 51 
9439 
1715 
3979 
5232 
8473 
0702; 
2920 
5127 
7323 
9507 
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7248 
126 
2985 
5825 
8647 
1451 
4237 
7005 
9755 
2488 
52.04 
7804 
586, 
3^252 
5'902 
8536 
1153 
375^ 
6342 
8913 
1470 
4011 
6537 
9049 
1546 
4030 
6499 
8954 
1395 
3822 
6237 
8637 
1025 
5399 
5761 
8110 
446 
2770 
5081 
7380 
9667 
1942 
1205 
6456 
869,6 
0935 
3141 
5347 
7542 
9725 

4 


7536 
413 
3270 
6108 
892.8 
1730 
4514 
7181 
29 
2761 
5475 
8173 
.853 
3518 
616,6 
8796 
1414 
4P15 
6600 
9170 
1724 
4264 
6739 
9299 
1795 
4^77 
6745 
9198 
1638 
4P64 
6477 
8877 
1263 
3636 
^996 
8344 
..679 
3001 
5311 
7609 
9895 
2169 
4431 
6681 


1147 

3363 
55.67^ 
7761 
9943! 


7825 

699, 
3555 
6391 
9209 
2010 
4792! 
7556] 

303| 
3035i 
5746 
8441 
ll2i 
3783 
6430 
9060 
1675 
4274 
6858 
9426 
1979 
4517 
7041 
9550 
2044 
4525 
6991 
9443 
1881 
4306 
671S 
9116 
1501 
3873 
6232 
8580 

912 
3333 
5542 
7838 

123 
2396 
4656 
^905 


8920  9 U3 


1369 
3584 
5787 
i7979 
161 
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8113 
.980 
3839 
6674 
9490 
2289 
5069 
7832 
.577 
3305 
6016 
87)0 
1388 
4049 
6694 
9323 
1936 
4533 
7115 
9682 
2234 
4770 
729 
9800 
2293 
4772 
7237 
9687 
2125 
45<i8 
6958 
9355 
1739 
4109 
6467 
8812 
1144 
3464 
5772 
,8067 
351 
2622 
4882 
7130 
9366 
159i 
3804 
6007 
8198 
.378 


8401 
-1272 
4123 
6956 
9771 
2567 
5346 
8i07 
;850 
3577 
6286 
8979 
1654 
4314 
6957 
9585 
2196 
4792 
7372 
9938 
2488 
5023 
7544 
50 
2541 
5019 
74-82 
9932 
2368 
4790 
7198 
9594 
1976 
4346 
.6702 
904,^ 
1377 
3696 
6OO2 
8296 
.578 
2849 
5107 
73^4 
9589 

isl 

4025 
6226 
8416 
.595 


9 

8^89 
1558 
4407 
7239 
.51. 
2846 
5623 
8382 
1124 
3848 
6556 
9247 
1921 
4579 
7221 
9846 
2456 
5051 
7630 
.  193 
2742 
5276 
7795 
.300 
v^790 
5266 
7'728 
.  176 
2610 
5031 
7439 
9833 
2214 
4582' 
6937 
9279 
1609 
3927 
6232 
8525 
.  806 
3075 
533^ 
7578 
9812 
2034 
4246 
6446 
18635 
1.813' 
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LOGARITHMS 


N. 

;2o6 

.201 

202 

203 

204 

205 

206 

207 

208 

209 

210 

211 

212 

.213 

2M 

215 

216 

217 

218 

219 
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2846 
455 
4063 
4670 


5882 

6487 

7091 

7694 

8297 

8898 

9499 

V.  98 

0697 

,1295 

1893 

2489 

3085 

3680 

4274 

4867 

5459 

6051 

6642 

7232 

7821 

8409 

3997 

9584 

.170 

0755 

1339 

1923 

2506 

3088 

3669 

4250 

4830 


5532 
6151 
6770 
7388 
8004 
8620 
9235 
9849 
0462 
1075 
1686 
2297 
2907 
3516 
4124 
4731 


5277.5337 


5943 
6548 
7152 
77SS 
8357 
8958 
9559 
158 
0757 
1355 

I  952 
2'549 
3144 
3739 
4333 
4926 
5519 
6110 
6^701 
7291 
7880 
846'8 
905:6 
9642 

2^8 
0813 
1398 
1981 
2564 
3146 
3727 
4308 
4888 


8 


5594 
6213 
6832 
7449 
8066 
8682 
9297 
9911 
0524 
1136 
1747 
2358 
2968 
3577 
4185 
4792 
5398 
6003 
6608 
7212 
7815 
8417 
9018 
9619 
218 
0817 
1415 
2012 
2608 
3204 
3799 
4392 
4985 
5578 
6169 
6760 
7350 
7939 
8527 
9114 
9701 
.287 
0872 
1456 
2040 
2622 
3204 
3785 
4360 
4945 


5656 

6275 
6894 
7511 
8128 
8743 
9358 
9972 
0585 
1197 
1809 
2419 
3029 
637 
4245 
485_2 
5459 
6064 
6668 
7272 
7875 
8477 
9078 
9679 
.278 
0877  , 
1475 
2072 
2668 
3263 
3858 
4452 
6045 
5637 
6228 
6819 
7409 
7998 
8586 
9i73 
9760 
.345 
0930 
1515 
2098 
2681 
262 
3844 
4424 
5003 
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750 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

875061 

5119 

5177 

5235 

5293 

5351 

5409 

5466 

5524 

5582 

751 

5640 

5698 

5756 

5813 

5871 

592^ 

5987 

6045 

6102 

6160 

752 

6218 

5276 

6333 

6391 

6449 

6507 

6564 

6622 

6680 

6737 

753 

6795 

3853 

6910 

6968 

7026 

7083 

7141 

7199 

7256 

7314 

754 

7371 

r429 

7487 

7544 

7602 

7659 

7717 

7774 

7832 

7889 

755 

7947 

8004 

8062 

81  i  9 

8177 

8234 

8292 

8349 

8407 

8464 

756 

8522 

8579 

8637 

8694 

8752 

8809 

8866 

8924 

8981 

9039 

757 

9096 

9153 

9211 

9268 

9325 

9383 

9440 

9497 

9555 

9612 

758 

9669 

9726 

9784 

9841 

9898 

9956 

..13 

..70 

.127 

.185 

759 

880242 

0299 

0356 

Q413 

0471 

0528 

0585 

0642 

0699 

0756 

760 

OB  14 

0871 

0928 

0985 

1042 

1099 

1156 

1213 

127) 

1328 

761 

1385 

1442 

1499 

1556 

1613 

1670 

1727 

1784 

1841 

1898 

762 

1955 

2012 

2069 

2126 

21«3 

2240 

2297 

2554 

241 1 

2468 

763 

25?5 

2581 

263.8 

2695 

2752 

2'809 

2866 

2923 

2980 

3037 

764 

3093 

3150 

3207 

3264 

3321 

3377 

3434 

3491 

3548 

3605 

765 

366) 

3718 

3775 

3832 

3888 

3945 

4002 

4059 

4115 

4172 

766 

4229 

4285 

4342 

4399 

4455 

4512 

4569 

4625 

4682 

4739 

767 

4795 

4852 

4909 

4965 

5022 

5078 

5135 

5192 

5248 

5305 

768 

5361 

5418 

5474 

5531 

5587 

5644 

5700 

5757 

5813 

5870 

769 

5926 

5983 

6039 

6096 

6152 

6209 

6265 

6321 

6378 

6434 

770 

6491 

6547 

6604 

6660 

6716 

6773 

6829 

6885 

6942 

6998 

771 

7054 

7111 

7167 

7233 

7280 

7336 

7392 

7449 

7505 

7561 

772 

7617 

7674 

7730 

7786 

7842 

7898 

7955 

8011 

8067 

8123 

772 

8179 

8236 

8292 

8348 

8404 

8460 

8516 

H57S 

8629 

8685 

774 

8741 

8797 

8853 

8909 

8965 

9021 

9077 

9134 

9190 

9246 

775 

9302 

9358 

9414 

9470 

9526 

9582 

9638 

9694 

9750 

9806 

776 

9862 

9918 

0974 

.  .  30 

..86 

.141 

.  197 

.  253 

..309 

.365 

777 

890421 

0477 

0533 

0589 

0645 

0700 

0756 

0812 

0868 

0924 

778 

0980 

1035 

1091 

1147 

1203 

r25.9 

1314 

1370 

1426 

1482 

779 

1537 

1593 

1 649 

1705 

1760 

1816 

1872 

1928 

1983 

2039 

786 

2095 

2150 

2206 

2262! 

2317 

2373 

2429 

2484 

2540 

2595 

781 

2651 

2707 

2762 

2818 

2873 

2929 

^985 

3040 

3096 

3151 

782 

3207 

3262 

3318 

3373 

3429 

3484 

3540 

3595 

3651 

3706 

783 

2762 

3817 

3873 

3928 

3984 

4039 

4094 

4150 

4205 

4261 

784 

4316 

4371 

4427 

4482 

4538 

4593 

4648 

4704 

4759 

4814 

785 

4870 

4925 

4980 

5036 

5091 

5146 

5201 

5257 

5312 

5367 

786 

5423 

5478 

5533 

5588 

5644 

5699 

5754 

5809 

5864 

5920 

787 

5975 

6030 

6085 

6140 

6195 

6251 

6306 

6361 

6416 

6471 

788 

6526 

6581 

6636 

6692 

6747 

68Q2 

6857 

6912 

6967 

7022 

789 

.  7077 

7132 

7187 

7242 

7297 

7352 

7407 

7462 

7517 

7572 

790 

7627 

7682 

77S7 

7792 

7847 

7902 

7957 

8012 

8067 

8122 

791 

8176 

8231 

8286 

8341 

8396 

8451 

8506 

8561 

8615 

8670 

795 

8725 

8780 

8835 

8890 

8944 

8999 

9054 

9109 

9164 

9218 

79  S 

9Q73 

9328 

9383 

9437 

9492 

9547 

9602 

9656 

9711 

9766 

794 

9821 

9875 

9&30 

9985 

.,39 

..94 

.  149 

.  203 

.258 

.312 

795 

900367 

0422 

0476 

0531 

0586 

0640 

0695 

0749 

0804 

0859 

796 

09)3 

0968 

1022 

1077 

1)31 

1186 

1240 

1295 

1349 

-1404 

797 

1458 

15U 

1567 

1622 

1676 

1731 

1785 

1840 

1894 

1948; 

798 

206S 

205? 

2112 

2166 

2221 

2275 

2329 

2384 

2438 

2492 

799 

2547 

'2601 

2655 

|2710 

2764 

2818 

2873 

2927 

298li3036j 
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N. 

0 

1 

2 

3 

3253 

4 

6 

6 

7 

8 

^ 

8Q0 

903090 

3144 

3199 

3307 

3361 

3416 

3470 

3524 

3578 

801 

3633 

3687 

3741 

3795 

3849 

3904 

3958 

4012 

4066 

4120 

802 

4174 

4229 

4288 

4337 

4391 

4445 

4499 

4553 

4607 

4661 

803 

4716 

4770 

4824 

4878 

4932 

4986 

5040 

5094 

5148 

5202 

804 

5256 

5310 

5364 

5418 

5472 

5526 

6580 

5634 

5688 

5742 

805 

5796 

5850 

5904 

5958 

6012 

6066 

6119 

6173 

6227 

6281 

806 

6335 

6389 

6443 

6497 

6551 

6604 

6658 

6712 

6766 

6820 

8or 

6874 

6927 

6981 

7035 

7089 

7143 

7196 

7350 

7304 

73:58 

808 

7411 

7465 

7519 

7573 

762^ 

7680 

7734 

7787 

7841 

7895 

809 

7949 

8002 

8056 

81 10 

8163 

8217 

8270 

8324 

8378 

8431 

810 

8485 

8539 

8592 

8646 

8699 

8753 

8807 

13860 

8914 

8967 

811 

9021 

9074 

9128 

9181 

9235 

9289 

9342 

9396 

9449 

9503 

812 

9556 

9610 

9663 

9716 

9770 

9823 

9877 

9930 

9984 

.\S7 

813 

910091 

0144 

0197 

0251 

0304 

0358 

0411 

0464 

0518 

0571 

814 

0624 

0678 

0731 

0784 

0838 

0891 

0944 

0998 

1051 

1104 

815 

1158 

1211 

1264 

1317 

1371 

1424 

1477 

1530 

1584 

1637 

816 

1690 

1743 

1797 

1850 

190.3 

1956 

2009 

2063 

2116 

2169 

817 

2222 

2275 

'2323 

2381 

2455 

2488 

2541 

2594 

2647 

2700 

818 

2753 

2806 

2859 

29f3 

2966 

3019 

3072 

3125 

3178 

3231 

819 

3284 

3337 

3390 

3443 

3496 

3549 

3602 

3655 

3708 

3761 

820 

3814 

3867 

•i920 

3973 

4026 

4079 

4132 

4184 

4237 

4290 

821 

4343 

4396 

4449 

4502 

4555 

4608 

4660 

4713 

4766 

4819 

822 

4872 

4925 

4977 

5030 

5083 

5)36 

5189 

5241 

5294 

5347 

823 

5400 

5453 

5505 

5558 

56 1 1 

5664 

5716 

5769 

5822 

5875 

824 

5927 

5980 

6033 

6085 

6138 

6i9l 

6243 

6296 

6349 

6401 

825 

6454 

6507 

6559 

6612 

6864 

67)7 

6770 

6822 

6875 

6927 

826 

6980 

703.3 

5^085 

7138 

7190 

7243 

7295 

7348 

7400 

7453 

827 

7506 

7558 

76 1 1 

7663 

7716 

7768 

7820 

7873 

7925 

7978 

828 

8030 

7083 

8185 

8188 

8240 

8293 

8345 

8397 

8450 

8502 

829 

8555 

8607 

8659 

8712 

8764 

8816 

8869 

8921 

8973 

9026 

830 

9078 

9130 

9183 

9235 

9287 

9340 

9392 

9444 

9496 

9549 

831 

9601 

9653 

9706 

9758 

9810 

9862 

9914 

9967 

.  .  19 

..71 

832 

920123 

0176 

0228 

0280 

0332 

0384 

0.436 

0489 

0541 

0593 

833 

0645 

0697 

0749 

0801 

0853 

0906 

0958 

lOlO 

1062 

1114 

834 

1 166 

1218 

1270 

1 322 

1374 

1426 

1478 

1530 

1582 

1634 

835 

1686 

1738 

1790 

1842 

1894 

1946 

1998 

2050 

2102 

2:154 

836 

2206 

2258 

2310 

2362 

2414 

2466 

2518 

^2570 

2622 

2674 

837 

2725 

2777 

2829 

2881 

2933 

298^5 

3037 

3089 

3140 

3192 

838 

3244 

3296 

3348 

3399 

3451 

3503 

3555 

3607 

3658 

3710 

839 

3762 

3814 

3865 

3917 

3969 

4021 

4072 

4124 

4176 

4228 

840 

4279 

4331 

4383 

4434 

4486 

4538 

4589 

4641 

4693 

4744 

841 

4796 

4848 

4899 

4951 

5003 

5*054 

5106 

5157 

5209 

5261 

842 

5312 

5364 

5415 

5467 

5518 

5570 

5621 

5673 

5725 

5776 

843 

5828 

5879 

5931 

5982 

6034 

6085 

6137 

6188 

6240 

6291 

844 

6342 

6394 

6445 

6497 

6548 

6600 

6651 

6702 

6754 

6805 

845 

6857 

6908 

6959 

7o;i 

7062 

7114 

7165 

7216 

7268 

7319 

846 

T370 

7422 

7473 

7524 

7576 

7627 

7678 

7730 

7781 

7832 

847 

7883 

7935 

7986 

8037 

8088 

8140 

8191 

8242 

8293 

8345 

848 

8396 

8447 

8498 

8549  8601 

8652  87051 

8754 

8805 

8857 

849 

8908 

8959 

9010 

9061  9112  916392151 

9266 

9317 

9368 
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N. 


850 
851 
852 
853 
854 
855 
856 
857 
858 
859 
860 
861 
862 


929419  9470 
99301998 1 


864 
865 
866 
867 
868 
869 
870 
87 1! 
872 
873 
874 
875 
876 
877 
878 
879 
880 
881 
882 
883 
884 
885 
886 
887 
888 

ns9 

890 
891 
892 
89.- 
894 
895 
896 
897 
898 
899 


930440 
0949 
1458 
1966 
2474 
398  I 
3487 
3993 
4498 
5003 
5507 
6011 
6314 
7016 
7518 
8019 
8520 
9020 
9519 


9521 
32 


3 


9572 
83 


940018 


0516 
1014 
1511 

2008 
2504 
3000 
3495 
3989 
4483 
4976 
5469 
5961 
6452 
6943 
7434 
7924 
8413 
8902 
9390 
9878 
950365 
085  1 
1338 
1823 
2308 
2792 
3276 
3760 


0491 

1 000 

1509 

2017 

2524 

3031 

3538 

4044 

4549 

5054 

5558 

6061 

6564 

7066 

7568 

80,69 

8570 

9070 

9569 

0068 

0566 

1064 

1561 

2058 

2554 

3049 

3544 

4038 

4532 

5025 

5518 

6010 

6501 

6992 

7483 

7973 

8462 

8951 

9439 

9926 

0414 

0900 

1386 

1872 

2356 

2841 

3325 

3808 


0542 

1051 

1560 

2068 

2575 

3082 

3589 

4094 

4599 

5104 

5608 

6111' 

6614 

7117 

7618 

8119 

8620 

9120 

9619 

0118 

0616 

1114 

161 

2107 

2603 

3099 

3593 

4088 

4581 

5074 

5567 

6059 

6551 

7041 

7532 

8022 

85U 

8999 

9488 

9975 

0462 

0949- 

1435 

1920 

2405 

2889 

3373 

3856 


0592 
1102 
1610 
2118 
2626 
3133 


9623 
134 
0643 
1153 
1661 
2169 
2677 
3183 


3639:3696 
4145.4195 


4650 
5154 
5658 
6162 


4700 
5205 
5709 
6212 


9725 
.  236 


074510796 
1254  1305 


666516715 
716717217 
7668!  77 18 
8 1 69 1 821 9 
8670!8720 
9I70I922O 
9669  9719 


0168 
0666 
1163 
1660 
2157 
2653 


0218 
0716 
1213 
1716 
|2207 
2702 


3 148.31 98 
36433692 
41374186 
4631  4680 


5124 
5616 
6108 
6600 
7090 
7581 
8070 
8560 
9048 
9536 
.24 
051 1 
0997 
148 
1969 
2453 
2938 
3421 
3905 


5173 
5665 
6157 
6649 
7140 
7630 
8119 
8609 
9097 
9585 
75 
0560 
1046 
1532 
2017 
2502 
2986 
3470 
3953 


9674 
185 
0694 
1204 
1712 
2220 
2727 
3234 
3740 
4246 
4751 
5255 
5759 
6262 
6765 
7267 
7769 
8269 
8770 
9270 
9769 
0267 
0765 
1263 
1760 
2256 
2752 
3247 
3742 
4236 
4729 
5222 
5715 
62o7 
6698 
7189 
7679 
8168 
8657 
9146 
9634 
21 
06Q8 
1095 
I58O 
2066 
2550 
3034 
3518 


9776 
.  287 


1763 
2271 
2778 
3285 
3791 
4269 
4801 
5306 
5809 
6313 
6815 
7317 
7819 
8320 
8820 
9320 
9819 
0317 
08 1 5 
1313 
1809 
2306 
2801 
3297 
3791 
4285 
4779 
5272 
5764 
6256 
6747 
7238 
7728 
8217 
8706 
9195 
9683 
170 
0657 
1 143 
1629 
2 1 14 
2599 
.308>3 
S566 
4001 14049 


1814 

2322 
2829 
3335 
3841 
4347 
4852 
5356 


8 


9827 
338 
0847 
1356 
1865 
2372 
2879 
3386 
3892 
4397 
4902 
5406 


5860,5910 


6363 

6865 

7367 

7869 

8370 

8870 

9369 

9869 

0367 

0865 

1362 

1859 

2355 

2851 

3346 

3841 

4335 

4828 

5321 

5813 

6305 

6796 

7287 

7777 

8266 

S755 

9244 

9731 

219 

0706 

1192 

1677 

2163 

2647 

3131 

3615 

4098 


641 
6916 
7418 
7919 
8420 
8919 
9419 
99 18 
0417 
0915 
1412 
1909 
2405 
2901 
3396 
3890 
4384 
4877 
5370 
862 
6354 
6845 
7336 
7826 
83 15 
8804 
9292 
9780 
.  267 
0754 
1240 
1726 
221 1 
2696 
3180 
3663 
4146 


9879 
.389 
0898 
1407 
1915 
2423 
2930 
3437 
3943 
4448 
4953 
5457 
5960 
6463 
6966 
7468 
7969 
8470 
8970 
9469 
9968 1 
0467 
0964: 
1462! 
•1958 
2455 
2960 
3445 
3939 
4433 
4927 
5419 
5912 
6403 
6894 
7385 
7875 
8365 
8853 
9341 
9829 
316 
0803 
1289 
1775 
2260 
2744 
3228 
3711 
4194 
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]  900 

i90l 

902 

•903 

:   904 

905 
906 
907 
908 
909 
910 
911 
912 
913 
91 4 
915 
9!6 
9  [7 
918 
9i9 
^20 
921 
922 
923 
924 
925 
926 


0 


928 
929 
930 
931 
932 
933 
934 
935 
936 
937 
938 
939 
940 
941 
.942 
943 
944 
945 
946 
947 
'  948- 
,  949 


904243 
4725 
5^07 
568;8 
6168 
6649 
7128 
7^07 
8086 
8564 
9041 
9518 
9995 

960471 
0946 
1421 
1895 
2369 
2843 
3316 
3788 
4260 
4731 
5202 
5672 
6142 


1 


4291 
477# 
5255 
5736 
621(5 
6697 
7176 
7655 
8134 
8612 
9089 
9566 

42 
0518 
0994 
1469 
1943 
2417 
2890 
3363 
3835 
4307 
4778 
5249 
57 19 

89 


6611 


7080 
7548 
8016 
8483 
8950 
9416 
9882 
970347 
0812 
1276 
174Q 
2203 
2666 
3128 
3590 
405  i 
4512 
4972 
5432 
5891 
6350 
6808 
7266 


6658 

7127 

7595 

8062 

8530 

8996 

9463 

9928 

0393 

0858 

1322 

1786 

2249 

2712 

3174 

3636 

4097 

4558 

5018 

5478 

5937 

6396 

6854 

7312 


4339 

4821 

5303 

S784 

0265 

6745 

7224 

7703 

8181 

8659 

9137 

9614 

..90 

0566 

1041 

1516 

1990 

2464 

2937 

3410 

3882 

4354 

4825; 

5296 

5766 

6236 

6705 

7173 

7642 

8109 

8576 

9043 

9509 

9975 

0440 

0904 

1369 

1832 

2295 

2758 

3220 

3682 

414 

4604 

5064 

5524 

5983 

6442 

6900 

735^ 


4387 
4869 
5351 
5832 
6313 
6793 
7272 
7751 
8229 
8707 
9185 
9661 

138 
0613 
1089 

563 
2038 
2511 
2985 
3457 
3929 
4401 
4872 
5343 
5813 
6283 
6752 
7220 
7688 
8456 
8623 
9090 
9556 

21 
0486 
0951 
1415 


4435 

49  i  8 

5399 

58)80 

6361 

6840 

7320 

7799 

8277 

8755 

9232 

9709 

.185 

0661 

1136 

1611 

2085 

2559 

3032 

3504 

3977 

4448 

4919 

5390 

5860 

6329 

6799 

7267 

7735 

8203 

8670 

9136 

9602 

..68 

053 

0997 

1461 


18791 1'925 
23422388 
2804  2851 
3266  3313 


3728 
4189 
4650 
5110 
5570 
6029 
6488 
6946 
7403 


:3774 
4235 
4696 
5156 
5616 
6075 
6533 
6992 
7449. 


4484 
4966 
5447 
5928 
6409 
6888 
7368 
7847 
8325 
8803 
9280 
9757 
.  233 
0709 
1 184 
1658 
2132 
26o6 
3079 
3552 
4024 
4495 
4966 
o437 
5907 


4532 

§014 
5495 
6976 
6467 
6936 
7416 
7894 
8373 
8850 
932^ 
9804 
280 
0756 
1231 
1706 
2180 
2653 
3126 
3599 
4071 
4542 
501 


'7 


5954 


637616423 
6845|689? 
73147361 


4580 
5062 
6543 
6024 
6506 
6984 
7464 
7942 
8421 
8898 
9376 
9852 
328 
0804 
1279 
1753 
2227 
2701 
3174 
3646 
4118 
4590 
5061 


8 


5484  6631 


7782 
8249 
8716 
9183 
9649 
114 
Op79 
1044 
1508 
1971 
2434 
2897 
3359 
3820 
4281 
4742 
fe202 
5662 
6121 
6579 
7037 
7495 


7829 
8296 
8763 
9229 
9695 
16  i  I 


6001 
6470 
6959 
7408 
7875 
8343 
8810 
9276 
9742 
207 


062;6i0672 
10901 1137 
1564' 1601 


2018 
2481 
2943 
3406 
3866 
4327 
47881 
5248 
5707 
6167 
6625 


2064 
2527 
2989 


4628 
6110 
669.2 
6072 
6553 
7032 
7512 
7990 
8468 
8946 
9423 
9900 
.376 
0851 
1326 
1801 
2275 
2748 
3221 
3693 
4166 
4637 
5108 
5578 
6048 
6517 
6986 
7464 
79^2 
8390 
8866 
9323 
9789 
254 
0719 
1183 
1647 
2110 
2573 


9. 


4677 
6168 
6640 
6120 
6j50l 
7080 
7669 
8038 
8616 
8994 
9471 
9947 
.  423 
0899 
1374 
1848 
2322 
2796 
3268 
3741 
4212 
4684 
5166 
5626 
6096 
6564 
7033 
7601 
7969 
8436 
8903 
9369 
9836 
300 
0765 
1229 
1693 
2157 
2619 


303513082 


3451  3497  3.643 


3913.3959 
4374[442a 


4005 
4466 
4926 
5386 
5845 


4834(4880 

529415340 

5753.5799 

6212  6258  6304 

6671  6717  6763 
7083|7129  7175  7220 
7541  7586  763217678 
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DF  NUMBERS. 

950 

0 

1 

2 
7815 

3 

4 

6 

6 

7 

8 
8089 

9  1 

977724 

7769 

7861 

7906 

7952 

7998 

8043 

8135 

951 

8181 

8226 

8272 

8317 

8363 

8409 

8454 

850O 

8546 

8591 

.952 

s^ir 

8683 

8728 

8774 

8819 

8865 

8911 

8956 

9002 

9047 

953 

9093 

9138 

9184 

9230 

9275 

9321 

9366 

9412 

9457 

9503 

954 

9548 

9594 

9639 

9685 

9730 

9776 

9821 

9867 

9912 

9958 

955 

980003 

0049 

0094 

0140 

0185 

0231 

0276 

0322 

0367 

0412 

956 

0458 

0503 

0549 

0594 

0640 

0685 

0730 

0776 

0821 

0867 

957 

0912 

0957 

1003 

1048 

1093 

1139 

1164 

1229 

1275 

1320 

958 

1366 

1411 

1456 

1501 

1547 

1592 

1637 

1683 

1728 

1773  ? 

959 

18  i9 

1864 

1909 

1954 

2000 

2045 

2090 

2135 

2181 

2226  ■ 

960 

2271 

2316 

2362 

^407 

2452 

2497 

2543 

2588 

2&33 

2678 

961 

2723 

2769 

2814 

2859 

2904 

2949 

2994 

3040 

3035 

3130 

962 

3175 

3220 

3265 

3310 

3356 

3401 

3446 

3491 

S536 

3581 

963 

3626 

3671 

3716 

3762 

3807 

3852 

3897 

3942 

3987 

403^ 

^64 

4077 

4122' 

4167 

4.212 

4257 

4302 

4347 

4392 

4437 

4482 

965 

4527 

4572 

4617 

4662 

4707 

4752 

4797 

4842 

4887 

4932 

966 

4977 

5022 

5067 

5112 

5157 

5202 

5247 

5292 

5337 

5382 

967 

'  5426 

5471 

5516 

5561 

5606 

5651 

5699 

5741 

5786 

5830 

968 

5875 

5920 

5965 

6010 

6055 

6100 

6144 

6189 

6234 

6279' 

969 

6324 

6369 

6413 

6458 

6503 

654$ 

6593 

6637 

6682 

6727 

970 

6772 

6817 

6861 

6906 

6951 

6996 

7040 

7085 

7130 

7175 

971 

.7219 

7264 

7309 

7353 

7398 

'7443 

7488 

7532 

7577 

7622 

972 

7666 

77 1  i 

7756 

7800 

7845 

7890 

7934 

7979 

8024 

8068 

973 

8113 

8157 

$202 

8247 

8291 

8336 

8381 

8425 

8470 

8514 

974 

8559 

8604 

8648 

8693 

8737 

8782 

8826 

8871 

8916 

8960 

975 

9005 

9049 

9049 

9138 

9183 

9227 

9272 

9316 

9361 

9405 

976 

9450 

9494 

9539 

9583 

9628 

-9672 

9717 

9761 

9806 

9850 

977 

9895 

9939 

9983 

..28 

0.72 

.  117 

.  161 

,206 

.  250 

.294 

978 

990339 

0383 

0428 

0472 

0516 

0561 

0605 

0650 

0694 

0738 

979 

0783 

0827 

087 1 

0916 

0960 

1004 

1049 

1093 

1137 

1182 

980 

1226 

1270 

1315 

1359 

1403 

1448 

1492 

1536 

1580 

1625 

981 

1669 

1713 

1758 

1802 

1846 

1890 

1935 

1979 

2023 

2067 

982 

2111 

2156 

2200 

2244 

2288 

2333 

2377 

2421 

2465 

2509 

983 

2554 

2598 

2642 

2686 

2730 

2774 

2819 

2863 

2^07 

2951 

984 

2995 

3039 

3083 

3127 

3172 

3216 

3260 

3304 

3348 

3392 

985 

3436 

3480 

3524 

3568 

3613 

3657 

3701 

3745 

3789 

3833 

986 

3877 

3921 

3965 

4009 

4053 

4097 

4141 

4185 

4229 

4273 

987 

4317 

4361 

4405 

4449 

4493 

4337 

4581 

4625 

4669 

47  V3 

988 

4757 

4801 

4845 

4889 

4933 

4977 

5021 

5065 

5108 

5152 

989 

5196 

5240 

5284 

5328 

5372 

5416 

5460 

5504 

5547 

5591 

990 

'  5635 

5679 

5723, 

5767 

5811 

5854 

5898 

5942 

5986 

6030 

991 

6074 

6117 

61.61 

6205 

6249 

6293 

6337 

6380 

6424 

6468 

992 

6512 

6555 

6599 

6643 

6687 

6731 

6774 

6818 

6862 

6906 

993 

6949 

6993 

7037 

7080 

7124 

7168 

7212 

7255 

7299 

7343 

994 

7386 

7430 

7474 

7517 

7561 

7605 

7648 

7692 

7736 

7779: 

995 

7823 

7867 

7910 

7954 

7998 

8041 

8085 

8129 

8172 

821  d 

996 

8259 

83oa 

8347 

8390 

8434 

8477 

8521 

8564 

8608 

8652 

997 

8695 

8739 

8782 

8826 

8869 

8913 

8956 

9000 

9043 

9087  '; 

998 

9131 

9174 

9218 

9261 

9305 

9348 

9392 

9435 

9479 

9522 

999 

9565 

9609 

9652 

9.696 

9739 

9783 

1  9826 

9870 

9913 

9957 

Vol.  11. 
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ODeg.                         IDeff. 

Sioe. 

Cosine. 

Tang. 

Cotaxig. 

jSine.  _^ 

Cosiae. 

r  Tapg. 

Cotang. 

0 

lOOOOOOO 

8:241855 

9.9999341  8^1921 

11.758079  60 

1 

6.463726 

tO.OQOOOO 

6.463726 

13.536274 

8.249033 

,  9.999932 

8.249iOS 

*  M.750898  59 

2 

6.76475.6 

10.000000 

6.764756 

13.235244 

8.256094 

9,999929 

8.356165 

11.743835  58 

3 

6.940847 

10.000000 

6.940847 

13.059153 

8.263042 

9.999927 

8*^3lt5 

11.736885  57 

4 

7.065786 

10.000000 

7,065786 

12.934214 

«.26988t 

9.999925 

8;269956 

11,730044  56 

5 

7.162696 

10.000000 

7.162696 

12.837304 

8.276114 

9.999922 

8.276691 

11.723309  55 

njrmr?  54 

6 

7,241877 

9.999999 

7.241878 

12.758122 

8,283243 

.9.9991920 

8.283323 

7 

7.308824 

9.999999 

7.308825 

12.691175 

8.289773 

9.999918 

8,289856 

11.710144  53 

8 

7.366816 

9.999999 

7.366817 

12.633183 

8.296207 

9.999915 

8.296292 

11.703708  52 

9 

7.417968 

9.999999 

7.417970 

12.582030 

8.302546 

9.999913 

8.302634 

11.697366  51 

10 

^.463726 

9.999998 

7.463727 

12.536273 

8.308794 

9.999910 

8,308884 

11.691X16  50 

11 

7,5051,18 

9.999998 

,  7.505120 

12.494880 

8.314954 

9.999907 

8.315046 

11.684954  49 

12 

7.542906 

9.999997 

7.542909 

12.457091 

8.321027 

9.999905 

8.321122 

11.678878  48 

13 

7.577668 

.9-999997 

7.577672 

12.4223^8 

8.327016 

.  9.999902 

8  327114 

11.672886  47 

14 

7.609853 

9.999996 

7409857 

12.390143 

8.332924 

9.999899 

8.333025 

11.666975  46 

15 

7.639816 

9.999996 

7  639820 

12.361080 

8.338753 

9.999897 

8.338856 

11,661144  45 

16 

7.667845 

9.999905 

7.667849 

12.332151 

8.344504 

9.999894 

8.344610 

11.655390  44 

17 

7.694173 

9.999995 

7.694179 

12.305821 

8.350181 

9.999891 

8.350289 

11.549711  43 

18 

7.718997 

9.999994 

7.719003 

12.280997 

8.355783 

9.999888 

8.355895 

U.644105  4^ 

19 

7.742478 

9,999993 

.7.742484 

12.257516 

8  36  J  3 15 

9.999885 

8,361430 

11.638570  41 

20 

7.764754 

9.999993 

7.764761 

12.235239 

8.366777 

9.999882 

8.366895 

11,633105  40 

21 

7.785943 

9.999992 

7.785951 

12.214049 

8.372171 

9.999879 

8.372292 

11.627708  39 

22 

7.806146 

9-999991 

7.806155 

12.193845 

8.377409 

9.999876 

8.377622 

11,622378  38 

23 

7  825451 

9.999990 

7.825460 

12.174540 

8.382762 

9.999873 

8,382889 

11.617111  37 

24 

7.843934 

9.999989 

7.843944 

12.156056 

8.387962 

9.999870 

8.388092 

11.611908  36 

25 

'7:861662 

9.99y989 

7.861674 

12.138326 

8,393101 

9.^999867 

8.393234 

11.606766  35 

26 

7.878695 

9.999988 

'7.870708 

12.1^1292 

8.398179 

9.999864 

8.398315 

11.601685.34 

27 

7.895085 

9-999987 

.7.895099 

12.104901 

§.403199 

9.999861 

8.403338 

11.596662  33 

28 

7.910879 

9.999986 

'7.910894 

12.089106 

8.408161 

9.999858 

8.408304 

11.591696  32 

29 

7.926U9 

9^^99985 

7.926134 

,12,073^66 

8.413068 

9.999854 

8,413213 

11.586787  31 

30 

7.94084^2 

9^999983 

7.940858 

12.059142 

8,417919 

9.999851 

8.418068 

11.581^32  30 

31 

7.955082 

9.999982 

7.955:160 

1204490Q 

8.422717 

9.999848 

8.422869 

llv577231  29 

32 

7*96'8870 

9.999981 

7.968889 

12.031111 

8.427462 

9.999845 

8.427618 

11.572382  28 

33 

7.982233 

9.999980 

7.982258 

12.017747 

8.432156 

9.999841 

8.432315 

11.567685  27 

34 

7;995198 

9.999979 

7.995219 

12.004881 

8,436800 

9.999838 

8.436962 

11.563038  26 

35 

S.W77S7 

9.999977 

8.007809 

11.992191 

8.441394 

9.999834 

8,441560 

11.558440  25 

36 

8.020021 

9.999976 

8.020044 

11.979956 

;8i.44594l. 

9.999831 

8.446110 

11.553890  24 

37 

8.031919 

9.999975 

8-031945 

11.968055 

8.450440 

9.999827 

8,450613 

11.549387  25 

38 

,8.043501 

9.999973 

8-043527 

11.956473 

8.454893 

9.999824 

8,455070 

11.544930  22 

39 

8.054781 

9.999972 

8.054809 

11.945191 

8.459301 

9.999820 

8.459481 

11.540519  21 

40 

8.065776 

9.999971 

8.065806 

11.934194 

8.463665 

9.^9816 

8.463849 

11.536151  20 

41 

8.076500 

9.999969 

8.076531 

11.923469 

8.467985 

'9,999813 

8,468172 

11.531828  19 

42 

8.086965 

9.999968 

8.086997 

11.913003 

,8.472263 

9.999809 

8.472454 

11.527546  18 

43 

8.Q97183 

9.999966 

8.097217 

11:902783 

8-476498 

9.999805 

8.476693 

11.523307  17 

44 

8.107167 

9.999964 

8.107203 

11.892797 

8.480693 

9.999801 

8:480892 

11.519108  16 

45 

8.116926 

9.999963 

8.116963 

11.883037 

8.484848 

9.999797 

.8.485050 

11.514950  15 

46 

^8.126471 

9.999961 

8.126510 

11.873490 

8.488963 

9.999794 

8.489170 

11*51083,0  14 

47 

8. 135810 

9.999959 

8,135851 

11.864149 

S.493040 

9.999790 

8.493250 

11.506750 13 

48 

8>144953 

9.999958 

8.144996 

11.855004 

8.497078 

9.999786 

8.497293 

11.502707  12 

49 

& 153907 

9  999956 

8,153952 

11.846048 

8.501080 

9.99978^2 

8,501298 

11.498702  n 

50 

8.162681 

9.999954 

8.162727 

11.837273 

8.505045 

9.99977s 

8.505267 

11.494733  10 
11.490800  9 

51 

8.171280 

9.999952 

8.171328 

11.828672 

8.508974 

9.999774 

8.509200 

52 

8.179713 

9.999950 

8.179763 

11.820237 

8.512867 

9.999769 

8.513098 

11.486902  8 

53 

8.187985 

9.999948 

8.188036 

11.811964 

8.516726 

9.999765 

8.516961 

11.483039  7 
11.479210  6 

54 

8.190102 

9.999'946 

8.196156 

11.803844 

8.520551 

9.999761 

8.520790 

55 

8:204070 

9.999944 

8.204126 

11.765874 

8.524343 

9  999757 

8.524586 

11.475414  5 

56 

8.211895 

9.999942 

8.211953 

11.788047 

8.528102 

9,999753 

8.538349 

11.471651  4 

57 

8.219581 

9.999940 

8.219641 

11.780359 

8.531828  9.999748 

>  8.532080 

11.467920  3 

58 

8227134 

9.999938: 

8.2^7195 

11.772805 

8.535523  9.999744 

8.535779 

11.464221  2 

5^ 

8.234557 

9.999936 

8.234621 

11.765379 

8.539186  9.999740  8.53944?! 

11.460553  1 

60 

8.241855 

9.999934 

.8.241921 

11.758079 
tang. 

8.542819 

9.999735 
Sine. 

8.543084 

11.456916  0 

Gosine.  ]     Sine.  1 

Cbtan. 

Cosine. 

Cotan. 

Tarig.  ' 

«9  Deg.   .                       88  Deg.         '    | 
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2  Peg. 


3Peg. 


2 
3 
4 
5 
6 

7 
S 
9 
10 
11 
12 

13 
14 

15 
16 
17 
18 

19 

20 
21 

22 
23 
24 

25 
25 
27 


Sine. 


Cosine. 


8.542819 
8.546422 
8.549995 
8.553539 
8.557054 
8.560540 
8.563999 

8.567431 
8.570836 
8.574214 
8.577566 
8.580892 
8.584193 

8.587469 
8.590721 
8.593948 
8.597152 
8.600332 
8.603489 

8.606623 
8.609734 
8.612823 
8.615891 
8.618937 
8,621962 

8.624965 
8.627948 
8.630911 
8.633854 
8.636776 


3t 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
S3 
54 

55 
56 
57 
58 
59 
60 


Tang. 


9.999735 

9w999731 

9:9992 

9.999722 

9.999717 

9.999713 

9.999708 

9.999^04 
9.999699 
9.999694 
9.999689, 
9.99968; 
9.999680 

9.999675 
9.999670 
9.999665 
9.999660 
9.999655 
9.999650 

9.999645 
9.999640 
9.9996-15 
9.999629 
9.999624 
9.999619 

9-999614 
9.999608 
999^603 
9  999597 
9.999592 
8.^39680  9.999586 


8.543084 
8.54669J 
8.550268 
8.553817 
8.557316 
8*360828 
8.564291 


8.^42563 
8.645428 
8.648274 
8.65110^ 
8.653911 
8.656702 

8.659475 
8.662230 
8.664968 
8.667689 
8.670393 
8.673080 

8.675751 
8.678405 
8.681043 
8.683665 
8.686272 
8.688863 

8.691438 
8.693998 
8.^96543 
8.699073 
8.701589 
8.704090 

8.706577 
8.709049 
8.711507 
8.713952 
8.716383 
8.718800 

Cosine. 


Cotang. 
11156916 
11.453309 
U'449732 
11.446183 
11.442664 
11.439179 
U.485709 


8.567727  11,432278 
8.57M37  11.428863 
8.574520  11.425480 


9.999581 
9999575 
9.999570 
9.999564 
9.999558 
9.999553 

9.999547 
9.999541 
9.999535 
9.999529 
9:999524 
9.999518 

9999512 
9.999506 
9.999500 
9.999493 
9.999487 
9.999481 

9.999475 
9.999469 
9.999463 
9.999456 
9.999450 
9.999443 

9.999437 
9,999431 
9.999424 
9.999418 
9.999411 
9.999404 

Sine. 


8.577877 
8.581208 
8.584514 

8.587795 
8.591051 
8.594283 
8.597492 
8.600677 
8.603839 

8.606978 
8.610094 
8.613189 
8.616262 
8.619313 
8.622343 

8.625352 
8.628340 
8.631308 
8.634256 
8.637184 
8.640093 

8.642982 
8.645853 
8  648704 
8.651537 
8.654352 
8.657149 

8.659928 
8.i562689 
8.665433 
8.668160 
8  670870 
8.673563 

8.676239 
8.678900 
8.681544 
8.684172 
8.686784 
8.689391 


Sine.     1  Cosine. 


11.4221^3 

11,418792 
11.415486 

11.412205 
11.408949' 
11.405717 
11.402508 
11.399323 
11.396161 

11393022 
11.389909 
11.386811 
11,383738 
11.380687 
11.37765; 

11.374648 
11.371660 
11.368692 
11.365744 
11.362816 
11.359907 

11.357018 
11.354147 
11.351296 
11,348463 
11.345648 
11.342851 

11.340072 
11337311 
11.334567 
11.331840 
11.329130 
11.3264)^7 

11,323761 
11.321100 
11.318456 
11.315828 
11.313216 
11.310619 


8.691963 
8.694529 
8.697081 
8.699617 
8.702139 
8.704646 

5.707140 
8.709618 
8.712083 
8.714534 
8.716972 
8.719396 
Cotart. 


11.308037 
11.305471 
11.302919 
11.300383 
11.297861 
11.295354 

11.292860 
11.290382 
11.287917 
11.285466 
11.283028 
11.280604 
Tang. 


8.718800 
8.721204 
8.723595 
8.725972 
8.728337 
8  730688 
8.733027 

8.735354 
8.737667 
8.739969 
8.742259 
8.744536 
8.746802 

8.749055 
8.751297 
8.753528 
8.755747 
8.757955 
8,760151 

8.762337 

8.764511 

-8.76667; 

8.768828 

8.770970 

8.773101 

8.775223 
8v777333 
8.779434 
8.781524 
8.783605 
8.785675 

8.787736 
8.789787 
8.791828 
8.793859 
8.795881 
8.797894 

8.799897 
8.801 892 
8.803876 
8.805852 
8.807819 
8.809777 

8.811726 
8.813667 
8.815599 
8.817522 
8.819436 
8.821343 

8.823240 
8.825130 
8.82701 1 
8.828884 
8.830749 
8.832607 

8.834456 
8i836297 
8/838130 
8:839956 
8.841774 
8:843585 


9,999404 


Tang. 


9.999391 
9.999384 
9.999378 
9.999371 
9999364 

9.999357 
9.999350 
9.999343 
9.999336 
9.999329 
9.999322 

9.999315 
9.999308 
9.999301 
9.999294 
9.999287 
9.999279 

9.999272 
9.999265 
9.999257 
9:999^50 
9.999242 
9.999235 

9.999227) 
9999220 
9.999212 
9.999205 
9.999197 
9.999189 

9.999181 
9.999174 
9.999166 
9.999158 
9.9991.50 
9.999142 

9.999134 
9.999126 
•9.999118 
9.999110 
9.999102 
9.999094 

9.999086 
9.99907; 
9.999069 
9.999061 
9.999053 
9.9t^9044 

9.999036 
9.999027 
9.999019 
9.999010 
9.999002 
9.998993 

9.998984 
9.998976 
9.998967 
9.998958 
9.998950 
9.998941 


11.280604 
li.278l94 
11.275796 
11.273412 
11.271041 
11.268683 
11.266337 


Cosines 


Sine- 


Cotang. 


60 
59 
58 
57 
56 
55 
54 


11264004 

11.261683 

11.259374 

11.257078 

11.254793^9 

11.252521 


&719396 
8.721806 
8.724*204 
«.72658« 
8.728959 
8.731317 
8.733663 

8.73599« 
8.738317 
8.740626 
8.742922 
8,745207 
8.747479 

8.749740 
8.751989 
8.754227 
8.756453 
8.758668 
8.760872 

8.76.3065 
8.765246 
8.767417 
8  769578 
8.771727 
8.773866 

8.775995 
8.778114 
8.780222 
8.782520 
&784408 
8.786486 

8.788554lii:211446 
8.790613  11.209337 


i53 
52 
51 
50 


11.250260 
li:2480ll 

U.245773 
11.245547 
11.241332 
11.239128 

11.336935 
11.234754 

111232583 
11.230422 
11.^8273 
11.226134 

11.224005 
1U221886 
11.^19778 
11.^7680 
11.215592 
11.213514 


48 

47 

46; 

45 
44: 

43; 

42 

41 

40: 
39; 
38 

37' 

36; 

35! 
34; 

83: 

32! 
31 

30; 


8.792662 
8.794701 
8.796731 
8.798752 

8.800763 
8.802765 
8.804758 
8.806742 
8  808717 
8.810683 

8:812641 
8.814589 
8,816529 
8.818461 
8.820384 
8.822298 

8.824205 
8.826103 
8.827992 
8.829874 
8.831748 
8.833613 

8.835471 
8.837321 
8;839163 
8.^40998 
8.842825 
8.844644 


Cotan. 


11.207338 
11.205299 
11.S03269; 
11.201248 

11.199237 
11.197235 
11.195242 
11;193^58 
1.191283 
11.189317 

11.187359 
11.185411 
11.183471 
11.181539 
11.179610 
11.177702 

11.175795 
11.173897 
lt.172008 
1.170126 
11.168252 
11.166387 


28 
:27 
26 
25 
24 

23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 

11 

10 
9 
8 

7 
6 


11.164529 
ll-i62679 
11.160837 
11.159002 
11.157175 
11.15553^ 


Tang 


87  Deg. 


86Deg. 
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LOG.  SISES,  tangents,  ,&c. 


4Deg.                                                             SJDeg. 

'^ 

0 

.sj'iiie. 

Cosine. 

Tabg. 

Coiang. 

;Sine. 

CosJniB. 

Tang. 

Gotang. 

50 

8,843^85 

9.998941 

8,844644 

11.1553561 

«*940296 

9*998344 

8*941952 

11.058048 

1 

8.845387 

^.998932 

8.846455 

11*153545 

8.941738 

9*998335 

8.943404 

11.056596 

59 

2 

8.847183 

9.998923 

8.8482,60 

Ihl5l740 

8.^43174 

9*998S22 

8.944852 

11*055148 

58 

5 

8.848971 

9.998914 

8.850057 

11.149943 

8.944606 

9.998311 

8.946295 

li.05S705 

57 

4 

8.850751 

9;998905 

8.851846 

1M48154 

8.946034 

9;998300 

8.947734 

11.052266 

56 

5 

8:852525 

9.998896 

8,853628 

11.146372 

8.947456 

9.998289 

8.949168 

11,050832 

55 

6 

8.854291 

8.9§8887 

8.855403 

11.144597 

8.948874 

9.998277 

8,950597 

11.049403 

54 

7 

8.856049 

9.998878 

8.857171 

11.142829 

8.950287 

^9.998266 

8*952021 

11,047979 

53 

8 

8.8578Q1 

9.998869 

8.858932 

11.141068 

8.951696 

'9.998255 

8.953441 

11.046559 

52 

9 

8.$59546 

9.998860 

8.860686 

11.139314 

8.953100 

9.998243 

8.954856 

U.045144 

51 

10 

8.861283 

9.998851 

8.862433 

U.137567 

-8.954499 

9.993232 

8.956267 

11.043733 

50 

11 

8:863014 

9,998841 

8.864173 

11.135827 

8955894 

9.998220 

8.957674 

11.042326 

49 

12 

8.864738 

9.998832 

8.865906 

11.134094 

8.957284 

9.998209 

8.959075 

lli040925 

48 

13 

,8r.866455 

9.998823 

8.867632 

11.132368 

8.958670 

9  998197 

8*960473 

11,039527 

47 

14 

8.868165 

9*998813 

8.869351 

11.130649 

8.960052 

9.998186 

8.961866 

11,038134 

46 

15 

8.869868 

9.998804 

8.871064 

11.128936 

8.961429 

9.998174 

8,963255 

11.036745 

45 

16 

8.871565 

9.998795 

8.872770 

11.127230 

8.962801 

9.998163 

8.964639 

11.035361 

44 

17 

8.873255. 

9.998785 

8.874469 

11.125531 

8.964170 

9.998151 

8.966019 

11.033981 

43 

18 

8.874938 

9.998776 

8.876162 

11.123838 

8.965534 

9.998139 

8.967394 

11.032606 

42 

19 

8.8766!  3 

9.998766 

8.877849 

11.122151 

8.966893 

9.998128 

8.968766 

11,031234 

41 

20 

8.878285 

9.998757 

8.879529 

11.120471 

8.968249 

9.998116 

8.970133 

11.029867 

40 

21 

8.879949 

9.998747 

8;881202 

11.118798 

8,969600 

9,998104 

8.971496 

U;028504 

39 

22 

8.881607 

9,998738 

8.882869 

11.117131 

,  8.970947 

9.998092 

8.972855 

11;027145 

38 

23 

8.883258 

9,998728 

8.884530 

11.115470 

.  8,972289 

9.998080 

8.974209 

11.025791 

37 

24 

8.884903 

9.998718 

8.886185 

11.113815 

8.973628 

9.998068 

8.975560 

11.024440 

36 

25 

8.886542 

9.998708 

8.887833 

11.112167 

8.974962 

9.998056 

8.976906 

11.023094 

35 

26 

8.888174 

9.998699 

8.889476 

11.110524 

8,976293 

9,998044 

8.978248 

11;021752 

34 

27 

8.889801 

9.998689 

8.891112 

lia0888S 

8,977619 

9.998032 

•8.979586 

11.020414 

33 

28 

8.891421 

9.998679 

8.892742 

11.107258 

8,978941 

9.998020 

8.980921 

11,019079 

32 

29 

8;8930S5 

9.998669 

8.894366 

11.10.5634 

8.980259 

9.998008 

8:982251 

ii;oir749 

31 

30 

8*894643 

9.#8659 

8.8^95984 

U.104016 

8.981573 

9.9^7996 

SM3577 

11.016423 

30 

31 

8.896246 

,  9.998649 

8.897596 

11.102404 

8.982883 

9.997984 

,8.984899 

11.015101 

29 

32 

.8.897842 

9.998639 

8.899203 

11.100797 

8.984189 

9.997972 

8.986217 

11.013783 

28 

33 

8.899432 

9.998629 

8  900803 

11.099197 

8.985491 

9.997959 

8.987532 

il.012468 

27 

34 

8.901017 

,.9.998619 

8.902398 

11.097602 

8.986789 

9.997947 

8.988842 

li:0lll58 

26 

35 

8.902596 

9.998609 

8.903987 

11.096013 

8,988083 

9:997935 

8.990149 

11.009851 

25 

36 

8.904169 

9.^998599 

8.905570 

11.094430 

8.989374 

9.997922 

8.991451 

11.008549 

24 

37 

8.905736 

9.998589 

8.907147 

11.092853 

8.990660 

9,997910 

.8.992750 

11,007250 

23 

38 

8.907297 

9.998578 

8.908719 

11.091281 

8.99194^ 

9.997897 

8  994045 

11.005955 

22 

39 

8.908853 

9.998568 

8.910285 

11.089715 

■  8.993222 

9.997885 

8.995337 

11.004663 

21 

40 

8.910404 

9.998558 

8.911846 

11.088154 

8.994497 

'  9.99787^ 

8.996624 

11.003376 

20 

41 

8.911949 

9.998548 

.8.913401 

11.086599 

8.995768 

9.997860 

8,997908 

11.002092 

19 

42 

8.913488 

9,998537 

8.9l49i51 

11.085049 

8.9970(36 

9.997847 

8.999188 

11,000812 

IB 

43 

8i915022 

9.998527 

8.916495 

11.083505 

8.998299 

9.997835 

9.000465 

10.999535 

17 

44 

8.916650 

9,998516 

8.918034 

11.081966 

8.999560 

9.997822 

9.001738 

10.998262 

16 

45 

8.918073 

9.998506 

8.919568 

11,080432 

9,000816 

9.997809 

9.003007 

10.996993 

15 

46 

8.919591 

9.998495 

i92l096 

11.078904 

'  9.002069 

9;997797 

9.004272 

10:995728 

14 

47 

8.929103 

9.998485 

8.922619 

11.077381 

9.003318 

9.997784 

9*005534 

10.994466 

13 

48 

8;922610 

,  9.998474 

,  8.924136 

11.075864 

9.004563 

9.997-771 

9.006792 

10.993208 

12 

49 

8.924112 

•9.998464 

8.925649 

1L074351 

9.005805 

9.997758 

9.008047 

10.991953 

11 

50 

8.925609 

9.998453 

8.927156 

11.072844 

9.007044 

9i997745 

9.009298 

10.990702 

10 

51 

8.927J00 

9.998442 

8-928658 

11.071342 

9.008278 

9,997732 

9.010546 

10:989454 

9 

52 

8.928587 

9.99843i 

8.930155 

11.069845 

9.009510 

9.997719 

9.011790 

10,988210 

8 

53 

8.930068 

9.998421 

8.931647 

li:06835S 

9.010737 

9.997706 

9.013031 

10.986969 

7 

54 

8.931544 

9,99841G 

^.933134 

11.066566 

9,011962 

9.997693 

9.014268 

10.985732 

.^ 

55 

8*9330i5 

9.998399 

8.954616 

11.065384 

9.013182 

9.9976,80 

9.015502 

10.984498 

•5' 

56 

8.934481 

9.998388 

8.936093 

IL063907 

9.014400 

9.997667 

9.016732 

10.983268 

4 

57 

8.935942 

9.998377 

8.937565 

11.062435 

9015613 

-9.997654 

9.017959 

10.982041 

3 

58 

8.937398 

9o99.8366 

8.939032 

11.060968 

9.016824 

-9.997641 

9.019183 

10.980817 

2 

59 

8.938850 

9.9983.55 

8.940494 

11.0^9506 

9.018031 

9.997628 

9.020403 

10.979597 

1 

60 

8.940296 

9.998344 

8.941952 

11.058048 

9.019235 

9.997614 

9.021 620 

10.978380 

0 

Cosine; 

^  Sine. 

Coten.    1    Tang. 

Cosine. 

.  Sine. 

Cotan. 

Tang. 

85Deg.                                                           84Deg. 
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tGG.-  «mES,  ^TAIlGfeNTrS.  &e. 


6Peg> 


7  Peg. 


Sine; 


Cosine. 


a 
^ 

3 
4 
5 
6 

7 

8 

9 
10 
11 
12 

13 
14 

15 
16 
17 
18 

19 

20 
121 

22 
23 
24 

25 
25 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 


9.0J9235 
9;020435 
9.021632 
9,0^2825 
9i0240l6 
9.025203 
9.026386 

9.027567 
9.028744 
9.029918 
9.031089 
9.032257 
9.033421 

9.034582 
9.035741 
9.036896 
9.038048 
9.039197 
9:040342 

9.041485 
9.042625 
9.043762 
9.044895 
9.046026 
9.047^154 

9.048277 
9.04^400 
9:050519 
9.051635 
9.052749 
9.053859 

9.054966 
9.056071 
9.057172 
9;05827i 
9.059367 
9.060460 

9.061551 
9.065639 
9:063724 
9.064806 
9.065885 
9.066962 


vTaog^ 


9.997614 
9.997601 
9.997588 
9.997574 
9.997561 
9.997547 
9o997534 

9.997520 
9.997507 
9*997493 
9.997480 
9.997466 
9.997452 

0.997439 

9.997425 

9*90741 

9.997397 

9.997383 

9.997369 

9.997355 
9.997341 
9.997327 
9.997313 
9.99.7299 
9.997285 

9.997271 
9.997257^ 
,9.997242 
9.997228 
,9.997314 
9;a97199 

9.997185 
9.997170 
9.997156 
9.997141 
9.997127 
9.997112 

9:997098 
9,997083 
9.997068 
9.997053 
9.997039 
9.997024 


9.O21620 
9.022834 
9*024044 
9*025251 
9,026455 
9.027655 
9.028852 

9*030046 
9.031237 
9.032425 
9.033609 
9.034791 
9.035969 

9.037144 
9.038316 
9.039485 
9.040651 
9.041813 
9.042973 

9.044130 
9.045284 
9.046434 
9.047582 
9.048727 
9.049869 


Cetang.  j.  Sine,  i  Cosine. 


9.068036 
9vO60iO7 
9.070176 
9.071242 
9.072306 
48  9;073366 


9.074424 
9.075480 
9.076533 
9.077583 
9.07^631 
9^079676 

9.080719 
9.081759 
9.082797 
9.083832 
9.084864 
9.085894 
Cosine. 


10*978380; 
ia977l66^ 
10.975956 
10.974749 
10*973545 
10.972345 
10*971148 

10;969954 
10.968763 
10;967575 
10.966391 
10.96^209 
10.964031 

10«962856 
10.96V684 
10.960515 
10-959349 
10*958187 
10.957027 

10.955870 
10.954716 
10.953566 
10.952418 
10.951^73 
10.950131 


9.051008  10.948992 


9.052144 
9.053277 
9^054407 
9.055535 
9.056659 

9.057781 
9.058900 
9.060016 
9:061130 
9.062240 
9.063348 

9i064453 
9.065556 
9.066655 
9.067752 
9.068846 
9.069938 


9.996979 
9996964 
9.996949 
9.996934 

9.996919 
9;996904 
9.996889 
9.996874 
9.996858 
9.996843 

9.996828 
9.996812 
9.996797 
9.996782 
9.996766 
9.996751 


Sine. 


9.997099  9.071027 
9.072113 
9:073197 
9.074278 
9.075356 
9.076432 

:  9.077505 
9.07857iS 
9.079644 
9.080710 
9.081773 
9;082833 

9.083891 
9.084947 
9.086000 
9.087050 
9.088098 
9.089144 


Gotan. 


10.947856 
10.946723 
10.945593 
10.944465 
10.943341 

10.942219 
10.941100 
i0.939!984 
10.938870 
10.937760 
iO.936652 

10.935547 
10.934444 
10.933345 
10.932248 
10.931154 
10.930062 

10.928973 
10.927887 
10.^26803 
10.925722 
10.924644 
10.923563 

10.922495 
10.921424 
10.920356 
10.919290 
10.918227 
10.917167 

10.916109 
10.915053 
lt)".914000 
10.912950 
lQ.9il902 
10.910856 
•Tang. 


9.085894! 
9.086922 
9.0879471 
9.088970| 
9.0899901; 
9.091005 
9:092024 

9i093037 
9.094047 
9.01«5056 
9.096052 
.9.097065 
9.098066 

9;0e9065 
9.100062 
9.101066 
9.102048 
9.103037 
9.104025 

9.105010 
9,105992 
9.106973 
9.107951 
9.108927 
9.109901 

9;i|0873 
9.111842 
9.112809 
9.113774 
9:i  14737 
9.115698 

9.116656 
9.117613 
9.118^67 
9.119519 
9.120469 
9.12i4l7 

9.122362 
9.123306 
^.124248 
9.125187 
9.126125 
9.127068 

9.127993 
9.128925. 
9.129854 
9.150781 
9.131706 
9.132930 

9.133551 
9.134470 
9:13538!? 
9.136303 
9.137216 
9.138128 

9.139037 
9.139944 
9,140850 
9.141754 
9.142655 
9.1^555 
Cosine. 


9.996751 
9.996735 
9.996720 
9.9967^ 
9.996688 
9.9966731 
9.996657; 

9.996641 ' 


9.996610 
9.996594 
9.996578 
9.996562 

9.996546 
9.996530 
9.996514 
9.996498 
9.996482 
9.996465 


9.089144 
9.090187 
9*091228 
9.092262 
9oOQ3302 
:9:0943^6 
9.095367 

9.096395 
9.097422 
9.098448 
9.099469 
9.100487 
9.101504 

9.102519 
9.103532 
9.104542 
9.105550 
9.106556 
9.107559 


Cotang. 
ia9lO856|60 
10.9098  i  3  j59 
10.908772-58 


9.99644m  9.108560 
9.99643M  9.109559 
9.996417  9.110556 
9.996400  9:111551 
9.996384!  9.112543 
9.9963681  9.1  "3533 


10.907734 
10.906698 
10,905664 
10.9046; 

10.903605 
10.902578 
10.901554 
10.900532 
10,899513 
l6:898496 

10.89748i 
I0;8964i68 
10.895458 
10.894450 
10.893444 
10i89244l 

10.891440 
16^90441 
10.889444 
10.888449 
10-887457 
10-886467 


83  Deg. 


9.996351 
9.996335 
9.996318 
9.996302 
9.996285, 
9.996269 

9.996252 
9.99(5235 
9:996219 
9,996202 
9.996185 
9.996168 

9.996151 
9.996134 
9.996117 
9.996100 
9.996083 
9.996066  9.130994 


9.996049 
9.996032 
9.996015 
9.995998 
9.995980 
9.995963 

9.995946 
9,995928 
9.995911 
9.995894 
9.^95876 
9.995859 

9.995841 
9.995823 
9.995806 
9.995788 
9.995771 
9.995753 
Sine. 


9.114521 
9.115507 
9.116491 
9.117472 
9.118452 
9.119429 

9U20404 
9^121377 
9.122348 
9.123317 

9.124284 
9:125249 

9.126211 
9.127172 
9.128130 
9J29687 
9.130041 


10.885479 
10.884493 
lO;883509 
ld:S^2528 
10.881548 
10.880571 

10.879596 
iO.878623 
i0:877652 
10.876683 
10.875716 
f  0*^74751 

ia873789 
10.872828 
10.871870 
10.870913 
10:869959 
10.869096 


9.131944 
9.13J2893 
9;i  33839 
"9.134784 
9.135726 
9.136667 

9.137^05 
9:1 38542 
9.139476 
9.140409 
9.141340 
9.142269 

9.143196 
"9.144121 
,9.145044 
9.145966 
9.146885 
9.147803 
Cotan. 


19.868056 
10.8671 07 
10.866161 
10.865216 
10.864274 
10.863333 

10.862395 
10.861458 
10.860524  9 
J0;859o91    8 
10.858660r7 
lb.857731    6 


30 

29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12. 


10.856804 
10.855879 
10:854956 
i'0.S540S4 
10.853115 
10.852197 
Taiig. 


82  Deg.. 


Hosted  by  Google 


Lddf-  sm^g,  TABTdENTg,  m. 


80eg.                                       ^_-                       ^Deff.  """•   *    ~ 

•^• 

Sine. 

.  Conine. 

Tang. 

Cotang. 
10.852197 

•     Sine::^ 

Cc^siofi. 

Tang. 

Co^ng. 

60 

0 

9443555 

9.995753 

9447803 

9*1942132 

9.994,620 

9.199713 

iami20 

1 

9.144453 

9.995735 

9.148718 

tO,$5l282 

9495  i29 

$.994606 

9^300529 

10.799471 

59 

2 

9.145349 

9*995717 

9449052 

10,856368 

1^195925 

9i994580 

9.2101345 

10.798655 

58 

3 

9.1462^ 

9.995699 

9450544 

10,849456 

9.196719 

9.994560 

9.202159 

10.797841 

57 

4 

9.147136 

9.995681 

9.1^1454 

10.848546 

^.1^7511 

9.994540 

9.202951 

10.797029 

56 

5 

9.14«»6 

9*995664 

9.152363 

10.847637 

9,198302 

9.994519 

9  203782 

10.796218 

55 

6 

9,148915 

9.995646 

9.1535^69 

10.846731 

9.199091 

9  994499 

9.204592 

iO.795408 

54 

7 

.9.149802 

91995628 

9.154174 

10.845826 

9499S79 

9.994479 

9.205400 

10*794400 

53 

8 

9.150686 

9*995610 

9.155077 

10.844933 

9.200666 

9.994459 

9;206207 

10.793793 

52 

& 

9.151569 

9.995591 

9.15.^978 

10.844022 

9*201451 

9*994438 

,  9.207(H3 

10.792987 

51 

ti> 

9.152451 

9.995570 

915587'7 

10.843123 

9.202234 

9.994418 

9.267817 

10.792183 

50 

11 

9.1533:^ 

9.995555 

9.157775 

10.842225 

9,203017 

9.994398 

;  9.208619 

10.791381 

49 

12 

9.154208 

9.995537 

9.158671 

10.841329 

9.203797 

9.994377 

9.209420 

10.790580 

48 

t^ 

9.155085 

9.995519 

9159565 

10.840435 

9.204577 

9.994357 

9.210220 

10.789780 

47 

14 

9;  155957 

9.995501 

9460457 

10.830543 

9.205354 

9.994336 

9.211018 

10.788982 

46 

15 

9.156830 

9.995482 

9.161347 

10.838653 

9.206131 

9.994316 

9.211815 

10.788185 

45 

16 

9,157700 

9.995464 

9.162236 

10.837764 

9.206906 

9.994295 

9.212611 

10.787389 

44 

17 

9.158569 

9.995446 

9.163123 

10.836877 

9.^07679 

9*994274 

9.213405 

10.786595 

43 

IS 

9,159435 

9.995427 

9464008 

10.835992 

9.208452 

9.994254 

9,214198 

10.785802 

42 

IS^ 

a.l60301 

9.995409 

9.164892 

10.835108 

9.209222 

9.994233 

9,214989 

10,785011 

41 

20 

9.161164 

9.995390 

9.165774 

10,834226 

9,209992 

9,994212 

9.215780 

10,784220 

40 

21 

9462025 

9.995372 

9.166654 

l6i833346 

9.210760 

9.994191 

9.216568 

10.783432 

39 

22 

9.162885 

9.995353 

9.167532 

10.832468 

9.211526 

9.994171 

&.217356 

10.782644 

38 

m 

9.163743 

9.995334 

9.168409 

10i831591 

9.212291 

9,994150 

9.218142 

10*781858 

37 

24 

9.164600 

9.995316 

9.169284 

10,830716 

9.213055 

9.994129 

9.218926 

10.781074 

36 

25 

9.165454 

9.995297 

9.170157 

10.829843 

9.213818 

9.994108 

9.219710 

10.780290 

35 

26 

9.166307 

9.995278 

9.1,71029 

10828971 

9.214579 

'9*994087 

9.220492 

10.789508 

34 

27 

9.167159 

9.995260 

9.171899 

10.828101 

9.21^338 

9.994066 

9.221272 

10.778728 

33 

28 

9.168008 

9.995241 

9.172767 

10.a27233 

9.216097 

9  994045 

9.222052 

10.777948 

3^ 

29f 

9468856 

.9.995222 

9,173634 

1018263615 

9.216854 

9.994024 

9.222830 

10.777170 

31 

30 

9.169702 

9.995203 

9.174499 

lO;82556l 

9.217609 

9.994003 

9.223607 

10*776393 

00 

31 

9.170547 

9.995184 

9475362 

10824638 

9.218363 

9.993982 

9.224382 

10.775618 

29 

32 

9.171389 

9.995165 

9.176224 

10.823776 

9.219U6 

9.993960 

9.225156 

10.774844 

28 

53 

9.172230 

9.995146 

9.177084 

10.822916 

9-219868 

9.993939 

9.^25929 

10.774071 

27 

34 

9.173070 

9.995127 

9.177942 

10.822058 

9.220618 

9.993918 

9.226700 

10.773306 

26 

35 

9473908 

9.995108 

9.178799 

10.821201 

9.221367 

9.993897 

9.227471 

10,772529 

2P 

36 

9.174744 

9.995089 

9479655 

10.820345 

9.222115 

9.993875 

9.228239 

10.771761 

24 

37 

947557S 

9.g^50fd 

9180508 

10.819492 

9.222861 

9.993854 

9*229007 

10.770993 

23 

38 

9.176411 

9.995051 

9.181360 

10.818640 

9.223606 

9.993832 

9.229773 

10.770227 

22 

39 

9.177242 

9.995032 

9482211 

10.81-7789 

9.224349 

9.993811 

9.230539 

10.769461 

21 

40 

9478072 

9.995013 

9.183059 

10.816941 

9.225092 

9.993789 

9-231302 

10.768698 

io 

41 

9.178900 

9i994993 

9483907 

10.816093 

9.225833 

9.993768 

9.232065 

10.767935 

19 

42 

9479736 

9*994974 

9.184752 

10.815248 

9.226573 

9.993746 

9.202826 

10767174 

18 

43 

9.180551 

9.994955 

9.185597 

10.814403 

9*227311 

9.993725 

9.233586 

10.766414 

17 

44 

9481374 

9.994935 

9il86439 

10.813561 

9.228048 

9.993703 

9.234345 

10.765655 

16 

45 

9.182196 

9  994916 

9.187280 

10.812720 

9.228784 

9.99.3681 

9.235103 

10.764897 

15 

46 

9483016 

9.994896 

9.188120 

10.811880 

9.229518 

9.993660 

9.235859 

10.764141 

14 

47 

9.183834 

9.994877 

9.188958 

10.811042 

9.230252 

9.993638 

9*236614 

10.763386 

13 

48 

d.184651 

9.994857 

9.189794 

10.810206 

9.230984 

9.993616 

9.237368 

10.7626.32 

12 

49 

9485466 

9.994838 

9.190629 

10.809371 

9.231715 

9.993594 

9.238120  10:761880 

11 

50 

9.186280 

9.^94818 

9.191462 

10,808538 

9.232444 

9.993572 

9.238872(10.761128 

10 

51 

9,187092 

9^994798 

9.192294 

10.807706 

9.233172 

9.993550 

9.239622;  10,760378 

9 

52 

9.187903 

9.994779 

9.193124 

10806876 

9.233899 

9.993528 

9.240371)10.759629 

8 

53 

9.188712 

9.994759 

9.193953 

10.806047 

9.234625 

9.993506 

9.241  U8j  10.758882 

7 

54 

9489519 

9.994739 

9.194780 

10*805220 

9.235349 

9,993484 

9.241865  10.758135 

6 

,55 

9.190325 

9.994720 

9.195606 

10804394 

9.236073 

9.993462 

9.242610 

10.757390 

5 

56 

9491130 

9.994700 

,9.196430 

10.803570 

9.236795 

9.993440 

9.243454 

10.756646 

4 

57 

9.191933 

9*994680 

9497253 

10.802747 

9.237515 

9.993418 

9.244097 

10.755903 

0 

58 

9.192734 

9.994660 

9498074 

10.801926 

9.238235 

9.993396 

9.344839 

10.755161 

2 

59 

9.193534 

9.994640 

9.198894 

10.801106 

9.238953 

9.993374 

9.245579 

10.754421 

1 

60 

9.194332 

9.994620 

9.199713 

10.800287 

9.2.39670 

9.993351 

9.246319 

10.753681 

0 

Cosine. 

Sine. 

Cotan. 

Tan^. 

Cosine. 

Sine. 

Cotan. 

Tang. 

84Deg.                                                          80Deg:.                               | 

Hosted  by  Google 


IXIG;  SINES,  TANCMTS,  &e. 


10  Peg. 


11  Peg. 


Sim. 


9.2i39670 
9j^405Sa 
0.241101 
9.241814 

9.24252a 
9.243237 
9.243947 


Cosine^ 
9;99335i 


9.2446S6 
9.245363 
9.246069 
9.246775 
9,247478 
12  9:248181 


13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 


31 

'32 
33 
34 
35 
36 

S7 
38 
39 
40^ 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 

52 
53 

54 

55 
56 
57 
58 
59 
60 


Tang. 


9.24888S 
9.249583 
9.250282 
9.250980 
9.251677 
9.252373 

9.253067 
9.253761 
9.254453 
9.255144 
9.255834 
9.2565as 

9,257211 
9^257898 
9.258583 
9.259268 
9.259951 
9.260633 

9,261314 
9.261994 
9.262673 
9.263351 
9.264027 
9.264703 

9.265377 
9.266051 
9.266723 
9.267395 
9.268065 
9.268734 

9.269402 
9.270069 
9.270735 
9.271400 
9,272064 
,9.272726 

9.2/338^ 
9.274049 
9.274708 
^9.275367 
9.276025 
9.276681 

9.277337 
9.277991 
9.278645 
9.279297 
S.279948 
9.280599 
C6sipe» 


9.993307 
9.993284 
9>993-262 
9.993240 
9,993217 

9.993195 
9.995172 
9,99314^ 
9.993127 
9^,993104 
9w9930Sl 

9.993059 
9.993036 
9.993013 
9.91^2990 
9.992967 
9.992944 

9  992921 
9i992898 
9,992875 
9.992852 
9.992829 
9.992«06 

9^992783 
9.99-2759 
9.992736 
9,992713 
9  992690 
9.992666 

9992643 
9.992619 
9.992596 
9.992572 
9,992549 
9.992525 

9,992501 
9.992478 
9.992454 
9.992430 
9;992406 
9.992382 


9;246319 
9.247057 
9.247794 
9.248J30 
9.249264 
9.249998 
9.250730 

9.251461 
9.252191 
.9,252920 
9.253648 
9,254374 
9.255100 

9.255824 
9.25654J', 
9.->57269 
9.25t990 
9.258710 
9.259429 


Cotang. 


10.753681 
10.752948 
10.752206 
10.751470 
ia750736 
10.750002 
10.749270 

10.748539 
ia747809 
10.747080 
10.746352 
10.745626 
10,744900 

10,744176 

10.743453 
10.742731 
ia742010 
10,741290 
10.740571 


9.260146 
9.260863 
9.261578 

9.262292 


Sinfe. 


Cosine. 


9.2805991  9.^1947 
9.281248!  9^991922 
9.991897 
9.991873 
9.991848 
9.991823 
9.991799 


9.28l«97: 
9.282544! 
9.283l90i 
9.2338361 
9.2844801 


9.285124i  9.991774 
9.285766:  9.991749 
9.286408;  9  991724 
9.287048!  9.991699 
9.287688i  9,991674 
9.2883261  9^991649 


10.739854 
10.739137 
10.738422 
10.737708 


9,263005  10.736995 
9.263717  10,736283 


9.264428 
9.265138 
9.265847 
9.266555 
9.267261 
9.267967 

9.268671 
9.269375 
9.270077 
9.270779 
9271479 
9.272178 

9.272876 
9.273573 
9,274269 
9.274964 
9.275658 
9.276351 


9.992359  9.277043 


9:992335 
9992311 
9.992287 
9.992263 
9.992239 

9.992214 
9.992190 
9,992166 
9.992142 
9.992118 
9.992093 

9,992069 
9.992044 
9.992020 
9.991996 
9.991971 
9.991941 
Sine. 


9.277734 
9.g78424 
9.279U3 
5.279801 
9.280488 


10.735572 
10,734862 
10.734153 
10.733445 
10.732739 
lb.732033 

10.731329 
10.730625 
10729923 
10.729221 
10,728521 
10.727822 

l'0.727l-24 
10.726427 
mJ257St 
10.725036 
10.724342 
10.723649 

10.722957 
10.722266 
10.721576 
10.720887 
10.720199 
10.719512 

9.281174  10.718826 
9.281858  10.718142 


9.282542 
9.283225 
9.283907 
9.284588 

9,285268 
9.285947 
9.286624 
9.2873t>l 
9,287977 
9.288652 
Cotan. 


10.717458 
10.716775 
10.716093 
10.715412 

10.714732 
10.714053 
10.713376 
10.712699 
10.712023 
10»7tl348 

Tang.    ' 


9.288964! 
9,289600' 
9.290236 
9.290870 
9.291504 
9.2921371 

9,292768! 
9.2933991 
9.294029! 
9.294658! 
9,295286  i 
9.2959131 

9.296539 
9.297164 
9.297788 
9.298412 
9.299034 
9.299655 

9.300276 
9.300895 
9.301514 
9,302132 
9.302748 
9.30^4 

•9,303979 
9.304593 
9.305207 
9.305819 
9.306430 
9.307041 

9.307650 
9.308259 
9.308867 
9.309474 
9.310080 
9.310685 

9.311289 
9»3n«93 
9,312495 
9.313097 
9,313698 
9.314297 

9.314897 
9,315495 
9.316092 
9.316689 
9.317284 
9.317879 
Cosine. 


Tang, 


Cdtang. 


10.711348 

10.710674 
10,710001 


IQJQ^S^  B7 


9,991624 
9.991599 
9.99'-574 
9^91549 
9.99152^ 
9.991498 

9.991473' 
9.991448 
9.991422 
9.991397 
9.991372 
9;991346 

9.991321 
9.993295 
9,991270 
9.991244 
9.991218, 
9,991193 

9.991167 
9.991141 
9.991  il  5 
9.991090 
9.991064 
9,991038 

9.99t0l2 
9.990986 
9.990960 
9.990934 
9.990908 
9.990882 

9.990855 
9.990829 
9.990803 
.9,990777 
9.990750 
9^^0724 

9.990697 

9.990671 

9.990645 

9.990618 

9.99059 

9.990565 

9,990538 
9.990511 
9.990485 
9.990458 
9.990431 
9.990404 
Sine. 


9.288652 
9.289326 
9.289999 
9,290671 
9.291342 
9.292013 
9.292682 

9.293350 
9.294017 
9294684 
9.295349 
9.296015 
9i296677 

9.297339 
9.298G01 
9.29^662 
9.299322 
9.299980 
9,3006^8 

9.301295 
9.30i9«Jl 
9.502607 
9.303261 
9.303914 

9,305218  10,694782 
9.305869  10:694131 


10.708658 
10.707987 
10.70751S 

10.706650; 
IOJ059&3 
l6.70531fi 
10.704651 
10.703987 
10705323 

10,702661 
10.701^9 
10.70133S 
10.700678 
10.700000 
10.699362 

10.698705 
10.698049 
10.6973^3 
10.690739 
10.696086 
l.d.<69S4S5 


9.306519 
9.307168 
9  307816 
,9,308463 

9^309109 
9.309754 
9.300399 
9.311042 
9.311685 
i9.3l2327 

9;312968 
9.313608 
9.314247 
9.314S85 
9.315523 
9.316159 

9.316795 
9.317430 
9,318064 
9.318697 
9.319530 
9,319961 


14693481 
1Q.692832 
10.692184 
10,691537.150 

10.690891 
10.690246 
I0v68960l: 
tO,68«9S;8 
10,688315 
10^687673 


10.687032^ 

10.686392 

10.685753, 

10.^85115: 

10-««4477 

10.683841: 


9.321222 
9.321851 
9.322479 
9.323106 
9.323733 

9,324358 
9.324983 
9.325607 
9.326231 
9326853 
9.327475 
Cbtan. 


10.683205 
10.682570 
10.681956 
10681503 
10-680670 
10.680039; 

10,679408 
10.678778 
1 6.678 149 
10.677521 
10.676894 
10,676267 

10.675642 
10,675017 
10,6743931 
10.673769 
10.673147 
10.672525 

Taa^ 


22 
21 
20, 
19 
1» 

17 
U 
15 

13 

•il2' 


79  Peg. 


78  Peg. 
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LOG.  SINES,  TANGENTS,.  &c. 


12Deg.                      13  Beg.                              ,1 

Sine. 

Cosine. 

'Tang. 

C^taig. 

Sine. 

:  Cosine. 

Tang. 

Cotang. 

60 

"o 

9.817879 

9.990404 

9.327475 

10.672525 

9.3526S^ 

9,988724 

9.363364 

10.636636 

1 

9.318473 

9.990378 

9,328095 

10:671905 

9.55^35 

,  9^988695 

9,363940 

10.636060 

59 

2 

9.319066 

9.990351 

9.32Sn5 

10.671583 

9,35^m 

9.988666 

9.364515 

10.685485 

58 

3 

9.319658 

9.990324 

9.329334 

10.670666 

9'.35373& 

9.988636 

9.365090 

10.6349(0 

57 

4 

9.320249 

9.990297 

9.329953 

10.670047 

9.354271 

9988607 

9.365664 

10,634336 

56 

5 

9.320840 

9.990270 

9.330570 

10  669430 

9.354815 

9.988678 

9.360237 

10.633763 

55 

6 

9.321430 

9.990243 

9.331187 

10.668813 

9,35535$ 

9.988548 

9.366810 

10.633190 

54 

7 

9.322019 

9.990215 

9.331803 

10.668197 

9.355901 

9.988519 

9,3G73S2 

10.632618 

53 

8 

9.322607 

9.990188 

9.332418 

10.667582 

9.356443 

9.988489 

9.367953 

10.632047 

52 

9 

9.323394 

9.990161 

9,333033 

10.666967 

9.356984 

9.988460 

9.368524 

10.63U76 

51 

10 

9^-^3780 

9.990134 

9.333646 

10.666354 

9.357524 

9.988430 

9.369094 

10.630906 

50 

11 

9.324366 

9.990107 

9.334259 

10.665741 

9.358064 

9.98S401 

9.369663 

10.630337 

49 

12 

9.324950 

9.990079 

9.334871 

10.665129 

9.358603 

9.988371 

9.370e32 

10.629768 

48 

IS 

9.325534 

9.990052 

9.335482 

10.664518 

9.359141 

9.988342 

9.370799 

ia629201 

47 

14 

9.326111 

9.990025 

9.336093 

10.663907 

9.359678 

9,988312 

9.371367 

10.628633 

46 

15 

9.326700 

9.989997 

9.33670^ 

10.663298 

9.360215 

9.988282 

9.371933 

10.628067 

45 

16 

9.327281 

9.989970 

9.337311 

10.662689 

9.360752 

9.988252 

9.372499 

10,627501 

44 

17 

9.327862 

9.989942 

9.337919 

10.662081 

9.361287 

9.988223 

9.373064 

10.626936 

43 

18 

9.328442 

9.989915 

9.338^27 

10.661473 

9.361822 

9.988193 

9.373629 

10.626371 

42 

19 

9.329021 

9.989887 

9.339133 

10.660867 

9.362356 

9.988163 

9.374193 

10.625807 

41 

20 

9.329599 

9.989860 

9.339739 

10.660261 

9.362889 

9.988133 

9.^74756 

10.625244 

40 

21 

9.330176 

9.989832 

9.340344 

10.659656 

9.363422 

9.988103 

9.375319 

10.624681 

39 

22 

9.330753 

9.989804 

9.340948 

10.659052 

9.363954 

■9988073 

9.375881 

10.624119 

38 

23 

9.331329 

9.989777 

9.341552 

10658448 

9.364485 

9.988043 

9376442 

ia623558 

37 

24 

9.331903 

9.989749 

9.342155 

10.657845 

9.365016 

9.988013 

9.377003 

10.622997 

36 

25 

9.332478 

9.989721 

9.342757 

10.657243 

9.365546 

9.987983 

9.377563 

10.622437 

35 

26 

9.333051 

9:989693 

9.343358 

10.656642 

9.366075 

9.987953 

9.378122 

10.621878 

34 

27 

9.333624 

9.989665 

9.343959 

10.656042 

9.366604 

9.987922 

9.378681 

10.621319 

33 

28 

9.334195 

9-989837]  9.344558 

10.655442 

9.367131 

9.987892 

9.379239 

10.620761 

32 

29 

9.334767 

9.989610 

9M5i57 

I0  654i543 

9.367659 

9,987862 

9.379797 

10.620203 

31 

30 

9.3353S7 

9.989582 

9SW55 

10.654245 

9.368185 

9.987832 

9.380354 

10.619646 

30 

31 

9.335906 

9.989553 

9.346353 

10.653647 

9;3687li 

9.987801 

9.380910 

10.619090 

29 

32 

9;336475 

9.989525 

9.346949 

10.653051 

9.369236 

9.987771 

9.381466 

10.618534 

28 

33 

9.337043 

9.989497 

9.347545 

10.652455 

9.369761 

9.987740 

9.382020 

10.617980 

27 

34 

9.337610 

9.989469 

9.348141 

10.651859 

9.370285 

.9.987710 

9,382575 

10.617425 

26 

35 

9.358176 

9.989441 

9.348735 

10,651265 

9.370808 

9.987679 

9.383129 

10.616871 

25 

36 

9.338742 

9.989413 

9.349329 

10.650671 

9.371330 

9.987649 

9,383682 

10.616318 

24 

37 

9.339307 

9.989385 

9..349922 

10  650078 

9.371852 

9.987618 

9.384234 

10.615766 

23 

38 

9.339871 

9.989356 

9.350514 

10.649486 

9.372373 

9.987583 

9.384786 

10.615214 

22 

39 

9.340434 

9.989328 

9.351106 

10  648894 

9,372894 

9.987.557 

9,385337 

10,614663 

21 

40 

9.340996 

9.989300 

9.351697 

10.648303 

9.373414 

9.987526 

9.385888 

10,614112 

20 

41 

9,34l55Ji 

9.989$7I 

9.352287 

10.647713 

9.373933 

9.987496 

9.386438 

10.613562 

19 

42 

3:342119 

9M92i3 

9.352876 

10.647124 

9.374452 

9,987465 

9.386987 

10.613013 

18 

43 

9.342679 

9.989214 

9.353465 

10.646535 

9.374970 

9.987434 

9.387536 

10.612464 

17 

44 

9.343239 

9.989186 

9.354053 

10.645947 

9.375487 

9.987403 

9.388084 

10.611916 

16 

45 

9.343797 

9.989157 

9.354640 

10.645360 

9.376003 

9.987372 

9388631 

10,611369 

15 

4ft 

9.344355 

9.989128 

9.355227 

10.644773 

9.376519 

9.987341 

9.389178 

10.610822 

14 

47 

9.344912 

9.989100 

9.355813 

10.644187 

9.377035 

9.987310 

9.389124 

10.610276 

13 

48 

9.345469 

9.989071 

9.356398 

10.643602 

9.377549 

9.987279 

9,3902n) 

10.619730 

12 

49 

9.346024 

9.989042 

9.356982 

10.643018 

9.378063 

9.987248 

9.390815 

10.609185 

11 

50 

9.346570 

9.989014 

9.357566 

10.642434 

9.378577 

9.987217 

9.391360 

i0.60S640 

10 

51 

9.347134 

9.988985 

9.358149 

10.641851 

9.379089 

9,987186 

9.391903 

10.608097 

9 

52 

9.347687 

9.988956 

9.358731 

10.641269 

9.379601 

9.987155 

9.392447 

10.Q07553 

8 

53 

9.-348240 

9.988927 

9.359313 

10.640687 

9.380113 

9.987124 

9.392989 

10.607011 

7 

54 

9.348792 

9.988898 

9.359S93 

10.640107 

9.380624 

9.987092 

9.393531 

10606469 

6 

55 

9.349343 

9.988869 

9.360474 

10.639526 

9.381134 

9.987061 

9.394073 

10.605927 

5 

56 

9.349893 

9.988840 

9.361053 

10.638947 

9.381643 

9.987030 

9394614 

10,605386 

4 

57 

9.350443 

9.988811 

9.561632 

10,638368 

9.3§2152 

9.986998 

9.395154 

10.604846 

3 

58 

9.350992 

9.988782 

9.362210 

10.637790 

9.382661 

9.986967 

9.395694 

10.604306 

2 

59 

9.351540 

9.988753 

9.362787 

10.637213 

9.383168 

9.986936 

9.396233 

10.603767 

1 

60 

9,352088 

9.988724 

9.363364 

10.636636 

9.383675 

9.986904 

9.396771 

10.603229 

0 

Cosine. 

Sine. 

Cotan. 

Tang. 

Cosine. 

Sine. 

Cotan. 

Tang. 

77Deg.                         76Deg             t 
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LOO.  SCNES,  TAKGENTS,  &c. 


14Des*                                                             X5Deg.                       ;        j 

"i 

Sine. 

Gosirie. 

Tang. 

Cotang. 

;Siiie. 

CJosirie, 

Tang.        Ccffeiig.:  1 

9^83675 

9.986904 

9.396771 

10.603229 

9.412996 

9.984944 

9.4280.52 

I0.m948 

60 

1 

9.384182 

9.986873 

9.397309 

10.602691 

9.413467 

9,984910 

9.428558 

10571442 

59 

2 

^384687 

9,986841 

9.397846 

10*602154 

9.413988 

9.984876 

9.429062 

10.570938 

58 

S 

9.385192 

9.986809 

9.398383 

10.601617 

9.414408 

9984842 

9.429566 

10,570434 

57 

4 

9^85697 

9.986778 

9.398919 

10.601081 

9.414878 

9,984808 

9,430070 

10.5j59.93Q 

56 

5 

9.386201 

9.986746 

9.399455 

10.600545 

9.415347 

9.984774 

9.430573 

10.569427 

55 

6 

9.386704 

9.986714 

9.399990 

10.600010 

9.415815 

9.984740 

9.431075 

10.568925 

54 

r 

9.3S7207 

9.985683 

9.400524 

10.599476 

9.416283 

9.984706 

9.431577 

10.568423 

53 

8 

9.387709 

9.986654 

9.401058 

10.598942 

9,416751 

9.984672 

9.432079 

10.567921 

52 

9 

9.388210 

9.986619 

9.401591 

10.598409 

9.417^7 

9.984638 

9.4328,80 

10.567^ 

51 

10 

9.3887U 

9.986587 

9.4021^ 

10.597876 

9.417684 

9.984603 

9.433080 

10.56692P 

50 

11 

9.389211 

9.986555 

9.402656 

10.597344 

9.418150 

9.984569 

9.433580 

10.56642© 

49 

12 

9.389711 

9.986523 

9.403187 

10.596813 

9.418615 

9.984535 

9.434080 

10.565920 

4$ 

13 

9.390210 

9-986491 

9.4037i8 

10.5^6282 

9.419079 

9.984500 

9.434579 

103JS5421 

47 

14 

9.390708 

9.986459 

9.404249 

ia59575l 

9.419544 

9.984466 

9.435078 

10.5M922 

46 

15 

9.391206 

9.986427 

9.404778 

10.595222 

9.420P07 

9.984432 

9.435576 

10.564424 

45 

16 

9.391703 

9.986395 

9.405308 

10.594692 

9.420470 

9.984397 

9.436073 

10.563927 

44 

17 

9.392199 

9.986363 

9.405836 

10.594164 

9.420933 

9.984363 

9.4S6570 

10,563430 

43 

18 

9.392695 

9-986331 

9.406364 

10.593636 

9.421395 

9.984328 

9.437067 

10.562933 

42 

19 

9.393191 

9.986299 

9.406892 

10.593108 

9.421857 

9.984294 

9.437563 

10,56^7 

41 

20 

9.393585 

9.986266 

9.407419 

10.592581 

9.422318 

9.984259 

9.438059 

10.561941 

40 

21 

9-394179 

9.986234 

9.407945 

10.592055 

9.422778 

9,984224 

9.438554 

10.561446 

39 

22 

9.394673 

9.986202 

9.408471 

ia59l529 

9.423238 

9.984190 

9.439048 

10,560952 

38 

23 

9.395166 

9.986169 

9.408996 

10.591004 

9.423697 

9.984155 

9.439563 

10,560457 

37 

24 

9.395658 

9.986137 

9.409521 

10.590479 

9.424156 

9.984120 

9.440036 

10,559964 

3Q 

25 

§.396150 

9.986104 

9,410045 

10.589955 

9.424615 

9.984085 

9.440529 

IOI559471 

35 

26 

^.396641 

9.986072 

9.410569 

10.589431 

,9.425073 

9.984050 

9.441022 

10.55S978 

34 

27 

9;397132 

9.986039 

9.411092 

10.588908 

9.425530 

9.984015 

9.441514 

10.5584^6 

33 

28 

9.397621 

9.986007 

9.411615 

10.588385 

9,425987 

9.983981 

9.442006 

10.557994 

32 

29 

9.398111 

9.985974 

9.412137 

10.587863 

9.426443 

9.983946 

9.442497 

10.557503 

31 

30 

9.398600 

9.985942 

9.412658 

10.587342 

9.426899 

9.983911 

9.442988 

10.557012 

30 

31 

9.399088 

9.985909 

9.413179 

10.586821 

9.427354 

9,983875 

9.443479 

10.5515521 

m 

32 

9.399575 

9.985876 

9.413699 

10.586301 

9.427809 

9.983840 

9  443968 

10.556032 

^is 

33 

9,400062 

9^985843 

9.414219 

10.585781 

9,428263 

9.983805 

9,444458 

10.555542 

27 

34 

9:400549 

9.985811 

9.414738 

10.585262 

9.428717 

9.983770 

9.444947 

10;55505^ 

26 

35 

9.401035 

9.985778 

9.415257 

10.584743 

9.429170 

9.983735 

9.445435 

10.554565 

25 

36 

9.401S20 

9.985745 

9.415775 

10.584225 

9.429623 

9.983700 

9.445923 

10-554(377 

24 

37 

9.402005 

9.985712 

9.416293 

10.583707 

9.430075 

9,983664 

9p4464ll 

10.553589 

23 

38 

9.402489 

9.985679 

9.416810 

10,583190 

9:430527 

9,983629 

9.446898 

10.553102 

22 

39 

9.402972 

9.985646 

9.417326 

10.582674 

9.430978 

9,983594 

9,447384 

10.552616 

21 

40 

9.403455 

9.985613 

9.417842 

10.582158 

9.43 14?9 

9.983558 

^.447870 

10.552130 

20 

41 

9.403938 

9.985580 

9.418358 

10.581642 

9.431879 

9.983523 

9.448356 

10.551644 

19 

42 

9i;40442O 

9.985547 

9.418873 

10.581127 

9.432329 

9.983487 

9.448841 

10.551159 

18 

43 

9.404901 

9.985514 

9.419387 

10.580613 

9.432778 

9.983452 

9.449326 

10.550674 

17 

44 

9.405382 

9.985480 

9.419901 

10-580099 

9.433226 

9.983416 

91449810 

10.550190 

16 

45 

9.405862 

9.985447 

9.420415 

10.579585 

9.433675 

9.983381 

9.450294 

10.549706 

15 

46 

9.406341 

9.985414 

9;420927 

10.579073 

9.434122 

9.983345 

9.450777 

10.549223 

14 

47 

9.406820 

9.985381 

9.421440 

10.578560 

9.434569 

9.983309 

9.451260 

10.548740 

IS 

4JJ 

9.407299 

9,985347 

9.421952 

10.578048 

9.435016 

9.983273 

9.451743 

10.548257 

12 

49 

9.407777 

9.985314 

9,422463 

19.577537 

9.435462 

9.983238 

9.452225 

10.547775 

11 

50 

9.408254 

9.^85280 

9.422974 

10577026 

9.435908 

9.983202 

9.452706 

10.547294 

10 

51 

9.408731 

9.985247 

9.423484 

10.576516 

9.436353 

9.983166 

9.453187 

10.546813 

9 

52 

9.409207 

9.985213 

9.423993 

10.576007 

9.436798 

9.983130 

9:453668 

10.54^332 

8 

53 

9,409682 

9.985180 

9.424503 

10.575497 

9.437242 

9.983094 

.9.454148 

10.545852 

7 

54 

9.410157 

9.985146 

9425011 

10.574989 

9.437686 

9,983058 

9.454628 

10.545372 

6 

55 

9.410632 

9.985  {13 

9.425519 

10.574481 

9.438129 

9.983022 

9.455107 

10.544893 
10:544414 

5 

56 

9.411106 

9.^85079 

9.426027 

10.57.^97.3 

9.438572 

9.982986 

9.455586 

4 

57 

9.411579 

9.98.'>G45 

9.426534 

10.573469 

9.4.39014 

9,982950 

9.456064 

10.543936 

3 

58 

9.412052 

9.985011 

9.427041 

10.572959 

9.439456 

^.982914 

9.456542 

10.5434.58 

2; 

59 

9.412524 

9.984978 

9.427547 

10.572453 

'  9.439897 

9.982878 

9.457019 

10,542981    11 

60 

9.412996 

9.984944 

9.428052 
Cotan. 

tO:57:i948 

9.440338  9.98284'i 

9.457496 

10.542504  0 
Tang;       ' 

Cosine. 

Sine. 

Tang. 

'  Cosine.       Sine. 

Cotan. 

75De^.                                                            •    741>eg.                 ,               » 

V^oi.  U. 


D 
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LOG.  SINES,  TANGENTS,  ^c. 


j                              16Deg.                                                         I7Deg. 

'       Sine. 

Cosine. 

Tang. 

CQtang. 

Sine. 

Cosine. 

Tang. 

Cotang. 
10.514661 

60 

0  9.440338 

9.982842 

9.457496 

10.542504 

9.465935 

9.980596 

9.485339 

1    9.440778 

9.982805 

9.457973 

10.542027 

9.466348 

9.980558 

9.485791 

10.514209 

59 

2  9.441^18 

9.982769 

9.458449 

10.541551 

9.466761 

9.980519 

.9.486242 

10.513758 

58 

3   9.441^58 

9.982733 

9.458925 

10.541075 

9.467173 

U980480 

9.486693 

lOiS  13307 

57 

4,9.442096 

9.982696 

9.459400 

10.540600 

9;467585 

9.980442 

9.487143 

10.512857 

56 

5   9.442535 

9v982660 

9.459875 

10.540125 

9.467996 

9.980403 

9.487593 

10.512407 

55 

6   9.442973 

9.982624 

9.460349 

10.539651 

9,468407 

9.980364 

9.488043 

10.511957 

54 

7   9.443410 

9.982587 

9.460823 

10.539177 

9.468817 

9.980325 

9.48849S 

,  10.511508 

53 

8    9.443847 

9.^82551 

9.461297 

10.538703 

9.469227 

9.980286 

9,488941 

10.514059 

52 

9   9^.444284 

9.982514 

9.461770 

10.538230 

9.469637 

9.980247 

9.48939C 

10.510610 

51 

10   9.444720 

9.982477 

9.462242 

10.537758 

.9.470046 

9.980208 

9.489838 

10.510162 

5© 

11    9.445155 

9.982441 

9.462715 

10.537285 

a.4704.55 

9.980169 

9.490286 

10.509714 

49 

12   9.445590 

9.982404 

9;463186 

10.53fi814 

9.470863 

9.980130 

9.490733 

10.509267 

48 

13   9.446025 

9.982367 

9;463658 

10.536342 

9.471271 

9.980091 

9.491180 

10.508820 

47 

14  9.446459 

9.982331 

9.4«4128 

10535872 

9^.471679 

9^80052 

9.491627 

10.508373 

46 

15   9.446893 

9.9g2294 

9.464699 

iO.535401 

9.472086 

9.980012 

9.492073 

10507927 

45 

16   9.447326 

9.982257 

9,465069 

10.534931 

9.472492 

9.979973 

9.492519 

10.507481 

44 

17   9.447759 

9.982-220 

9.465539 

10.534461 

9.472898 

9.97993-4 

9.492965 

10.507035 

43 

IS  9.448191 

9v982183 

9.466008 

10.533992 

9.473304 

9.979895 

9i4984l0 

10.506590 

42 

19    9.448623 

9.982146 

9.466477 

10.533523 

9.473710 

9.979855 

9.493854 

10.506146 

41 

20   9.449054 

9.982109 

9.466945 

10.533055 

9.474115 

9.979816 

9.494299 

1.0.505701 

40 

21    9.449485 

9.982072 

9.467413 

10.532587 

9.474519 

9.979776 

9.49474^ 

10.505257 

39 

22   9.449915 

9,982035 

9.467880 

10.532120 

9.474923 

9.979737 

9.495186 

10.504814 

38 

23   9.450345 

9.981998 

9.468347 

10,531653 

9.475327 

9.979697 

9.495630 

10.504370 

37 

24   9.450775 

9.981961 

9.468814 

10.531186 

9.475730 

9.979658 

9.496073 

10.503927 

36 

25    9.451204 

9.981 924 

9.460280 

10.530720 

9.476133 

9.979618 

9.496515 

10.503485 

35 

26    9.451632 

9;98I886 

9.46y74« 

iO.530254 

9.476536 

9.979579 

9.496957 

10.503043 

34 

27    9;452060 

9;981849 

9.470211 

10.329789 

9.476938 

9.979539 

9.497399 

■10502601 

33 

28    9.452488 

9.981812 

9.470676 

10.529324 

.9;477340 

9.979499 

9.497841 

10.502159 

32 

29    9.452915 

9.981774 

9.471141 

10.528859 

9.477741 

9  979459 

9  498282 

10.501718 

31 

30   9.453342 

9.981 73^r 

9.471605 

10.528395 

9.478142 

9.979420 

9.4987-22 

10.501278 

30 

31    9.453768  9.981700 

9.472069 

10.527931 

9.478542 

9  979380 

9.499163 

10.500837 

29 

3.2    9.45419.4  9,981662 

9.472532 

10.527468 

9  478942 

9.979340 

'9.499603 

10500397 

28 

33    9.454619  9.981626 

9.472995 

10.527005 

9.479342 

9.979300 

9.50004-2 

10.499958 

27 

3.4   9.455044  9.^81587 

9.473457 

10.526543 

9  479741 

9.979260 

9.500481 

10,499519 

26 

35   9.455469 

9.981549 

9.473919 

10.526081 

9.480140 

9.979220 

9.500920 

10.499080 

25 

36   9.455893 

9.981512 

9.474381 

10.525619 

9.480539 

9.979180 

9.501359 

10.498641 

24 

37   9.456316 

9.981474 

9.474842 

- 10.525(58 

9.480937 

9.979140 

9.50^797 

10.498203 

23 

38   9,456739 

9.981436 

9.475303 

10.524697 

9.481334 

9.979100 

9.50^35 

10.497765 

22 

39  ^  9.457162 

9.98IS99 

9.475763 

10.524237 

9.481731 

9.979059 

9.502672 

10.497328 

21 

40   9.4575S4 

9.981361 

9.476223 

10.523777 

9.482128 

9.979019 

9.503109 

10.496891 

20 

41    9.458006 

9.981323 

9.476683 

10,523317 

9.482525 

9i978979 

9.503546 

10.496454 

19' 

42   9.458427 

9.981285 

9.477142 

10.522858 

9.482921 

9.978939 

9.503982 

J  0.49601 8 

.18 

43   9.458848 

9.981247 

9.477601 

10.522399 

9.483316 

9^978898 

9.504418 

10.495582 

17 

44   9.459268 

9.981209 

9.478059 

10.521941 

9^483712 

9.978858 

9.5048.54 

10.495146 

16: 

45    9.459688 

9.981171 

9.478517 

10.521483 

9.484107 

9.9788(7 

9.505289 

10.494711 

15 

46   9.460108 

9.981133 

9.478975 

10..521025 

9.484501 

9.978777 

9.505724 

10.494276 

U 

47   9.460527 

9.981095 

9.479432 

10.520568 

9.484895 

9.978737 

9.506159 

10.493841 

13 

48   9.460946 

9.981057 

9.479889 

10.520111 

9.485289 

9.978696 

9.506593 

10.493407 

12 

49   9.461364 

9.981019 

9.480345 

10.519655 

9.485682 

9.978655 

9.507027 

10.492973 

11 

50   9.461782 

9.980981 

9.480801 

10.519199 

9.486075 

9.978615 

9.507460 

10.492540 

10 

51    9.462199 

9.980942 

9.481257 

10.518743 

9.486467 

9.978574 

9.507893 

10.492107 

9 

52   9.462616 

9.980904 

9.481712 

10.518288 

9.486860 

9.9785.33 

9.508326 

10.491674 

8 

53   9.463032 

9.980866 

9.482167 

10.517833 

9.487251 

9.978493 

9.508759 

10,491241 

7 

54   9.4634't8 

9.980827 

9.482621 

10.517379 

9.487643 

9.978452 

9.509191 

10.49-809 

6 

55   9.463864 

9.980789 

9.483075 

10.516925 

9.488034 

9.978411 

9.509622 

10.+90378 

5 

56    9.464>279 

9.980750 

9.483.529 

10.516471 

9.488424 

9.978370 

9.510054 

10.48994.6 

4 

57  9.464694 

9.980712 

9.48.982 

10516018 

9.488814 

9.978329 

9.510485 

1 0.48951 5 

3 

58    9.465108 

9.980673   9.4844351 

10.5155651 

9.489204 

9.978288 

9.510916 

10.489084 

o 

59    9.465522 

9.980635 

9.484887 

10.515113' 

9.489593 

9.978247 

9  511346 

10.488654 

1 

60   9,465935 

9.980596 

9.485339   10.514661 

9.489982 

9.978206 

9.511776 

10.488224 

0 

Cosine;        Sine.     I 

Cotan.         Tang. 

'Cosine. 

Sine. 

Cotan. 

Tang. 

73  Deg.      .                                                        72  De^.             -                   | 
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LOG.  SINES,  TANGENTS,  &c. 


18  Deg. 


I9r)eg.' 


Sine. 


Cosine. 


9.489982 
9.490371 
9.490759 
9.491147 
9.491535 
9.491922 
9.492308 

9.492695 
9,493081 
9.493466 
9.493851 
9.494236 
9.494521 

9,495005 
9.495388 
9.495772 
9;496i54 
9,496537 
9.496919 

9.497301 
9.4976~82 
9.498064 
9.498444 
^.498825 
9.499204 

9.499584 
9.499963 
•  9.500342 
9.500721 
9.501099 
9.50 1 476 


9.978206 
9.978165 
9.978124 
9  978083 
9.978042 
9.978001 
9.977959 

9.977918 
9.977877 
9.977835 
9.977794 
9.977752 
9.977711 


Tang. 


9.5U776 
9.512206 
9.512635 
9.513064 
9  5J3493 
9.513921 
9.514349 

9.514777 
9.515204 
9.515631 
9.516057 
9.516484 
9.516910 


Cotaiig. 
10.488224 
1Q.487794 
10.487365 
10r486936 
10;486507 
10.486079 
10.485651 


10.485223 
10.484796 
ia484369 
10.483943 
ia4835l6 
10.483090 

9.977669   9.517335  10.482665 
9  977628  9.517761  10.482239 
9.518186  10.481814 


Sine. 


Cosine. 


31  9.50l85i 

32  9.502331 


•33  9.502507 
!34'  9.502984 
9.503360 
9.503735 


j35 
36 


37  9.504110 


9.504485 
9.504860 
9.505234 
9.505608 
91505981 

J.50G354 
9.506727 
9.507099 
9.507471 
9  507843 
9.508214 

9.508585 
9.508956 
9.509326 
.9.509696 
9.510065 
9.510434 


9.977586 
9.977544 
9.977503 
9.977461 

9.977419 
9^77377 
9.977335 
9.977293 
,9.977251 
9.977209 

9.977i67 
9.977125 
9.9770S3 
9.977041 
9.976999 
9.976957 

9.976914 
9.976872 
9.976830 
9.976787 
9.976745 
9.976702 

9.976660 
9.976,617 
9.976574 
9.976532 
9.976489 
9.976446 


10.481390 
10.480966 
10^80542 

10.480118 
10.479695 
10.479272 
10.478849 
10.478427 
10.478005 

9.52241.7  10.477583 
9.522838  10.477162 


9.518610 
9.519034 
9.519458 

9.519982 
9.520305 
9.520728 
9.521151 
9*521573 
9.521995 


9.523259 
9.523680 
9.524100 
9.524520 

9.524940 
9.525360 
9.525778 
9.526.197 
9.526615 
9.527033 

9.527451 
9.527868 
9.528285 
9.528702 
9.529  U  9 
9.529535 


10.476741 
10.476320 
10.475900 
10.475480 

10.475060 
10.474641 
10.474222 
!  0.473803 
10.473385 
10.472967 

,10.472549 
10.472132 
10.471715 
10.471298 
10.470881 
10^470465 


9.512642 
9.513009 
9.51.'5375 
9.513741 
9,514107 
9.514472 
9.514837 

9.515202 
9.515566 
9.515930 
9.516294 
9.516657 
9.517020 

9.517382 
9.517745 
9.51«107 
9.518468 
9.518«29 
9.519190 

9.519551 
9.519911 
9.520271 
9.520631 
9.520990 
9.521349 

9.521707 
9.522066 
9.522424 


9.975670 
9.975627 
9.975583 
9;975539 
9.975496 
9.975452 
9.975408 

9.975365 
9.975321 
9.975277 
9.975233 
9.975189 
9.975140 


Tang. 


9.975101 
9.975057 
9.975013 
9.9749'69 
9.974925 
9.974880 

9.974836 
9.974792 
9.974748 
9.974703 
9.974659 
9.974614 

9.974570 
9.974525 
9.974481 


9.536972 
9.537382 
9.537792 
9.538202 
9.538611 
9.539020 
9.539429 

9-539837 
9.540245 
9.540653 
9.541061 
.9.541468 
9.541875 

9.542281 
9-5*2688 
9.543094 
9.543499 
9.543905 


Cotang, 


10.463028 
10.462618 
10.462208 
10.461798 
10.461389 
10:460980 
10.460571 

10.460163 
10.459755 
10.459347 
10.458939 
10.458532 
10.458125 

10.457719 
10.457312 
10.456906 
10.456501 
10^456095 


9.544310  10.455690 


9.522781 1  9.974436 
9.523138  9  974391 
9.523495  9.9.74347 


9.523852 


9.975404  9.529951  10.470049 
9.9763611  9.530366 
9.976318   9.530781 


9.976275 
9.976232 
9.976189 


9.531196 
9.531611 
9.532025 


9.510803 
9.511 172 
9.511540 
9.511907 
9.512275 
9.512642 
Cosine. 


9.976146  9.532439 
9.976103'  9.532853 
9.976060  9.533266 
9.9760 1 7i  9^533679 

9.976974J  9.534092 

9.975930,  9.534504  10.465496 


10.469634 
10.469219 
10.468^04 
10.468389 
10.467975 

10.467561 
.0.467147 
10.466734 
10.4663-21 
10.465908 


9.975887  9.534916 
9.975844  0  535328 
9.97'5800J  9.535739 
9.9757571  9.536150 
9.975714  9.536561 
9.975670   9.536972 


Sine. 


Cotan. 


9.524564 
9.524950 
9.525275 
9.525630 

9.525984 
9.526339 
9.526693 
9.527046 
9.527400 
9.527753 

9.528105 
9.528458 
9.528810 
9.529161 
9.529513 
9.529864 

9.530215 
9.530565 
9.530915 
9.531265 
9.531614 
.9.531963 


9.974302 
9.974257 
9.974212 
9.974167 
9.974122 
9.974077 

9.974032 
9.973987 
9:973942 
9-973897 
9.973852 
9.973807 


9.544715 
9.545119 
9.545524 
9.545928 
9.546331 
9.546735 

9.547138 
9.547540 
9.547943 
9.548345 
9.548747 
9.549149 

9,549550 
9.549951 
9.550352 
9  550752 
9.551153 
9.551552 

9.551952 
9.55235i 
9  552750 
9.553149 
9.553548 
9.553946 


10.455285  41 


10.454881 
10.^54476 
10.454072 
10453669 
10453265 

10.452862 
10.452460 
10.450057 
10.451655 
10.451253 
10.450851 


10.450450 

10.450049 

10.449648^27 

10.449248 

10.448847 

10.448448 


9.973761 
9.973716 
9.973671 
9.973625 
9.973580 
9.973535 

9.973489 
9.975444 
9.973398 
9.973352 
9:973307 
9.973261 


10.465084, 
10.464672i 
10.464261 1 
10.453850 
10.463439 
10.463028 


9.554344 
9.554741 
9.555139 
9.555536 
9.555933 
9.^56329 

9.556725 
9.557121 
9.557517 
9.557913 
9.558308 


10  448048 
10.447649 
10447250 
10.446851 
10.446452 
10.446054 

10.445656 
10.445259 
10.444861 
10.444464 
10.444d67 
10.443671 

10.443275  It 
10.442879  lb 
10,442483  .9 
10.442087  8 

^  ^ 10.441692  7 

9*.558703  10.441297  6 


Tang 


9  53^312  9.973215  9.559097  10.440903 

9*532661  9.973169,  9,559491  10.440509 

9.533009  9  973124  9.559885  10.440115 

9.533357  9.973078  9.560279  10-.43^21 

9.533704  9.973032  9-560673 10.439327 

9.534052  9.972986|  9.561066  10.438934 


Cosine.  ]  Sine.  1  Cotan.  |  Tang^ 


71  Deg. 


70  Deg. 


Hosted  by  Google 


Lod;  §]^S,  TANdENfS,  Ac. 


20  Peg. 


Sine. 


Cosine. 


9*534052 
9.534399 
9.534745 
9.5^50^2 
9.535438 
9.535783 
9^536l29i 

9:536474 
9:536818 
9.537163 
9.537507 
9.537851 
9.538194 

9.538538 
9.538880 
9.539223 
9.539565 
9.539907 
'9.540249 

9.540590 
9;540931 
9.541272 
9.541 6ia 
9.541953 
9.542203 

9.542632 
9.542971 
9.543310 
9.543649 
9.543987 
9.544325 

9.544663 
9.545000 
9.545338 
9.545674 
9.546011 
9.546347 

9.546683 
9.547019 
9  547354 
9.547689 
9.548024 
9.548359 

9.5486i93 
9,549027 
9.549360 
9.549693 
9.550026 
9.550359 

9.550692 
9.551024 
9.551356 
9.551687 
9.552018 
9.552349 


9.97^86 
9.91^2940 
9.9728194 
9.972848 
9.972802 
9.972755 
9.972709 

9.972663 
9.972617 
9.972570 
9.972524 
9.972478 
9.972431 

9.972385 
9.972338 
9*972291 
9.972245 
9,972198 
9.972151 

9.972105 
9.972058 
9.972011 
9.971964 
9.971917 
9.971870 

9.971823 
9.971876 
9.971729 
9  971682 
9.971635 
9.971588 

9.971540 
9.971493 
9.971446 
9^971398 
9.971351 
9.971303 

9.971256 
9.971208 
9.971161 
9.971 113 

9.971066 
9.971018 

9.970970 
9.970922 
9.970874 
9.970827 
9.970779 
9.970731 

9.970683 
9.970635 
9.970586 
9.970538 
9.970490 
9.970442 


Tang. 


55  9.552680  9.970394 

56  9.553010  9.970345 
57 
58 
59 
60 


9.553341 
9.553670 


9.970297 
9.970249 


9.554000|  9;970200 
9.970152 
Side. 


9.561066 
9.561459 
9*561851 
9.562244 
9.562636 
9.563028 
9.563419 

9.563811 
9.564202 
9.564593 
9.56498S 
9.565373 
9.565763 

9.566153 
9.566542 
9.566932 
9.567320 
9.567709 
9.568098 

9.568486 
9.568873 
9.569261 
9.569648 
9.570035 
9,570422 

9.570809 
9.571195 
9.571581 
9.57a967 
9.572352 
9  572738 

9.573123 
9,573507 
9.573892 
9.574276 
9.574660 
9.575044 

9.575427 
9.575810 
9i576193 
9.576576 
9.576959 
9.577341 

9.577723 
9.578104 
9.57to6 
9.578867 
9.579248 
'9.579629 

9.580009 
9.580389 
9.580769 
9.581149 
9.581528 
9.581907 

9.582286 
9i5  82665 
9.583044 
9.58342-2 
9.583800 
9.584177 


Cotang. 


10,438934 
10.438541 
10.438149 
10.437756 
10.437364 
10^436972 
10.436581 

10.436189 
10.435798 
10.435407 
10.435017 
10.434627 
10.434237 

10.433847 
10.433458 
10.433068 
10.432680 
10.432291 
10.431902 

10.431514 
10.431127 

10.i30739 
10.430352 
10.429965 
10.429578 

10.429191 

10.428805 
10.428419 
10.428033 
10.427648 
10.427262 

10426877 
10.426493 
10.426108 
10.425724 
10.425340 
10.424956 

10.424573 
10.424190 
10.423807 
10.423424 
10.423041 
10.422659 

10.422277 
10.42J896 
10.421514 
10.421133 
10.420752 
10.420371 

ia4l9991 
10.419611 
10.41 9231 1 
10.418851'; 
10.4184721 
10.418093| 

10.417714' 
10.417335; 
10.416956 
10.416578: 
10.416200, 
10.4158231 


21  Peg. 


Sine. 


Cotan.  '•■    Tang. 


9.554329 
9.554658 
9.554987 
9.555315 
9.555643 
9.555971 
9.556299 

9.556626 
9.556953 
9.557280 
9.557606 
9.557932 
9.558258 

9.558583 
9.558909 
9.559234 
9.559558 
9.559883 
9.560207 

9.560531 
9.560855 
9.561178 
9.561501 
9.561824 
9.562146 

9*562468 
9.562790 
9.563112 
9.563433 
9.563755 
9.564075 

9.564396 
9.564716 
9.565036 
9.565356 
9.565676 
9.565995 

9.566314 
9.566632 
9.566951 
9.567269 
9M7587 
9.567904 

9,56S222 
9.568539 
9.568856 
9.569172 
9.569488 
9.569804 

9.570120 
9.570435 
9.570751 
9.571066 
9.571380 
9.571695 

9.572009 
9.572323 
9.572636 
9,572950 
9.573263 
9.573575 


Cosine. 


Tans 


Cosine. 


9.970152 
9.^0103 
9.970055 
9.970006 
g.969957 
9.969909 
9.969860 

9.969811 
9.969762 
9.969714 
9.969665 
9.969616 
9.969567 

9.969518 
9.969469 
9.969420 
9.969.370 
9.969321 
9.969272 

9.969223 
9.969173 
9.969124 
9.969075 
9.969025 
9.968976 

9.968926 
9.968877 
9.968827 
9-968777 
9.968728 
9.968678 

9.968628 
9.968578 
9.968528 
9*968479 
9.968429 
9,968379 

9.968329 
9.968278 
9.968228 
9.968178 
9.968128 
9.968078 

9.968027 
9.967977 
9.967927 
9.967876 
9.967826 
9.967775 


9.584177 
0.584555 
9.584932 
9.585309 
9.585686 
9.586062 
9.586439 

9.586815 
9.587190 
9.587566 
9.587941 
9.588316 
9.588691 

9.589066 
9.589440 
9.589814 
9.590188 
9  590562 
9.590935 

9.591308 
9.591681 
9.592054 
9.592426 
9.592799 
9.593171 

9.593542 
9.593914 
9.594285 
9.594656 
9.595027 
9.595398 

9.595768 
9,596138 
9.596508 
9.596878 
9.597247 
9.597616 

9.597985 
9.598354 
9.598722 
9.599091 
9,599459 
9,599827 

9.600194 
9.600562 
9.600929 
9.601296 
9.601663 
9.602029 


Cotang. 


9.967725 
9.967674 
9.967624 
9.967.573 
9.967522 
9.967471 

9.967421 
9.967370 
9.967319 
9.967268 
9.967217 
9.967166 


9.602395 
9.602761 
9.603127 
9.603493 
9.603858 
'9.604223 

9.604588 
9.604953 
9.605317 
9.605682 
9.606046 
9.606410 


69  Peg, 


Sine.    Cotan. 
"63  Peg.  ."^ 


10.415823 
10.415445 
10.415068 
10.414691 
10.414314 
10.413938 
10.413561 

10.413185 
10.412810 
10.412434 
10.412059 
10.411684 
10.411309 

10.410934 
10.410560 
10  410186 
10,409812 
10.409438 
10.409065 

10.408692 
10.408319 
10.407946 
10.407574 
10.407201 
10.406829 

10.406458 
10.406086 
10.405715 
10<405344 
10.404973 
10.404602 

10404232 
10.403862 
10.403492 
10.403122 
10.402753 
10.402384 

10.402015 
10.401646 
10.401278 
10.400909 
10.400541 
10.400173 


10.399806 
10.399438 
10.399071 
10,398704 
10.398337 
10,397971 

10.397605 
10.397239 
10.396873 
10.396507 
10,396142 
10.395777 

10.395412 
10..395047 
10.394683 
10.394318 
10.393954 
10.393590 


60 
59 
58 
57 
56 
55 
54 

53 

52 

51 

50 

49, 

i$ 

47 
46 
45 
44 
43 
42 

41 
40 
39 
38  . 

37 
36 

35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 

23 
22 
21 


Tang. 


19 

18 

17 
16 
15 
14 
13 
12 

11 

10 
9 
8 

7 
6 

5 
4 
3 
2 
1 
0 


Hosted  by  Google 


tOG.  SINES,  TANGUNTS,  &d. 


22"Deg. 


23  Peg. 


Siae; 


9373575 
9.57388a 
9.574200 
9.574512 
9.57485^ 
9.575136 
9.575447 

9.575758 
9.576069 
9,576379 
9.576689 
9.576999 
9.577309 

9.577618 
9.577927 
9.578236 
9.578545 
9*578853 
9.579162 

9.579470 
9.5^9777 
9.580085 
9.580392 
9.580699 
9.581005 

9.581312 
9.581618 
9.581^24 
9.582229 
9.582535 
9.582840 

9.583145 
9.583449 
9.583754 
9.584058 
9.584361 
9.584665 

37  9.584968 


25 


27 


Cosiae.  I 

9.^6716S 
9.967U5 
9.967064 
9.967013 
9.966961 
9.966910 
9.966859 


^.585272 
9.585574 
9.585877 
9.586179 
9.586482 

9.586783 
9.587085 
9.587386 
9.587688 
9.587989 
9.588289 

49  9.588590 

50  9.588890 


9.58919Q 
9.589489 
9.589789 
9.590088 


9.966756 
9.966705 
9.966653 
9.966602 
9.966550 

9  966499 
9.966447 
9.966395 
9.966344 
9.966292 
9.966240 

9.966188 
9.966136 
9.966085 
9.966033 
9.965981 
9.9651929 

9.965876 
9.965824 
9.965772 
9.965720 
9.965668 
9.965615 

9.965563 
9.965511 
9.965458 
9.965406 
9.965353 
9.965301 

9.965248 
9.965195 
9.965143 
9.965090 
9.965037 
9.964984 

9.964931 
9.964879 
9.964826 
9964773 
9.964720 
9.964666 

9.964613 
9.964560 
9.964507 
9-9644^ 
9.964400 
9.964347 


Tang. 
9.606410 
9.606773 
9.607137 
9.607500 
9.607863 
9.608225 
9.608588 

9.608950 
9.609312 
9.609674 
9.610036 
9.610397 


Cotang 
10.393590 
10.393227 
10.392863 
10.392500 
10.392137 
10.391775 
10.391412 

10.391050 
10.390688 
10.390326 
10.389964 
10.389603 


9.610759  10.389241 


Sine. 


9.611120 
9.611480 
9.611841 
9.612201 
9.612561 
9.612921 

9.613281 
9.613641 
9.614000 
9.614359 
9.614718 
9.615077 

9.615435 
9.615793 
9.616151 
9.616509 
9.616867 
9.617224 

9.617582 
9.617939 
9.618295 
9.618652 
.9.619008 
9.619364 

9-6 19720 
'9.620076 
9.620432 
9.620787 
9.621142 
9.621497 


9590387 
9.590686 
9.590984 
9.591282 

59  9.591580 

60  9.591878 
Cosine. 


10.388880 
10.388520 
10.388159 
10.387799 
10.387439 
10.387079 

10.386719 
10.386359 
10.386000 
10.385641 
10.385282 
10.384923 

iO.384565 
10.384207 
10.383849 
10.383491 
10.383133 
10.382776 

10.382418 
10.38206! 
10.381705 
10.381348 

10.380992 
10.380636 

10.380280 
10.379924 
10.379568 
10  379213 
10.378858 
10.378503 

9.62185210.378148 
9.622207  10.377793 


9.591878 
9.592176 
9.592473 
9.592770 
9.593067 
9.593363 
9*593659 

9.593955 
9.594251 
9.594547 
9.594842 
9.595137 
9.595432 

9.595727 
9.596021 
9.596315 
9,596609 
9.596903 
9597196 


Cosine.  I  Tang. 


9.9640261 
9.963972| 
9.963919 
9,963865 
9.963811 
9.963757 
9,963704 

9.963650 
9.963596 
9.963.542 
9.963488 
9.96343  i 
9.963379 

9.963325 
9.963271 
9.963217 
9.963163 
9.963108 
9.963054 


9.627852 
9.628203 
9.628554 
9.628905 
9.629255 


Gotang. 


9.597490»  9.962999 
9.597783!  9.962945 


9.964294 
9.964240 
9.964187 
9.964133 
9.964080 
9.964026 

Sine. 


9.622561 
9.622915 
9.62^269 
9.623623 

9.623976 
9.624330 
9.624683 
9.625035 
9.625388 
9.625741 

9.626093 
9.626445 
9.626797 
9.627149 
9.627501 
9.627852 
Cotan. 


10.377439 
10.377085 
10.376731, 
10.376377 

10.376024 
10.375670 
10.375317 
10.374964 
10.374612 
10.374359 

10.373907 
10.373555 
10.373203 
10.372851 
10  372499 
10.372148 
Tan-. 


9.598075 
9.598368 
9.598660 
9:598952 

9.599244 
9.599536 
9.599827 
9.6001 18 
9.600409 
91^600700 

9.600990 
9.601280 
9.601570 
9.601860 
9.602150 
9.602439 

9.602728 
9.603017 
9.603305 
9.603594 
9.603882 
9.604170 

9.604457 
9.604745 
9605032 
9.605319 
9.605606 
9.605892 

9.606179 
9.606465 
9.606751 
9.607036 
9.607322 
9.607607 

9.607892 
9.608177 
9.608461 
9.608745 
9.609029 
9.609513 
Cosine. 


9.965890 
9.962836 
9.962781 
9.962727 

9.962672 
9.962617 
9.962562 
9.962508 
9.962453 
9.962398 

9.962343 
9.962288 
9.962233 
9.962178 
9.962123 
9.962067 

9.962012 
9.961957 
9.961902 
9.961846 
9.961791 
9.961735 

9.961680 
9.961624 
9.961569 
9.961513 
9.961458 
9.961402 

9.961346 
9.961290 
9.961235 
9.961179 
9.961123 
9.961067 

9.961011 
9.960955 
9.960899 
9.960843 
9.960786 
9.960730 

Sine. 


9,629956 

9.630306 
9.630656 
9,631005 
9.631355 
9.631704 
9.632053 

9.632402 
9.632750 
9,633099 
9.633447 
9.633795 
9.634143 

9.634490 
9.634838 
9.635185 
9.635532 
9.635879 
9636226 

9.636572 
9.636919 
9.637265 
9.637611 
9.637956 
9.638302 

9.638647 
9.638992 
9.639.337 
9.639682 
9.640027 
9.640371 

9.640716 
9.641060 
9.641404 
9.641747 
9.642091 


10.372148 
10,371797 
10.371446 
10.371095 
10370745 
10.370394 
10.370044 

10.369594 
10.369344 
10.368995 
10.368645 
10.368296 
10;367947 

10.367598 
10.367250 
10.366901 
10.366553 
10.366205 
10.365857 


60 

56 
58 
57 
56 
55 
54 

53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 


10.365510 
10.365162 
10.364815 
10,364468 
10,364121 
10.363774 


41 

40 
39 
38 

37 
36 


10.363428  35 

10.363081  34 

10.362735 

10.362389 

10.362044 

10.361698 


10.361355 
10.361008 
10,360663 
10.360318 
10.359973 
10.359629 

10.359284 
10.358940 
10.358596 
10.358253 
10.357909 


9.642434  10.357566 


9.642777 
9.643120 
9.643463 
9.643806 
9.644148 
9.644490 

9.644832 
9.645174 
9.645516 
9.645«57 
9.646199 
9.646540 

9.648881 
9,647222 
9.647562 
9.647903 
9.648243 
9.648583 
Cotan. 


10.357223  » 
10.356880  t 
10.356537  1 
10.356194  j 
10.355852  1 
10.355510  ^ 


29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
18 


10.355168 
10354826 
10.354484 
10.354143 
10.3.53801 
10:353460 

10.353119 
10.352778 
10.352438 
10.352097 
10.351757 
10.351417 
~^'ang. 


M 

to 


67Deg. 


66Deg. 
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LOG-  SINES,  TANGENTS,  ^ 


.  24Deg. 

.   25Deg. 

' 

Sine.  , 

Cosine. 

Tang. 

Cotang. 

Sine. 

Cosing. 

Tan^.' 
9.668673 

Cotangk 

60 

15 

9.609313 

9.960730 

9.648583 

10.351417 

9.625948 

9.957276 

I0.$31327 

1 

9.609597 

9.950674 

9.648923 

10.351077 

9.626219 

9.957217 

9  669002 

10.3.^0998 

59 

2 

9.609880 

9.960618 

^649990 

10.350737 

9.626490 

9.957158 

9.669332 

10.330668 

58 

3 

9.610164 

9960561 

9.649602  10.3503981 

9.626760 

9.957^)99 

9.669661 

10.330339 

57 

4 

9^610447 

9.960505 

9.649942 

10.350058 

9.627030 

9.957040 

9.669991 

10,330009 

56 

5 

9.610729 

9.960448 

9.650281 

10.349719 

9.627300 

9.956981 

9.670320 

10.329680 

55 

6 

9.611012 

9960392 

9.650620 

10.349380 

9.627570 

9.^56921 

9.670649 

10.329351 

54 

7 

9.6U294 

9.960335 

9.650959 

10:349041 

9.627840  9.956862 

9.670977 

10.329023 

53 

8 

9.611576 

9.960279 

9.65  J  297 

10.348703 

9.628109.  9.956803 

9.671306 

10:328694 

52 

9 

9611858 

9.960222 

9.651636 

10.348364 

9.628378 

9.956744 

9.671635 

10.328365 

51 

10 

9.612140 

9.960165 

9.551974 

10.348026 

9.628647 

9.956684 

9.671963 

10.328037 

50 

11 

9.612421 

9.960109 

9.652312 

10.347688- 

9.628916 

9.956625 

9.672291 

10.327709 

49 

12 

9.612702 

9.960052 

9.552650 

10.347350 

9.629185 

9.956566 

9672619 

10.327381 

^ 

15 

9.612983 

9.959995 

9.652988 

10.347012 

9.629453 

9.956506 

9.672947 

10.327053 

47 

14 

9.613264 

9.959938 

9.653326 

10,345674 

9  629721 

9.956447 

9.673274 

10.326726 

46 

l5 

9.613545:  9.959882 

9.653663  J  0.3463371 

9.629989 

9.956387 

9.673602 

16.326398 

45 

16 

9.6138251  9.959825 

9.654000 

10  346000 

9.630257 

9.956327 

9.673929 

10.326071 

44 

17 

9.614105 

9.959768 

9.654337 

10.345653 

9.630524 

9.956268 

9.674257 

10.325743 

43 

18 

9.614385 

9.959711 

9.654674 

10.345326 

9.630792 

9.956208 

9.674584 

10.325416 

42 

19 

9.614665 

9.959654 

9.655011 

10.344989 

9.631059 

9.956148 

9.674911 

10.325089 

41 

20 

9.614944 

9.959596 

9.655348 

10.344652 

9.631326 

9.956089 

9.675237 

10.324763 

40 

21 

9.^15223 

9.959539 

9.65.5684 

10,344316 

9.631593 

9.9§6029 

9.675564 

10.324436 

3 

22 

9.615502 

9.959489 

9.656020 

10.343980 

'9.631859 

9.955969 

9.675890 

10.324110 

38 

23 

9.615781 

9.959425 

9.6563.56 

10.343644 

9.632125 

9.955909 

9.676217 

10.323783 

?t7 

24 

9.616060 

9.959368 

9.656592 

10.343308 

9.6323Si2 

9.955849 

9.676543 

10.323457 

36 

25 

9.516338 

9.959310 

9.657028  IO.342972I 

9.632658 

9.955789 

9.676869 

10.323131 

35 

26 

9.616616 

9.959253 

9.657364 

10.342636 

9.632923 

9.955729 

9.677194 

10.322806 

34. 

27 

9  616894 

9.959195 

9.657609 

10.342301 

9.633189 

9.955669 

9.677520 

10.322480 

33 

28 

9.617172 

9.959138 

9.658034 

10.341966 

9.633454 

9955609 

9.677«46 

10.322154 

n 

29 

9.617450 

9.959080 

9.658369 

10.341681 

9.633719 

9.955.54S 

9.67«171 

10.321829 

31 

30 

9.617727 

9959023 

9.658704 

10.341296 

9.633984 

9.955488 

9.678496 

10.32^504 

30 

31 

9.618004 

9.958965 

9.659039 

10.340961 

9.634249 

9.955428 

9.67«821 

10.821179 

29 

32 

9.618281 

9.958908 

9  659373 

10.340327 

9.634514;  9.955.368 

9.-679146 

10.320854 

28 

33 

9.618558 

9.958850 

9.659708;  10.3402921 

9.634778 

9.955307 

9.679471 

10.320529 

27 

34 

9.618834 

9.958792 

9.660042 

10.339958 

9.635042 

9.955247 

9.679795 

10.320205 

26 

35 

9.619110 

9.958734 

9.660876 

10.339624 

9.635306 

9.955186 

9.680120 

10.319880 

25 

36 

9.619386 

9.958677 

9.660710 

10.339290 

9.635570 

9.955126 

9.680444 

10.319556 

24 

37 

9:619662 

9.95861'9 

9.661043 

10.338957 

9.635834 

9.955055 

9.680768 

10.319232 

23 

38 

9.619938 

9.958561 

9.661377 

10.338623 

9.636097 

9.955005 

9.681092 

10.318908 

22 

39 

9.620213 

9.958503 

9.661710 

10.338290 

9.636360 

9.954944 

9.681416 

10.318584 

21 

40 

9.620488 

9.958445 

9.662043 

10.337957 

.9.636623 

9.954883 

9.681740 

10.318260 

20 

4t 

9.620763 

9.958387 

9.662376 

10.337624 

^.636885 

9.954823 

9.682063 

10,31(7937 

19 

42 

9.621038 

9.958329 

9.662709 

10.337291 

•9.637148 

9.954762 

9.682387 

15.317613 

18 

43 

9.621313 

9.958271 

9.663042 

10.336958 

9.637411 

9954701 

9.682710 

10.317290 

17 

44 

9.621587 

9.958213 

9.663375 

10.336625: 

9.637673 

•9.954640 

9.683033 

10.316967 

16 

45 

9.621861 

9.958154 

9  663707 

10.336293 

9.637935 

9.954579 

9.683356 

10.316644 

IS 

46  9.622135 

9.958096 

9.664039 

10.335961 

9.6.38197 

9.9.54518 

9.683679 

10.316321 

14 

47  9.622409 

9.958038 

9.664371 

10.335629 

9.638458 

9.954457 

9.684001 

10.315999 

13 

48  9.622682 

9.957979 

9.664703 

10.335297 

9.638720 

9.954396 

9.684324 

10.315676 

13 

49 

9.622956 

9.957921 

9.665035 

10.334965 

9.638981 

9.954335 

9.684646 

10.315354 

11 

50 

9.623229 

9.957863 

9.665366 

10.334634 

9.639242 

9.954274 

9.684968 

10.315032 

10 

51 

9.623502 

9.957804 

9.665698 

10.334.302 

9.639503 

9.954213 

9.685290 

10.314710 

9 

52 

9.623774 

9.957746 

9.666029 

10.333971 

9.639764 

9.954152 

9.685612 

10.314388 

8 

53 

9.624047 

9.957687 

9.666360 

10.333640 

9.640024 

9954090 

9.685934 

10.314066 

7 

54 

9.624319 

9.957628 

9.666691 

10.333309 

9.640284 

9.954029 

9.686255 

10.313745 

6 

55 

9  624^91 

9.957570 

'9,667021 

10.332979 

9.640544 

9.953968 

9.686577 

10.3134^23 

5 

56 

^.624863 

9.9.57511 

9.667352 

10.332648 

9.640804'  9.953906 

9.686898 

10.313102 

4 

57 

9.625135 

9.957452 

9-667682 

10.332318 

9.64 » 064 

9.953845 

9.687^219 

10.312781 

3 

58 

9.625406 

9.957393 

9.668013 

10.331987 

9.641324 

9.953783 

9.687540 

10.312460 

2 

59 

9.6256771  9.957335 

9.668343 

10.3.31657 

9.641583,  9.953722 

9.687861 

10,312139 

1 

60 

9.625948!  9.957276 

9.66867.^ 
Cotin. 

10331327 

9.641842 

9.953660 

9.68S182 

10.311818 

Q 

Cosine.  '  Sine. 

Tan-. 

1  Cosine. 

Sine. 

Cotan. 

Tang. 

65  Deer.                  .     64Deg.              f 

Hosted  by  Google 


LOG.  SimSy  TANGENTS,  &c. 


27  Peg. 


0 
1 

2 
3 
4 
5 
6 

7 
8 
9 
10 
II 
12 

13 
14 
15 
16 
17 
18 

19 

20 
21 
22 


25 
26 
27 
28 
29 
SO 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 


Sine. 


Cosine. 


9.641842 
9.642101 
9.642360 
9.642618 
9.642877 
9.643135 
9;643393 

9.643650 
9.643908 
9.644165 
^.644423 
9.644680 
9.644936 

9.645193 
9.645450 
9.645706 
9.645962 
9.646218 
9.646474 

9.646729 
9.646984 
9.647240 
9.647494 
9.647749 
9.648004 

9.648258 
9.648512 
9.648766 
9,649020 
9.G49274 
9M9527 

9w64978l 
9.650034 
9.6502871 
9.650539 
9.650792i 
9.651044 

9.651297 
9.651549 
9.65  J  800 
9.652052 
9.652304 
9.652555 

9.652806 
9.653057 
9.653308 
9.653558 
9.653808 
48  9.654059 


Tang._ 


49 
50 
51 
52 
SS 
54 

55 
56 
57 
58 
59 
60 


9.953660 
9.953599 
9.953537 
9.953475 
9.953413 
9.953352 
9.953290 

9.953228 
9  953166 
9.953104 
9,953042 
9.952980 
9.952918 

9.952855 
9.952793 
9.952731 
9,952669 
9.952606 
9.952544 

9.952481 
9.952419 
9.952356 
9.952294 
9.952231 
9.952168 

9.952106 
9.952543 
9.951980 
9.951917 
9.951854 
9.951791 

9.951728 
9.951665 
'9.951602 
9.951539 
9.951476 
9.951412 

9.951349 
9.951286 
9.951222 
9.951159 
9.951096 
9.951032 

9.950968 
9.950f'G5 
9.950841 
9.950778 
9.950714 
9.950650 


9,654309 
9.654558 
9.654808 
9.655058 
9.655307 
9.655556 

9.655805 

9.656054! 
9.656302! 
9  656561 
9.656799, 
9.657047 
Cosine. 


9.688182 
9.688502 
9.688823 
9.689143 
9.689463 
9.689783 
9.690103 

9.690423 
9.690742 
9.691062 
9.691381 
9.691700 
9.692019 

9.692338 
9.692656 
9.692975 
9.693293 
9.693612 
9.693930 

9.694248 
9.694566 
9.694883 
9.695201 
9.695518 
9.695836 

9.696153 
9.696470 
9.6,96787 
9.697103 
9.697420 
9.697736 

9.698053 
9.698369 
9.698685 
9.699001 
9;699316 
9.699632 

9.699947 
9.700263 
9.700578 
9.700893 
9.701208 
9.701523 

9.701837 
9.702152 
9.702466 
9.702781 
9.703095 
9.703409 


9.950586 
9.95b522 
9.950485 
9.950394 
9.950330 
9.950266 

9.950202 
9.950138 
9,950074 
9.950010 
9.949945 
9.949881 


Sine. 


9.703722 
9.704036 
9.704350 
9.704663 
9.704976 
9.705290 

9.705603 
9.705916 
9.706228 
9.706541 
9  706854 
9.707166 


Cotang. 

10.311818 

10.311498 

10.311177 

10,310857 

10.310537 

10.31021 

10.309897 

10.309577 
10.309258 
10.308938 
10.308619 
10.308300 
10.307981 

10.307662 
10.307.344 
10.307025 
10.306707 
10.306388 
10.306070 

10.305752 
10.305434 
10,305117 
10.304799 
10.304482 
10.304164 

10.303847 
10.303530 
10.303213 
10.302897 
10«502580 
10.302264 

10.301947 
10.301631 
10.301315 
10.300999 
10.300684 
10.300368 

10.300053 
10.299737 
10.299422 
10.29910 
10.298792 
10.298477 

10  298163 
10.297848 
10.297534 
10.297219 
10.296905 

.10.296591 

10.296278 
10.295964 
10.295650 
10.295337 
10.295024 
10.294710 


Sine. 


Cotan. 


Cosine. 


10.294397 
10.294084 
10.293772 
10.293459 
10.293146 
10.292834 


Tang. 


9.657047 
9.657295 
9.657542 
9.657790 
9.65803 
9.658284 
9.658531 

9.658778 
9.659025 
9.659271 
9.659517 
9.659763 
9.660009 

9.660255 
9.660501 
9.660746 
9.660991 
9.661236 
9.661481 

9.661726 
9'661970 
9,662214 
9.682459 
9.662703 
9.662946 

9.663190 
9.6.63433 
9.663677 
9.663920 
9.664163 
9.664406 

9.664648 

9.66489 

9.665133 

9.665375 

9.665617 

9.665859 

9.666100 
9.666342 
9.666583 
9.666824 
9.667065 
9.667305 

9.667546 
9.667786 
9.668027 
9.668267 
9.668506 
9.668746 

9.668986 
9.669225 
9.669464 
9.i569703 
9.669942 
9.670181 

9.670419 
9.670658 
9.670896 
9.671134 
9.671372 
9.671609 

Cosine. 


9.949881 
9.949816 
9.9.49752 
9.949688 
9.949623 
9.949558 
9.949494 

9.949429 
9.949364 
9.949300 
9.949235 
9.949170 
.9.949105 


Tang. 


Cotang. 


9.949040 
9.948975 
9.9489  lO 
9.948845 
9.948780 
9.948715 

9.948650 
9.948584 
9.948519 
9.948454 
9.948388 
9.948323 

9.948257 
9.948192 
9.948126 
9.94806O 
9i)47995 
9.947929 

9.947863 
9,-947797 
9.947731 
9.947665 
9.947600 
9.947533 

9.947467 
9.947401 
9.947335 
9.947269 
9.947203 
9.947136 

9.947070 
9.947004 
9.946937 
9.946871 
9.946804 
9.946738 

9.946671 
9.946604 
9.946538 
9.946471 
9.946404 
9.946337 

9.946270 
9.946203 
9946136 
9.946069 
9.946002 
9.945935 


9.707166 
9^^07478 
9.707790 
9.708102 
9.708414 
9.708726 
9.709037 

9.709349 
9.709660 
9.709971 
9.710282 
9.710593 
,9.710904 

9.711215 
9.711525 
9711836 
9.712146 
9.712456 
9.712766 

9^^713076 
9.713386 
9.715696 
9.714005 
9.714314 
9.714624 

9.714933 
9.715242 
9.715551 
9.715860 
9.716168 
9.716477 

9.716785 
9.717093 
9.717401 
9.717709 
9.71^17 
9.718325 

9.718633 
9,718940 
9.719248 
9.719555 
9.719862 


10.292834 
10.292522 
10.292210 
10.291898 
10.291586 
10.291274 
10.290963 

10.290651 

0.290340 
10.290029 
10.289718 
10.289407 
10.289096 


10.288785 
10.288475 
10.288164 
10.287854 
tO.287544 
10.287234 

10.286924 
10.286614 
10.286304 
10.285995 
10.285686 
10,285376 


41 

40 

9 

3& 

$7 

S& 

10.285067]35 
10.284758  34 


Sine. 


10.284449 
10.284140 
10.283832 
10.283523 

10.283215 
10.282907 
10.282599 
10.282291 
10.281983 
10.2816J5 

10.281367 
10.281060 
10.280752 
10.280445 
10.280138 


9.720169  10.279831 


^.720476 
9.720783 
9.721089 
9,721396 
9.7.21702 
9.72^09 

9.722315 
9.722621 
9.722927 
9.723232 
9.723538 
9.723844 

9.724149 
9.724454 
9.724760 
9.725065 
9.725370 
9.725674 


Cotan. 


10.279524 
10.279217 
10.278911 
10.278604 
10.278298 
10.277991 

10.277685 
10.277379 
10.277073 
10.276768 
10.276462 
10.276156 

10.275851 
10.275546 
10.275240 
10.274935 
10.274630 
10.274326 


Tang. 


IS 

17 
16 
15 
14 
13 
12 

11 

10 
9 
8 
7 
6 

5 
4 
^ 
2 
1 
0 


63  Deg. 


62Deg. 
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LOG.  SINES,  TANGENTS,  &c. 


Sine. 


9.671609 
9.671847 
9.672084 
9.672321 
9.672558 
9.672795 
6  9.673032 


7 
8 
9 
10 
11 
12 

13 
14 
15 
16 
17 
18 

19 

20 
21 

22 
23 
,24 

25 
26 
27 
28 
29 
SOj 

.31 

32 
33 
34 
35 
36 


9,673268 
9.673505 
9,673741 
9.673977 
9.674213 
9.674448 

9.674684 
9.674919 
9.675155 
9.675390 
9.675624 
9.675859 

9.676094 
9.676328 
9.676562 
9.676796 
9.677030 
9.677264 

9.677498 
9.677731 
9.677964 
9.678197 
9.678430 
9.678m3 

9.678895 
9.679128 
9.679360 
9.679592 
9.679824; 
9.6^0056 


Cosine. 


Tang. 


37  9.680288 

38  9.680519 
9.680r50 
9.680982 
9.681213 
9»681443 


4S 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


9.681674 
9.681905 
9.682135 
9,682365 
9.682595 
9.685!;825 

9.683055 
9.683284 
9683514 
9.683743 
9.683972 
9.684201 

9.684430 
9.684658 
9.684887 
9.685115 
9.685343 
9.685571 


Cosine. 


91945935 
9.945868 
9.945800 
9.955733 
9.945666 
9.9^598 
k94553l 

9.945464 
9.945396 
9.945328 
9.y4526l 
9.945193 
9945125 

9.945058 
9.944990 
9,944922 
9.944854 
9.944786 
9.944718 

9.944650 
9.944582 
9.944514 
9.944446 
9.944377 
9.944309 

9.944241 
9.944172 
9.944104 
9.944036 
9.943967 
9.943899 

9.943830 
9.943761 
9.943693 
9.943624 
9.943555 
.9.943486 

9.943417 
9.943348 
9.943279 
9.943210 
9.943 1 41 
9.943072 

9.943003 
9.942934 
9.942864 
9.942795 
9i942726 
9.942656 

.9.942587 
9.942517 
9.942448 
9.942378 
9.942308 
9.942239 


Cotang. 


9.725674 
9.725979 
9.726284 
9.726588 
9.726892 
9.727197 
9.727501 

9.727805 
9.728109 
9.728412 
9.728716 
9.729020 
9.729323 

9.729626 
9.729929 
9.730233 
9.730535 
9.730838 
9.731141 

9.731444 
9.731746 
9.732048 
9.732351 
9.732653 
9.732955  10,267045 


9.942169 
9.942099 
9,942029 
9.941959 
9.941889 
9.941819 


9.733257 
9.733558 
9.733860 
9.734162 
9.734463 
9.734764 

9.735066 
9.735367 
9.735668 
9.735959 
9.736269 
9.736570 

9.736870 
9.737171 
9.737471 
9.737771 
9,738071 
9.73S371 

9.738671 
9.738971 
9.739271 
9.739570 
9.739870 
9.740169 

9.740468 
9.740767 
9.741066 
9.741365 
9.741664 
9.741962 


10.274326 
10.274021 
l6.2737'16 
10.273412 
10.273108 
10.272803 
10.272499 

10.272195 
10.271891 
10.271588 
10.271284 
10.270980 
10.270677 

10.270374 
10.270071 
10.269767 
10.269465 
10.269162 
10.268859 

10.268556 
10.268254 
10.267952 
10.267649 
10.267347 


9.742261 
9.742559 
9.742858 
9.743156 
9.743454 
9.743752 


10.266743 
10.266442 
10.266140 
10.265838 
10.265537 
iO.265236 

10.264934 
10.264633 
10.264332 
10.264031 
10.263731 
10.263430 

10.263130 
10  262829 
10.262529 
10.262^29 
10.261929 
10.261629 

10.261329 
10.261029 
10.260729 
10.260130 
10.260 1. SO 
10.259831 

10.259532 
10.259233 
10.258934 
10.258635 
10'258336 
10.258038 

10.257739 
10.257441 
10.257142 
10^6844 
10.256546 
10.256248 


Sine.    Cotan.  I  Tang.  I 
61Deg. 


Sine. 


9.685571 
9.685799 
9.686027 
9.686254 
9.686482 
9.686709 
9.686936 

9.687163 
9.687389 
9.687616 
9.687843 
9.688069 
9.688295 

9.688521 
9.688747 
9.688972 
9.689198 
9.689423 
9.689648 

9.689873 
9.690098 


Cosine. 


9.690548 
9.690772 
9.690996 

•9.691220 
9.691444 
9.691668 
9.691892 
9.692115 
9.692339 

9.692562 
9.692785 
9.693008 
9.693231 
9.693453 
9.693676 

9.693898 
9.694120 
9.694342 
9.694564 
9.694786 
9.695007 

9.695229 
9.695450 
9.695671 
9.695892 
9.696113 
9.696334 

9.696554 
9.696775 
9.696995 
9.697215 
9.697435 
9.697654 

9.697874 
9.698094 
9.698313 
9.698532 
9.69S751 
9.698970 


9.941819 
9.^1749 
9.941679 
9.9416(^ 
9.941539 
9.941469 
9.941398 

9.941328 
9.941258 
9.94U37 
9.941117 
9.941046 
9.940975 

9.940905 
9.940834 
9.940763 
9.940693 
9.940622 
9.940551 

9.940480 
9.940409 
9.940338 
9.940267 
9.940196 
9.940125 

9.940054 
9.939982 
9.939911 
9.939840 
9.939768 
9.939697 

9.939625 
9.939554 
9.939482 
9.939410 
9.939339 
9.939267 

9.939195 
9.939123 
9.939052 
9.938980 
9.938908 


Cotang. 


9.743752 
9.744050 
9.744348 
9.744645 
9.744943 
9,745240 
9.745538 

9.745835 
9.746132 
9.746429 
9.746726 
9.747023 
9,747319 

9.747616 
9.747913 
9.748209 
9.748505 
9.748801 
9.749097 

9.749393 
9.749689 
9.749985, 
9.750281 
9.750576 
9.750872 

9.751167 

9.751462 
9.751757 
9.752052 
9.752347 
9.753642 


9.938836  9.756172 


Cosine. 


9.938763 
9.938691 
9.938619 
9.938547 
9.938475 
9.938402 

9.938330 
9.938258 
9.938185 
9.938113 
9,938040 
9.937967 

9.937895 
9.937822 
9.937749 
9.937676 
9.937604 
9.937531 


9.753231 
9.753526 
9.753820 
9.754115 
9.754409 

9.754703 
9.754997 
9.755291 
9.7555S5 
9.755878 


10.256248 
10.255950 
10.255652 
10.255355 
10.255057 
10.254760 
10.254462 

lQ-254165' 
10.253868 
10.253571 
10.253^4 
10,^52977 
10.252681 

10.252384 
10.252087 
10.251791 
10.251495 
10.251199  43 
10.250903  42 


10.250607 
10.250311 
10.250015 
10.249719 
10.249424 
10.249128 

10.248833 
10.248538 
10.248243 
10.247948 
10  247653 
10.247358 


9.752937  10.247063 


10.246769 
10.246474 
10.246180 
10.245885 
10.245591 

10.245297 
10.2450U3 
10.244709 
10.244415 
10244122 
10.243828 

10.243535 
10.243241 
10.242948 
10.242655 
10.242362 
10.242069 

10.241776 
10.241483 
10,241190 
10.240898 
10.240605 
10.240313 

10.240021 
10.23f>728 
10.239436 
10239144 
9.761148  10.238852 
9.761439  10.238561 


9.758465 
9.756759 
9.757052 
9.7573i5 
9.757638 
9.757931 

9.758224 
9.758517 
9.758810 
9.759102 
9759395 
9.759687 

9.759979 
9.76027-2 
9.760564 
9.760856 


Sine,  j  Cotan. 
60  Deg. 


Tang. 
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LOG,  SINES,  TANGENTS,  &c. 


■           30  De?/                        31Deg. 

__ 

Sine., 

Cdsine- 

Tun^-.   Cotaiig-.  | 

Sine. 

Cosine. 

Tang. 

Cotaug. 

60 

"o 

9b698i>70 

9.937531 

9.761439 

10.238561 

9.711839 

9.933066 

9.778774 

10.221226 

1 

9.699189 

9^937458 

9.761731 

10.238269 

9.712050 

9.9;i2990 

9.779060 

10.220940 

59 

2 

9.699407 

9:937585 

9.762023 

10.237977 

9.712260 

9.932914 

9.779346 

10,220654 

58 

3 

9.699626 

9.937312 

9.762314 

10.237C86 

9.7i2469 

9.932838 

9.779632 

10.220368 

57 

4 

9,699844 

9.937238 

9.762608 

10.237394 

9712679 

9.932762 

9.779918 

10.220082 

56 

5 

9.700062 

9.937165 

9.762897 

10.237103 

9.712889 

9.932685 

9.780208 

J  0.219797 

55 

6 

9.700280 

9,937092 

9.763188 

10.236812 

9.713098 

9  932609 

9.780489 

10.219511 

54 

7 

9.700498 

9.937019 

9.763479 

10.236521 

9.713308 

9.932533 

9.780775 

10.219225 

53 

S 

9.700716 

9.936946 

9.763770 

10.236230 

9.713517 

9.932457 

9.781060 

10.218940 

52 

9 

9.7(K)933 

9.936872 

9.76406/ 

10.235939 

9,713726 

9.932380 

9.781346 

10.218654 

51 

10 

9.701151 

9.936799 

9.764352 

10,235648 

9.71.3935 

9.932304 

9.781631 

10,218369 

50 

11 

9;701368 

9.936725 

9.764643 

1 0.235.157 

9.714144 

9.932228 

9.781916 

10.218084 

49 

12 

9.701585 

9.936652 

9  764933 

i  0.235067 

9.714352 

9.932151 

9.782201 

10.217799 

48 

13 

9.701802 

9.936578 

9J65224 

10.234776 

9,714561 

9.932075 

9.782486 

10.217514 

47 

14 

9.702019 

-9.936505 

9.765514 

10,234486 

9.714769 

9.931998 

9.782771 

10.217229 

46 

15 

9.702236 

9.936431 

9.765805 

10.234195 

9.714978 

9.931921 

9.783056 

10.216944 

45 

16 

9.702452 

9.936357 

9.766095 

10.233905 

9.715186 

9.931845 

9.783341 

10.216659 

44 

17 

9.702669 

9.936284 

9.766385 

10,233615 

9.715394 

9.931768 

9.783626 

10.216374 

43 

18 

9.702885 

9.936210 

9.766675 

10.233325 

9.715602 

9.931691 

9.783910 

10.216<)90 

42 

19 

9.703101 

9.936136 

9.766965 

10.233035 

9.715809 

9.931614 

9.784195 

10.215805 

41 

20 

9.703317 

9.936062 

9.767255 

10.232745 

9.716017 

9,931537 

9.784479 

1Q.215521 

40 

21 

9.703533 

9.935988 

9.767545 

10.232455 

9.716224 

9.931460 

9,784764 

10.215236 

39 

22 

9.703749 

9.935914 

9.767834 

10.232166 

9.716432 

9.931383 

9.785048 

10.214952 

38 

23 

9.703964 

9.935840 

9.768124 

10.231876 

9.716639 

9.931306 

9.785332110.214668 

37 

24 

9.704179 

9.935766 

9.768414 

10.231586 

9.716846 

9.931229 

9.785616 

10.214384 

36 

25 

9.704395 

9.935692 

9.768703 

10.231297 

9.717053 

9.931152 

9.785900 

ta214l00 

35 

26 

9.704610 

9.935618 

9.768992 

10.231008 

9.717259 

9.931075 

'9,786184 

id.213816 

34 

27 

9.704825 

9.935543 

9.769281 

10.230719 

9.717466 

9.930998 

9.786468 

10:213532 

33 

28 

9.705040 

9,935469 

9.769571 

10.230429 

9.717673 

9.930921 

9.786752 

lf).213248 

32 

29 

9.705254 

9.93^395 

9.769860 

10.230140 

9.717879 

9.930843 

9.787036 

10.212964 

31 

30 

9.705469 

9.935320 

9.770148 

10.229852 

9.718085 

9>930766 

9.787319 

10.212681 

30 

31 

9.705683 

9.935246 

9.770437 

10.229563 

9.718291 

9.930688 

9.787603 

10.212397 

29 

32 

9.705898 

9.935171 

9.770726 

10.229274 

9.718497 

9.930611 

9.787886 

10.212114 

28 

3S 

9.706112 

9.935097 

9.7710  J  5 

10.228985 

9.718703 

9.930533 

9,788170 

10.211830 

27 

34 

9.706326 

9.935022 

9.771303 

10.228697 

9.718909 

9.930456 

9.788453 

10.211547 

26 

35 

9.706539 

9.934948 

9.771592 

10.228408 

,9.719114 

9.930378 

9.788736 

10.211264 

25 

36 

9.706753 

9.934873 

9.771880 

10.228120 

9.719320 

9.930300 

9.788019 

lpl0981 

24 

37 

9.706967 

9.934798 

9.772168 

10.227832 

9.711525 

9,930223 

9.789302 

&210698 
#,210415 

23 

38 

9.707180 

9.934723 

9.772457 

10.227543 

9.711730 

9.930145 

9.789585 

22 

39 

9.70/393 

9,934649 

9.772745 

10.227255 

9.711935 

9.930067 

9.789868 

^0.210132 

21 

40 

9.707606 

9.934574 

9.773033 

10.226967 

9.720140 

9  929989 

9.7901 51 

^09849 

20 

41 

9.707819 

9.934499 

9.773321 

10,226679 

9.720345 

9.9299n 

9.790434 

10.209566 

19 

42 

9.708032 

9.934424 

9.773608 

10.226392 

9.720549 

9.929833 

9.790716 

10.209284 

18 

43 

9.708245 

9.934349 

9.773896 

10.226104 

9.720754 

9.929755 

9.790999 

10.209001 

17 

44 

9.708458 

9934274 

9.774184 

10.225816 

9.720958 

9.929677 

9.791281 

10.208719 

16 

45 

9.708670 

9.9S4199 

9.774971 

10.225529 

9.721162 

9.929599 

9.791563 

10.208437 

15 

46 

9.708882 

9.934123 

9.774759 

10.225241 

9.721366 

9.929521 

9.791846 

10  208154 

14 

47 

9.709094 

9.934048 

9.775046 

10.224954 

9.721570 

9.929442 

9.792128 

10.207872 

13 

48 

9.709306 

9.933973 

9.775333 

10.224667 

9.721774 

9.929364 

9.792410  10.207590 

12 

49 

9.709518 

9.93.5898 

9.775621 

10.224379 

9.721978 

9.929286 

9.792692 

10.207308 

U 

50 

9.709730 

9.933822 

9.775908 

10.224092 

9.722181 

9.929207 

9.792974 

10.207026 

10 

51 

9.709941 

9.933747 

9.776195 

10.223805 

9.722385 

9  929129 

9.793256 

10.206744 

9 

52 

9.710153 

9.933671 

9J76482 

10.223518 

9.722588 

9.929050 

.  9.793538 

10.208462 

8 

53 

9.710364 

9.933596 

9.776769!  10.223232 

9.722791 

9.928972 

9.793819 

10.20618! 

7 

54 

9.710575 

9.933520 

9.777055 

10i222945 

9.722994 

9.928853 

9.794101 

10.205899 

6 

55 

9.710786 

9.933445 

9.777342 

10.222658 

9.723197 

9.928815 

9.7943.83 

10.205617 

5 

56 

9.710997 

9.933369 

9.777628 

10,222372 

9.723400 

9,928736 

9.794664 

10.205336 

4 

57 

9.711208 

9933294 

9.777915 

10.222085 

9.723603 

9.928657 

9,794946 

10.205054 

3 

58 

9.711419 

9.93i32ir 

9.77820'l 

10.221799 

9.723805 

9.928578 

9.795227  » 0.204773 

2 

59 

9.711629 

9.953141 

9.778488 

10.221512 

9.724007 

9.928499 

9.795508[10.204492 

1 

60 

9.711839 

9.933066 

9.778774 

10.221226 

9.724210 

9.928420 

9.795789 

10.204211 

_2 

Cosine. 

Sine. 

Cotan. 

Tang. 

Cosine. 

Sine. 

Cotan. 

Tang. 

' 

59Deg.                        58  De^.       

Vol.  n. 


E 
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LOG.  SINES,  TANGENTS,  &c> 


32  Deg.                       33  Deg. 

0 

Sine. 

Cosine. 

Tang. 

Cotang. 

.Sine.   Cosine.   Tang, 

Cotang.  ^ 

9.724210 

9.928420 

9.795789 

10.204211 

9.736109  9.923591  9.812517 

10.187483 

60 

1 

9.724412 

9.928342 

9.796070 

10.203930 

9.736303  9.9235091  9.812794 

10.187206 

50 

2 

9.724614 

9  928263 

9:796351 

10.203649 

9.736498,  9.923427  9.813070 

10.186930 

5B 

3 

9.724816 

9.928183 

9.796632 

10.203368 

9.7366i92  9.923345! 

9.813347 

10.186653 

57 

4 

9.725017 

9.928104 

9.796913 

10.203087 

9.735886 

9.923263 

9.8  i  3623 

10.186377 

56 

5 

9.r252I9 

9.928025 

9.797194 

10.202806 

9.737080 

9.923181 

9^13899 

10.186101 

55 

6 

9.725420 

9.927946 

9.797474 

10.202526 

9.737274 

9.923098 

9.814176 

10.185824 

54 

7 

9.725622 

,9.927867 

9.797755 

10.202245 

9.737467 

9.923016 

9.814452 

10.185548 

53 

8 

9.725823 

9.927787 

9.798036 

10.201964 

9.737661 

9.922933 

9.814728 

10.185272 

52 

9 

9.726024 

9;927708 

9.798316 

10.201684 

9.737855 

9.922851 

9.815004 

10.184996 

51 

10 

9.726225 

9.927629 

9.798596 

10.201404 

9.738048 

9.922768 

9.815280 

10.184720 

50 

11 

9,726426 

9.927549 

9.798877 

10.201123 

9.738241 

9.922686 

9.815555 

10.184445 

49 

12 

9.726626 

9.927470 

9.799157 

10.200843 

9.738434 

9.922605 

9.815831 

10.184169 

^« 

iS 

9.726827 

9.927390 

9.799437 

10.200563 

9.738627 

9.922520 

9.816107 

10.183893 

47 

14 

9.727027 

9.927310 

9.799717 

10.200283 

9.738820 

9.922438 

9.816382 

10.183618 

46 

15 

9.727228 

9.927231 

9.799.997 

10.200003 

9.739013 

9.922355 

a 81 6658 

10.183342 

45 

16 

9.727428 

9.927151 

9.800277 

10.199723 

9.739206 

9.922272 

9.816933 

iai83067 

44 

17 

9.727628 

9.927071 

9.800557 

10.199445 

9.739398 

9.922189 

9.817209 

10.182791 

43 

18 

9.727828 

9.926991 

9.800836 

10.199164 

9.739590 

9.922108 

9.817484 

10,182516 

42 

19 

9.728027 

9.926911 

9.801116 

10.198884 

9.739783 

9.922023 

9.817759 

10.182241 

41 

20 

9.728227 

9.926831 

9.801396 

10.198604 

9.739975 

9.9^1940 

9.818035 

10.181965 

40 

21 

9.728427 

9.926751 

9.801675 

10.198325 

9.740167 

9.921857 

9.818310 

10.181690 

39 

22 

9.728626 

9.926671 

9.801955 

10.19^045 

9.740359 

9.921774 

9.818585 

10.181415 

38 

23 

9.728825 

9.926591 

9.8022S4 

10.197766 

9.740550 

9.921691 

9.818860 

10.181140 

37 

24 

9.729024 

9.926511 

9.802513 

10.197487 

9.740742 

9.921607 

9.819135 

10.180865 

36 

25 

9.729223 

9.926431 

9.802792 

10.197208 

9.740934 

9.921524 

9.819410 

10.180590 

35 

26 

9.729422 

9.926351 

9.803072 

10.196928 

9.741125 

9.921441 

9.819684 

10.180316 

34 

27 

9.729621 

9.926270 

9.803351 

10.196649 

9,741316 

9.921357 

9J8 19959 

10.180041 

33 

28 

9.729820 

9.926190 

9.803630 

10.196370 

9.741508 

9.921274 

9.S20234 

10.179766 

32 

29 

9.730018 

9.9261 10 

9.803909 

10.196091 

9.741699 

9921190 

9  820508 

10.179492 

31 

30 

9.730217 

9.926029 

9.804187 

10.195813 

9,741889 

9.921107 

9.820783 

10.179217 

30 

31 

9.730415 

9.925949 

9.804466 

10.195534 

9.742080 

9.921023 

9.821057 

10.178943 

29 

32 

9.730513 

9.925868 

9.804745 

10.195255 

9.742271 

9.920939 

9.821332 

10.178668 

28 

33 

9.730811 

9,925788 

9.805023 

10.194977 

9.742462 

9.920856 

9.821606 

10.178394 

27 

34 

9.731009 

9.925707 

9.805302 

10.194698 

9.742652 

9.920772 

9.821880 

10.178120 

26 

35 

9.731203 

9.925626 

9.805580 

10.194420 

9.742842 

9.920688 

0.822154 

10.177846 

25 

36 

9i73l404 

9.925545 

9.805859 

10.194141 

9.743033 

9.920604 

9.822429 

10.177571 

24 

37 

9.731602 

9.925465 

9.806137 

10.193863 

9.743223 

9.920520 

9.822703 

10.177297 

23 

38 

9.731799 

9.925384 

9.806415 

10.193585 

9.743413 

9.920436 

9.822977 

10.177023 

22 

39 

9.731996 

9.925303 

9.806693 

10.193307 

9.743602 

9.920352 

9.823251 

10.176749 

21 

40 

9.732193 

9,925222 

9.806971 

10.193029 

9.743792 

9.920268 

9.823524 

10.176476 

20 

41 

9.732390 

9.925141 

9.807249 

10.192751 

9.743982 

9.920184 

9.823798 

10.176202 

19 

42 

9.732587 

9.925060 

9.807521 

10.192473 

9.744171 

9.920099 

9.824072 

10.175928 

18 

43 

9,732784 

9.924979 

9.807805 

10.192195 

9,744361 

9.920035 

9.824345 

10.175655 

17 

44 

9.732980 

9,924897 

9.8Q8083 

10.191917 

9.744550 

9.919931 

9.824619 

10.175381 

16 

45 

9.733177 

9.924816 

9,808361 

10.191639 

9.744739 

9.919846 

9.824893 

10.17^107 

15 

46 

9.733373 

9.924735 

9.808638 

10.191362 

9.744928 

9.919762 

9.825166 

10.174834 

14 

47 

9i733569 

9.924654 

9.808916 

10.191084 

9.745117 

9.919677 

9.825439 

10.174561 

13 

48 

9.733765 

9.924572 

9.809193 

10.190807 

9.745306 

9.919593 

9.825713 

10.174287 

12 

49 

9.733961 

9.924491 

9.809471 

10.190529 

9.745494 

9.919508 

9.825986 

10.174014 

11 

50 

9.734157 

9.924409 

9.809748 

10.190252 

9.745683 

9.919424 

9.826259 

10.173741 

10 

51 

9.734353 

9.924328 

9.810025 

10.189975 

9.745871 

9.919339 

9.826532 

10.173468 

9 

5^ 

9.734549 

9.924246 

9.810302 

10.189698 

9.746060 

9.919254 

9.826805 

10.173195 

8 

53 

9.734744 

9.924164 

9.810580 

10.189420 

9.746248 

9.919169 

9.827078 

10.172922 

7 

54 

9.734939 

9.924083 

9.810857 

10.189143 

9.746436 

9.919085 

9.827351 

10.172649 

6 

155 

9.735135 

9.924001 

9.811134 

10.188866 

9.746624 

9.919000 

9.827624 

10.172376 

5 

56 

9,735330 

9.9i239i9 

9:811410 

10.188590 

9.746812 

9.918915 

9.827897 

10.172103 

4 

57 

9.735525 

9.923837 

9.811687 

10.188313 

9.746999 

9.918830 

9.828170 

10.171830 

3 

58 

9.735719 

9.923755 

9.811964 

10.188036 

9.747187 

9.918745 

9.S28442 

10.171558 

2 

59 

9.735914 

9.923673 

9.812241 

10.187759 

9.747374 

9.918659 

9.828715 

10.171285 

1 

60 

9.735109 

9.923591 

9.8125 !  7 

10.187483 

9.747562 

9.918574 

9.828987 

10.171013 

0 

Cosine. 

Sine. 

Cdtan, 

Tang. 

Cosine. 

Sine. 

Cotan. 

Tang. 

"7" 
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0 
1 

2 
3 
4 
5 
6 

7 

8 

9 

10 

11 

12 

13 
U 
15 
16 
17 
18 

19 
20 
21 
22 

23 
24 

25 

26 
27 
28 
29 
30 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
^S 
49 
50 
5t 
52 
53 
54 

55 
56 
57 
58 
59 
60 


bine. 


9,747562 
9.747749 
9.747936 
9,748123 
9.748310 
9.748497 
9.748683 

9.748870 
9.749056 
9.749243' 
9.749429 
9.749615 
9.749801 

9.749987 
9.750172 
9.750358 
9.750543 
9.750729 
9.750914 

9.751099 
9.751284 
9.751469 
9.751654 
9.751839 
9.752023 

9.752208 
9.752392 
9.752576 
9.752760 
9.752944 
9.753128 

9.753312 
9.753495 
9.753679 
9.753862 
9.754046 
9.754229 

9.754412 
9.754595 
9.754778 
9.754960 
9.755143 
9.755326 

9.755508 
9.755690 
9.755872 
9.756054 
9.756236 
9.756418 

9.756600 
9.756782 
9.756963 
9.757144 
9.757326 
9.757507 

9.757688 
9.757869 
9.758050 
9.758230 
9.758411 
9.758591 

Cosine. 


Cosine. 


Tang-. 
9.828987 
9.8291260 
9.829522 
9.829805 
9.830077 
9.830349 
9. 


9.918574 
9.918489 
9.918404 
9.918318 
9.918233 
9.918147 
9.918062 

9.917976 
9.917891 
9  917805 
9.917719 
9917634 
9.917548 

9;917462 
9.917376 
9,917290 
9:917204 
9.917118 
9.917032 

9.916946 
9.916859 
9.916773 
9.916687 
9.916600 
9.916514 

9.916427 
9.916J41 
9.91.6254 
9.916167 
9.916081 
9.915994 

9.915907 
9.915820 
9.915733 
9.915646 
9.915559 
9.915472 

9.915.385 
9.915297 
9.915210 
9.915123 
9.915035 
9.914948 

9.914860 
9.914773 
9.914685 
9.914598 
9.914510 
9.914422 

9.914334 
9.914246 
9.914158 
9,914070 
9.913982 
9i9l3894 

9.913806  9.843882 
9.913718  9.844151 
9.913630'  9.844420 
9.913541  9.844689 
9.913453!  9.844958 
9.9l3365|  9.845227 


9.830893 
9.831165 
9.831437 
9.831709 
9.831981 
9.832253 

9.832525 
9.832796 
9.833068 
9.833339 
9.833611 
9,833882 

9.834154 
9.834425 
9.834696 
9.834967 
9.835238 
9.835509 

9.835780 
9.836051 
9.836322 
9.836593 
9.836864 
9:837134 

9.837405 
9.837675 
9.837946 
9838210 
9.838487 
9.838757 

9.839027 
9.839297 
9.839568 
9.839838 
9.840108 
9.840378 

9.840648 
9.840917 
9.841187 
9.841457 
9.841727 
9.841996 

9.842266 
9.842535 
9.842805 
9.843074 
9.843343 
.9.843612 


Cotani 
10, 1 71013 
10.170740 
10.170468 
10170195 
10.169923 
10.169651 
10.169379 

10.169107 
10.168835 
10.168563 
10.168291 
10.168019 
10.167747 

10.167475 
i  0.1 67204 
10.166932 
10.166661 
10.166389 
10.166118 

10.165846 
10.165575 
10.165304 
10.165033 
10.164762 
10.164491 

10.1642-20 
10.163949 
10.163678 
10.163407 
10.163136 
tQ.l62866 

10;162595 
10.162525 
10,162054 
10.361784 
10-161513 
10.161243 

10.160973 
10.160703 
10.160432 
10.160162 
10.159892 
10.159622 

10.159352 
10.159083 
10.158813 
10.158543 
10.158273 
10.158004 

10.157734 
10.157465 
10.157195 
10.156926 
10.156657 
10.156388 

10.156118 
10.155849 
10.155580 
10.155311 
10.155042 
10.154773 


Sine.  (  Cotan.  ' 
55  Pee:. 


Tansr. 


Sine. 


9.758591 
9.758772 
9.758952 
9.759132 
9.759312 
9.759492 
9.759672 

9.759852 
9.760031 
9.760211 
9.760390 
9^760569 
9.760748 

9.760927 
9.761106 
9.761285 
9.761464 
9.761642 
9.761821 

9.761999 
9-762177 
9.762356 
9.762534 
9.762712 
9.762889 

9.763067 
9.763245 
9.763422 
9.763600 
9.763777 
9.763954 

9.764131 
9.764308 
9.764485 
9.764662 
9.764838 
9.765015 

9.765191 
9.765367 
9.765544 
9.765720 
9.765896 
9.766072 

9.766247 
9,766423 
9.766598 
9.766774 
9.766949 
9.767124 

9.767300 
9.767475 
9.767649 
9.767824 
9.767999 
9.768173 

9.768.S48 
9.768522 
9.768697 
9.768871 
9.769045 
9.769219 


Cosine. 


Cosine. 


9.913365 
9.913279 
9.9f31W 
9.913099 
9.9130  iO 
9,912922 
9.912833 

9.912744 
9,912655 
9.912566 
9.912477 
9.912388 
9.912299 

9.912210 
9.912121 
9.912031 
9.911942 
9.9U853 
9.911763 

9.911674 
9.911584 
9.911495 
9.911405 
9.911315 
9.911226 

9.911136 
9.911046 
9.910956 
9.910866 
9.910776 
9.910686 

9.910596 
9.910506 
9.910415 
9.910325 
9.910235 
9.910144 

9.910054 
9.909963 
9.909873 
9.909782 
9.909691 
9,909601 

9.909510 
9.909419 
9.909328 
9  909237 
9.909146 
9.909055 

9.908964 
9.908873 
9.908781 
9.908690 
9.908599 
9.908507 

9.908416 
9.908324 
9  908233 
9.908141 
9.908049 
9.907958 


Sine. 


9.845227 
9:845496 
9.845764 
9.846033 
9.846302 
9.846570 
9;  846839 

9.847108 
9.847376 
9.847644 
9.847913 
9.848181 
9.848449 

9  84871,7 
9.848986 
9.849254 
9.849522 
9.849790 
9.850057 

9.850325 
9.850593 
9.850861 
9.851129 
9.851396 
9.851664 

9.851931 
9.852199 
9.852466 
9.852733 
9.853001 
9.'853268 

9.853535 
9.853802 
9.854069 
9.8.54336 
9.854603 
9.854870 

9.855137 
9.855404 
9*85567 1 
9.855938 
9.856204 
9.856471 

9.856737 
9.857004 
9.857270 
9.8.57537 
9.857803 
9.858069 

9.858336 
9.858602 
9.858868 
9.859134 
9.859400 
9.859666 

9.859932 
9.860198 
9.860464 
9.860730 
9.860995 
9.861261 


10.154778 
10.154504 
10.154236 
10.153967 
10.153698 
10.153430 


10.152892 
10.152624 
10.152356 
10.152087 
10.151819 
10.151551 

10.151283 
10.151014 
10.150746 
10.150478 
10.150210 
10.149943 

10.149675 

10.149407 

10.149139 

10.148871 

10.14860437 

10.1#336 


Cotan. 


Cotang. 


10.153161  54 


10.|<i8069 
10.1#801 
10^7534 
10147267 
10.146999 
10.146732 

10.146465 
10.146198 
iai45931 
10.145664 
lO.i.45397 
I0#5i30 

10^-44863123 
lOi'34459622 
10;1^3292l 
I.04|.i0e2i20 
10^3796  91 
10.14352918 


10.143263 
10,142996 
10,142730 
10.142463 
10.142197 
10.141931 

10.141664 
10.141398 
10.141132 
10.140866 
10.140600 
10.143340 

10.140068 
10.139802 
10.139536 
10.139270 
10.139005 
10.138739 


Tane:. 


54  Peg. 
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Sine. 

Cosine. 

Tang. 

Cotan^.  |i  Sine. 

Cosiae 

'iang. 

10.122886 

60 

9.769219 

9.907958 

9.861261 

10.133739 

9.779463 

9.902349 

9.877114 

1 

9.769393 

9.907866 

9.861527 

10.138473 

9.779631 

9.902253 

9.877377 

10.122623 

59 

2 

9.769566 

9907774 

9.861792 

10.138208 

9.77979S 

9.902158 

9.877640 

10.122360 

58 

3 

9.769740 

9.907682 

9.862058)10.137942 

9.779966 

9.902063 

9.877903 

10.122097 

57 

4 

9.769913 

9.907590 

9.862323 

10.137577 

9.780133 

9.901967 

9.878165 

10.121835 

56 

5 

9.770087 

9.907498 

9.862589 

10.137411 

9.780300 

9.'901872 

9.878428 

10.121572 

55 

6 

9.77O260 

9.907406 

9.862854 

10.137146 

9.780467 

9.901776 

9.878691 

10.121309 

54 

7 

9.770433 

9.9073  J  4 

9.863119 

10.136881 

9.780634 

9.901681 

9.878953 

10.121047 

53 

8 

9.770608 

9.907222 

9.853385 

10.136615 

9.780801 

9.901585 

9.879216 

10.120784 

52 

9 

9.770779 

9.907129 

9.863650 

10  136350 

9.780968 

9.901490 

9.879478 

10,120522 

51 

10 

9.770953 

0.907037 

9.86.>'J15 

10.136085 

9.781!  34 

9.901394 

9.879741 

10.120259 

50 

11 

9.771125 

9.906945 

9.86418 

10.135820 

9.781301 

9.901298 

9.880003 

10.119997 

49 

12 

9.771298 

9.906852 

9.864445 

10.135555 

9.781468 

9.901202 

9.880265 

10.119735 

48 

13 

9.771470 

9.906760 

9.864710 

10.135290 

9.781634 

9.901106 

9.880528 

10.119472 

47 

14 

9.771643 

9.906667 

9.864975 

10.13.5025 

9.781800 

9.901010 

9.880790 

10.119210 

46 

15 

9.771815 

9.906575 

9.865240 

10.134760 

9.781966 

9.900914 

9.881052 

10.118948 

45 

16 

9771987 

9.906482 

9,865505 

10.134495 

9.782132 

9.900818 

9.881314 

10.118686 

44 

17 

9.772159 

9.906389 

9.865770 

10.134230 

9.782298 

9.900722 

9.881577 

10.118423 

43 

18 

9.772331 

9.906296 

9.866035 

10.133965 

9^.782464 

9.900626 

9.881839 

iail816l 

42 

19 

9.772503 

9.906204 

9.866300 

10.133700 

9.782630!  9.900529 

9.882101 

10.117899 

41 

20 

9.772675 

9.906111 

9.866564 

10.133436 

9.782796|  9-900433 

9.882363 

10.117637 

40 

21 

9.772847 

9.906018 

9.866829 

10.133171 

9.782961;  9.900337 

9.882625 

10.117375 

39 

22 

9.773018 

9.905925 

9.867094 

10.132906 

9.783127 

9.900240 

9.882887 

10.117113 

38 

23 

9.773190 

9.905832 

9.867358 

10.132642 

9.783292 

9.900144 

9.883148 

10.116852 

37 

24 

,9.773361 

9.905739 

9.867623 

10.132377 

9.783458 

9.900047 

9.883410 

10.116590 

36 

25 

9.773533 

9.905645 

9.867887 

10.132U3 

;  9783623 

9.899951 

9.883672 

10.116328 

35 

26 

9.773704 

9.905552 

9.868152 

10.131848 

9.783788 

9.899854 

9.883934 

10.116066 

34 

27 

9,773875 

9.905459 

9.868416 

10.131584 

9,783953 

9.899757 

9.884196 

10.115804 

33 

28 

9.774046 

9.905366 

9.868680 

10.131320 

9.784118 

9.899660 

9.884457 

10.115543 

32 

29 

9.774217 

9.905272 

9.868945 

10.131055 

9.784282 

,9.899564 

9.884719 

10.115281 

31 

30 

9.774388 

9,905179 

9.869209 

10.130791 

9.784447 

9.899467 

9.884980 

10.115020 

30 

31 

9.774558 

9.905085 

-9.869478 

10.130527 

9.784612 

9.899370 

9.885242 

10.114758 

29, 

32 

9.774729 

9.904992 

9.869737 

10.130263 

'9.784777 

9.899273 

9.885504 

10.114496 

28 

33 

9.774899 

9.904808 

9.870001 

10.129999 

9.784941 

9.899176 

9.885765 

lO.i  14235 

27 

34 

9.775070 

9.904804 

9,870285 

10.129735 

9.785105 

9.899078 

9.886026 

10.113974 

26 

^i 

9.775240 

9.904711 

9.870529 

10.129471 

9.785269 

9.898981 

9.886288 

10.1i37i2 

25 

36 

9.775410 

9.904617 

9.870793 

10.129207 

9.785433  9.898884 

9.886549 

10.113451 

24 

S7 

9.775580 

a.904523 

9.871057 

10.128943 

9.785597 

9.898787 

9.886811 

10.113189 

23 

38 

9.775759 

9.904429 

9.871321 

10  128679 

9.785761 

9.898689 

9.887072 

10.112928 

22 

39 

9.775920 

9.904335 

9,871585 

10.128415 

9.785925 

9.898592 

9.887333 

10.112667 

21 

40 

9.776090 

9.904241 

9.871849 

10.128151 

9.786089 

9.898494 

9.887594 

10.112406 

20 

41 

9.776259 

9.904147 

9.872112 

10.127888 

9.7862.52 

9.898397 

9.887855 

10.112145 

19 

42 

9.776429 

9.904053 

9.872376 

10.127624 

9.786416 

9,898299 

9.888M6 

10.111884 

18 

43 

9.776598 

9.903959 

9.872640 

10  127360 

9.786579 

9.898202 

9.888378 

10.111622 

17 

44 

9.776768 

9.903864 

9.872903 

10.127097 

9.786742 

9.898104 

9.8S8639 

10.111361 

16 

45 

9.776937 

9.903770 

9.873167 

10,126833 

9.786906 

9.898006 

9.888900 

10.111100 

15 

46 

9.777106 

9.903676 

9.873430 

10.126570 

9.787069 

9.897908 

9.889161 

lO:  110839 

14 

47 

9.777975 

9.903581 

9.873694 

10.126306 

9.787232 

9.897810 

9.889421 

10.110579 

13 

48 

9.777444 

9.903487 

9.873957 

10.126043 

9.787395 

9.897712 

9.889682 

10.110318 

12 

49 

9.777613 

9.903392 

9.874220 

10.125780 

9.787557 

9.897614 

9.889943 

10.110057 

11 

50 

9.777781 

9.903398 

9.874484 

10.125516 

9.787720 

9.897516 

9;890204 

10.109796 

10 

51 

9  777950 

9.903203 

9.874747 

10.125253 

9.787883 

9.897418 

9.890465 

10.109535 

9 

52 

9.778119 

9,903108 

9.8750  iO 

10.12i.990! 

9.788045 

9.897320 

9.890725 

10.109275 

8 

53 

9.778287 

9.90S0U 

9.875273 

10424727 

9.788208 

9.897222 

9.890986 

10.1090!4 

7 

54 

9.778455 

9.902919 

9.875537 

10.124663 

9.788370 

9.897123 

9.891247 

10.108753 

6 

55 

9.7786^4 

9.902824 

9.875800 

10.124200 

9,78853? 

9.897025 

9.8915071 

10.108493 

5 

56 

9.778792 

9.902729 

9,876063 

10.123937 

9.788694 

9.896926 

9.891768 

10.108232 

4 

57 

9.778.960 

9.902634 

9.876326 

10.123674 

9.788856 

9.896828 

9.892028 

10.107972 

3 

58 

9.779128,  9.90^539 

9.876589 

10,123411 

9.789018 

9.896729 

'9.892289 

10.107711 

2 

59 

9.779295  9.902444 

li.876852 

10.12.3I48 

9.789180 

9.896631 

9.892549 

10.107451 

1 

60 

9  7794631  9.902349 

9.877114 

•  Cotaii. 

10.122886 

9.789342 

9.896532 

9.892810 

10.107190 

0 

Cosine.  !  S^ivt. 

Tane:. 

Cosine. 

Sine. 

Cotan. 

Tan^. 

' 

53  De-.                       52Deg.              [ 

Hosted  by  Google 


LOG.  SINES,  TANGENTS,  &c. 


38Dcg. 


39I)eg. 


Sine. 


9.789342 
9.789504 
9.789655 
9.78982/- 
9  78U988 
9.790149 
9.790310 

9.790471 
9.790652 
9.790793 
9.790954 
9.791115 
9.791275 

9.791436 
9.791596 
9.791757 
__  9.79191 
17]  9.792077 
18  9.792237 

19 
20 
21 
3i 
23 
24 


Cosine 

91896532 

9.896433 

9.896335 

9  896236 

9.896137 

9.896038 

9.895939 

9.895840 
9.895741 
9.895641 
9.895542 
9.895443 


T^g.    I  Cotang. 


9.892810  10.107190 
9.89307010.106930 
9.893331  10.106669 


9.895343   9.895932 


9.895244 
9.895145 
9.895045 
9.89.4945 
9.894846 
9.894746 

9.792397  9.894646 
9.792557j  9.894546 
9.7927161  9.894446 


9.893591 
9.893851 
9.894111 
9.894372 

9.894632 
9.894891 
9.895152 
9.895412 
9.895672 


10.106409 
10.106149 
10.105889 
10.105628 

10.105368 
10.105108 
10.104848 
10.104588 
10.104328 
10,104068 


Sine.     I  Cosine. 


9.890503 
9.890400 
9.890298 
9.890195 
9.890093 
9.889990 


9,896192  10.103808 


30 

31 

32 
33 
34 
35 
36 


9.792876 
9.793035 
9.793195 

25  9.793354 
9.793514 
9.793673 
9.793833 
9.793991 
9.794150 

9.794308 
9.794467 
9.794626 
9.794784 
9.794942 
9,795101 

37  9.795259 
9.795417 
9.795575 
9J95733 
9.795891 
9.796049 

9.796206 
9.796364 
9.796521 
9.796679 
9796836 
9.796993 

9.797150 
9.797.307 
9.797464 
9.797621 
9,797777 
9.797934 


38 
39 
40 
41 

,42 

43 
44 
45 
46 
47 
48 

49 
50 
51 

52 
53 
54 

55 
56 
57 
58 
59 
60 


9.894346 
9.864246 
9.894146 

9.894046 
9.893946 
9.893846 
9.893745 
9.893645 
9.893544 

9.893444 
9.893343 
9.893243 
9.893142 
9.893041 
9.89204O 

9.892839 
9.892739 
9.892638 
9.892536 
9.892432 
9.892334 

9.8922:53! 
9.892132 
9.892030! 
9.891929; 
9.8918271 
9.891726! 

9.891624 
9.891533! 
9.89l42i; 
9.891319, 
9.891217! 
9.801115. 


9.896452 
9.896712 
9.896971 
9.897231 
9.897491 

9.897751 
9.898010 
9.898270 
9.898530 
9.898789 
9.899049 


9.899568 
9.899827 
9.900087 
9.900346 
9.900605 


10103548 
10403288 
10.103029 
10.102769 
10.102509 

10.102249 
10.101990 
10.101730 
10.101470 
10.101211 
10:100951 

10.100692 
10.100432 
10.100173 
10.099913 
10.099654 
10.099395 


9.798872 
9.799028 
9.799184 
9.799839 
9  799495 
9.799651 
9.799806 

9.799962; 
9.8001 17| 
9.8002221 
9.800477) 
9.8005821 
9.800737 

9.800892  9.889168 
9.801047  9.889064 
9.801201  9.888961 


Tano;.  I  Colang. 


9.908369 


9.908886 
9.909144 
9.909402 
9.909660 
9.909918 

9  910177 
9.910435 
9.910693 
9.910961 


9.889785 
9.889682 
9.889579 
9.889477   , 
9.889374  9.911209 
9.889271  9.911467 


9.801356 
9.801511 
9.801665 

9.801819 
9.801973 
9.802128 
9.802282 
9.802436 
9.802589 

9.802743 
9.802897 


9:888858 
9.888755 
9.888651 

9.888548 
9.888444 
9.888341 
9.888237 
9.888134 
9.888030 

9.887926 
9.887823 


10.091631 
10.091372 
10.091  U4 
10.090856 
10.090598 
10.090340 
10.090082 

10.089823 
10.089565 
10.089307 
10.089049 
10.088791 
10.088533 

10.088275 
10.088018 
10.087760 
10.087502 
10.087244 
10.086986 


60' 
59 
58 
57 
56 
55 

54. 


9.911725 
9-9U982 
9.912240 
9.912498 
9.912756 
9.913014 

9  913271  10.086729 


,9!8030501  9.887718 


9.803204 
9.803357 
9,803511 


9.900864 
9.901124 
9.901383 
9.901642 
9.901901 
9.902165 

9.902420 
9i902679 
9.902938 
9.903197 
9,903456 
9.903714 


10.099136 

10.098876 
10.098617 
10.098358 
10.098099 
10.097840 

10.097580 
10.097321 
10.097062 
10.096803 
10.096544 
10.096286 


9.798091 
9.798247 
9.798403 
9.798560 
9.798716 
9.798872 


9.903973  10.096027 
10.095768 
10.095509 
10.095250 
10.094992 
10.094733 

10.094474 
10.094215 
10.093957 
10.093698 


9.904232 
9.904491 
9.904750 
9.905  0U8 
9.905267 

9.905526 
9.905785 
9.906043 
9.906302 


9.906560  10  093440 
9.906819  10.093181 


9.891013!  9.907077 
9.8909 III  9.907.336 
9.890809;  9.907594 
9.8907071  9.907853 
9.890605  9.908111 
9.290503  9.908369 


]   Cosine.  >  Sine.   '  Cotan. 
"         51  Dc.o. 


10.092923 
10.092664 
10.092406 
10.092147 
10.091889 
10.091631 


9.803817 
9.803970 
9.804123 
9.804276 
9.804428 

9.804581 
9.804734 
9.804886 
9.805039 
9.805191 
9.805343 

9.805495 
9,805647 
9,805799 
9.805951 
9.806103 
9.806253 

9.806406 
9.806557 
9.806709 
9.806860 
9.807111 
9,807163 

9.807314 
9.807465 
9.80761 5 
9.807766 
9.807917 
9.808067 


9.887614 
9.887510 
9.887406 

9.887302 
9.887198 
9.887093 
9.886989 
9.886885 
9.886780 

9.886676 
9.886571 
9.886466 
9.886362 
9.886257 
9.886152 


9,913529 
9.913787 
9.914044 
9.914302 
9.914560 

9.914817 
9.915075 
9.915332 
9.915590 
9.915847 
9.916104 

9.916362 
9.916619 
9.916877 
9  917134 
9.917391 
9.917648 

9.917906 
9.918163 
9  918420 
9^918677 
9918934 
9.919191 


10.086471 
10.086213 
10.085956 
10.085698 
10.085440 

10.085183 
10.084925 
10.084668 
10.084410 
10.084153 
10.083896 


53! 
52 
51 
50 
49 
48 

47 
46 
45 

44 
43 
42 

41 

40 
39 
38 
37 
36 

35 
34 
33 
32 
31 
30 


10.083633 
10  083381 
10.083123 
10,082866 
10.082609 


10.082352  24 
10  082094 


9.886047 
9.885942 
9.885837 
9.885732 
9.885627 
9.885522 

9.885416 
9.88531 1 
9.885205 
9.885100 
9.884994 
9.884889 

9.884783 
9.884677 
9.884572 
9.884466 
9.884360 
9.884254 


10.081837 
10  0815S0 
10.081323 
10.081066 
10.080809 

10.080552 
10.080295 
IO.08O038 
10.079781 
10.079524 


9.919448 
9.919705 
9.919962 
9.920219 
9.920476 
9.920733  10.079267  12 


9.920990 
9.921247 
9.921503 
9.921760 
9.922017 
9.922274 


10.079710 
10.078753 
10,078497 
10.078240 
10.077983 
10,077726 


9.922530  10.077470 
9,922784  10.077213 


9.923034 
9;923300 
9.9:3557 
9.923814 


Cosine.  1  Sine.  }  Cotan. 
lo  Deg. 


10.076956 
10.076700 
10.076443 
10.076186 


Hosted  by  Google 


LOG.  SINES,  TANGENTS,  &c. 


Sine. 


40  Peg. 


7\ 

8 

9 

lb 

12 

13 
14 
15 
16 
17 
18 

19 

20 
21 
22 
23 
24 

25 
26 
27 
28 


9.808067 
9.808218 
9.808368 
9.808519 
9.808669 
9.808819 
9.808969 

9.809119 
9.809269 
9.809419 
9.809569 
9^09718 
9.809868 

9.810017 
9.8!0167 
9.810316 
9.810465 
9.8i06l4 
9.810763 

9.810912 
9.811061 
9.811210 
9.811358 
9.8U507 
9.811655 


Cosine. 


9,884254 
9.884148 
9.884042 
9.883936 
9.883829 
9.883723 
9.883617 

9.883510 
9.88.'5404 
9.883297 
9.883191 
9.883084 
9.882977 

9.882871 
9.882764 
9.882657 
9.882550 
9.882443 
9.882336 


Tang. 


30 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 


43 

.44 

45 

46 

47 
48 

49 

50 

,51 

52 
53 


55 
56 
57 
58 
59 
60 


9.8U804 
9.811952 
9.812100 
9.812248 
9.812396 
9.812544 

9.812692 
9.812840 
9.812988 
9.813135 
9.813283 
9.813430 

9.813578 
9.813725 
9.813872 
9.814019 
9.814166 
9.814313 

9.814460 
9.8  J  4607 
9.814753 
9.814900 
9.815046 
9.815193 

9.815339 
9.815485 
9.815632 
9.815778 
9.815924 
9.816069 

9.816215 
9.816361 
9.816507 
9.816652 


9.1 

9.882121 

9.882014 

9.881907 

9.881799 

9.881692 

9.881554 
9.881477 
9.881369 
9.881261 
9.881153 
9.881046 

9.880938 
9.880830 
9.880722 
9.880613 
9.880505 
9.880397 

9:880289 
9.880180 
9.889072 
9.879963 
9.879855 
9.879746 

9.879637 
9.879529 
9.879420 
9.879311 
9.879202 
9.879093 


9.923814 
9.924070 
9;924327 
9924583 
9.924840 
9.925096 
9.925352 

9.925609 
9.925865 
9.926122 
9.926378 
9.926634 
9.926890 

9.927147 
9.927403 
9.927659 
9.927915 
9.928171 
9.928427 


Cotang. 


10.076186 
10.075930 
10.075673 
10.075417 
10.075160 
10.074904 
10.074648 

10.074391 
10.074135 
10.073878 
10.073622 
10.073366 
10.073110 


Sine.  I  CosJQp. 


41  Peg. 


9.878984 
9.878875 
9.878766 
9.878656 
9.87854-7 
9.878438 


9.928684 
9.928940 
9.929196 
9.929452 
9.929708 
9,929964 

9.930220 
9.930475 
9.930731 
9.930987 
9.931243 
9.931499 

9.931755 
9.932010 
9.932266 
9.932522 
9.932778 
9.933033 

9.933289 
9.933545 
9.933800 
9.934056 
9.934311 
9.934567 


10.072853 
10.072597 
10.072341 
10.072085 
10.071829 
10:071573 

10.071316 
10.071060 
10.070804 
10.070548 
10.070292 
10.070036 

10.069780 
10.069525 
10.069269 
10.069013 
10.068757 
10.068501 

10.068245 
10.067990 
10.067734 
10.067478 
10.067222 
10.066967 

10.066711 
10.066455 
10.066200 
10.065944 
10,065689 
10.065433 


9.934822  !0.065178 
9.935078110.064922 


9.816943 
9.817088 
9.817233 
9.817379 
9.817524 
9.817668 
9.817813 

9.817958 
9.818103 
9.818247 
9.818392 
9.818536 
9.818681 

9.818825 
9.818969 
9.819J  13 
9.819257 
9.819401 
9.8)9545 

9.819689 
9.819832 
9.819976 
9.820120 
9.820263 
9.820406 


9.878328 

9.878219 

9.878109 

,9.877999 

9.816798  9.87r890    i/.y.5ouu5 
9jl6943|  9.877780-  9.939163 
Cotan. 


9.935333 
9.935589 
9.935844 
9.936100 

9.936355 
9.936611 
9.938866 
9.937121 
9.937377 
9.937632 

9.937887 
9.938142 
9.938398 
9.938653 
9.938908 


Cosine.  I     Sine. 


10.064667 
10.064411 
10.064156 
10.063900 

10,063645 
10.053389 
10.063134 
10.062879 
10.062623 
10.062368 

10.062113 
10.061858 
10.061602 
10.061347 
10.061092 
10.060837 


4yDeg 


Tang. 


9.820550 
9.820693 
9.820836 
9.820979 
9.821122 
9.821265 

9.821407 
9.821550 
9.821693 
9.821835 
9.821977 
9.822120 

9;822262 
9.822404 
9.822546 
9.822688 
9.822830 
9.822972 

9.823114 
9.823255 
9.823397 
9.823539 
9.823680 
9.823821 


9.877780 
9.877670 
9.877560 
9.877450 
9.877340 
9.877230 
9.877120 

9.877010 
9.876899 
9i876789 
9876678 
9.876568 
9.876457 

9.876347 
9.876:236 
9.876125 
9.876014 
9.875904 
9.875793 

9.8^5682 
9.875571 
9.875459 
9.875348 
9.875237 
9.875126 


Tang. 


9.939163 
9.939418 
9.939763 
9.939928 
9.940183 
9.940439 
9.940694 

9.940949 
9.941204 
9.941459 
9.941713 
9.941968 


Co  tang. 


9.823963 
9.824104 
9.824245 
9.824386 
9.824527 
9.824668 

9.824808 
9.824949 
9.825090 
9.825230 
9.825371 
9.825511 


Cosine. 


9.875014 
9.874903 
9.874791 
9.874680 
9.874568 
9.874456 

9.874344 
9.874232 
9.874121 
9.874009 
9.873896 
9.873784 

9.873672 
9.873560 
9.873448 
9.873335 
9.873223 
9.873110 

9.872998 
9.872885 
9.872772 
9.872659 
9.872547 
9.872434 


9.942478 
9.942733 
9.942988 
9.943243 
9.943498 
9.943752 

9.944007 
9.944262 
9.944517 
9.944771 
9.945026 
9.945281 


9.872321 
9.872208 
9.872095 
9.871981 
9.871868 
9.871755 

9,871641 
9.871528 
9.871414 
9.871301 
9.871187 
9.871073 


Sine. 


9.9455.35 
9.945790 
9.946044 
9.946299 
9.946554 
9.946808 

9.947063 
9.947318 
9.947572 
9.947827 
9.948081 
9.948335 

9.948590 
9.948844 
9.949099 
9.949353 
9.949608 
9.949862 

9.950U6 
9.950371 
9.950625 
9.950879 
9.951133 
9.951388 

0.951642 
9.951896 
9.952150 
9.952405 
9.952659 
9.952913 

9.953167 
9.953421 
9.953675 
9.953929 
9.954183 
9.954437 


10.050837 
10.060582 
10.060327 
10.060072 
10.0.59817 
10.059561 
10.059306 

10.059051 
10.058796 
10.058541 
10.058287 
10.058032 
10.057777 

ia057522 
10.057267 
10.057012 
10.056757 
10.056502 
10.056248 

10.055993 
10.055738 
10.055483 
10.055229 
10.054974 
10.054719 

10.054465 
10.054210 
10.053955 
10.053701 
10.053446 
10.053192 

10.052937 
10.052682 
10.052428 
10.052173 
10.051919 
10.051665 

10.051410 
10.051156 
10.050901 
10.050647 
10.050392 
10.050138 

10.049884 
10.049629 
10.049375 
10.049121 
10.048867 
10.048612 

10.048358 
10.048104 
10.047850 
10.047595 
10.047341 
10.047087 

10.046833 
10.046579 
10.046325 
10.046071 
10.045817 
ia045563 


48  Peg. 


Cotan.  (  Tang. 


Hosted  by 


Google 


LOG.  SINES,  TANGENTS,  &g. 


42Deg.                        43Deg.            j 

.  ' 

Sine.    Cosine. 

Taug. 

Cotang. 
10.045563 

Sine. 

Cosine. 

Tang. 

Cotang. 

50 

~0 

9.825511  9.871073 

9.954437 

9.833783 

9.864127 

9.969656 

10.030344 

1 

9.825651  9.870960 

9.954691 

10.045309 

9.833919 

9.S6401O 

9.969909 

10.030091 

59 

2 

9.825791 

9.870846 

9.954946 

10.045054 

9.834054 

9.863892 

9.970162 

10.029838 

58 

3 

9.825931 

9.870732 

9.955200 

10.044800 

9.834189 

9.863774 

9.970416 

i  0.029584 

57 

4 

9.826071 

9.870618 

9.955454 

10.044546 

9.834325 

9.863656 

9.970669 

10.029331 

56 

5 

9.826211 

9.870504 

9.955708 

10.044292 

9.834460 

9.863538 

9.970922 

10.029078 

55 

6 

9.826a'>l 

9.870390 

9955961 

10.044039 

9-834595 

9.863419 

9.§71175 

10.028825 

54 

7 

9.826491 

9.870276 

9.956215 

10.043785 

9.834730 

.9.863301 

9.971429 

10.028571 

53 

8 

9.826631 

9.870161 

9.956469 

10.043531 

9.834865 

9.863183 

9.971682 

10.028318 

52 

9 

9.826770 

9-870047 

9.956723 

10.043277 

9.834999 

9.863064 

9.971935 

10.028065 

51 

10 

9.826910 

9.869933 

9.956977 

10.043023 

9.835134 

9.862946 

9.972188 

10.027812 

50 

11 

9.827049 

9.869818 

9.957231 

10042769 

9.835269 

9.862827 

9.972441 

10.027559 

49 

12 

9.827189 

9.869704 

9.957485 

10;042515 

9.835403 

9.862709 

9.972695 

10.027305 

48 

13 

9.827329 

9,869589 

9.957739 

10.042261 

9  835538 

9.862590 

9.972948 

10.027052 

47 

14 

9.827467 

9.869474  9.9579931 

10.042007 

9.835672 

9.862471 

9.973201 

10.026799 

46 

15 

9.827606  i  9.869360;  9.9582471 

10.041753 

9.835807 

9.862353 

9.973454 

10.026546 

45 

16 

9.827745;  9.8692451 

9.958500 

10.041500 

9.835941 

9.862234 

9.973707 

10.026293 

44 

17 

9.827884 

9.869130 

9.958754 

10.041246 

9.836075 

9.862115 

9.973960 

10.026040 

43 

18 

9.828023 

9.869015 

9.959008 

10.04099^ 

9.836209 

9.861996 

9.974213 

10.025787 

42 

19 

9.828162 

9.868900 

9.959262 

10.040738 

9.836343 

9.861877 

9.974466 

10.025534 

41 

20 

9.828^301 

9.868785 

9.959516 

10.040484 

9.836477 

9.861758 

9.974720 

10.025280 

40 

21 

9.828439 

9.868670 

9.959769 

10.040231 

9,836611 

9.861638 

9.974973 

10.025027 

39 

22 

9.828578 

9.868555 

9.960023 

10.039977 

9.836745 

9.861519 

9.975226 

10.024774 

38 

23 

9.828716 

9.868440 

9.960277 

10.039723 

9.836878 

9.861400 

9.975479 

10.024521 

37 

24 

9.828855 

9.868324 

9.960530 

10.039470 

9.837012 

9.861280 

9.975732 

10.024268 

36 

25 

9,828993 

9.868209 

9.960784 

10.039216 

9.837146 

9-861161 

9.975985 

10.024015 

35 

26 

9.829131 

9.868093 

9.961038 

10.038962 

9.837279 

9.861041 

9.976238 

10.023762  S4| 

27 

9.829269 

9,867978 

9,961292 

10.038708 

9.837412 

9.860922 

9.976491 

r0.023509 

33 

28 

9.829407 

9.867862 

9.961545 

10.038455 

9.837546 

9.860802 

9  976744 

10.023256 

32 

29 

9.829545 

9.867747 

9.961799 

10.03h20i 

9.837679 

9.860682 

9.976997 

10.023003 

31 

30 

9.829683 

9.867631 

9.962052 

10.037948 

9.837812 

9,860562 

9.977250 

10.022750 

30 

31 

9.829821 

9.867515 

9.962306 

10.037694 

9.837945 

9.860442 

9;977503 

10.022497 

29 

82 

9.829959 

9.867399 

9.962560 

10.037440 

9.838078 

9.860322 

9.977756 

10.022244 

28 

33 

9.830097 

9.867283 

9.962813 

10.037187 

9.838211 

9.860202 

9.978009 

10.021991 

27 

34 

9.830234 

9.867167 

9.963067 

10.036933 

9.838344 

9.860082 

9.978262 

10.021738 

26 

35 

9.830372 

9.867051 

9.953320 

10.036680 

9.838477 

9.859962 

9.978515 

10.021485 

25 

36 

9.830509 

9.866935 

9.963574 

10.036426 

9.838610 

9.859842 

9.978768 

10.021235 

24 

'  37 

9.830646 

9.866819 

9.963828 

10.036172 

9.838742 

9.859721 

9.979021 

10.020979 

23 

38 

9.830784 

9.866703 

9.964081 

10.035919 

9.838875 

9.859601 

9.979274 

10.020726 

22 

S9 

9.830921 

9.866586 

9.964335 

10.035665 

9.839007 

9.859480 

9.979527 

10.020473 

21 

40 

9.831058 

9.866470 

9.964588 

10.035412 

9.839140 

9.859360 

9.979780 

10.020220 

20 

41 

9.831195 

9.866353 

9.964842 

10.035158 

9.839272 

9.859239 

9.980033 

10.019967 

19 

42 

9.831332 

9.866237 

9.965095 

10.034905 

9.839404 

9.85911 9 

9.980286 

15.019714 

18 

43 

9.831469 

9.866120 

9.965349 

ia034651 

9.839536 

9.858998 

9.980538 

10.019462 

17 

44 

9.831606 

9.866004 

9.965602 

10.034398 

9.839668 

9.858877 

9.980791 

10.019209 

16 

45 

9.831742 

9.865887 

9.965855 

10.034145 

9.839800 

9.858755 

9.981044 

10.018956 

15 

46 

9.831879 

9.865770 

9.966109 

10.033891 

9.839932 

9.858635 

9.981297 

10.018703 

14 

47 

9.832015 

9.865658 

9.966362 

10.033638 

9.840064 

9.858514 

9.981550 

10.018450 

13 

48 

9.832152 

9.865536 

9.966616 

10.033384 

9.340196 

9.858393 

9.981803 

10.018197 

12 

49 

9.832288 

9.865419 

9.956869 

10.033131 

9.840328 

9.858272 

9.982056 

10.017944 

11 

5G 

9.832425 

9.865302 

9.967123 

10.032877 

9.S40459 

9.858151 

9;982309 

10.017691 

10 

51 

9.832561 

9.865185 

9.967376 

10.032624 

9,840591 

9.858029 

9.982562 

10.017438 

9 

52 

9.832697 

9.865068 

9.967629 

10;03237l 

9.840722 

9.857908 

9.982814 

10.017186 

8 

53 

9.832833 

9.864950 

9.967882 

10.032117 

9.840854 

9.837786 

9.983067 

10.016933 

7 

54 

,  9.832969 

9.864833 

9.968136 

10.031864 

9.840985 

9.857665 

9.98332C 

10.016680 

6 

55 

9.833105 

9.864716 

9.968389 

10.031611 

9.841116 

9.857543 

9.983572 

10.016427 

5 

56 

9.833241 

9.864598 

9.968643 

10.031257 

9.841247 

9.857422 

9.983826 

10.016174 

4 

57 

9.833377 

9-864481 

9.968896 

ll0.031104 

9.841378 

9.85730C 

9.98407S 

10.015921 

3 

5S 

9.833512 

9.864363 

9.969149 

10.030851 

9.841509 

9.857178 

9.98433S 

iO.Ol5668 

2 

59 

9.833648 

9.864245 

9.969403 

,10.030597 

9.841640 

9.857056 

9.98458^ 

1 10.015416 

1 

6C 

9.833783 

9.864127 

9.969656 

10030344 

9.841771 

9.856934 

9.984837 

10.015163 

0 

Cosine. 

Sine. 

Cotan. 

Tang. 

Cosine. 

Sine. 

Cotan. 

1  Tang. 

1             47  Deg.                       46  Deg. 

^,:__, 
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LOG.  SINES,  TANGENTS,  &c 


44  Peg. 


Sine. 


13 
H 
15 
16 
17 
18 

19 

(20 
121 
122 
123 

124 

125 
26 
27 
128 
29 
30 

32 
\33 
!34 
j35 

36 

W 

38 
39 
40 
41 

42 


9.841771 
9.841902 
9.842033 
9.842163 
9.842294 
9.S42424 
9.842555 

9.842685 
9.842815 
9.842946 
9^843076 
9  843206 


10 

n 

12   9.843336    9.855465 


Cosine. 


9.856934 
9.856812 
9.856690 
9.856568 
9.856446 
9.856323 
9.856201 

9.856078 
9.855956 
9.855833 
9.855711 
9.855588 


9.843466 
9,843595 
9.843725 
9.843855 
9.813984 
9.844114 

9.844243 
9.844372 
9.844502 
9.844631 
9.844760 
9.844889 

9.845018 

9.845147 
9.845276 
9.845405 
9.845533 
9.845662 

9.845790 
9  845919 
9.846047 
9.846175 
9.846304 
9.846432 

9.846560 
9.846688 
9.846816 
9.846944 
9.847071 
9.847199 

43  9.847327 

44  9.847454 


9.855342 
9.852519 
9.855096 
9.854973 
9,854850 
9.854727 

9.854603 
9.854480 
9.854356 
9.85423,^ 
9.S54109 
9.853986 


9Mmf 
9.985090 
9.9S5oi.3 
9.985596 
9.985848 
9.98610J 
9.986354 

9.986607 
9.986860 
9.9871 !  2 
9.987365 
9.987618 
9.987871 

9.988123 
9.988376 
9.9886*59 
9.988882 
9.981'.  34 
9.989387 

9.989640 
9.989893 
9.990145 
9.990398 
9.990651 
9.990903 


Cotang. 


10.015163 
!  0.014910 
10.014657 
!0.or4404 
1 0.014152 
10.013899 
0.013646 

1 0.0!  3393 
10.013140 
10.012888 
10.012635 
10.012382 
10.01 21 '^9 

10.011877 
10.011624 
10.011371 
10011118 
10.010866 
10.010613 


9.853862  9,991156 
9,853738  9.99 140& 
9.853614  9.991662 
9.853490  9.991914 
9.853366  9.992167 
9.853242  ^.992420 


45 
46 
47 
48 

49 
50 
51 
52 
-53 
54 

55 
56 
57 
58 
59 
60 


9.847582 
9.847709 
9.847836 
9.847964 

9.848091 
9.848218 
9.848345 
^348472 
-9.848599 
9.8487^6 

9.848852 
9.848979 
9849106 
9.849232 
9.849359 
9.849485 

Cosiae. 


10.010360  41 

10.010107 

10.009855 

10.009602 

10.009349 

10.009097 


10.008844 
10.008591 
10.008338 
10.008086 
10.007833 
10.007580 


9.8531181  9.992672  10,007328 
9.852994  9.99iJ925|  10.007075 
9.8528691  9.993178  .0,006832 


9.852745   9.993431 


9.852620 
9.852496 

9.852371 
9.852247 
9.85212J2 
p.851997 
9.851872 
9.851747 

9.851622 
9.851497 
9.851372 
9.851246 
9.851121 
9.851996 

9.850870 
9.850745 
9J5Q619 
9.850493 
9.850368 
1,850242 


9.993683 
9,993936 

9.994189 
9.994441 
9.994694 
9.994947 
9.995199 
9.99^^452 

9.995705 
9.995957 
9.996210 
9.996463 
9.996715 


10.006569 

10.00631725 

10.00606424 


9.996968  10.003032 


9.997221 
9.997473 
9.997726 
9.997979 
9.998231 
9.998484 


9iS50116 
9J49990 
9449864 
9.849738 
9.8496J  1 
9.849485 
Sine.  *~ 


9998^37 
9.998989 
9.999242 
9.999495 
9.999747 
10.000000 

Cotan. 


l0.0U58!ll 
10.0055^9 
ia00Ji306 
I0,0650;>3 
10.004801 
10.004548 

10.004295 
10.00404; 
10.0P37D0 
10003537 
10.003285 


45  Peg. 
FINIS. 


10.002779 
10.002527 
10.002274 
10.002021 
10.001769 
10.001516 

1O.O01S63 
10  001  Oil 
10.000758 
10.0005^)5 
10.000253 
10.000000 
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